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“MASS CONCENTRATION” PHENOMENON FOR THE
NONLINEAR SCHRODINGER EQUATION WITH
THE CRITICAL POWER NONLINEARITY
II

By HavyaTOo NAwa

§0. Introduction and main results.

This paper is a sequel to the previous one [20]. We continue the study of
the blow-up problem for the nonlinear Schrédinger equation :

(NLS) 2i21i+Au—l-F(u)=O, ¢, x)€R*XR"Y,
(Cp) ot

(IV) u(oy x):uo(x), XERN ’
where i=+/—1, u,=H'=HYRY), A is the Laplace operator on R¥ and F is a
complex valued function satisfying, at least, the following assumptions :

(F.1) F(0)=0,
(F.2) FeCcC; ),
(F.3) |[F@z)—Fw)| SMQA+ 2|+ |w|*")|z—w]|, z, weC,

for some positive constant M.
Typical examples of F are
(NF) Fw=|u|?u+X|u|?'u, I=R, 1Z<¢<p<1+4/N.

Here, we list several basic notations which will be used throughout this
paper.

¢+ Lebesgue measure on R?,

B(y; R)={x€R"; |x—y|<R},

[f>e]={x=R¥; f(x)>e} or the characteristic function of this set,

at:'a/at; Vz(ah aZ: Tty aN); aJ:a/ax];

L*=L*RY) denotes the space of a-summable functions on R¥ with the

norm ||+ [lg,

I-=1-les
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Wee=W**(RY) represents the standard Sobolev space of order s and ex-
ponent « on RY,

Hi=W*?,

Z={veH; |v[*+|Vo|*+ [ xv]* <40},

{+, ->=L%inner product,

S=8(RY): the Schwartz space of rapidly decreasing C=-functions,
S'=S8'(RY): the dual of &,

g=2+4/N,

2¢#=2N/(N-2) if N=3, 2*=co if N=1 and N=2,

EG)=1Tol—Z 1l

We regard (NLS) as an abstract evolution equation in H-'=H?", and we say
that # is a solution to (Cp) on [0, T) if and only if u satisfies the integral
equation

0.1) u(t)=U(t)uo+%S(t; F(u)) in L?

for any t<[0, T), where U(t), S(t; -) are linear operators given by
0.2) U(t):exp(—;—m) (free propagator),

0.3) st; v={ Ue—en@idz,

respectively. For the precise definitions and properties of these operators, see
Kato [10] and Yajima [30]. The integral in (0.3) is understood to be the
Bochner integral in H-'.

In the particular case of F(z)=|z|?'z with 1<p<2*—1 (where 2*=
2N/(N—2) if N>2, otherwise 2¥*=-c0), it is well known that for p=1+4/N
there are singular solutions of (Cp) for certain initial data (see Glassy [9] and
M. Tsutsumi [25]). That is, there are some solutions u(t) of (Cp) such that

u(-)eC([0, T); H") and lim, . ¢|Vu@®)|=4o.

However, the formation of singularities in blow-up solutions for the critical case
p=1+4/N seems to be quite different from that of blow-up solutions for the
supercritical case 14+4/N<p<2*—1. In the critical case there are blow-up
solutions which lose their L2%-continuity because of the so-called “mass con-
centration” phenomenon (Weinstein [287], Nawa and M. Tsutsumi [21] and Merle
and Y. Tsutsumi [17]), while Merle [15] suggests that in the supercritical case
every blow-up solution has a strong limit in L? at the blow-up time.

In the case of F(u)~|u|**u as |u|—+o, Merle and Y. Tsutsumi [17]
show that no blow-up solution to (Cp) has a strong limit in L? as t—T (T is
the blow-up time), and that L*-concentration occurs at the origin for all the
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radially symmetric blow-up solutions to (Cp), when N=2. In [20] we also in-
vestigate the “mass concentration” phenomenon, and proved the following
theorems.

THEOREM A. Assume that F satisfies (F.1)-(F.3). Then for any u,=H!
there exist a positive number T (maximal existence time, i.e, blow-up time) and a
unique H'-solution u(t) to (Cp) such that

u, Vus C([0, T); LHYNLEYNO, T ; LN

and u(t) satisfies (0.1). Assume further that T <+ oo, so that lim,.p|[Vu(t)||=+
(Blow-up). Then u(t) does not have a strong limit in L* as t—T.

