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ON ALGEBRAICITY OF VECTOR VALUED

SIEGEL MODULAR FORMS

BY YOSHINORI TAKEI

0. Introduction.

Let n be a positive integer and let k, /^0 be integers. Let Sym1 be the
natural representation of GL(n, C) on Sym\Cn), the /-th symmetric tensor
product of the vector space Cn.

A Symι(Cn)-valued holomorphic function / on the Siegel upper half space
of degree n is called a Siegel modular form of degree n and type άetk0Symι

when / satifies certain automorphic condition with respect to the action of the
integral symplectic group of size 2n through the representation άetk®Symι.

Let Mk,ι be the C-vector space of Siefgel modular forms of degree n and
type detk<S)Symι. Let S£tι be the subspace of M£ι consisting of cuspforms.
Precise definitions of them are in § 1 below.

The purpose of this paper is to prove several algebraic results on Fourier
coefficients of f^M£ι described as follows:

RESULTS. (Precise statements are in ξ2.)
Suppose that k, I are even and k^2n+2.
(1) Sk,ι has a basis consisting of forms whose Fourier coefficients he in

Symι(Qn). '
(2) Let /eSf,ί be an eigen forms (i.e. a non-zero eig en function of the Hecke

algebra) and let Q(f) be the extension field of Q generated by the eigenvalues on
f of the Hecke algebra over Q. Then Q(f) is a totally real number field and
the degree of extension does not exceed Sk,ι-

(3) Sk,ι has an orthogonal basis consisting of eigenforms such that the Fourier
coefficients of each element f lie in Symι(Q(f)n).

(4) Let m be a integer with m>n and k>m+n + l, let [ ]™: Sk,ι->M^Ί be
the Eisenstein lifting. Let f^Sΐ,ι bean eigenform whose Fourier coefficients lie
in Symι(Q(f)n). Then, [/]? has Fourier coefficients m Symι(Q(f)m).

For the case 1=0, i.e. Sym°(Cn)=C-va\ued case, above results are proved
by several authors. The assertion (2) is due to Kurokawa [6]. In [5], Garrett
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showed the "PuUback Formula" which reduces problems on Siegel modular
forms to smaller degree ones, and using this formula he showed (a similitude
of) (4). Bδcherer [4] showed (3), by effective use of the pullback formula. In
[7], Mizumoto gave a way to prove (3), (4) as well as (1) simulatenously, also
using the pullback formula.

In the paper [2] of Bδcherer-Satoh-Yamazaki, they have obtained the
pullback formula for the case /e2Z>0, which enables us to apply the above
proofs for the case /=0 to the case / < Ξ 2 Z > 0 without essential change. A brief
description of the pullback formula is given in § 3, where we shall also a
connection between Fourier coefficients of eigen cuspforms and the partial
Fourier expansion of pullback of SiegeΓs Eisenstein series.

The stated results shall be proved in §4.
The author would like to express his gratitude to Professor S. Mizumoto

for helpful advices, and to Professor T. Harase for constant encouragement.

1. Notations and definitions.

Let n be a positive integer and k, I be positive even integers. Let x:=
(xu •••, xn) be a row vector with xlf ••• , xn being indeterminantes. We define
a C-vector space

and a Hermitian inner product on V by

(1.1) (ilatxt, Σ>bixι):=Σiaibι
\t=l 1=1 / t=l

where at, bi^C{l<i<n) and bτ denotes the complex conjugate of &*. Put
V°> :=Symι(V), the /-th symmetric tensor product of V, which is identified
with C\_xu •••, Xnltn, the C-vector space of homogeneous polynomials in xlf •••,
xn of degree /. The inner product (1.1) induces an inner product on Va> by

(1.2) ta-αjΓ W-ί-Σ ή(aσφ,βj)

where aJf βj^V, denotes the symmetric tensor product and ©j denotes the
symmetric group of degree /.

Let p~pk,ι be the representation

detk<g)Symι: GL(n,C)—>GL(V^).

Let $n be Siegel upper half space of degree n, and Γn:=Sp(n, Z) be the
group of integral symplectic group of size 2n.

