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ON THE COMPLETE MEROMORPHIC FUNCTIONS

By CHUNG CHUN YANG AND BAO QIN LI

1. Introduction.

Suppose that f(z) is a non-constant meromorphic function in |z|<+4o. A
meromorphic function a(z) is called a small function of f(z) if T(r, a(z))=
o{T(r, f)} as r—oo, we shall call a small function a(z) of f(z) a deficient func-
tion of f(z) if and only if

1
- m(r, }‘(7)~a(2)>
- T(r9 f)

—

>0.

<

f(z) will be called a complete function if it has no deficient function a(z), in-
cluding a(z)=o. That is, for any small function a(z) of f and oo, we have

1
O —
f—a(2) _omr, f)
T S N
The set of all such complete functions will be denoted by F and the set of all
meromorphic functions which assume no deficient functions a(z), except possibly
a(z) being identically oo, will be noted by F.
The well-known Nevanlinna deficiency relation: 0<23 d(a, f)<2, where the
sum is taken over all complex numbers a, including oo, has been extended to
small functions by Steinmetz in [12]. That is,

0.

d(a(2), f)=lim

0=2d(a(2), D=2,

where the sum is taken over all the small functions, including o. The upper
bound 2 is clearly best possible. It is a natural goal to investigate those mero-
morphic functions f for which the above sum may attain the lower bound 0, i.e.
f=F. In the case when f is entire, some classes of functions which assume
no deficiency function a(z) with a(z)#, i.e. fEF (note since f is entire,
5(0, f)=1 and so f&F.) have been exhibited (For example, see Fuchs [4],
Sons [11], Li [8, 9], Li and Dai [10]; etc.). Few corresponding results for
meromorphic (but not entire) functions have been known. Chuang, Yang and
Yi [2] have attempted to use the properties of differential polynomials of
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meromorphic functions to consider the case of meromorphic functions. And
there they posed the question: If f, and f,=F does it follow that the product
fif:=F? That is, whether is the space F closed or not with respect to the
common multiplication?

In the present note, following Gol’dberg [5], we will consider the distribu-
tion of the arguments of the a(z)-points of f(z) (i.e., the zeros of f(z)—a(z))
for a small function a(z) of f(z) and will prove that some perturbation of the
uniformity of the distribution of the arguments of the a(z)-points will induct
f(z) into the space F (Theorem 1). Moreover, using Theorem 1, we then will
answer the above question (Theorem 2).

Throughout the paper, we shall adopt the standard notation used in Nevan-
linna theory (see e.g. [7], [12]). Moreover, if f and a(z) are meromorphic,

=04, 0,, -, 0,)= :{zlargz=0i} denotes a system of rays,

3

lSJSn} (0 sy :=0,427)

w=w(@)=max{0—7i0-~; <1
J+1 J

and
D, @)zC—L\:J1 {z]|argz—0,| <e} (e>0),
then n(r, a(z), O, ¢, f) denotes the number of zeros of f(z)—a(z) in the region

{1z £r}N\D(e, ©). The a(z)-points of f, i.e. the zeros of f(z)—a(z), are called
to be attracted to the system @ if for any £>0,

n(r, az), 6, ¢, )=o{T(r, )} as r—oco. @

Also, if a=0, =0, 0<B—a=2z, k=n/B—a and z,=p,e**" denotes the poles of
f (counted with multiplicity), then we, similarly as defined in [6], set

7’k

. k
Austr, =2 (Ce =L m 1 e it e 2, @

Bustr, =2 in*1 f(re)Isin kig—a)dg, ®
T . Btk dt

Castr, H=2k’ (¢2ﬁ sin (@n—a))( G+ 5 )5 @

Saﬂ(r’ f):Aaﬁ(r; f)+Baﬁ(T’, f)+ Caﬁ(r» .f)' (5)

We define that Sap(r, f=a(2))=Sap(r, 1/(f—a(2))). Similarily, we can define
Aqg(r, f=a(2)), Bag(r, f=a(2)) and C.4(r, f=a(z)). Recall the Valiron deficiency

mi N Y, 77
(”f—l()) . N(’f—l()>
o, =ilm ey

Aa(z), f)=lim
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THEOREM 1. Suppose that @ is some system of rays and f is a meromorphic
function of finite order A>w. If A(b(z), f)=0 and b(z)-points of f are attracted
to @ for a smaill function b(z) (b(z) can be o), then d(a(z), f)=0 for any small
function a(2), including o. That is, feF.

THEOREM 2. There exist two functions fi=F and f,=F such that f,f,&F.

That s, the space F 15 not closed w.r.t. the common multiplication.