THEOREM B. Let F be (NF) with p=0c—1=1+4/N. Suppose that the solu-
tion u(t) to (Cp) blows up at t=T<(0, o], 7.e., lim, p||Vu(®)||=lim,. 7| u(t)|,=oo.
Set

(B.1) A)=1/lu@®lg*.
(B.2) Saut, x)=A¥"%u(t, Ax).
(B.3) A= sup limint {;ngNSB(U;R) | Sacult, x)|2dx}.

1) If |luol|>=A, then for any >0, there are a constant K>0 and a function
y()=C([0, T); RY) such that

(B.4) liErTliTnfSB(K) |Sacult, x+y@E)|2dxr>1—e)A.

If we impose the condition uy=2, T<co and XZ0, then we have

(B.5) sup |y(®)A®)| <+oo,
tero, T

i \ B
(B.6) llrtrllepfSBtIu(t, 02 dx>(1—e)A,

where B,=B(y@)At); KA{)).

2) If u, is radially symmetric and N=2, we have (B.4) and (B.6) with y(t)
=0 and A=||Q|?, where Q is a ground state (non trivial minimal L* norm solu-
tion of

(B.7) AQ—Q+1QI¥VQ=0, QeH'.

(For the equation (B.7), see e.g. [1], [3], [22] and [27].)
(3) If luo=IQ|, we have the results of (1) with A=|Q|? in (B.4) and (B.6).

Here we note that:
1) A@)—0 as t—T.
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(2) We do not assume the radial symmetricity of solutions to (Cp).

Recently, Y. Tsutsumi [26] has investigated the rate of L*-concentration
for radially symmetric blow-up solutions to (Cp) with N=2 and F(u)~|u|*"u
as |u|—-+oo, and showed that for any ¢>0, there exists a K>0 such that

0.4) liminfe.zu@); L x| <K(T—t)")|z1—-e) QI

where Q is a ground state (minimal L? norm) solution of (B.7).
In this paper we have the following theorem, which is an improvement of
Theorem B and (0.4).

THEOREM C. Let F be (NF) with p=0—1=1+44/N. Suppose that the solu-
tion u(t) to (Cp) blows up at t=T&(0, 1, i.e., lim,.r|Vu®)|=lim, rlu@®)l,=
+oo. Let (tn)n be any sequence such that t,—T as n—oo. Set

(C.1) A= At)=1/lu(t)l5®,
(C.2) Sau(t, x)=2A¥"u(t, 2x).

Then there exists a subsequence of (t). (we still denote it by (¢,).) which satisfies
the following properties: one can find a sequence (¥,), in RY such that, for any
e>0, there is a positive constant K;

C.3) liming| 1S3,utn, 5+32)|"dx 20— Q"

If we impose the condition u,=2, X<0 and T <oo, then we have

(C.9) Sup | ypda| <+oo,
neN

n—co

(C.5) liminfSB | ultn, 1) 2 dx=(1—e)| Q2.
where B,=B(y,4,; Ki,).
Our proof of Theorem C depends heartily on the following

PROPOSITION D. Let F be (NF) with p=o6—1=1+4+4/N. Suppose that the
solution u(t) to (Cp) blows up at t=T&(0, o], i.e., limer|Vu@)|=lim..r|u@®)]|,
=00, Let (t,), be any sequence such that t,—T as n—oco. Set

(D.1) a=At)=1/ut)l5"?,
(D.2) unt, x)=S2,ut, X)=27"u(t, 2,x).

Then there exists a subsequence of (t,)n (we still denote it by (¢,),) which
satisfies the following properties one can find L&N\U{co} and sequences (y7,),
in RY for 1<7< L such that
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(D.3) limg.| 3 —yi| =00  (j#k),

(D.4) Fi=ua(tn, x+yi) —> f1  weakly in H',

(D.5) A= = Nt 430 —> £ (j22) weakly in H’
(D.6) lim .o EGH)—E(fi— [} =E(f7),

(D.7) fim, . im el fA—flo=0  (L=-+o0),

(D.7y limpal f5— 2, =0 (L<+c0),

(D.8) lim lnig}o{yseggvgmm)l(ffz—f")(x)i2dx}=0 if L=+oo,
Oy g, 0 i i

where R is any positive constant.