For a function / : ξ>n->V°> and M^Sp{n, R), put
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with

for Z(Ξξ>n and £ ^ )

The C-vector space of Vα)-valued Siegel modular forms of degree n and
type k, I with respect to Γn is defined by

(1.3) M*n

z(VCI)):={/: ξ>n->Vil>\f is holomorphic on $n (and at the cusps if
n=l), and f\lιM=f for all M Λ J

and the space of cuspforms by

(1.4) S

ι}?j(l v - π ) = o f o r all

In the notations (1.3) and (1.4), we omit (F c 0) whenever V is obvious. For
/=ϋ, M^o(F(O:))—Mk

n

>0(C) is the space of Siegel modular forms of weight k.
Each / G M J ( F ( I ) ) has a Fourier expansion of the following type:

#2 0

where e( ) :=exp 2πV—1 trace( ), and R runs through symmetric, semiintegral,
semipositive matrices of size n(We denote such R by "R^O" or by "/?Cra)^0")
If / is a cuspform, then a{R f)Φθ only for R>0. Throughout this paper,
a(R; f) denotes the Fourier coefficient of / at R.

Let Aut(C) be the group of all field automorphisms of C. For τeAut(C)
and a function / ( Z ) = Σ ^ o α ( ^ ; f)e(RZ), set

(1.6) / r (Z):-Σfl(i?; f)τe(RZ).

Let K be any subfield of C. Put

) / ) ί ) for all

and for any subset X of M^z(Fc0), set

(1.7) Xκ:

Let r ^ n and put Vr:=Cxn-r+1@ —®Cxn.
For l<^r<ίn with even &>w+r+l, the Langlands-Klingen type Eisenstein

series [/]?εM^(F ( ί ) ) is attached to f(=SLi(Vp) by

(1.8) [/]?(Z)= Σ
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(A B
where Z G ^ , M={C D)' M<Z>* denotes the lower-right rXr block of M(Zy,

and Pn,r = j(Q(7i-*.n+r) *je/\Λ which is a subgroup of Γn. The linear map

[ ] ? : Sk,i->M£i is called the Eisenstein lifting. We define [ ]2 as the identity
map on S1tι* When /=0, the Eisenstein lifting is also defined for r = 0 . In
this case, we understand that Mg 0(C)—S°k 0(C)=C, and the Eisenstein lift of
/-I

(1.9) J5f(Z): = [l]S(Z)= Σ det(CZ+Z))-*

is SiegeΓs original Eisentein series [8].
For /, g^Mgι(at least one in SJtj), their Pertersson inner product (/,

is defined by:

(1.10) (/, g) : =

with Z ^ ^ + Λ / 1 1 ! ^ , Jϊ, F real and ( , ) in the right-hand side is the inner
product (1.2) defined on V«\

We note that if r<n, then

(1.11) (/, [£]?)=0 for all / G Ξ S ^ and φ^Sίj.

Let L^n)(resp. L^n)) be the abstract Hecke algebra of degree n over C
(resp. Q) and let

f: Lhn) —>Endc(Sf.i).

be the C-algebra homomorphism defined as in [1].
We put Tc:=t(L<c

n)) and TQ:=t(L(

Q

n)). Let fΦOeiSli be a common eigen-
function to all T e Γ ^ s u c h / is called an eigenform), and for each T, let
λ(T)(=C be the eigenvalue on / :

(1.12) Tf=λ(T)f for all T e Γ c .

Then Λ is a C-algebra homomorphism A: TC->C and each element of Γ c : ^

Homc-aig^c, C) is obtained in this way.

For each λ^Tc, put

SStl(λ)'.= if^Stι\Tf=λ(T)f for all T G Γ C ) .

Then the space of cuspforms decomposes into eigenspaces:

Sf f I= e S J i ί M ) .

We note that for any f^SZiiλJ and AeSgiUs), (/i, / a ) = 0 if ^i

For each λ^Tc, define an extension field of Q by
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(1.13) Q(λ):=Q(λ(T)\T€=TQ),

and for /eSfrtf) put Q(f):=Q(λ).