Finally in Pan 5, we will construct a class of meromorphic functions in F
which may be of infinite orders.

2. Lemmas.

In order to prove our theorems, we need some lemmas as follows.

LEMMA 1 [10]. Suppose that f(z) 1s a meromorphic function such that for
some large R and some A(=1), T(R, f)<R*.

Let n be an arbitrary positive integer. Then there exists a set E satisfying
in mes (EN[1, R))=(1—1/n) In R+0(1) as R—oo such that for v E, In M(r, f)
<cA*n*T(r, f), where ¢ is an absolute constant.

LEMMA 2 [6]. Let f(z) be a meromorphic function, k>1, 0<0<2x and r=1.
Then for any measurable set E,.C[0, 2r] with mes E.=0d, we have that
6k 5(1 2re

SErln+|f(ret¢)|d¢g7e__l n SNk, £).

LEMMA 3 [6]. Let f(z) be a non-constant meromorphic function in the sector
{zla<argz< B} (a=0, =0, 0<B—a<2xr). Then jor any complex number a=co,

Sag(r, f=a)=Sap(r, f)+OD)r* as r—oo, where k=x/(f—a).

LEMMA 4. Let f(z) be a non-constant meromorphic function. Then for any
two small functions a(z), b(z) we have

Sas(r, f=a(@)ESap(r, f=b2)+Sas(r, b(z)—a()+01)r* as r— oo,
where 0<B—a<2rx and k=r/(f—a).

Proof. By Lemma 3,

1
Sesr, [=a@=Sus(r 7))

:Saﬂ(r’ f—a(z))—}—O(l)r’*
=A,5(r, f—a@)+Bap(r, f—a@)+Caplr, f—a(@)+00)r* (see (5)).
Also by (2), (3) and (4), we can easily deduce that
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Aaplr, f—a(2)

k r k tk t
:;Sl (’;_k_r—k>(ln+ | fte*)—a(te*®) | +Iin*| f(te*P)—a(te*f) I)dt—
k r 7,.Iz tk
é?&(t_k_r_k)(““'f(fe’“>—b(te‘“) | +in* | b(te*)—a(te') | +in 2

FIn*| f(te*F)—bte*F)| +in* | biteF)—alte'P)| +in 2)%5

Zklnz
S tk+1 dt

SAap(r, [—b2)+Aap(r, bl2)—a(2)+

S Aaplr, f=b@)+Aus(r, bl2)—a(2)+0M)rk,
Bag(r, f—a(2)

27rkg In*| f(re*?)—a(re*®)|sin k(g—a)d¢

< ZkS (In*| fre*®)—bre?) | +in*|b(re*¥)—a(re?)| +Iin2) sin k(g—a)d¢

< Bag(r, f=b@)+Bas(r, b@—a@)+0(),
and
v . FoothNdt
Cartr, f=a@) =2k (| 3 sink@n—a)) G +7) G

<t
asgn=p

where p,e*¥» are the poles of f(z)—a(z) (counted with multiplicity). Suppose
that {pne'?»} and {pye*n} are the sets of the poles of f(z)—b(2) and b(z)—a(z)
(counted with multiplicity), respectively. Then obviously we have that {p,e’¢»}
C{pre'®n} U{ple*n}. Hence

" : Bt dt
Caﬁ(r,f—a(Z))§2kS1( 2 sink(@a—a)+ 3 sin k(¢${—a))(:—k+r—k)7
spp= spns
asgnsp asgnsp

=Capr, f—b@)+Caplr, b(z)—a(2)).
Now from the above, we obtain that
Sap(r, f=a@)<Sapr, f=b(2)+Sasr, bl)—a@)+0Q)r:.

LEMMA 5. Suppose that f(z) is meromorphic function of finite order A>0,
then for any p, 0<p<2, there must be a sequence {r;}—co as j—oo and a r,>0
such that for r.<t<r, (j=1, 2,3, --),

T,
T(rt],ff)> <(, ) ©)
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TQ@r,, /)S2'0T(r,, f)  for large j, @)

and
T(r,, f)r;? —> o as j—oo, (8)

Movreover, if g(z) is a small function of |, then
Sapr;, g2)=Aap,, g2)+0{T(r, f)}, as r—o, ©)
where a=0, B=0, 0<f—a<2r and k=n/B—a<p.