In view of this proposition, we can understand the assertion of Theorem
B (2) and (3).

COROLLARY E. (1) If u, #s radially symmetric and N=2, we have L=1 with
y'.=0 in Proposition D, so that we have Theorem B (2).

2) If |ull=I1Ql, we have L=1 in Proposition D, so that we have Theorem
B (3).

Remarks. 1. Roughly speaking, Proposition D suggests that « behaves like ;
L . .
0.5) lut, x)|* — J§=]1 [fIP0(x—a)+r(x) in &

as t—T, where a,=lim,..1,¥%, 6(x—a) is a Dirac mass at e=R" and r(x) is
a remainder term (it may be a function). We note that L may be infinite. It
could happen that a,=a, (j+#k). However we see from this theorem that
“mass concentration” occurs at some points.

In [21], the author and M. Tsutsumi characterized the initial datum (in )
leading to the solution which develops the singularity like Dirac mass d:

(0.6) lim,_7[|(x —a)u(t)|| =0 for some a=RY,
so that
0.7) lut, x)|* —> [[uo[’0(x—a) in &

as t—T ([21; Theorem 1]). Thus we know there are many blow-up solutions
satisfying

0.8) lim,_z[(x—a)u®)|>0
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for each a=R? ([21; Corollary 1.1]). So L=2 or r#0 occurs in (0.5), which
also explains how the blow-up solution u performs (0.8).

Recently Merle [16] has constructed blow-up solutions which concentrates
their “L® mass” at exactly m points {a,, a,, ---a»} such that

(0.9) lime.rllult, x); Li(RY\{as, a5, -+, an}]=0.

This example corresponds to (0.5) with L=m and »=0.

On the other hand, some numerical computations suggest that there are
blow-up solutions which behave like (0.5) with L=1 and » being some function
(see e.g. [24] and [27]).

2. The spatial dilation operator S; was introduced by Weinstein for the
first time in [28]. We note that our scaling function 2 is different from the
one in [28]. Our choice of scaling function A simplifies our calculations in §3,
and we can treat more general nonlinearities than those in [28].

3. The proof of Theorem C is inspired by the method of concentration-
compactness due to Lions [12, 13] and the argument performed in Weinstein
[28]. We, however, repeatedly use the same compactness device as in Lieb
[11] and Brézis and Lieb [3] to decompose (u,), iteratively into several parts
(possibly infinite parts) with the help of Brezis and Lieb’s lemma [4]. It is
worth while to note that the case L=1 in Theorem C (1) does not always cor-
respond to the terminology “tightness” in the method of concentration-compact-
ness for the concentration function of |u,|®: If L=1, it could happen that

(010) ﬁmn—-eo”un(tn; ’+y%.)_f1”$0 s
although it holds that
(0.11) limyoel #n(tn, -+y2)—f.=0.

Thus L=1 is not equivalent to (0.7).

4. Weinstein [32] proved the similar result to Theorem C. However he
treated only the single power case and in his paper there is only a proof for
the radially symmetric case.

§1. Preliminaries.

In this section we collect several well-known facts about solutions to (Cp)
and those to (0.5), and recall the week compactness result due to Lieb [11], a
related lemma from [6] (see also [3]) and Bézis and Lieb’s lemma [4], which
will be crucial for the proof of Theorem C.

We use the notation ¢=2+4/N.

LEMMA 1.1. Let

(L.1) I=inf{|[Vw|?|v]|*/¥ /|vls; veH' and v+0}.
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The infimum I is attained at a function Q with the following properties:
(1) Q is positive and radially symmetric.
2) Q=HYRY)NC*RY™) and satisfies

(L.2) E@Q)=IVQI*—@2/a)Q15=0.

(3) Q 7s a solution to (0.5) of minimal L* norm (the ground state). In addi-
tion,

1.3) I=21QlI°*/a .
(4) Q is a solution to the following variational problem .
1.4) minimize ||[v]| ; E(v)=0 and v=H'/{0}}.
(5) Let S’ be the best constant for the interpolation estimate :
(1.5) lole=S"IVol*vf°=*,  Nz=L.
Then S'=1/1I.