2. Statement of the Theorems.

THEOREM 1. Let q^X be an integer, let k, 1^0 be even integers satisfying

Then, the following holds.

(1) S%,ι=S%.lQ®QC.

In particular, Aut(C) acts on Sq

kti by f^fτ in the notation (1.6).

(2) Let λ^Tc and fΦθ^ShWQa>
( i ) Q(λ) is a totally real finite extention of Q with

IQ(λ): Q^άi

(ii) Let c(f) be the constant of (3.5) below. Then,

7))τ=77W0 ίoraU r e A u t ( C )

(iii) Let m:=άimcS^ι(λ). There exists an orthogonal basis {f j)%ι of S^ι
such that

f,=f and

THEOREM 2. Let p^ς^l be integers, let k, 1>Q be even integers satisfying

k>p+q+l.

Let λ^Tc and fΦθ^S%,ι(λ)Qa> Then,

=inp

q for all τeAut(C).

3. Differential operators and the Pullback formula.

The first part of this section is a brief description of the "Pullback
Formula" of Bόcherer-Satoh-Yamazaki [2].

Let p, q^l be integers. Put

V x I = — C % i ( j 3 " " v jyk ^ p j ΛΓI — ( # i , ••• , Xp)

V,:=Cy1®-®Cyq, y:=(y1, •••, yq)

and for r^min(p, q), put
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T/ — CY CD\ . (T\ΓΎ
v x, r — lΆp-r + iξD W^Xp)

Vβ.r:=Cyq-r+i® ®Cyq.

a n d define a n i s o m o r p h i s m σ : V x<r—>Vyr by σ(xp-j)=yq-j (j<min(p, q)).

Let 3=(3<Λst.^p+ί b e a variable on β p + ί and

3 V 2 33ij

For a holomorphic function / : $ p + β - > ( F x 0 7 J f )
c o , we define the operators

Let ύί be the diagonal embedding

and let d* be the pullback of d.
The differential operator L c 0 is defined in [2] as follows:

kίL1

where

(nΛ.h — 1) \

—— for α > 0 ,

otherwise.

for integers a and b.
This defines a linear map

Z/° : Mk

v

ti\C) — > M£tl(VX^)®M§Λ(Vυ

a^).

THEOREM A [2, Prop. 4.4]. Let p, q^l be integers and k, /^2 be even
integers satisfying k > p+q+1. For each 1 <; r^min(^, q), let d(r):=dim c

SίiiVy.r0*) and \fJtr}fάp an orthonormal basis of Siι(Vυ,r

a^) consisting of
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eigen forms.
Let Ep

k

+q(^Mk

piq(C) be Siegeϊs Eisenstem series (1.10) of degree p+q and
weight k. Let ak,ι and Ck.ι.r be the constants

X J
For an eigenform /eS»,

7 Γ r ( r + l ) / 2

O r ( r - k + i ) - Z + l . / Λ r k + l

! r - z v L ~k+f-ΐ~

-J Γ(2k-2r+2u-l)(2k-r+u-2)ίl2

?

- r , /, Si),

where ζ denotes Riemann zeta function and L(*, /, 80 denotes the standard L-
function attached to f, respectively.

Then, following equation holds

mιn(p,q~) c ί C r )

(3.2) L^EVq(Z, W)=ahJ Σ C t i l . r Σ
l 1

In the rest of this section, we study a connection between Fourier coefϊu
cients of eigenforms and the partial Fourier expansion of LG>Ep

k

+q.
Let p, q, k be as in the assumption of Theorem A and suppose also p^q.

Let i?=i?C P )^0 be a symmetric, semiintegral, semipositive matrix of size p.
Let Xp={ξ=Tlp

i^1x
<ϊί\aίζΞZ^0, ^tai—l}, which is an orthonormal basis of C-

vector space Vx°\
We attach a F/°-valued modular form £$;feM^(F/°) for each R^O and

p through the partial Fourier expantion of LchEp

k

+q:

(3.3) L^EV%Z, W)= Σ Σ

Since the Fourier coefficients of SiegeΓs Eisenstein series are rational, and
L ( 0 preserves rationality of Fourier coefficients, we have

(3.4) gpή?^S\ι{Vy^)Q.

