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P1CARD SETS ADMITTING EXCEPTIONALLY RAMIFIED

MEROMORPH1C FUNCTIONS

BY Yϋji HASHIMOTO AND KIKUJI MATSUMOTO

1. For a totally disconnected compact set E in the extended z-plane C, we
denote by ME the totality of meromorphic functions, each of which is defined
in C—E and has E as the set of transcendental singularities. If any function
of ME has at most two Picard exceptional values at each singularity ζ<^E, E
is called a Picard set. The existence of perfect Picard sets was shown by
means of Cantor sets in Matsumoto [4]. A meromorphic function f(z) of ME

is said to be exceptionally ramified at a singularity ζ e £ , if there exist values
wk, l<k<q, and positive integers vk, l^k<q, with

such that, in some neighborhood of ζ, the multiplicity of any wk -point of f(z)
is not less than vk. In [3], Kurokawa gave Cantor sets E for which each
function of ME cannot be exceptionally ramified at any singularity ζ^E. Here
we remark that such sets E are Picard sets. The purpose of this note is to show
that, contrary to the case of isolated singularities, there exist Picard sets E for
which there exist meromorphic functions of ME being exceptionally ramified at
each singularity

2. Let Δ be the 5-sheeted covering surface of the extended ω-plane with
two branch points of order 4 over 1 and —1. For n^O, we slit each of four
sheets other than the first sheet of Δ along the positive real axis from μny μn>l,
to oo and denote the resulting surface by Δn. For 72^1, we further slit the first
sheet of Δn along the positive real axis from μn-x to oo and prepare 471 replicas
of the resulting surface, which we denote by Δn,k, 1^&<^4\

Now we connect Δuky l^k^i, with ΔQ crosswise across the four slits from
μ0 to co one by one, and obtain a surface Ft with 42 slits. Next we connect
Δ2,k, 1^&^42, with Fi crosswise across the 42 slits from μx to oo one by one
and obtain a surface F2 with 43 slits. Continue these constructions inductively.
Namely we connect Δn+ίtk, l<^£^4 n + 1 , with Fn crosswise across the 4W+1 slits
from μn to oo one by one and obtain a surface Fn+1 with 4n + 2 slits. We denote
the limit surface by F.
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By construction, the surface F is planar, so that there exists a one to one
conformal mapping z—φ{p) of F onto a domain G of the extended -ε-plane C.
Now we set E—C—G and have the following

THEOREM. //lim(μ n /μ n _i)=oo, then E is a Picard set for which there
n-»oo

exists a meromorphic function of ME being exceptionally ramified at each

3. We denote by π(p) the projection of F to the extended ω-plane. Then
the composite function π°φ~1(z) is exceptionally ramified in G and belongs to
ME. Hence it is sufficient for us to prove that E is a Picard set.

Contrary suppose that there exists a meromorphic function f(z) of ME

omitting three values 0, 1 and co in a neighborhood of some singularity ζQ^E.
We consider Δn,k defined in 2 as a subdomain of F and denote by Γn,k its
boundary corresponding to the slit from μn-ι to co and by Γn+i.4k-s, Γn+i.4k-2,
Γn+i,4k-i and Γn+1,4k those corresponding to the four slits from μn to oo. Then
Δn-i,ι, k—ii—j (0^/<;3), has Γn>k as a boundary in common with Δn>k and we
can take a doubly connected domain An,k in Jn.1>e^JΓn,k\Jjn,k with π(An,k)
(Z{ω; | ω | > l } which is mapped onto the annulus K\ξ\<μn-i2 with \ξ\—μn-ι
as the image of Γn,k. For each n ^ l , the doubly connected domains {An,k},

)=4n, separate {An.1)k}, l<k£K(n-l), from the ideal boundary of

n n

F and 2 log μm-ι2—(1/2) log K{n)—2 Σ log μm-\ — n log 2^oo (n->oo) from our
m = l m = l

assumption lim (μn/μn-i)=o°, and so we see from the Pfluger-Mori criterion that
n->oo

F is an open Riemann surface of OAB, that is, E is an iV^-set (see [5]). There-
fore any function of ME cannot be bounded at any singularity ζ e £ . Now we
consider the function f(p)=f(φ(p)) on F.

