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ON MEROMORPHIC DERIVATIVES

By WANG YUEFEI AND WANG SHUPEI

1. Introduction and main results.

(A) Let f(2) be a transcendental meromorphic function. We use the usual
notations of Nevanlinna theory ([3], [8]), then we have the defect relation

2 o(a, H=2.
aeC
The upper bound of two is sharp in general, even not including the infinity.
But for the upper bound of the deficiency of derivatives, Yang Lo [9] proved
that for k=1,

20, fP)slta 1.1)

2k +1
This estimate is better than that in [3] and [5], but the upper bound is still
not sharp. There are two problems on the deficiency of derivatives, namely :
(I) To what extent one can extend the sum of the deficiency of (1.1)?
(I) What is the best upper bound for the left-hand side of (1.1)?
QOur first result is an answer to (I).

THEOREM 1. Suppose that f(z) 1s a transcendental meromorphic function and
k is a positive integer. Then we have

2k
20, SO+ 0@, fP) g den, SO+ A
1
gl 1.2)

where the second summation 1s taken over all the non-constant entire function
whach is small with respect to f(z), and A, is defined as

NG 1)
Ak = llgl}.oinf‘*—‘m‘i))

A simple example shows that the inequality is sharp. Let f(z)=e?, then
for k=1,
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‘Ecl’(d, f#)=000, f*)=1, A;=0, %})5(17(2), f)=0,
and d(oo, f®)=1. So the equality of (1.2) holds for this function.

For problem (II), Mues [5] conjectured that the best upper bound for the
leftside of (1.1) is one. This conjecture was recently affirmed in [7] and [11]
for all integers with at most finitely many exceptions of 2. In the following
theorem we will prove that Mues’s conjecture still holds for almost every in-
tegers even if we consider the “small” entire functions instead of the complex
numbers. In fact, we have

THEOREM 2. Let f(2) be a transcendental meromorphic function. Then we
have

20, f*)s]

holds for every integer k with at most finitely many exceptional ones, where the
summation is taken over all the “small” entire functions of f(z2).

(B) The well-known Hayman inequality [2] is an important and striking
result for estimating the characteristic function of a meromorphic function.
For k=1,

70, N<(2+5)N(r, 7)+(E+E)N(r =) +Se . A

where S, f)=0{T(r, f)}, as r — o, r&e, and e is a set of finite measure.
The small term S(r, f) may not be the same at each occurrence.

In [3], Hayman posed the question: whether the coefficients of N(r, 1/f)
and N(r, 1/f*—1) in (1.3) are best possible or not. There had no work been
done on this problem until 1990. By using a result of Frank and Weissenborn
[1], Yang Lo [10] obtained the following result. For k=1, ¢>0,

T (N PPN o)

—N(r. ,T(L_U)HT@, H+SE, ).

When £ is large, we see that the coefficients are close to one, which is
the best possible coefficients. Our third problem is to consider

(IT) Can one extend the complex numbers to small functions of f(z)?
Our Theorem 3 answers the question (II).

THEOREM 3. Let f(z) be a transcendental meromorphic function and a(z) is
a small entire function of f(z). Then for any positive integer k, positive numbers
¢ and 0, there exists a set E(0) whose upper logarithmic density does not exceed
0, such that
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1

T(r, f)<<l+—:;)N(7’. —1-)+(1+%)N( Ja- a(z))

~N(r gy ) FeNC. N4SCL D), TEEG).

2. Lemmas.

In order to prove our theorems, we need two known results.

LEMMA 1. (Hayman and Miles [4]). Let f(z2) be a transcendental meromor-
phic function and K be a real number (K>1). Then there exists a set M(K) of
upper logarithmic density at most

d(K)=min{(2eX'—1)"!, (14+e(K—1)) exp(e(1—K))} 2.1
such that for every positive integer k
— T@ [
lim <3eK.
i 10 TP)
Remark. It follows from (2.1) that d(K)—0 as K—oo.
LEMMA 2. (Milloux inequality [3]). Let f(z) be a transcendental meromor-

phic function and a(z) be a small meromorphic function of f(z). Then for any
integer k=1,

1

T(r, H<Ne, H+N(r, %)+N( Fm—a) N f(,,)/ Fmay ) TSE )

For convenience, we introduce the following definition.

