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KILLING FIELDS PRESERVING TOTALLY GEODESIC,
CODIMENSION-ONE FOLIATIONS

ANTONI RAS-SABIDO

§1. Introduction

Let M be a complete manifold, endowed with a codimension-one foliation &.
We want to study the Lie algebra ¢ of Killing fields preserving the foliation
(i.e., Killing fields such that the isometries of their one-parameter group send
leaves of & onto leaves of ).

In [5], Johnson and Whitt proved that when the foliation is totally geodesic
(i.e., leaves are totally geodesic submanifolds) and all the leaves are compact,
then any Killing field preserves &. Later, Oshikiri (see [7]) proved the same
result for the case when the manifold is compact and & is totally geodesic.
Nevertheless, in the general case all Killing fields do not preserve foliations.
For example, in the euclidean plane foliated by lines parallel to the 0X-axis,
Killing fields associated to rotations do not preserve the foliation.
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§2. Totally geodesic foliations

First of all, let us recall that any codimension-one foliation which admits an
orthogonal Killing field must be totally geodesic (see [3] for instance). For this
reason, from now on we shall only consider totally geodesic foliations. The
universal cover of a manifold with such a structure verifies the following

THEOREM 1. (see [2]) Let (M, T) be a complete manifold with a codzmenszon-
one, totally geodesic foliation. Let M be the universal cover of M. Then M is
trivially foliated as L'xR, where L 1s the umvgrsal cover of any leaf and the
induced metric reads dsy=ds%+ f2di?, where f: M—(0, ) is a C* function.

In order to simplify calculations, it will be convenient to give a character-
ization of Killing fields preserving foliations. Let (M, &) be a complete manifold
with a codimension-one, totally geodesic foliation. With the notations of
Theorem 1,
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PROPOSITION 1. Any Killing field X<i(M) is of the form X=X'429t, where
i) X is a Killing field on L with respect to ds?;

i) X'f=—0.1);

iii) f2-(Y A=Y, [X% ot]), VY =T(F) with [Y, dt]=0.

Moreover, X preserves the foliation if and only if it verifies also that

iv) YA=0, VY €T(F), or, equivalently, [ X¢, ot]=0.

Proof. See Propositions 1.1 and 1.2 of [4]. m

Passing, if necessary, to a 2-fold cover, we may suppose foliations to be
transversally oriented. Thus, from now on, we will assume this fact and call
N the normal field to & (i.e. an unitary vector field orthogonal to ). Accord-
ing to the characteristics of the function f in Theorem 1, we will consider two
cases:

i) Yf=0, VY T(Z). Then, & is a bundle-like foliation.

ii) Otherwise, we have the general case.

There is not much to say about bundle-like, totally geodesic foliations. Thus,
we begin with case ii): let us assume for the moment that f is not constant
in the leaves. Qur goal now is to give the best bound possible for the dimen-
sion of ¢, the Lie algebra of Killing fields preserving the foliation. First of
all, let us give an upper bound for the dimension of its subalgebra &¢* of Killing
fields tangent to ¢. If n=dimension &, it is clear that dimension G¢‘*<(1/2)n
(n+1). We want to show that actually dimension ¢‘<(1/2)n(n—1). Before this,
we need some Lemmas.

LEMMA 1. Let M be a complete n-dimensional manifold, endowed with a
foliation F of dimension m<n and let X<i(M)NT(F). If there is some leaf L
in which X,;=0, then X=0.

Proof. Let (¢:) be the one-parameter group associated to X. We shall see
that, for any p= L, (¢:)xp=Id, V¢. In a neighborhood of p, let (dx', ---, dx™,
dy', -+, 0y" ™) be a basis such that the leaves of F are locally of the form
{y*=ctt., ---, y*"™=ctt.}. As in [9], we can modify it to a new basis (dx!, ---,
ox™, v, v, v ™), with v'=y0’+3b;:0x% Vs and such that <, 0x*>=0, Vi, j.
Now :

(@)xp(0xH)=0x", (P)xp(@y))=0y"+ 121:1 0%,

(@4 —0y)=v"—0y’  (as(v’—0y")=T(F)),

because X is tangent to ¥ and vanishes at the leaf L. Thus,
(Ben) ="+ 2 pujox". M

(de)x is an isometry and preserves the foliation. Then (@.)«,(»’) must be or-
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thogonal to . It follows from (1) and the expression of the riemannian metric
in the basis (@x?, ---, dx™, v', -+, v™ ™) that (F)«p(")=07), V5. That is, ($¢)sp
:IdTpM. p was an arbitrary point and the manifold is complete, thus (¢,)=1d,
ie, X=0. m

LEMMA 2. Let M be a complete manifold and I a subalgebra of i(M). As-
sume that Yp=M, dimension T,<m. Then dimension T<r=":(1/2)m(m+1).