Proof. Since f(2) is of finite order 2>0, it must have a proximate order
A(r) (see [3] or [12]) which is real, continuous, and piecewisely differentiable
for =1 having the following properties :

(@) lima(r)=2

(b) lim»A'(r)logr=0

(¢) r*=T(, f) for large » and there is a sequence {r;}—co such that
r¥P=T(r,, ). It’s easy to verify that »*r-¢ is increasing for »=r;=1 by
(a) and (b). Therefore, in view of (c),

T@, Nt eSO e <pdodpyoe=T(r,, flry?  for ri<i<r,,
i.e. (6) holds by setting »,=max(r;, ). Again by (c),
T, Niry?=r¥P-r — oo since A(r;)—A>p.
Now taking small ¢ and large r,,
T@2r,, [)S@2r)2 P =22QTppA@rp =41y A2 +e L DANQATP =242 () ).
That is, (7) holds. Next, if g(z) is a small function of f, then

Sap(ry, g@)=Aap(r;, gR)+Bap(r;, g2)+Cas(r;, ), (10)

2k (B
Bas(r;, g(Z))=—;Saln+|g(rjel¢)|sin kg—a)d¢

Sttg {18009 dg

2n
=4km(r,, g)<4kT(r;,, )=0{T(r;, N}, (11)
and
o, (7 . rho otk dt
Cap(ry, g(z))——ZIeSl <1§p2sL sin k(¢n—a)) 7,%+r—§>7,

asgnsp
where p,e*» are the poles of g(z) (counted with multiplicity). Hence

’ b odt
Caslry, g@)S4E| (e, @) 75
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 n(t, g(2))

=] 2B ar

1
=4kr§-S1]?dN(t, 2(2)

N, g N4, g 7 NG, g)
:4]27?[ ;k T 1* +kS‘ ph+1 dt:l

7

’J__T(f, g2)

<4k N(r,, g)—l-‘lsz?g1 L dt

ST, @)+ T, fit-rte=t-di

<4kT(r,, g)+4krio()T(r), f)r;PSr]tP"’"dt-l—O(l)rk (see (6))
To

<o{T(r,, N} +4k*oOT(r,, firt? pik (ro~*k—rf=*)(since k< p<A)

=0{T(r,, N} as j—oo. 12)
Taus by (10), (11), (12), we deduce that

Sap(rs, =Aap(,, 9+0{Tk, N}, as r—oco.
This proves that (9) holds.

LEMMA 6. Suppose that f(z) is a meromorphic function satisfying, for 1<t
<r, max{T @, NHt-P}=0{T(r, f)r=-*} for some p>0 and that g(z) is a small func-
tion of f. Then Sus(r, @)=Axs(r, @)+0o{T(, f)} as r—oo, where a=0, =0,
and k=r/(B—a)<p.

Proof. By the hypotheses, there exists a M>0 such that T(t, f)t °<
MT @, fir=°, i.e. T, f)/T(, )S<M(t/r)? for 1<t<r. Recall when we proved
(9) in Lemma 5 we only needed the hypothesis (6). Thus by the same way
as in Lemma 5, we can prove the result of this lemma. We omit the details
here.

3. The Proofs of Theorem 1 and Theorem 2.

Proof of Theorem 1. In the following, we can assume that a(z)zco and
b(z)#oo, only for not making the expression ambiguous. For example, if a(z)=oo,
we only need to consider

1
M\Y, 775\
in place of d(a(z), f)=lI m—<—Li(z)7).

oy m(r; f) M
8(co, f)=lim s T, f)

T =00 T(T, f)




COMPLETE MEROMORPHIC FUNCTIONS 347

Also, without loss of generality, we can assume that the system @ only consists
of one ray ®={z|argz=0} since in the general case we can consider each sector
{z10,<argz<4,.,} in the same manner as follows.

Let n be a large positive integer and a<[1/n, 2/n]. Then by Lemma 4
with a and B=2r—a, we have that

Bag(r, f=a@)<Sa(r, f=a(2))
S Sapr, f=b@)+Sap, b@)—a@)+OUr* as r—oo, (13)

where k=r/B—a=r/2r—2a=nr/2(x—2/n). Since A>w=1/2, we can assume n
so large that k<A.