For Lemma 1.1, see Weinstein [28], Beretycki and Lions [1] and Strauss
[22] (see also [19] for part (4)).

LEMMA 1.2. (1) Assume that F satisfies (F.1)-(F.3). For any u,=H', there
exist a positive number T and a unique solution

(1.6) u(-)=C([0, T); HYNLLLO, T ; L?)
to (Cp) satisfying (0.1) with the alternatives; either T=+4c or T<+4co and
(1.7 lim,_7[|Vu(@®)]|=lim..z[lu(®)], = +oo .
(2) In addition to (F.1)-(F.3), assume that F satisfies
(F.4) Im F(z)z=0, z<C,

(F.5) there exists GECYC ; R) such that F ——-aa—g.

Then the above solution u satisfies:

(L.8) lu@®l=llull ,
(1.9) Hu@®)=[u®)*—<Gu@)), 1)
=H(u,),

for t<[0, T). If u,s2, then u=C([0, T); 2) and satisfies-
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(1.10) | xu®)*= | xuoll*+2t Im {x-Vuo, uop+t>H (1o)

—N S:(t—r)<F (u), u(r)dr

t
+N+2)[ t—eXGw), D
() If ue=H* and |uo|<||Q|l, then the solution u exists globally in time.

We can find the proof of part (1) and (2) in Kato [10] and Ginibre and
Velo [7]. See also the proof of Lemma 2.4 in the previous paper [20]. For
the identity (1.10), see e.g., Glassy [9] and M. Tsutsumi [25]. One can find
the proof of part (3) in Weinstein [27].

LEMMA 1.3 (Frélich, Lieb and Loss [6]). Let 1<a<pB<7r and let g be a
measurable function on RY such that, for some positive constants C,, Cg, Cy,

(i) lgla=Ca,
(ii) lgls=Cs>0,
(i) llgl;=Cy.

Then w([1g1>n1)>C for some n, C>0 depending on a, B, v, Ca, Cg, Cy, but
not on g.

LEMMA 1.4 (Lieb [11]). (1) Let 1£a<> and let v be a function such that
velf., Wel?, |V|.£4 and p([lvl>91)=C for some positive constants A,
9, C. Then, there exists a shift T ,v(x)=v(x+y) such that, for some constant
0=d(4, C, ), f(BN\LIT yv|>n/2])>8, where B=B(1).

(2) Let 1<a<co and let (fa)n be a uniformly bounded sequence of func-
tions in W'*(RY) with the property that w([|fa|l>91)=C for some 5, C>0.
Then there exists a seauence (yn)n in RY, ¢u(x)=fa(x+y,), such that, for some
subsequence {n;}, ¢n,—¢ weakly in W»*(R") and ¢+0.

We note that part (2) is a direct consequence of the Banach-Alaoglu theorem
and part (1).

LEMMA 1.5 (Brézis aud Lieb [4]). Let 0<a<co and let (f,), be a uniformly
bounded sequence in L% Suppose that f,—f a.e. in RY. (By Fatouw’s Lemma
felL®) Then,

(L.11) tim 1140019 = 1 fal0)= (@)= f(2)]* dx=0.

Our proof of Theorem C depends heartily on the above two lemmas, which
enable us to derive Proposition D.
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§2. Proofs of main results.

The main purpose of this section is to prove Theorem C. For simplicity,
we suppose N=3 (in the case of N<2, we need a slight modification in (2.7)
below).

Let the nonlinearity F be (NF), which satisfies (F.1)-(F.5). Suppose that
the solution u(f) to (Cp) blows up at time t=T<(0, =], i.e., lim,.z[|Vu ()| =co.
From Lemma 1.2, u(¢) satisfies the mass conservation law (1.8) and the energy
conservation law (1.9) for t<[0, T). We note that, in this case,

2.1 G(u)-—*%[u}‘”‘—l—%lul".
Proof of Theorem C.
We recall that
(2.2) A=20)=1/llu@®lls"*,
2.3 ur=S;ult, x)=2""u(t, ix).
One can see that
2.9 luall=lul=lull,