Proof. Let peM with dimension 9,=m. We can choose m fields, X, -,
XnE9T, independent (as vectors) in a neighborhood U of p. In U let S be the
distribution generated by {X,, ---, Xn}. It is easy to see that S is involutive
and then defines a foliation ¥y of dimension m in U. If dimension g >r, let
Yy ,Y,..1,=9 be r+1 independent vector fields. Their restrictions to U are
Killing fields tangent to %y, because I,=(%y),. Let L be (an m-dimensional)
leaf of F,. Thus there are constants ¢y, -, ¢,4; such that 3¢ (Y ,)=0. Let
us assume, for example, ¢,,;#0 and let Y=:¢, Y 41 —3j-1c;Y,. By Lemma 1,
Y y=0. But U is open on M ; then Y=0, which contradicts the assumption on
Y, -, Y5, m

PROPOSITION 2. Let (M, F) be a complete manifold with a codimension-one,
n-dimensional, totally geodesic (not bundle-like) foliation. Then, dimension G*'<
1/2)n(n—1).

Proof. 1t is enough to show the theorem for the universal cover of (M, F).
Therefore we may assume M=L X R and ds}=ds}+ f%dt*. Let Y=g‘. Thus,
by Proposition 1, [Y, d¢t]=0 and ¢‘ has constant dimension along any &‘-leaf.
Therefore we may define W={p< L |dimension },.;,=n=dimension L}. If W were
dense in L, the foliation should be bundle-like, by Proposition 1. Thus there
is an open subset UC L\W. If Gy :={Xy, VX=g'}, then ¢yCi(U) and VpeU,
dimension (Gy),=dimension ¢,<n—1. By Lemma 2, dimension ¢,<1/2(n—1)n.
¢t'ci(L) and U is open on L, thus, independent vector fields on &' give inde-
pendent vector fields on ¢y and dimension ¢*<dimension ¢,<(1/2)n(n—1). m

Let us introduce some definitions :
Let ¢"=:{XeTXF)Ng}.
Let y=:{YT(F)|IX=g and Y =X*}.
G¢™ and J are subalgebras of ¢ and ¢‘Cd9. Moreover

PROPOSITIONN?). Dimension ¢"<1 and dimension G"=1 if and only if the
universal cover (M, &) is a warped product (in the sense that 0,f =0, in Theorem 1).

Proof. Let us assume M to be simply connected. If (M, &) is a warped
product, it is clear from Proposition 1 that of is a Killing field.

Suppose now that X=410¢ is a Killing field. Then 0,(Af)=0 and A=A().
(Moreover, A never vanishes. See [4] for instance). If we reparametrize R
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with Z=S(1/Z)dt, then the metric reads as ds’=ds}+(Af)%di?, which is a warped

product and now X=0f. Finally let pdf be another element of ¢. Then, from
ii) of Proposition 1 we may see that pg=cotstant. W

§3. Warped product foliations.

We shall restrict now our attention to totally geodesic foliations with a
warped product structure in the universal cover, (but not bundle-like). l.e.,
0:f=0 in Theorem 1, but f+constant. This is equivalent to the fact that the
1-form 6 associated to the vector field VyN will be closed (8(X)= KV yN, X>,
for any vector field X):

PROPOSITION 4. Let (M, EI)~ be a complete manifold with a codimension-one,
totallNy geodesic foliation. Let M be the universal cover of M. Then, the structure
of (M, &) stated in Theorem 1 is a warped product if and only if d0=0.

Proof. Suppose that (M, & ) is a warped product. We may consider in M
an orthonormal (local) basis {X, -+, X,, N} for T(M), with X;eT(F); [X,, ot]
=0, N=(1/f)ot; and such that d,f=0. Then VyN=—3)(X;-log /)X, and 6(X,)
=—X;-log f. Thus

d6(X,, X,)=—X.X, log f+X,X, log f+< é(Xk.log X, [X.X,]>=0,
d0(X,, )=, X, log f=X.d, log f=0.