Taking p<(k, 2) and using Lemma 5 with g(z)=b(z)—a(2), we can find a
sequence {r;}-—co such that (6), (7), (8), (9) all holds. Now by (9),

Sas; @ —a@)=Axs(r,, b@)—a@)+0{T({,, N}, as r—co. (14)
By the definition of S,s(r, f=b(2)), we have that

Saﬁ("w f:b(z)):/laﬁ(rh f:b(z))+Baﬁ(rJr f:b(z))+cnﬂ(7jy f:b(Z))

1

2 a-a
=Aas(r,, f:b(z))-{—,_ﬂﬁgz In* fre® —blre
a i@

;9 { sin k(¢p—a)dg

" dt

+2kSl (a}f%iﬁ sin k(¢n—a))< -}’k> t "’ (15)
where p,e'n are zeros of f—b(z) (counted with multiplicity). It’s clear that,
in view of (6),

77 1) =] T pyeerta

Sr’;S::T(r], frjeter-dt

1
§";j}é‘T(rj» . (16)
Thus by (15), we have that
Saﬁ(rjr f:b(Z))
1 ré di
< Auslr, f=b@)+4km(rs, b( ) b@, 0, F) T

< Auslry, F=H@)+01T (s, D+ T 1) dt
(by the hypotheses and (1))
SAap(r,, f=b@)+0{T(,, )}, (by (16)) 7)
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Now combining (17), (14) with (13), we obtain that, in view of (8),

Bap(r), f=a@)<SAap(r,, f=b@)+Aap(r;, b@)—a(@)+0{T(r; NH}+O0WD)7;

SAap(r,, [=b@)+Aup(r;, b(2)—a@)+o{T(,, f)}. 18)
But
E(E, L 1 .
Bag(r,, f= a(z))——j—r—ga ’f(rje””)—a(r,-e”“) sin k(g—a)d¢
2 1

kb 7:—4/n .
ETS sin k(¢g—a)d¢ .

n +( f(re®)—a(r;e*?) ’

Notice that

=7r{1— n(27r-1—4/n) }éﬂ_ %

and
1 1
oz (3= 2)-te
provided that 4/n<¢<27r—4/n. We thus have sin k(¢ —a)=sin 1/2n and so that
2k on 4/n 1 1
Bag(r,, a=b@)= 2 Sw n*| e —atr ey | g 49

We deduce that, by (18),

Sen—“nl . 1 P
un T f e —atre®)| ¢

< Sisini/zn At [ =D+ Aasrs, b@—a@)+0{T(r), Y. A9)

Integrating (19) for a<[1/n, 2/n], we have that

1 (en—4/n 1
P e —atrye?)] 29

T 2/n
équ Aaglr,, f=b(2)) da+g Aap(r,, b(2)— a(z))da)+o{T(r,, i.

Obviously,

k
)

e b G2

dt Szln . 1

t* t Voo™ e —b(te | da
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=2k § . J(;—f - %)m(t f——lb(z) )%

k
_foi (by the hypotheses)

<2k o) "7, )

=0{T(r,, N} as r;— oo (by (16)).

With the same reason,
In
[ " Austrs, b —a@)da=0{T(r,, P} as j—eo.
Therefore, we have proved that

¢:0{T(7’], f)} as r;— oo, (20)

in

2n—-4/n 1
Jo. ‘
im | f(rse?)—a(r;er?)]

On the other hand, using Lemma 2, we have that, in view of (7),

4n + 1 inn
S—4/nln lf(rjel¢)_a(rje@¢)l d¢§cl TT(r]’ f) ’ (21)

where C; is a constant only depending on 4. Hence by (21) and (20) we have
that

1 Inn
m(rs e JEC T Dol T, P}

But n can be assumed arbitrarily large, thus we conclude that

1
m\7, 27 o
3a(z), f)=lim ( »Tf(@f):l(z)_):().

This also completes the proof of Theorem 1.

Proof of Theorem 2. Suppose that f is a meromorphic function satisfying
the hypotheses of the Theorem 1 (such functions exist, see Remark 1). That is,
f is a meromorphic function of finite order A>w for some system @ of rays
such that A(b(z), /)=0and n(, b(z), O, ¢, /)=0{T(r, f)} for some small function
b(z). Let’s set

@)
fi°
where a(z)(s1) is an arbitrary entire small function of f. Then clearly, f, and
f2 are of order 2, AQ, f)=0, A(w, f2)=0, n(r,0, 0, ¢, f)=0{T(, f1)}, and
n(r, o, 0, ¢, fo=0{T(, f,)}. That is, f, and f, satisfy the hypotheses of
Theorem 1. Thus, by the result of Theorem 1, f,=F and f,eF. But f,f,=
a(z)(;éﬁ since 0(eo, a(z))=1.

In addition, if we assume a(z) to be transcendental, then we will have the

f1R)=f(@)—bhz) and f[fu(2)=
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result: there are two functions f,=F and f,=F such that f,f, is transcendental

and f,f,&F.

4. Remarks.

Remark 1. The functions satisfying all the conditions of Theorem 1 do
exist as shown by the following example. Let I'(z) be the Gamma functiuon
and ¥'=1"(z)/I'(z). It has been shown in [1] that

limﬂ—rr’@— =1 and m(@, ¥)=0(ogr).