For F G M ^ ( F X

( 1 ) ) and R=R<p>^0 and ξ^Xp, let α(# F; ξ) denote the f
component of the Fourier coefficient a(R F).

For each eigenform / G S ^ / ( F / J ) ) , put

(3.5) c(/):=α Λ i l C*.
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We note that c(f) is a nonzero constant depending only on λ^Tc such that
S%.ι(V/Z) Λ)3/. We occasionally write c(f) as c(λ) for such λ. By Theorem
A, taking inner product of / and L ( 0 E p

k

+ q (-Z , *) on S%.ι(Vβ<
ι>), we obtain

(3.6) (/, gk$=c(f)a(R; [ c r 1 / ] ? ; f) (i?<»^

In the rest of the paper, we simply write Mg,ι(VM

cι>) (resp. S\,ι(Vβ

il>)) as

Let Λ%,ς5 be the projection of gp^ξ to Sβ

Λ>z. Then, for each eigenform
S%.ι, we get

(3.7) (/, A^)=c(/)α(/?; [σ- 1 /]?; f)

In particular, when />=#,

(3.8) (/, hWξ)=c(

PROPOSITION. Let q^l be an integer and k, /^0 be even integers satisfying

(3.9)

Then,

(3.10) S^.I

where < >c means the C-linear span.
Proof. Let 5 be the space in the right-hand side of (3.10), and S1 be its

orthogonal complement in Sq

kA. Let / be any eigenform in Sq

kti. By (3.8), / e
S 1 if and only if / = 0 . Since S^i has an orthogonal basis consisting of eigen-
forms, we see that S 1 = 0 . •

4. Proof of Theorems.

We shall prove Theorems 1, 2 by similar way as in [7]. First, we in-
troduce a condition on (p, q).

Condition C(p, a):

ρ for all R=R^>0 and ξt=Xp.

We first show that Theorems 1, 2 are valid for (p, q) which satisfy C(p, a)
and C(q, q).

We write the assertion of Theorem 1 for q as A(q) and the assertion of
Theorem 2 for (p, a) as B(p, q).

PROPOSITION 4.1. ( I ) Suppose q^l satisfies C(q, q). Then A(q) holds.
(II) Suppose p^q^l satisfy C(p, q) and C(q, q). Then B(p, q) holds.

Proof. ( I ) Suppose that £ ^ 2 ? + 2 . From (3.10) and C(q, q), A(q) (1) fol-
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lows immediately. Next, we show A(q){2){\) following [6]. There exists the

action of Aut(C) on Tc which is defined by

λ\T):=λ(Ty (T<=TQ)

with Λe7y reAut(C) and by

ηn γ /O\ r<
1 c — 1 QY9Q^

By Λ(g)(l) and similar argument to [6, Theorem 1], we have

(T/)τ = T(/1) for all /eS«Λ>ι, T^TQ, re=Aut(C).

In particular, for all reAut(C) we have

(4.1) fτ<ΞS%Mτ) for ftΞS%M) and τeAut(C)

and
Q(λτ)=Q(λy.

Since Aut(C) acts on Tc whose cardinality ^ά\mcS\ι, we get \_Q(λ)\ Q~]£
dimc Si i . The field Q(λ) is totally real since all T<ΞΓQ are Hermitian.

Next, we shall show A{q){2)(ϊu). Put d=ά\mcS
q

kΛ. We choose {{Rιy ξt)\
Rt>0, ξi^Xq, l<i<d] so that

is a C-basis of SQ

Λ>ί. We claim that this is also a Q-basis of Sq

k>tQ. For any
h(=S%yιQ, there exists unique («!, ••• , ad)^Cd such that

Since h, h%lξi^Sq

kjQ by the assumption, we get

h ι for all τeAut(C),

b u t b y t h e u n i q u e n e s s of (aίf ••• , a d ) , w e g e t ( a ί t ••• , α d ) T = ( α i , ••• , α d ) for al l
r e A u t ( C ) .