LEMMA 1 (Carleson [2] and Matsumoto [4]). Let w=g(ξ) be a single-valued
regular function in an annulus l<\ξ\<μ2 omitting two values 0 and 1. Then,
the diameter of the image of \ξ\—μ by g(ξ) with respect to the chordal distance
is dominated by A/μ for sufficiently large μ. Here, A is a positive constant not
depending on μ and g(ξ).

We take Γno>k() such that 7no,ko=φ(ΓnQ>ko) surrounds ζ°, where we may as-
sume that f{z) omits 0, 1 and oo in the part of G surrounded with γnQ, kQ, that
is, f(p) omits, 0, 1 and oo in the end Fo of F which has ΓnQ, kQ as its relative
boundary. From now on, we deal only with Δn,k contained in the end FQ and
see from this lemma that the diameter of the image f(Γn>k) with respect to the
chordal distance is dominated by A/μn~ι for sufficiently large n. Hence we can
take a spherical disc Dn,k of chordal radius δn=A/μn-1 containing the image
/

4. We may assume that <5n<l/2O for n>n0. Then, since any component
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of D=Dn>kVjDn+ltlik-3VDn+ίt4k-.2UDn+1,4k-i\JDn+i,4k can contain at most one of
0, 1 and <χ> and /(/>) omits them in Δ—Δn,k, we have the following cases:
(A) The set D is connected. We cover D with a disc D of radius at most
5δn and have ?(Δ)czD. In this case, we say that Δn,k is degenerate (/).
(B) The set D is not connected and is covered with the following discs, which
are disjoint by pair and each of which covers at least one component of D.
Here we may assume that there are no branch points of the Riemannian image
of Δ over the boundary circles of these discs. The function f(p) takes each
value outside their union at least once and the same times, say s ^ l times. In
this case, we say that Δn,k is nondegenerate (/).
(Bl) Discs Do, A and i L of radius at most 6δn and with centers at 0, 1 and
oo respectively.
(B2) Discs Do, A and Do* and one more disc Da of radius at most 2δn and
with center at a.
(B3) Discs Do, A and ί)^ and two more discs ί>a and 6b of radius δn and
with centers at a and b respectively.

We shall go into details about Riemannian image of Δ under f{p). First
we shall prove the following

LEMMA 2. The harmonic moduli of doubly connected domains in Δ—Δn,k

which separate two of five boundary curves of Δ from the remaining three have
an upper bound K not depending on n and k, l<k^in.

Proof. Map Δ by u — {(ω-\-l)/(ω—1)}1/5. The image of Δ is the extended
w-plane with a slit from 1 to {(//n-i+lV^n-i-1)}1 / 5 and four slits from e2nπι/δ

to e2mπt/δ{(μn-\-l)/(μn-l)}1/δ, l ^ r a ^ 4 . The image of any doubly connected
domain of our lemma separates two of these five slits from the remaining three,
consequently, two of the five points {e2mπι/5}4

m=o from the remaining three.
Therefore it is sufficient for us to find an upper bound out for doubly connected
domains which separate 1 and e2πι/δ from eiπt/δ, eGπι/δ and e8πi/δ or 1, e2πt/δ and

eβπι/5 from g4;π/5 a n c j ^xt/s^ jj. | s Well-known that the doubly connected domain
C-{eiθ ;0<θ^2π/5}U{eiθ ;4π/5£θ£8π/5} gives the maximum harmonic
modulus among the doubly connected domains separating 1 and e2πι/δ from e4πι/δ

and e8πι/δ. Thus we can take the harmonic modulus of this domain as K.

(Bl) We set β=C-Λ)WZ)iWZXo. The inverse image f~\Ω) consists of at most
two components, because the connectivity of any component cannot be less than
3. Suppose that f~ι(Ω) consists of two subdomains Δλ and Δ2 of Δ. Then Δx

and Δi are triply connected. Let Si and S2 be the Riemannian image of Δ1 and
J2 and Si and s2 be the numbers of sheets of Si and S2. Expressing by p the
Euler characteristics, we have

where vx and v2 denote the ramification indices of Si and S2. Since p{Ω)— — 1,
Si + s 2 +^i+^2=2, so that Si = s 2 = l and Vi=v2=0. A component of the open set
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Δ—Δ1\JΔ2 is triply connected and its image is contained in some of Do, Dx and
A*, say Do. The inverse image of any doubly connected domain in Si separat-
ing Do from A and £)<* separates two of five boundary curves of Δ from the
remaining three. By Lemma 2, this is impossible for sufficiently large n. Thus
we see that f~\Ω) consists of a subdomain Δ of Δ, where the connectivity of
Δ is 3, 4 or 5. Let S be the Riemannian image of Δ and v be the ramification
index of S. Then p(Ω)s—v=p(Δ), that is, s+v= — p{Δ).