T 00

Therefore the order of ¥ is 1 and
_—mr, ¥
Aoo, #)=lim 7=

Let O®={z:argz=n}. Then w=1/2. Clearly « points of ¥, i.e., the zeros of
I'(2), are attacted to @. Thus ¥ satisfies all the conditions of Theorem 1 and
consequently Fe k.

0.

Remark 2. Theorem 1 also improves a result by Gol’dberg [5], where he
obtained that d(a, f)=0 for any number a under the same hypotheses with b(z)
being limited to be a constant.

Remark 3. In theorem 1, the condition “A>w” cannot be weakened. In
fact, Theorem 1 will be not always valid for meromorphic functions with A<w.
If 2=0, then f(z)=z will give a counterexample. If 0<AZw, let’s consider the
system O={z|argz=r}. Then in this case, w=1/2. Suppose that f,(z) is an
entire function of genus zero, that f,(z) has real negative zeros and f,(0)=1.
Then we have

°°"n(t, 0)
o Hz+1)
Suppose that n(f, 0)=[at*], where a=0 and 0<i<1/2. Let f(z, a, )=F.(2).

Assume $=0 such that 8<a and acosir=p and set f(&)=f(z,a,A)/f(—z, B, ).
Then by [7, p. 117], we will have

In fl(z)=zS dt.  (see [7, p. 117])

_ 2
m(r, %)=0(logr), m(r, f)=—a—/zér*+0(logr) and T(r, f)w%.

Hence A0, /)=0, f is of finite order A(0<A<1/2). It’s clear that n(r, 0, O, ¢, f)
=0=0{T(r, f)} by the construction of f, i.e., 0-points of f are attracted to ©.
However,

3o, =" 0.
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5. A Further Result.

In the case when f may be of infinite order, we will have the following result
(Theorem 3) in which we will say T(r, /)eS, if max{T({, it *|1<t<r} =
O{T(r, fir*} as (r—o) 0=u< o).

THEOREM 3. Suppose that ©@ is some system of rays and f is a meromorphic
function of finite lower order A>w satisfying T(r, f)ES, for some u>w. If
AW(z), f)=0 and b(z)-points of [ are attracted to O for a small function b(z) (b(z)
can be 30)' Then o6(a(z), /)=0 for any small function a(z), including co. That
15, fEF.

Proof. We can assume that a(z)zco, b(z)z£c and @={z|argz=0) (see the
proof of theorem 1). Let m be a large positive integer, n=m’, a<[1/n, 2/n],
B=2r—a and k=n/(f—a)=n/2(x—a). Then by lemma 4,

Bag(r, f=a@)<Sapr, f=b@)+Sas(r, b2)—a(@)+0Q)r* as r—oco. (22)
Also by lemma 6,
Seplr, b@—a@)=A50, bR —a@)+0{T(r, )} as r—oco. (23)

By using the same method as in the proof of Theorem 1 (see (17)) and in view
of the fact u>w, we can deduce that

Sapt, [=b@)SAnplr, f=b2)+0{T, NH}. (24)
Hence by (22), (23), (24), we have that
Bas(r, f[=a@) < Auplr, f=b@)+Auasr, b2)—a(2)+0{T(r, )} +OQ)r*
=Aapr, [=b@)+Aaplr, b@)—a@)+o{T, N},

since the lower order 2>k for large n.
Now using the same arguments as in the proof of Theorem 1, we can

obtain that

2n—4/n + 1 B
S4/n in | fret?)—a(re?)| do=0{T(r,, }. (25)

It’s easy to verify that

1
limnT(r. =
o <f—a(2)~)£l_

Inr -

Hence there exists a sequence {R;} such that R;—o as j—o and for Re
{R;} we have

1
f—a(@

T(R, )<R‘+1.
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By lemma 1, we can find a set E with [n mes(EN[1, R])=(1—1/m)In R+0(Q1)
as R—co such that for r&E,

1 -
inM(r, s )SCHU+ DT, ),

where Cy is an absolute constant. Therefore,

4/n N 1 4/n 1
5_4/1;[” | f(re*®)—a(re*?)| d¢§g_4,n[”M(" f—a(z) )d¢

8
< — C+M T, f)

= —fl—c*(x+1)2T(r, - (26)

Combining (26) with (25), for r&E,

1 8 \
m(r, = ) 2UTE P - Ca+ 1T, ).

But m can be assumed arbitrarily large. We thus have d(a(z), f/)=0. The proof
is completeed.

The authors would like to acknowledge useful suggestions by the referee.
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