DEFINITION 1. Let f(z) and a(z) be two meromorphic functions in the
complex plane. We say a(z) is a quasi-small function of f(z), if for any >0
there exists a set E(6) whose upper logarithmic density does not exceed 9,
such that

T(r, a)=0{T(r, /)}

as r—oo, r& E(0).
LEMMA 3. Suppose that f(z) is a transcendental meromorphic function and
a(z) is a small entirve function of f(z). Then for every positive integer k, a“*(z)

1s a quasi-small function of f(z2) (where a"*>(2) 1s the k™ primitive function of

a(z2)).
Proof. By using Lemma 1 on ¢“*(2), we have for K>1,

T, a“®)<4eKT(r, a) (2.2)
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as r—oo, r&M(K), where M(K) is a set of upper logarithmic density at most
d(K) as in (2.1).
Since a(z) is the small function of f(z), then it follows from (2.2) that

T(r, a“®)=0{T(r, )} as r —> oo, ré&E M(K).

On the other hand, we can see from Lemma 1 that d(K)—0 as K—. So,
for any given 0>0, we choose a suitable number K,>1, such that d(K;)<d.
Now set E(0)=M(K,), and the conclusion of Lemma 3 follows. [

Suppose now that a,(z), as(z), -, a,(z) are n linearly independent small
functions of f(z). Put

W(al; a?) ) an; f)
W(a,, as, -+, @)

where W(f,, fs, -+, fz) denotes the Wronskian of f,, fa -, fa-

Bearing on the ideas of Frank and Weissenborn [1], we now establish our
principal lemma concerning the lower bound of the zeros of the linear differential
polynomial L(f¢®).

L=

LEMMA 4. Let f(z) be a transcendental meromorphic function. Suppose that
a,(2), ax(2), -+, a,(2) are n linearly independent small entive function of f(z2),
then for any nom-negative integer k, positive numbers ¢ and 08, there exists a set
E(0) whose upper logarithmic density does not exceed & such that

= 1
(k+n)N(T, f)§N<r; W)+(1+5)N(r; f)+0{T(7’, f)}, (2'3)

r —> oo, r&E@D).

Proof. Since a;(z) (j=1, 2, -+, n) is entire and

1

W(l, z, DT F4

- -k - J—
k 1, al( ); ) a;. k))"‘W(ah Ay, an)séo’

then
W(aly sy vy Oy, f(k))

W(a,, as, -, an)
_.W(]" 2,y (1/(k—1)!)zk~1; al(_k)a ) a;l—k)) f)
- W(l) 2, " (1/(k—1)!)zk_l7 al(-k), ) a%_k))
i=L.(f), say.

By Lemma 3, for every a{~*(1<7<n), there exists a set E}(d) whose upper
logarithmic density does not exceed /7, such that

L(f*)=

T(r, a;®)=0{T(, N}, r—>00, r&EJ0).
Set E,(0)=\U"-1E}(0), then the upper logarithmic density of E,(d) does not
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exceed 4 and for every 1<j<n.
T(r, ay*)=0{T(r, N}, r —> oo, ré&E9).

Hence 1, z, -, (1/(k—1)Dz*"Y, a{*, -+, a$® are k+n linear independent
functions which are quasi-small with respect to f(z), and we denote them by

B1, Bz -+, Br+u respectively.
For s=1, we consider the C-linear space H, spanned by the functions

II3-18,, =11, -+, k+n}. As in [6], let d, denote the dimension of H;, we
have

dssr

3

inf <l1.
8

Therefore, for any given ¢>0, we can choose an s, such that

£'°-1;_<=l+s.

3

Let by, -, bi(I=d,, be a basis of H,, and B,, -, Bn (m=ds,+,) be a basis
of H,,. We define P(f) and A by

P(f)=W(Bll Tty Bm, blf’ ) blf)
and

P
A=

First of all, we may apply the following identity for Wronskians
W(hy, -, hm, g1, =y 8OW(hy, -, hp))'!
=WW(hy, -, hm, &1), =, W(hy, -, hm, g0)
to show that
m(r, A)=o{T(r, N} +S(r, /), r—>co, rEEi0).
Putting M;(f)=W(B,, -, B, b,f), =1, 2, -, [, we obtain

_ W), -+, M)
P(f - (W(Bl, . Bm))l—l

Note that each M, is a linear differential operator with

M;(8,)=0, for p=1,2, -, k+n,
therefore
M;(f)=NAL(f)),

where again N, is a linear differential operator. Using the well-known lemma
on the proximity function of a meromorphic function ([3] or [8]), we have
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M(f)
m(, L)

Since L,(f)=L(f**) and

)=S@, Lif), r—>c0, r¢E®).

T, fO)SR+DTr, Nm(r, Loo),

f
P(f) \_
T =8, +ol{T(, N}, r—> 00, r&E@).