If Δ is triply connected, we have $+v=l, so that s=l and v=0. There is
a boundary curve Γ of Δ which surrounds at least two of five boundary curves
of Δ. Suppose that f(f)=dD0. Then the inverse image of any doubly connected
domain in S separating DQ from Dι and t)^ separates two of ήve boundary
curves of Δ from the remaining three. By Lemma 2, this is impossible for
sufficiently large n. We can show similarly that the case where Δ is quadruply
connected does not occur.

In the case that Δ is quintuply connected, we have s+v=3, so that s—3
and v=0 or s=2 and υ—l. We denote by σ0, ax and σ^ the numbers of bound-
ary curves of Δ mapped onto dDOy dDi and d ίL respectively, where we may
assume σo^<Ti^σcc=l. Then we have following three cases.

<7o G\ Goo S V

(1)
 {1,1,1} {3} {3}

 3
 °

(2
> {1,1} {1,1} {2}

 2 l

(3)
 {1,2} {1,2} {3}

 3
 °

Here we write under σQ, ax and σ^ the winding numbers of the images of
boundary curves of Δ with respect to the centers of ί)Q, Dx and Do* respectively.

For instance 2 shows that there are two boundary curves of Δ mapped onto

8Dχ and one of them has the image winding once around 1, while the other has
the image winding twice.
(B2) The inverse image f~\Ω) consists of a subdomain of Δ. We take all
relatively noncompact components of f~\ί)a) with respect to Δ off from f~\Ω)
and have a subdomain Δ of Δ, whose connectivity is 4 or 5. Let S denote the
Riemannian image of Δ under f(p) and v be the ramification index of S. De-
noting by sα the number of sheets of S over Da and by va the ramification in-
dex of the part of S over Da, we have

that is, 2s—sa

Jrv— — p{Δ). In the case that i is quadruply connected, we have
5 = 1, Sa=0 and v=0, but we see similarly as in (Bl) that this case does not
occur for sufficiently large n. Let Δ be quintuply connected. Then 2s—s a+v
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= 3 and we have s=2, sa=l and v=0. Denoting by σa the number of boundary
curves of Δ mapped onto dDa> we have the following case.

(To (To (Too O a S V

( 4 ) {1,1} {2} {2} {1} 2 °

(B3) We take all relatively noncompact components of f'\Da) and f~\Db) with
respect to Δ off from f~1(Ω) and have a subdomain Δ of Δ. The domain Δ is
quintuply connected. Hence we have

that is, 3s—sa — sb+v=3, so that 5—1, sa=sb=0 and v=0.

ίT 0 <J\ (Too Oa Ob S V

(5)
 {1} {1} {1} {1} {1} * °

5. Suppose that all Δn, k contained in the end FQ are degenerate (/). Then
for Δn,k in Fo, f(Δn,k) is covered with a disc Dn,k of radius 5<5n. For each
Δno+ί,k in Fo, Dn koUDnQ+ukΦφ, so that /(^W o,*oU(U'^no+i^)) is covered with

k

the disk Dι of radius 5δn o4-10^0 + 1<(l/4){l+(l/2)} and with the same center a0

as DnQ,k0, where yj'Δno+1>k means the union taken over all the Δno+ί,k's in Fo

and we assume dn o<l/2O and δn+1/δn<l/4: for n^n0. Suppose now that

f(Δno, kQU( U (U'i^o+p, *))) is covered with the disc Dm of radius 55W0+10 Σ δno+p
ί ? = l k p=l

Tϊi Λ, 771 + 1

< d / 4 ) Σ o d / 2 p ) and with center at β.. Then / ( i , , l t U ( U ( y ' i 0 + M ) ) ) is

covered with the disc Dm+i of radius 5^ 0 +10 Σ <^0 + p<(l/4) Σo(l/2P) and with

center at α0, because DmΓ\Dno+m+1>kΦφ for each Δno+m+uk in Fo. Thus we

conclude that /(Fo) is covered with the disc of radius (1/4) Σ (l/2 p )=l/2 and

with center at a0. This means that f(z) is bounded in the part of G surrounded
with Tn0>k0 and is impossible as mentioned in 3. Now we see that there are
infinitely many Δn>k in Fo being nondegenerate (/).