25) Jualo=1.
Moreover we have that
(2.6) E(u2)=RE ()
2 2% gril o SN
=2 {Hu)+ Ty ulg} — 0 ¢=T).

since, by Holder’s inequality, it holds that
AluOEEI = 2ludl = lludlg
=luo - *(2u®E),

where a=(N/4)(g—1)o<o (because ¢—1<4/N). From (2.5), (2.6) and Sobolev’s
inequality one has

2.7 lual=SIVu| =S

for sufficiently small 1, where S is the Sobolev best constant.
By (2.4), (2.5) and (2.7) we have, for some constants 7, C>0,

(2.8) w1 >n)>C
with the help of Lemma 1.3.
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For any sequence (f,), such that {,—T (n—oo), we use the notations:
(2.9) A=4s) ,
(2.10) Un(tn, X)=ANPultn, Anx).

We shall prove Proposition D.

Proof of Proposition D. By (2.8) and Lemma 1.4 (2), we can shift each u,
so that

(2.11) fi=unlts, x+yi) — f*+0  weakly in H'.

This is valid only for a subsequence. We shall however often extract sub-
sequence without explicitly mentioning this fact.
From (2.1), one has

(2.12) fa—f* in L},
so that
(2.13) fi—s ft a.e. in RV .

Hence we have, by Lemma 1.5,

(2.14) Im o f2l—= 1= FHID=1 717,

and by the weak convergence of Vf', and the uniqueness of the limit,
(2.15) MmN A= IV =V S D=IV .

Combining (2.14) and (2.15), we get

(2.16) lmpe{ E(f)—E(fa—=E(Y).

We deduce from (2.5), (2.10) and (2.14) that following two limit exist and
equalities hold;

(2.17) lima.ol f2—F5=1=1117,
(2.18) lim,.E(fi—f)=—E(").

Suppose limn.e|fi—f'+#0. Then one can verify that fi—f! satisfies
the assumptions in Lemma 1.3 with a=2, f=0¢ and y=2*. So at this stage,
we consider fi—f!, and repeat the above argument. There exists a sequence
(y2), in R¥ such that

(2.19) A=A, -+y3) — f*+0  weakly in H',
(2.20) lima-o{ E(f3)—E(f2—F)}=E(f?).
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We note that lim,_.|yi—y2|=oo, since fi—f'—0 weakly in H'. By (2.17)-
(2.20), one can also verify that

2.21) limael f2—F2le=1=1/215— 11117,
(2.22) lim, . E(f2—f)=—E(f)—E(*),
since we have that
Mgl f2—F e =liMn-cl f2lls
limaE(f 72— fH)=1ima.E(f7),

by the translation invariance of the norm |-|, and the functional E(-).
Repeating this procedure, we obtain sequences (y$), in R¥ for 1<; such
that

iMpw| yi—yal=c  (#k)

and corresponding functions

==Y, -+y4) —> f7 weakly in H',
where f2 satisfies
(2.23) ima (I FAIG— IS A= FID=11f;1,
(2.29) MV A= VA=V FIID=IVf],
so that we have
(2.25) lima-w{ E(f)—E(f4— [} =E(f).

We also obtain by induction that

(2.26) limal f— Fl=1— 3 1£41,
2.27) lim,_E(f3— ff)-—-~ké1 E(f*),

(D.8) and (D.8)’ immediately follow from (D.7) and (D.7)’. (D.7)" is obvious
by the construction of f7’s. Therefore it remains to prove (D.7). Suppose the
contrary that there exists a constant C,>0 and J=N such that

(2.28) lim,_c|l f4—£7lI5>Co
for any j=/. Thus there is a constant C,>0 such that
(2.29) I f*)g>C,

for any 7=/, since the size of ||f’*!|, essentially depends on the lower bound
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of |fi—f’ll, by Lemma 1.3, Lemma 1.4 and the construction of f’. We choose
and k<N (sepecified later). Using the formula (2.26) for j{J, J+1, --- ; J+ £k},
we have by (2.28) and (2.29) that

1—=Co>limuow{ll f2—Fllg— I f5F5—F*115)
k
= If7+is
=1
>kC,.
Thus we reach a contradiction, if we take 2 as 2C,=1—C,.