For the converse, let us assume M to be simply connected. With the same nota-
tions as above, we have X,oflog f=0, Vi. Then f should be of the form f=
e®-e", where g=g(t) and h is defined on L, the generic leaf. With the change

of parameter i=§e“"dt we obtain a warped product metric for M. =

Remark. After the change of parameter, the manifold should remain of the
form M=LXR. For if M were equal to LX(a, b) and a>—c, for instance,
we will consider geodesics with initial tangent vector —dt. Then, since leaves
are totally geodesic submanifolds and translations in the direction of the Ot-axis
are isometries (where they are defined), these geodesics should cross the ex-
treme leaf {t=a}, which will contradicts the fact that M is complete.

PROPOSITION 5. Let (M, &) be a complete manifold with a codimension-one,

totally geodesic foliation, whose universal cover has a warped product structure.
Let Xeg. Then VyXt=EN, with k=constant.

Proof. Let us work in the universal cover of (M, F). As X=(X'4iot)=g,



KILLING FIELDS 481

1 Xt f 0:(Af) VY
—ot|= ot=— Ot=—

f ] r? Ik f
Actually, ot is a Killing field. Thus, 2’0t=[0t, X]€¢ and 0=0,(A'f)=2"f, so
A7=0. If we put ’=—~k, then VyX'=(k/f)ot=EN. ®m

VyXt=—[Xt, sz_[xt, ot.

Remarks. (1) Observe that the constant 2 verifies: k2=(X‘log f). As a
consequence, Killing fields tangent to the foliation are just vector fields Y e T(&)
such that are Killing fields with respect to the metric of the leaves and verify
VyY=0. Moreover, every Xeg is of the form X=X'+(h—kt)fN, for some
constant A.

(2) The converse result is true when the manifold is simply connected (see

[8D.

PROPOSITION 6. Let (M. F) be a complete manifold with a codimension-one,
totally geodesic foliation, whose universal cover is a warped product. Then dimen-
sion I<dimension G'+1 and dimension G@=dimension J+dimension G".

Proof. If there is some Y,=49\¢!, we may take Y,, .-, Y, in order to form
a basis (Vy, Yy, -+, Y,)of 9. Thus, VyY,=kN, Vi; and k,#0. Let Z,:=
(/)Y =Y ), 7:2,--,r. It is easy to see that (Y,, Z,, ---, Z,) is 2 new basis
of 4 with Z,, -+, Z,=8* and X,=Y ,+(h,—kt)fNeg.

For the second part, if J=g¢% then ¢=49@¢" and the result is obvious.
Otherwise, let Xeg¢\g", X=X'4-(b—kt)fN, where V yX*=FEN. But X‘eJ, thus
Xt=a\Y +3.0;Z, VyX'=a,k:N and k=a,k,. We have X=a,Y+X].a,Z;+
(b—akt)fN=a X ,+3-20;Z ;+(b—h,)fN. Then X, Z,, -, Z, and dt=fN (if
ot is a global field) gives a basis of 2. m

From Propositions 2, 3, 6, we can give now a complete description of the
Lie algebra G:

THEOREM 2. Let (M, F) be a complete manifold with a codimension-one,
totally geodesic (not bundle-like) foliation of dimension n. Let (M, F) denote the
universal cover of (M, F). If (M, &) has a warped product structure, then dimen-
sion Q’§2+(1/22n(n—1) and :

(1) For (M, §) there are the following possibilities :

CASE dim ¢™ | dim G* dim 3 dim &

A 1 m m+1 m+2
B 1 m m m—+1

] (wz’th O§m§%n(n—))
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2) and for (M, F):

CASE | CASE on M | dimg" | dima* | dims | dimg
A, A 1 m’ m'4+1 m'+2
A, A 1 m m m'+1
A, A 0 m’ m'+1 m'+1
A, A 0 m’ m m’
B, B 1 m’ m’ m'+1
B, B 0 m’ m’ m’

) (with 0=m Sm= - n(n—1) 1

We will give now some examples of all cases enumerated in Theorem 2.