Therefore, by the first fundamental theorem we have

m(r, A)=m(r,

0sm(r, ;11—)=N(r, A—N(r, A%)+m(r, A)+0Q)

1
<NG, PUNHIN(r, 17y) ~ NG, L) mir, HHOW), 7o

2.4)
Since

P(f)=W(Blv Ty Bm- blf’ Ty blf)

=fmﬂw(%, . _Bifm. by, -, bz),
N(r’ bj)_S_T(r; bj)=0{T(r) f)})
and
Nz, B)<T(r, B)=0{T(r, /)}, r—> o0, r&E@),
we have

N(r, P()Sm+ONr, H+o{T(r, )}, r—>o0, r&E@. (2.5)
On the other hand
N(r, L(f)=N(r, f*™)+o{T(r, )}
=N(r, )+(k+n)N@, /)+o{T(, )}, r—> o, r&E,@d).
(2.6)
From (2.4), (2.5) and (2.6), we have for r—oo, r¢& E(9),

1
0SGn-+DNG, NHN(r, 75 ) ~ING, N=1k+mNGr, )

+m(r, A)+o{T(r, )}.
Therefore, for r—oo, ré& E,(0),
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(k+mNGr, NSTNe, H+N(r, +S(r, H+olT(r, £)

1
L)
1
<N(r, fc7amy ) HA+ONG, N+o(T, DS ).

Since S(r, f)=0{T(r, f)}, r—oo, r&e, where e is a set of finite measure, we
set E(0)=FE,(0)\Ue, hence the upper logarithmic density of E(d) does not exceed 4.
This completes the proof of the Lemma 4. [

3. Proof of the theorems.

Proof of Theorem 1. Let by(z) (=1, ---, ) be [ distinct small entire func-
tions, which can be complex numbers, with respect to f(z). Without loss of
generality, we assume that b;(2) =1, -, ¢; ¢<!) are the largest linearly in-
dependent group in {b;(2)}:-;.

Let F(2)=3-11/(f®(2)—bi(2)), then ([8])

l
2m

1=1 < W) m(r, F)4+S(r, fe®y,

Denote L(f¥)=W(b,, -+, by, f*)/W(by, -+, by). By Lemma 4, we have
G+BNG, D<N(r, sy ) HLFONG, HolTr, DI, 7= o0, rEEG).

Noting that L(f®)=L(f*®—b,) =1, ---, I), hence we get
! 1 L L(f®
m(r, f<k> )<m<" LF®) )+ 2m(r

i )+S<r f
1
<T(r, L) =N(r opany ) +50 )

<m(r, f®)+NE, f*)+eNe, H—N(r, It f(,,,) 7o) +5@,
=m(r, f®)+@+e)Nr, ))+S, ))+o{T(r, f)}, r—co, r&E(@).

Therefore

. 1
mr, f(k))+i§1m(7’: m)
S@+e)T(r, f®)—2kN(r, [)+S, )+0{T(, )}, r— o, r&E®).
3.1D)

On the other hand, for p finite distinct complex numbers {a;}%,,
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J

é ( f(k) )Sm( f(,}”))—l-S(r, )
=T, F**)=N(r, i) +S0, 1)

<Tr, f®) 4N, H—N(r, %)mr, f. 3.2)

Therefore, from (3.1) and (3.2), we have

2 1 ! 1 ,

ijé}lm(r, —fw)-f-g}lm(r, W)-Fm(r, f®)
1
S@kH2+9T(, 1) =2kN(r, o)
+S(r, N+o{T(, N}, r —> oo, re&E@). 3.3

However, from Lemma 1 it follows that

T(r, /)<4eKT(r, f®), r—> oo, re&EMK).
Noting that S(r, f)=0{T(r, f)}, r—o, ré&e and e is a set of finite measure, we
have from (3.3) that

3 0(64(2), fP)+2k 580, fO) (o0, fP)+2AS2+2+e.
1= 7=

Letting [, p—oo, e—0, we get
2k 3 0(a, )+ Zab(2), f*)+0(c0, f)+A-2k=2k+2,
acC b2
where the second summation is taken over all the small entire functions includ-

ing finite complex numbers.
This completes the proof of Theorem 1. [

Remark. In fact, from (3.3) we can get the following.