Remark 2.1. Proposition D asserts that u, behaves like a superposition of
several parts ul, u2, ud, -+, ut (L may be infinite) as n—oo. The above
argument is somewhat related to those used in Lions [14], Brézis and Coron [2]
and Struwe [23].

We now distinguish two cases:

Case I L=o and E(f’)>0 for any jEN,

Case II L< or E(f¥)<0 for some A< N.
We shall establish that Case I cannot occur.

Suppose that we are in Case I. We recall (2.27) and define the sequence
(E,); by

(2.30) E=lim,~B(fi—f)l= S E(Y).

Hence the sequence (E;); is positive and increasing, since E(f*)>0 for any k< N.
On the other hand we have by the definition of E that

(2.31) (0<)E;=liMpec{ —E(f4—f7)}
=@2/0) lima.a| f5—fl5.

Thus (£;); has a subsequence decreasing to 0 by (D.7) in Proposition D. There-
fore we reach a contradiction and Case I is excluded.

Hence the only case which occurs is Case II. Since L<oo implies that
L
2 E(f)=0,
J=1
we have E(f*)<0 for some =N in this case. Thus we get, by Lemma 1.1(4),

(2.32) IrEnznern.
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We also have (2.11) and (2.13) for all j={1, 2, ---, L}, so it follows from
Lemma 1.5 that

(2.33) lim SRNI [ fa)P =1 fa(x)— (01— f(x)]*]1dx=0.

Hence, for any sequence (v,), in R¥, it holds (2.33) with f’, and f’ replaced
by f4(t,, x+v,) and f(t,, x+7y,.), respectively. So we have that, for any
domain 2CR”,

@3 Im{ A A= P01 w1 dx=0.

Therefore, for f* and any K>0, we have by (2.34) with j&{1, 2, -, k} and
2=B(K) that

k-1
(2.35) (o, 7117 1galrdz— S 171+,
where o(l) is a quantity converging to 0 as n—o and
k
(2.36) gn=in(tn, 1+ 3 IT),
. k
2.37) = fj(x+m=2my$).

The main conclusion of Theorem C thus follows from (2.35), since one can see
that, for any ¢>0,

(2:38) 191P—ex(, 1741

for sufficiently large K>0. In the case of u,=3), <0 and T<+o (1.10),
implies the boundedness of ||xu(t)|]. Therefore we obtain (C.4) and (C.5), since
we have by Chebychev’s inequality ;

(2.39 [ Jut oraxs imuop.

Therefore we conclude the proof of Theorem C.

Proof of Corollary E.

We recall (2.11). In view of (D.7) and (D.8) in Proposition D, it is enough
to prove that we have

(2.40) fasualts, x+y2) —> f1#0  (n—c0).
strongly in L° or L? for some feH".

Proof of (1). We will show that (2.40) with y.=0 holds true in the strong
topology of L°. If the initial datum u, is radially symmetric, so is the solution
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to (Cp) in C([0, T); H*). Thus each u, is also radially symmetric. Since (u,),
is a bounded sequence in H' by (2.4), (2.7) and (2.10), we have (2.40) with
y2=0 in the strong topology of L for a subsequence (we still denote it by the
same letter) by a radial compactness lemma due to Strauss [22] (see also [1]).
We note that f'+0 by (2.5) and (2.10).

Proof of (2). We will show that (2.40) holds true in the strong topology
in L®.,. Now we suppose [f!|<|QI where Q is the ground state solution to
(0.5). Then one has E(f)>0 by (1.4) in Lemma 1.1. This together with (2.18)
implies that

(2.41) lima.el f3—F121Q]

by (1.4) again. We note that the limit in the left hand side of (2.41) exists,
since the weak convergence of fi—f in L* together with the fact || fi]=/uoll
=||Q]l implies that

(2.42) Mol f2 =11 =1QN = F111* .

Here we reach a contradiction, since (2.41) and (2.42) yield QI <||Q|. There-
fore we have || f'|=]|Q|l, so that we obtain

(2.43) limncl f2—/F11=0.
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Note added in proof. After completing this work, we found that we could
improve the proof of Theorem C to refine Theorem B (1) with the result that
we have A= Q|? for any blow-up solution. This will appear elsewhere.
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