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KILLING FIELDS PRESERVING TOTALLY GEODESIC,

CODIMENSION-ONE FOLIATIONS

ANTONI RAS-SABIDO

§ 1. Introduction

Let M be a complete manifold, endowed with a codimension-one foliation ίJ.
We want to study the Lie algebra Q of Killing fields preserving the foliation
(i.e., Killing fields such that the isometries of their one-parameter group send
leaves of ί onto leaves of £F).

In [5], Johnson and Whitt proved that when the foliation is totally geodesic
(i.e., leaves are totally geodesic submanifolds) and all the leaves are compact,
then any Killing field preserves EF. Later, Oshikiri (see [7]) proved the same
result for the case when the manifold is compact and ^ is totally geodesic.
Nevertheless, in the general case all Killing fields do not preserve foliations.
For example, in the euclidean plane foliated by lines parallel to the OX-axis,
Killing fields associated to rotations do not preserve the foliation.
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§ 2. Totally geodesic foliations

First of all, let us recall that any codimension-one foliation which admits an
orthogonal Killing field must be totally geodesic (see [3] for instance). For this
reason, from now on we shall only consider totally geodesic foliations. The
universal cover of a manifold with such a structure verifies the following

THEOREM 1. (see [2]) Let (M, 20 be a complete manifold with a codimension-
one, totally geodesic foliation. Let M be the universal cover of M. Then M is
trivially foliated as LxR, where L is the universal cover of any leaf and the

9 9 ~ ™

induced metric reads dsM=dsz-\-f2dt2, where / : M—K0, oo) is a C°° function.

In order to simplify calculations, it will be convenient to give a character-
ization of Killing fields preserving foliations. Let (M, 20 be a complete manifold
with a codimension-one, totally geodesic foliation. With the notations of
Theorem 1,

Partially supported by the CAYCIT, ref. 1085-84
Received January 16, 1991 revised May 28, 1991.

477



478 ANTONI RAS-SABIDO

PROPOSITION 1. Any Killing field X^i(M) is of the form X—X'+λdt, where
i) X1 is a Killing field on L with respect to dsi;

ii) Xtf=-3t(λf);
iii) f*>(Yλ)=<Y, \_X\ 3ί]>, Vre7(g) with \Y, 3f]=0.
Moreover, X preserves the foliation if and only if it verifies also that
iv) Yλ=0, VreT(30, or, equivalent^, [X1, df]=O.

Proof. See Propositions 1.1 and 1.2 of [4]. •

Passing, if necessary, to a 2-fold cover, we may suppose foliations to be
transversally oriented. Thus, from now on, we will assume this fact and call
N the normal field to £F (i.e. an unitary vector field orthogonal to £F). Accord-
ing to the characteristics of the function / in Theorem 1, we will consider two
cases:

i) Yf=Q, VFe Γ(g). Then, ff is a bundle-like foliation.
ii) Otherwise, we have the general case.
There is not much to say about bundle-like, totally geodesic foliations. Thus,

we begin with case ii): let us assume for the moment that / is not constant
in the leaves. Our goal now is to give the best bound possible for the dimen-
sion of Q, the Lie algebra of Killing fields preserving the foliation. First of
all, let us give an upper bound for the dimension of its subalgebra Qι of Killing
fields tangent to S. If w=dimension ff, it is clear that dimension Qι^L(l/2)n
(n+1). We want to show that actually dimension Qt^{l/2)n{n—ϊ). Before this,
we need some Lemmas.

LEMMA 1. Let M be a complete n-dimensional manifold, endowed with a

foliation £F of dimension m<n and let X&(M)Γ\T((3). If there is some leaf L

in which X]L=0, then X=0.

Proof. Let (φt) be the one-parameter group associated to X. We shall see
that, for any £ e L , (φt)*v=Id, Vί. In a neighborhood of p, let (dx1, ••• , dxm,

dy1, •••, dyn~m) be a basis such that the leaves of £F are locally of the form
{yι=zctt., -" , yn~m=ctt.}. As in [9], we can modify it to a new basis (dx1, ••• ,
dxm, v\ •••, vn~m), with u>=ydi+Σbjidxi, V/ and such that W, dx*>=0, W, /.
N o w :

m

because X is tangent to 9 and vanishes at the leaf L. Thus,

iφt)*,{v')=V+'Σχμtβxx. (1)

(φt)* is an isometry and preserves the foliation. Then (φt)*P(v3) must be or-
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thogonal to 3\ It follows from (1) and the expression of the riemannian metric
in the basis (dx\ ••• , dxm, v\ •••, vn'm) that (φt)*P(vJ)=(vJ), V/. That is, (φt)*p

—ldTpM> P was an arbitrary point and the manifold is complete, thus (φt)=Id,
i.e., X=0. •

LEMMA 2. Let M be a complete manifold and £Γ a subalgebra of i(M). As-
sume that V#eM, dimension Zp^m. Then dimension 3*<^r= : (l/2)m(m+l).