6. We take such a domain Δn,k and consider the subdomain Δn>k of Δn,k.
As we saw in 4, Δn,k is quintuply connected and its ήve boundaries fn,k and
{Γn+i,4k-j}3j=o are homotopic to those Γn,k and {Γn+ι,4k-j})^ of Δn>k respectively.
Further, at least two of them have the image curves winding once around 0,
1 or oo, so that one of {fn+1,4k-j}j=o> say fn+ί>Ak has the image curve winding
once around 0, 1 or oo, say 0. The adjacent Δn+1,4k is degenerate (/). In fact,
suppose that it is nondegenerate (/). Then the boundary curve fn+ltik of Δn>k
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and that Γn+1,4k of Δn+lt4lk are both homotopic to Γn+ι,ik and bound a subdomain
of Δn,k\jΓn+ι,ik\jΔn+ltik, so that f(p) takes the value 0 there contradicting our
assumption that f(p) omits 0, 1 and oo. Here we give two lemmas.

LEMMA 3. // Δn,k is degenerate (/), there are four curves {fn+1,Ak-j}Uo *n

Δn,k such that, for each j , 0^/rg3, Γn+1>4k-j is homotopic to Γn+1>4k-j and the
diameter of its image f(Γn+ί,4k-j) with respect to the chordal distance is dominated
by Aδnδn+1=o(δn

2), where A is a positive constant.

Proof. A disc Dn,k of radius at most 5δn covers the image f(Δn>k). We
map Δn>k by the mapping w = {(ω+l)/(α>—1)}1/5. The image of Δn,k is the ex-
tended w-plane with a radial slit Rn,k from 1 to {(μn-ι+l)/μn-i—1)}1/5, the im-
age of Γn,ky and four slits {Rn+nk-AU* from e*

a+1>*t/s to e2U+1^t/6{(μn+l)/
(μn-l)}1/δ, 0 ^ / ^ 3 , the images of {Γn+lfAk-j}*=ΰ. We take circles {Cn+ί,4k-j}3

J==0

of radius μn-λl'μn—δn+ι/δn and with centers at e

2Cj+1>πι/5, 0<j<3. We show that
the inverse images {Γn+1,4k-j}z

J=Q of these circles {Cn+i,4*-^}J=0 satisfy the con-
ditions of our lemma. We set h{u)—f{{u5-{-!)/{u5—1)) and apply the Cauchy

integral formula to h(u) in the domain \u\ \u\<R\—Rn,k\J{\JRn^,4k-j)y where

we take R>0 sufficiently large. Then we have

h(u)
WO)

We take M o e C n + u i - ; . Here we may assume that the center of the disc
Dn+ι,Ak-] is 0. The disc Dn+ltAk-j was given in 4, and, as we showed there,
Dn+i,4k-jΌf(Γn+i,4k-j), Dn+i,4k-jC.Dn,k, and its radius is equal to δn+1. We

remark that Dn>k is covered with the disc of radius lΰδn and with center at 0.
Since f(Δn,k)(zDn,k, \h{u)\^2Qδn and

dh , N 1 if . » [ . r \ h(

IS, h(u)
-du

o n

Since (δn+1/δn)-+O (n-^ oo), we may assume that the distance between Cn+1,Ak-j
and Rn>k or Rn+i,Ak-t, 0<i<3 and Φij, are not less than sin(π/5). We have

Γ h(u)
7du

and

h{u)
\)Rn+i,4k-e(u—Uo)2 ~ sin2(π/5)

where |i?n,*l and |/?n+i,4*-^l denotes the lengths of the radial slits Rn,k and
Rn+i,Ak-e, that is,
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and

where A is the positive constant in Lemma 1. We remark that f(Γn+llik.j)Cl
Dn+i.ik-j and hence |A(u)|^103n +i for u^Rn+ί,4k-j. Since (δn+1/δn)-\Rn+lt4k-j\
^δn+1/(2δn) for sufficiently large n,