H e n c e , ( « 1 ? ••• , ad)^Qd, a n d w e s e e t h a t

(4.2) {hyiiξi\ι = l, » . ,</}

is a Q-basis of Sg

Λ>Ig.
For T^TQ let B(T)^Md{C) be the representation matrix of T with respect

to the basis (4.2). Since S%ΛQ is Testable, B(T) lies in Md(Q).
For λ^Tc, put m=m(Jl):=dimcSβ

ft>ιU). Let {au ••• , αm} be column vectors
in Cd which spans {a^Cd\(B(T)-λ(T)ld)a=O for all T E Γ Q } . Since £(T)<Ξ
Λίd(Q) and λ(T)^Q(Z), we can take such {αx, •••, am} in QW)d. Put
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Then, {φj}?^ is a C-basis of Sq

kJ(λ), which is also a Q(Λ)-basis of S
For given /^OeSli(Λ)Qc;o, we choose an index ; 0 so that {φj\l<j<m, jφ

7o}U{/} is a Q(Λ)-(resp. C-) basis of S%M)QU> (resp. Se*tltf)). Let ; 0 = m by
changing order.

For any φ^Sq

k>ι(λ)QC^, (3.8) implies

( l ^ g m - l )

and in particular,

Hence, by Gram-Schmidt orthogonalization on {f}\J{φj}f=\ι, we get the required
basis of S\Λ(λ).

Next, we prove A(q)(2)(\ϊ). For given fΦθ<=ΞSq

kj(λ)Qu>, take R>0 and £ e
Z ρ so that fl(/?; σ" 1/; ί ) ^ 0 . Let ΛW) be the projection of h%q

ξ to S%tl(λ).
Using h%qξ^Sq

ktlQ and (4.1), we see

(4.3) h(λy=h(λτ)

for τeAut(C). Let {/i(=/), ••• , /m} be the orthogonal basis of
Writing

j

we have

(4.4) (/, AW))=(/, hW()=c(f)a(R; a~lf; ξ)

and

On the other hand, we get for reAut(C),

(/r, ΛW)Γ))=(/r, hWe)=c(na(R; σ-\P); ξ)

by (4.4) and

(/', h(λτ))=(f<,

by (4.5).
Therefore
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a(R; σ-\Π; ξ) (Λf) '

Thus the part (I) is proved.
(II) Suppose that k>p+q+l. By C(q, q) and k^2q+2, Λ(q) is valid. For

any i?—# C P ) ^0 and ξ^Xp, let h(λ) be the projection of h%% to Sq

k,ι(λ). By
C(p, a), (4.3) holds again for this h(λ), and by the same argument as in (I), we
find a β^Q(λ) such that

β<y^p- = a(R; ίσ~\nyq; ξ) for all reAut(C).

Then, from /l(^) (2) (ii) and the expression above,

a(R; [(T-1/]?; ξ)τ=a(R; [(r-VO]?; «

for any R=R<p^o, ξ^Xp and τeAut(C). Part (II) is proved. •

Remark. Λ(q) (ii) and (4.1) imply the existence of an orthogonal basis Bq

of S\ι such that:
(1) 5 ς is permuted by the action of Aut(C).
(2) Each ftΞBq satisfies f^S\lQcfy

Now, we shall show that the condition C(p, q) actually holds when k is
sufficiently large.

PROPOSITION 4.2. Let p^q^l be integers and k, /^0 be even integers such
that

k>p+q+l
Then,
(1) C(/>', 1) holds for l^p'^p.
(2) Suppose that

C(p, r), C(q, r) and C(r, r) hold for l£r<q.

Then, C(p, q) holds.