Proof. Let p^M with dimension s:v—m. We can choose m fields, Xu ••,
Zme£Γ, independent (as vectors) in a neighborhood U of p. In £/ let S be the
distribution generated by {Xlt -••, Xm}. It is easy to see that S is involutive
and then defines a foliation <?# of dimension m in £/. If dimension EΓ>r, let
Fi, ••• , F r + 1G£Γ be r + 1 independent vector fields. Their restrictions to U are
Killing fields tangent to $u, because £Γς=(2r^)ς. Let L be (an ra-dimensional)
leaf of <5Um Thus there are constants cu •••, £r+i such that Σ # ; ) I L = 0 . Let
us assume, for example, cr+1φ0 and let F = :cr+1Yr+ι—Σj-iO^ By Lemma 1,
Y^—O. But ί/ is open on M; then F Ξ O , which contradicts the assumption on

Yi,~',Yr + i •

PROPOSITION 2. Let (M, 3) be a complete manifold with a codimension-one,
n-dimensional, totally geodesic (not bundle-like) foliation. Then, dimension Gι^L

Proof. It is enough to show the theorem for the universal cover of (M, 2r).
Therefore we may assume M=LxR and ds2

M=ds2

L+f2dt\ Let Y^Q\ Thus,
by Proposition 1, [Y, 9ί]=0 and £ f has constant dimension along any SFMeaf.
Therefore we may define VΓ= {j&eL|dimension Qt

pxto=^n=dimension L}. If ίV were
dense in L, the foliation should be bundle-like, by Proposition 1. Thus there
is an open subset UczL\W. If Qυ\—{XXUi VXe^}, then Gu(Zi(U) and Vj&eί/,
dimension (5^)p=dimension Qp<Ln — l. By Lemma 2, dimension 5^^1/2(?2 — l)w.
GιCii(L) and £/ is open on L, thus, independent vector fields on Gt give inde-
pendent vector fields on Gυ and dimension Gι^dimension Qu<(l/2)n(n—l). m

Let us introduce some definitions:
Let Gn=: {X^Tλ(^)rλG}.
Let J=: {YGT(<3)\3X<ΞG and Y=X1}.

Gn and S are subalgebras of G and Gιci<$. Moreover

PROPOSITIONJ*. Dimension Gn^Ll and dimension Gn—l if and only if the
universal cover (M, 3) is a warped product (in the sense that dtf=O, in Theorem 1).

Proof. Let us assume M to be simply connected. If (M, 9") is a warped
product, it is clear from Proposition 1 that dt is a Killing field.

Suppose now that X=λdt is a Killing field. Then dt(λf)=O and Λ=;t(f).
(Moreover, λ never vanishes. See [4] for instance). If we reparametrize R
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with t=\(l/λ)dt, then the metric reads as ds2=dsl+(λf)2dt2, which is a warped

product and now X=dt. Finally let μdt be another element of Q. Then, from
ii) of Proposition 1 we may see that μ=cotstant. •

§3. Warped product foliations.

We shall restrict now our attention to totally geodesic foliations with a
warped product structure in the universal cover, (but not bundle-like). I.e.,
dtf—O in Theorem 1, but fφconstant. This is equivalent to the fact that the
1-form θ associated to the vector field VNN will be closed (Θ(X)= :<PNN, X},
for any vector field X):

PROPOSITION 4. Let (M, <3) be a complete manifold with a codimension-one,
totally geodesic foliation. Let M be the universal cover of M. Then, the structure
of (M, SO stated in Theorem 1 is a warped product if and only if dθ=0.

Proof. Suppose that (M, 3") is a warped product. We may consider in M
an orthonormal (local) basis {Xu ••• , Xn, N} for T(M), with Xt^T(9); \_XX, 3f]
=0, N=a/f)dt; and such that dtf=O. Then V NN=-^{Xv\og f)Xx and θ(Xt)
= -Xr\ogf. Thus

dθ(Xt, X,)=-XxX,\ogf+X,Xx\ogf+<jl(XuΛogf)Xk9 [Z t Z ; ]>=0,

dθ(Xlf dt)=dtXt log f=Xtdt log / = 0 .