IΓ h(u)
\)Rn + l,4k-j (U—Uo)

Thus we have

24 x 2 , o 24 ^ ^ 48dh

so that the diameter of the image /ι(Cn+il4^_>7 )=/(Γn +i> 4fe_ ; ) is dominated by

Γ dh ,

LEMMA 4. The harmonic modulus of any doubly connected domain in Δ—
4n.*wΓn+1,4ftUJn+i,4ft which separates Γn,k and {Γn+1>4k-j}3

J:=ι from {Γn+2.iβ*->}J-o
is dominated by —2 log Mδn+1, where M is a positive constant.

Proof. We map ά by the mapping u={(ω-\-l)/(ω—1)}1/5, where we take a
branch of the mapping function suitably so that the image Rn+i,4k of Γn+UAk

comes on the positive real axis, and have a two-sheeted covering surface over
the extended w-plane with branch points over 1 and r={(μn+l)/(μn—1)}1/5.
Further we map this surface by v—(u—l)/(u—r) and have alsotwo-sheeted covering
surface over the extended z -plane branching over 0 and oo. We consider that
the covering surface is given by connecting two extended i -plane crosswise
across the negative real axis. T h e boundary curves Γn,k and {Γn+lΛk-j}B

J=ί are
mapped into the first sheet and the boundary curves {Γn+2,16k-j}j=o are mapped
into the second sheet. T h e image of a doubly connected domain in Δ of our
lemma is a doubly connected domain in the surface separating these image
curves of the first sheet from those of the second sheet. T h e image curves in
the first sheet and the second sheet both contain two points with projections
VQ=(e2πt/5—l)/(e2πt/δ—r) and vQ and hence our image domain separates these two
points of the first sheet from those of the second sheet. It is known that the
two-sheeted covering surface deleted the circular arcs of the first and the second
sheets over {v— \vo\eiθ — a r g f o ^ 0 ^ a r g f o } gives the maximum harmonic
modulus among such doubly connected domains. Its harmonic modulus is equal
to two times the harmonic modulus of the Mori extremal domain, the extended
plane deleted the negative real axis and the circular arc {eiθ) —zxgv^θ^
arg^o}- Setting Λ=2sin(argt>o), we see that this harmonic modulus is domi-
nated by log (lβ/Λ) (see Ahlfors [1]). Since λ^M'/μn=(M'/A)δn+i for some
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positive constant M', we see that —2 log Mδn+U M=M'/(16A), gives an upper
bound for harmonic moduli of our doubly connected domains.

The domain Δn+1>Ak is degenerate (/) and hence by Lemma 3, there are
four curves {Γn+2,uk-j}*=o such that, for each j , 0<Lj<ί3, Γn+2,uk-j is homo-
topic to Γn+2,iQk-j and the image f(Γn+2,iβk-j) is covered with a disc Dn+2,uk-j
of radius Adn+idn+2- We denote by 2n+1,ik the subdomain of ΔntkuΓn+llAk\J
dn+i.4k bounded by Γn+1>ik and {Γn+2,iβk-j}j=o and by S and S the Riemanian
image of ΔnΛ and Δn>k\JΓn+UAk\JΔn+lΛk respectively.

We denote by [wu w2~] the chordal distance between w1 and w2. If the case
(2) of (Bl) occurs for Δn,k, S has a branch point over c^DoKJU^Doo. We may
assume that [c, 0]^V2~/4, because, if [c, 0]<V2/4, then [c, l ]^V2/4 and we
can proceed with our proof taking a boundary curve fn+ί,q in {Γn+i.4*-.j}?=o in-
stead of A+1.4* such that its image curve winds once around 1. If the case
(4) of (B2) occurs for Δn,k and [α, 0]<V2"/2—63n, then S has a doubly con-
nected domain over [α, 0]<[w, 0]<V2/2—6δn whose inverse image separates
separates two of five boundary curves of ΔUtk from the remaining three. Hence,
by Lemma 2, we have [β, 0~]>e-κ/2Vl+(e~κ/2)2^K, where we set K=
mm{e'K'/2Vl+(e'κ/2)2, V2/4}. If the case (5) of (B3) occurs for Δn,k, then
[α, 0 ] ^ # or [ ^ , 0 ] ^ K We assume that [α, 0 ] ^ > [ & , 0]. Then S has a
doubly connected domain over [&, 0]+25n<[iί;, 0 ] < ^ whose inverse image
separates two of the boundary curves of ΔnΛ from the remaining three. Hence
[ft, 0 ] ^ ^ 2 .