Proof. (1) Let # C P ) ^ 0 and ξ^Xp be arbitrary. In this case, g^1 and
hR,γ are identified with elliptic modular forms by

v,=cyi
and

Mi.ι(Y,w)=Mi+ι.a(.C) yι'.
Therefore

gpi ί-h%i=aφ; g'i i; yi

ι)El+ιy[,

where El+ι: 5i->C is the elliptic Eisenstein series, whose Fourier coefficients
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lie in Q. Then, by g%\^MitlQ9 we see H';/eSί,ι Q .
(2) By the assumption and Proposition 4.1, we can assume A(r) of Theorem

1, B(q, r) and B(p, r) of Theorem 2 for l^r<q, noting that k>p+r+l^q+
r + l > 2 r + l . In particular by ^4(r) (2) (iii), for each r, there exists an orthogonal
basis Br of S£ι as stated in the Remark above.

By Theorem A of section 3, together with (3.6), (3.7), (3.8), we have

9-i r( f)

(4.6) ^ ^ " A ^ = ? 1 / l " ( / 7

for any R=R^>0 and
Since Z?r is permuted by Aut(C), f^Br satisfies f^SI,ιQσy and by

Λ(r) (2) (ii), B(q, r), B{p, r), we see the right-hand side of (4.6) is invariant
under Aut(C). Thus, hptfξς=Sq

k,ιQ. •
Theorems 1, 2 are proved by induction using Proposition 4.2.

Proof of Theorem 1. Let q, k, I satisfy the assumption. Then, C(l, 1) is
valid by Proposition 4.2(1).

Let l^q'<q and suppose that

(4.7) C(m, n) is valid for (m, n) with l<n£m^q'.

Again by Proposition 4.2(1), C(#'+l, 1) is valid. By (4.7) and repeated use
of Proposition 4.2(2), C(q'+1, n) holds for l ^ n ^ + l (Note that ^ ^

Thus we have:

(4.8) C(m, n) is valid for (m, n) with l ^ w ^ m ^ ^ ' + l ,

and finally we obtain C(q, q), which imply Theorem 1 by Proposition 4.1. •

Proof of Theorem 2. Let p, q, k, I satisfy the assumption. Then, C(ra, n)
is valid for l^n^m^q, as seen above. We have C(p, 1), and using Proposi-
tion 4.2(2) repeatedly, we get C(p, a) and the assertion of Theorem 2. •

REFERENCES

[ 1 ] ANDRIANOV, A.N., Euler products corresponding to Siegel modular forms of
genus 2, Russ. Math. Surv. 29 (1974), 45-116 (Engl. transl.).

[ 2 ] BOCHERER. S., SATOH, T. AND YAMAZAKI, T., On the Pullback of a Differential

Operator and its Application to Vector Valued Eisenstein Series, Commentarii
Math. Univ. st. Pauli. 41 (1992) 1-22.

[ 3 ] Bocherer, S., Uber die Fourier-Jacobi-Entwicklung Siegelscher Eisensteinreihen,
Math. Z. 183 (1983), 21-46.

[ 4 ] Bocherer, S., Uber die Fourier-Jacobi-Entwicklung Siegelscher Eisensteinreihen.
II., Math. Z. 189 (1985), 81-110.

[ 5 ] GARRETT, P.B., Pullbacks of Eisenstein series, applications, Prog, in Math. 46



ALGEBRAICITY OF VECTOR VALUED SIEGEL MODULAR FORMS 457

(1984), 114-137.
[ 6 ] KUROKAWA, N., On Siegel Eigenforms, Proc. Japan. Acad. 57A (1981), 47-50.
[ 7 ] MIZUMOTO, S., Poles and residues of standard L-functions attached to Siegel

modular forms, Math. Ann. 289 (1991), 589-612.
[ 8 ] SIEGEL, C. L., Einfuhrung in die Theorie der Modulfunktionen n-ten Grades, Math.

Ann. 116 (1939), 617-657.
[ 9 ] ZARKOVSKAJA, N. A., On the connection of the eigenvalues of Hecke operators

and the Fourier coefficients of eigenfuncions for SiegeΓs modular forms of genus
n, Math. USSR Sb. 25 (1975), 549-557. (Engl. transl.)

MIHAMA 2-1-1105,

URAYASU-SHI, CHIBA, 279,

JAPAN