For the converse, let us assume M to be simply connected. With the same nota-
tions as above, we have Xidtlog f=0, Vi. Then / should be of the form / =
eg'βh, where g—g{t) and h is defined on L, the generic leaf. With the change

of parameter ί = U * c o d ί we obtain a warped product metric for M. •

Remark. After the change of parameter, the manifold should remain of the
form M=LxR. For if M were equal to Lx{a,b) and a> — oo, for instance,
we will consider geodesies with initial tangent vector — dt. Then, since leaves
are totally geodesic submanifolds and translations in the direction of the Ot-axis
are isometries (where they are defined), these geodesies should cross the ex-
treme leaf {t=a\, which will contradicts the fact that M is complete.

PROPOSITION 5. Let (M, 9") be a complete manifold with a codimension-one,
totally geodesic foliation, whose universal cover has a warped product structure.
Let X<=Q. Then FNXt=kNt with k=constant.

Proof. Let us work in the universal cover of (M, SF). As X={
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=-[x>ΊdtΓ-p-dt=-—r- ~TUL'
Actually, dt is a Killing field. Thus, λ'dt=[dt, X~\<ΞG and O=dt(λ'f)=λ"f, so
;i"=0. If we put λ'=-k, then FNXι=(k/f)dt=kN. m

Remarks. (1) Observe that the constant k verifies: ^ = ( Z ί l o g / ) . As a
consequence, Killing fields tangent to the foliation are just vector fields Y<^T(3)
such that are Killing fields with respect to the metric of the leaves and verify
PNY=0. Moreover, every X^G is of the form X=Xι+(h—kt)fN, for some
constant h.

(2) The converse result is true when the manifold is simply connected (see
[8]).

PROPOSITION 6. Let (M. £F) be a complete manifold with a codimension-one,
totally geodesic foliation, whose universal cover is a warped product. Then dimen-
sion 3^dimension Gι+1 and dimension G—dimension 3-{-dimension Gn.

Proof. If there is some Y1^3\Gt, we may take Y2, ••• , Yτ in order to form

a basis (Yly Y2y ••• , Yr) of 3. Thus, PNYt=kiN, Vι; and k,Φθ. Let Z , : =

((kj/kι)Yi—Yj), j : 2, •••, r. It is easy to see that (Yu Z%, •••, Zr) is a new basis

of 3 with Z2, •••, Zr^G1 and X1=Y1+(h1—kίt)fN(ΞG.
For the second part, if 3=Gι, then G—3®Gn and the result is obvious.

Otherwise, let X(=ΞG\Gn, X=Xι+(b-kt)fN, where FNXι=kN. ButXl^3, thus
Xt=aίYi+Σj^djZj, PNXt=a1kίN and k — aγkx. We have X=a1Yι+'Σηj=2(ijZj+
(b-aιk1t)fN=aίX1-\-Σ>rj=2ajZj+(b-h1)fN. Then Z υ Z 2, •••, Z r and 3*=/iV (if
9ί is a global field) gives a basis of G. m

From Propositions 2, 3, 6, we can give now a complete description of the
Lie algebra G:

THEOREM 2. Lβί (M, 2Γ) fo α complete manifold with a codimension-one,
totally geodesic (not bundle-like) foliation of dimension n. Let (M, 5) denote the
universal cover of (M, £F). // (M, 3) has a warped product structure, then dimen-
sion U<L2+Q./2)n(n—l) and:

(1) For (M, 5) there are the following possibilities:

CASE

A

B

dim Gn

1

1

dim ύι

m

m

dimS

m+1

m

dimύ

m+2

m+1

(with 0<m<-^n(n—
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(2) and for (A/, Ί):

CASE

A,

A2

A,

A,

Bι

B2

CASE on M

A

A

A

A

B

B

dimQn

1

1

0

0

1

0

dim Qι

mf

m1

m!

m'

m'

m'

dimS

m'+l

m'

m'+l

m'

nϊ

m'

dim Q

m'+2

m'+l

m'+l

m'

m'+l

m'

(with 0£

(B)

We will give now some examples of all cases enumerated in Theorem 2.
(A) Let Mx = M'xRxR, <3++(M'xR)X {point}, ds2 = ds2