Suppose that U Dn+2 uk-iC{w [_wf 0]<d} for some positive number d<K2.

We consider the part of S over the annulus {w rf<[w;, 0 ] < ^ 2 } . Then, as we
just saw above, its component containing /(Γn+i,4*) covers the annulus univa-
lently, so that the inverse image of this component is a doubly connected domain
in Δn,k\jΓn+1,4k^JΔn+lι4k which separates Γn,k and {Γn+ί,4k-j}3

J:=1 from
{-Γn+2,iβft-̂ }5=o and has the harmonic modulus log (K2Vl—d2)/(d^l—K4). By

Lemma 4, we have log ( i P V Γ ^ ) / ( d V l - j ^ ) ^ _ 2 log Mδn+1. Thus d^Lδn+ί

2,
L-{K2M2)/{2^/l-K4)} and at least one of {J5n+2.iβ*-i}j-o, say Dn+2>16k^ inter-
sects the circle [w, 0] = Lδ w + i 2 =m. We assume that 5n +i/^n<min {1/(4A), 1/4}
for n^n0. Then since ^ί^+i^n+2<^w+i2/4, β^+a.iefeCίw; [w, 0]^m/2}. Suppose
that the adjacent domain Δn+2>uk is nondegenerate (/). Since the boundary
curve^ΓΛ+2>16* of Δn+2Λ6k is homotopic to Γn+2tUk and hence to Γn+2ιl6k, Γn+2.uk
and Γn+2tlGk bound a doubly connected subdomain of Δn+i,4k^JΓn+2>l6kuΔn+2,uk

and their images are contained in the union of a circle f(Γn+2tlGk) with center
at 0 and Dn+2tUk, so that f(p) takes each value of the inside of the circle de-
leted Dn+2tl6k. This contradicts our assumption that f(p) omits 0, 1 and oo.
Thus Δn+2iUk is degenerate (/). The curves Γn+3.64*-^ 0 ^ / ^ 3 , of Lemma 3
are covered with discs Dn+ZtG4k-j, 05j/^3, of radius ^δn+2δn + 3<m/64. Since
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the set &n+2.iβkV(U ΰn+i.βAk-j) is connected and Dn+2,ί6kcz{w [w, 0 ] ^
3 ~ ' = 0

we have U ΰn+*.*ik-j<Z{w [u/, 0]^ra/22}.

Now we consider the end Fo' of F with Γn+2tl6k as its relative boundary
and suppose that, for some p^O, (*) all Δn+2+p>qs in F o ' are degenerate (/) and

3 ,v

U ' ( U Dn+3+p>4q-j)c:{w [>, 0]^ra/2p + 2}, where U' means the union taken over
q j=0 q

all the Δn+2+p>qs in i\/. We repeat the above argument taking Δn+2+p>q and its
adjacent Δn+z+Vtiq-3 (0^y^3) instead of Δn+lΛk and Jn+2>i6ft, and conclude that

Δn+3+Ptiq-j is degenerate (/) and U ^n+3+P,i6ς-4j-ίC{^ [u;, 0]^m/2 p + 3}. Con-

sequently we have (*) for p+1. Thus we see that all Δp,q contained in the
end iY are degenerate (/), but it is impossible as we saw in 5. Our theorem
is now established.

7. Remark. The exceptionally ramified meromorphic function π°φ~\z) con-
sidered in 3 has three totally ramified values wί=lί M/2= — 1 , w3=oo, for which
^1=^2=5 and v$=2. Hence

We compose {(ω+l)/(ω—1)}1/5 with π°φ~\z). Then the composite function has
five totally ramified values wk=eikπi'5, 0<lέ<:4, for which vk=2, 0^k<A. Hence
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