COROLLARY 1. If f(2) is meromorphic and transcendental, then

3 da(z), f*)+d(co0, f*)+2k Z‘, B(a, f*)<2k+2,

a(2)

where the first summation is taken over all the small entire functions, including
finite complex numbers and
R, f@=a)

O(a, f*)= l_lrlw D)

Proof of Theorem 2. Let ay(2), -+, a.(2) be g arbitrary distinct small entire
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functions. Without loss of generality, we assume that a,(2), ---. a,(2), (n<gq)

are the largest linear independent group in {a,(2)}%-,;. Put

W(ay, ay, -, an, fP)
CRY)— ) ) ’ i
L(f ))— W(al, a21 Tty an) )

Since ([8])

IIA

Bl ;)= Bl £ ) omls gy oW

ST, LU =N(r, gy ) +50, 14,

N(r, L(f®)=N(, f*)+nN(r, )H+S@, f),

and
m(r, L(FPNZmr, f*)+S@, f®)smlr, fP)+S@, 1),
we have
g 1 - 1
]am(r, ?ks——a,>§T(r’ f(k))-*-nN(T, f)"‘N(T’, W)"l’S(T, f). (34)

We distinguish two cases.
(i) There exists an integer sequence {k;}%=;, such that

1 —
N(?’, W>§"N(7; D)

holds on R except possibly a set &, of finite measure.
In this case, from Lemma 4, we have for any positive numbers ¢ and 4,

(AN, NEN(r, £ s )+ AT ONG, N+0{TG, D), r—e, rEEL 6.

where E,/(0) is a set whose upper logarithmic density does not exceed 4.
Therefore,
k;N(r, NSA+NE, N+olT(, /l},  7r—>c0, rEE,0)\Ues,.
For any given ¢'>0, we choose an &, such that
&'k >(1+e)n.
Then
nN(r, f)<e'N(r, /)+o{T(r, )}, r—> o0, ré&E,, (3.5)

where E,=E;,(1/4)Ues,,, Whose upper logarithmic density does not exceed 1/4.
By Lemma 1, we can choose some K, such that for.every integer k
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T(r, f)<deKT(r, f»), r—> o0, réMK), (3.6)

where M(K) is a set of upper logarithmic density at most 1/4.
Put E,=E, UM(K). Then the upper logarithmic density of E, is at most
1/2. From (3.5) and (3.6), we have for every positive integer %,

nNG@, <N, N+o{T(r, fP), r—> o0, r&E;. 3N

We can now deduce from (3.4) and (3.7) that for every positive integer &,

=g ) STC [N, P+olT(, [P +S(, £),
r—> o0, r&E,.

Since S(r, f)=0{T(r, f)}, r—oo, rée, and e is a set of finite measure, we
have from (3.6), S(r, )=0{T(r, f®)}, r—oo, r& M(K)Je. Therefore,

30, [P)S1+e.
Thus for every positive integer k, we obtain
33 3(a(2), f*)=1

by letting ¢’—0 and g—oo.
(ii) For every positive integer &,

nNer, H=N(r, 3.8)

TG

holds on a set S, of infinite measure, except possibly finitely finitely many
integers ky, -+, kn. Then we have from (3.4) and (3.8) that

Em(r oo

Therefore, again by applying Lemma 1 to S(r, /) we have

g ) STO SIS0, D, s,

2o, [*)=1
for every ket {k;}™,. This completes the proof of Theorem 2. [

Proof of Theorem 3. Let n=1 in Lemma 4 and

W(a, /)
p .

L(f®)=

Then for r& E(d), r—oo
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1
(k+DNG, N<U+INT, NH+N(r, frzamy ) +o(TC D). (39)

From Lemma 2
1

)+ (r ) =N(r, )+, ).

TG, H<Ne, H+N(r, s =g )N ey
(3.10)

Noting that

afn_g’ fo fek N\
=a(5 )

a a

L(f®)=
hence, from (3.9) and (3.10), we have

EN(r, f)_S_N(T, %)‘i‘N(T, -f%_a‘)'i‘eN(r, +S@, f), r— oo, r&E@),
3.11)
where we write o{T(r, f)} as S(r, f). For r&FE(@9), r—co,
1 1 1 1
¢, H<(1+ ?)N(r, 7>+<1+72-)N(r’ 7&:)
1
_N(?’, W)+8N(r' H+Se, 1)

follows from (3.10) and (3.11), which completes the proof of Theorem 3. O

Remark. The method used in this paper is effective in dealing with the
problems of meromorphic derivatives, specially concerning “small entire func-
tions”. Whether the “small entire functions” in our theorems can be replaced
by “small meromorphic functions” is still a problem. The difficulty is that the
existence of the primitive functions of the small entire functions is needed in
the proof of our principal lemma.
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