(4)

(B)

(4D

(A2)
(A)
(A

Let Mi=M'XRXR, F—(M XR)X{point}, ds*=ds¥ +dx*+e**dt>.
Here, ot generates ¢", whereas ¢‘=i(M’) and 0x—t0t is a preserving
Killing field neither tangent nor orthogonal to ¥. Since R? with the
metric ds*=dx*+e¢%*dt* is isometric to the hyperbollic plane, M, is
complete when M’ is complete.

Let My=M'X RX R, F-(M' X R)X {point}, ds*=ds¥ +dx?+ e*=+sin )42,
Also in this case, of generates ¢" and ¢'=i(M’); but now J=g¢. It
is possible to see that R? with this metric is a complete manifold, by
solving differential equations of geodesics and aplying Theorem of
Peano to extend these geodesics for any value of the parameter.
Thus, M, will be complete when M’ were a complete manifold.

Let M=M,/{¢,} where @:(p, x,t)=($(p), x,t) and & is an isometry of M’.
Let us consider in M metric and foliation induced by those in M,.
Let M=M,/{$:}, where now &.(p, x, t)=(p, x, t+1).

Let M=M,/{¢ds}, where ¢i(p, x, )=(p, x+1, e™t).

Let M=M’'XT3, where M’ is a complete manifold and T3 is the so
called “hyperbollic torus” and consider the product foliation M’ X %', ¢’
the usual codimension-one folation of T4 (see for instance [6]). Here,
G*={(M’) and there are no Killing fields in the hyperbollic torus pre-
serving &’.

Remark. This case A, may not occur in surfaces (see [8]).

(Bl) Let M=M2/{¢l}: Where ¢1(p7 X, t)=(p) X, t+l)-

(B2)

Let M=M,/{¢.}, where now ¢.(p, x, t)=(p, x+2=x, te 7).
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§4. Bundle-like foliations

We shall consider now the special case when Y =0, VYeT(F). With a
cbange of the parameter ¢, we may assume f to be constant and consequently
M to be a riemannian product. Then it is easyly seen that & (and & also) is a
bundle-like (totally geodesic) foliation. Conversely, when & is totally geodesic
and bundle-like, the transverse one-dimensional foliation * is also totally geodesic
and bundle-like (see [5]). It follows from Theorem A of [1] that the universal
cover of M is a riemannian product:

PROPOSITION 7. Let (M, F) be a complete manifold with a codimension-one,
totally geodesic foliation. Then F is a bundle-like folz'atz'o~n if and only if the
universal cover (M, %) of (M, F) is a riemannian product L X R, foliated with
leaves of the form L x{point}.

Let us consider the Lie algebra ¢ of Killing fields preserving the foliation.
We will see that dimension ¢<1+(1/2)n(n+1), where n=dimension &.

PROPOSITION 8. Let (M, &) be a complete manifold with a codimension-one,
totally geodesic, bundle-like foliation. Then

i) Adteg™=A0t=hN, h a constant.

ii) g¢=g‘Pgan.

Proof. i) Suppose that Adt=g”. Thus, by Propositions 1 and 7 it follows
that Af=h constant and A0t=AfN=hN. The converse follows by the same
argument.

ii) Let X=X'4+20t=X'+2fNeg. Then, by Propositions 1 and 7, Af is
constant and Adteg® So X'=X—AfN=gNT(F)=6". m

As an obvious consequence, we have:

COROLLARY 1. Let (M, &) be a complete manifold with a codimension-one,
totally geodesic, bundle-like foliation of dimension n. Then 1<dimension ¢<1+

1/2)n(n+1).

Remark. In fact, the second inequality in Corollary 1 holds for any codimen-
sion-one, bundle-like foliation, also in the non-totally geodesic case (see [8]).

Let us give some examples which prove that inequalities in Corollary 1 are
as fine as possible:

The (n+1)-dimensional euclidean space, foliated by parallel hyperplanes,
gives us an example with dimension ¢=1+4(1/2)n(n+1). Here ¢ is generated by
{{(R")\U{0xn41}}.

Now let G be the group generated by the isometries of the euclidean 3-space
¢ and ¢, where ¢(x, v, t)=(—x, —y, t+1); and {(x, y, )=(x+1, y,t). Let M=
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(R*X R)/G, with the foliation induced by the one in R® whose leaves are of the
form R?X {point}. Then, G is generated by {m«(0¢)} and has dimension one.
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