M,+dx2+e2xdt2.
Here, dt generates Qn, whereas Ql—i{Mf) and dx—tdt is a preserving
Killing field neither tangent nor orthogonal to £F. Since R2 with the
metric ds2—dx2+e2xdt2 is isometric to the hyperbollic plane, Mλ is
complete when M' is complete.
Let M2=M'xRxR, %<-*(M'xR)X {point}, ds2=ds2

M>+dx2+e2cx+sinx:>dt2.
Also in this case, dt generates Qn and Gt—i{M')', but now S—Qι. It
is possible to see that R2 with this metric is a complete manifold, by
solving differential equations of geodesies and aplying Theorem of
Peano to extend these geodesies for any value of the parameter.
Thus, M2 will be complete when M' were a complete manifold.
Let M—MJ {φι} where φ^p, x, t)—((j)(p), x, t) and φ is an isometry of M'.
Let us consider in M metric and foliation induced by those in Mx.
Let M=Mί/{φ2}, where now φ2(p, x, t)=(p, x, ί+1).
Let M=M1/{φ3}, where φs(p, x, t)=(p, χ+1, e'H).
Let M=M'xT\, where M' is a complete manifold and T\ is the so
called "hyperbollic torus" and consider the product foliation M'X^', £F'
the usual codimension-one folation of T\ (see for instance [6]). Here,
Ql=i(Mf) and there are no Killing fields in the hyperbollic torus pre-
serving £F'.

Remark. This case A4 may not occur in surfaces (see [8]).
) Let M=M2/{φι}, where ψx(p, x, t)=(p, x, t+ϊ).
) Let M—M2/{φ2}, where now φ2(p, x, t)=(p, x+2π, te~2π).

(A,)

(A2)

(Λ)
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§4. Bundle-like foliations

We shall consider now the special case when F / = 0 , VFeTXff). With a
change of the parameter ί, we may assume / to be constant and consequently
M to be a riemannian product. Then it is easyly seen that 5 (and EF also) is a
bundle-like (totally geodesic) foliation. Conversely, when EF is totally geodesic
and bundle-like, the transverse one-dimensional foliation EFX is also totally geodesic
and bundle-like (see [5]). It follows from Theorem A of [1] that the universal
cover of M is a riemannian product:

PROPOSITION 7. Let (M, £F) be a complete manifold with a codimension-one,
totally geodesic foliation. Then % is a bundle-like foliation if and only if the
universal cover (M, 3") of (M, 2Γ) is a riemannian product LxR, foliated with
leaves of the form Lx {point}.

Let us consider the Lie algebra Q of Killing fields preserving the foliation.
We will see that dimension £^l-r(l/2)n(w+l), where n=dimension 9\

PROPOSITION 8. Let (M, £F) be a complete manifold with a codimension-one,
totally geodesic, bundle-like foliation. Then

i) λdt<=βn&λdt=hN, h a constant.
ii) ύ =

Proof, i) Suppose that λdt^Qn. Thus, by Propositions 1 and 7 it follows
that λf—h constant and λdt=λfN—hN. The converse follows by the same
argument.

ii) Let X=Xt+λdt=Xt + λfN^S. Then, by Propositions 1 and 7, λf is
constant and λdt^Qn. So Xt = X

As an obvious consequence, we have:

COROLLARY 1. Let (M, 2Γ) be a complete manifold with a codimension-one,
totally geodesic, bundle-like foliation of dimension n. Then l^dimension ύ<l-\-
(l/2)n(n + l).

Remark. In fact, the second inequality in Corollary 1 holds for any codimen-
sion-one, bundle-like foliation, also in the non-totally geodesic case (see [8]).

Let us give some examples which prove that inequalities in Corollary 1 are
as fine as possible:

The (n + l)-dimensional euclidean space, foliated by parallel hyperplanes,
gives us an example with dimension £ = l+(l/2)n(τi + l). Here Q is generated by
{i(Rn)U{dxn+ί}}.

Now let G be the group generated by the isometries of the euclidean 3-space
φ and φ, where φ(x, y, t)=(-x, -y, t+1); and ψ(x, y, t)=(x+l, y, t). Let M =



484 ANTONI RAS-SABIDO

(R2χR)/G, with the foliation induced by the one in R3 whose leaves are of the
form R2X{point}. Then, Q is generated by {π*(dt)} and has dimension one.
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