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§ 0. Introduction.

Many-valued logics can be divided into two categories according as the
designated values are specified or not. In our research on logics in which the
designated values are specified, we are concerned ourselves with the validity
of formulas if anything. On the other hand, we are obliged to deal with the
validity of sequents introduced by Rousseau [6], Takahashi [7] and originally
by Gentzen, in the study of those in which the designated values are not speci-
fied. Consequently, many-valued versions of Craig's interpolation theorem are
also separated into two groups. Gill's version for a 3-valued logic in [1] and
Rasiowa's for an m-valued logic (m>2) in [5], not forgetting Craig's original
theorem for the classical logic belong to the first group. In the meantime,
examples of those of the second group are Miyama's version (see Fact 1 of this
paper) in [4] and that (see Fact 2) by Hanazawa together with the present
author in [2] both followed Maehara who in [3] had given an elegant proof
of Craig's theorem utilizing the cut-elimination theorem of Gentzen (see Takeuti
[8]). As a by-product of syntactical proof of Rasiowa's, Wasilewska also
obtained a version of the second group in [9].

In this paper, a (finitely) many-valued version of Craig's interpolation the-
orem of the first group will be investigated in a rather general setting. We
remark that the choice of (the truth-value function of) "implication" is most
problematic.

Suppose that a many-valued logic L is given. Let T and D be the sets of
truth-values and of designated values of L, respectively. We assume that L
is functionally complete in a strong sense, that is, for every function / : Tk-*T
there is a formula /*(fΊ, •••, Pk) representing / for each nonnegative integer
k, and for every function q: {X\0ΦXQT}->T there is a formula q*xQ(x)
representing q. Now we propose the following problem: Find the necessary
and sufficient condition on f: T2-+T for which the interpolation property with
respect to f formulated below holds.
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INTERPOLATION PROPERTY WITH RESPECT TO / . / / the truth-value of the

formula f*(A, B) is always designated under any valuation, then there is a
formula C which satisfies the conditions (i) and (ii) below.

(i) The truth-values of f*(A, C) and /*(C, B) are always designated.
(ii) Every propositional letter, predicate letter and free individual variable

occurring in C occurs both in A and B.

After preliminaries in § 1, we shall prove the following theorem in § 2 along
the line of Rasiowa [5].

THEOREM. // / : T2->T satisfies the conditions (a) and (b) below, then the
interpolation property with respect to f holds.

(a) // f(λ, μ)^D and f(μ, v)^D, then f(λ, v)^D, for every λ, μ, VΪΞT.
(b) Either f(μ, V)<ΞZ> or f(y, μ)^D, for every μ, V<ELT.

We shall show in §3 that Theorem covers Craig's original theorem, Gill's
version in [1] and Rasiowa's in [5]. In the same section it will be remarked
that, in Theorem we cannot replace the condition (b) by the weaker condition
(b)' below.

(b)' It is always the case that f(μ, μ)^D for any μ^T.

We shall also show in §3 that, the condition that (a) and (b) hold is not
necessary for the interpolation property.

In [2], Hanazawa and the present author claimed that Miyama's version is
an easy consequence of theirs. Afterwards the author noticed that, conversely
the latter also follows easily from the former, which will be shown in §4 as
an appendix.

The author expresses his hearty thanks to Prof. H. Rasiowa for her inform-
ing him of her article [5], without which he could hardly write this paper.

§ 1. Preliminaries.

Suppose that a (finitely) many-valued logic L is given. To fix the idea, we
assume that the sets T of truth-values and D of designated values of L are
the sets {μ\l<μ<LM} and {μ\l<^μ<:s} respectively, where M and s are
integers such that l ^ s < M . We also assume that for every function / : Tk->T
there is a formula f*(Plf •••, Pk) representing / for each nonnegative integer
k, and that for every function q: {X\0ΦX<^T}->T there is a formula q*xQ(x)
representing q.

An ordered pair of a formula and of a truth-value is called a valued formula.
A sequent is a finite set of valued formulas. When XQT, the sequent
{(A, μ)\μ^X} is abbreviated as (A, X). A singleton {(̂ 4, μ)} is written simply
as (A, μ).

A sequent K is valid if under any valuation, K contains a valued formula
(A, μ) such that A takes the value μ under the valuation. Especially, the
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sequent (̂ 4, D) is valid if and only if the truth value of A is always designated
under any valuation.

When Σ is a formula or a sequent, [ J ] denotes the set of propositional
letters, predicate letters and free individual variables occurring in Σ.

Then, Miyama's interpolation theorem and that by Hanazawa together with
the present author are stated as follows; the former will be utilized to the
proof of Theorem.

FACT 1 (Miyama [4]). // K\JL is a valid sequent, then for every μ, y e Γ
there is a formula C such that K\J{C, μ) and Lvj(C, v) are valid and

FACT 2 (Hanazawa and Takano [2]). // KX\J ••• \JKM is a valid sequent,
then there is a formula C such that Kμ\J(C, T—{μ}) is valid for every μ^T
and

§ 2. Proof of Theorem.

In view of proving Theorem, we suppose that the conditions (a) and (b)
hold. We shall find a formula C satisfying (i) ' and (ii)' below under the
assumption that the sequent (f*(A, B), D) is valid.

(i) ' The sequents (f*(A, C), D) and (/*(C, B), D) are valid.

(ii)' [ C ] g [ , 4 ] n [ £ ] .

We call a formula C an interpolant for A and B, if (i) ' and (ii)' are satis-
fied.

We define the binary relation R on T by: μRv if and only if f(μ, V ) G D .
Then (a) and (b) mean that R is transitive and connected (and hence reflexive),
respectively. When / / G I ^ Γ , μ is minimal {maximal) in X if μRv (vRμ,
resp.) for every J G I Clearly, every nonempty subset of T has minimal
elements and maximal ones.

If all the elements of T are minimal in Γ, that is, f(μ, y)eZ) for every
μ} v<= T, then the formula λ* for any Λe T serves as an interpolant for arbitrary
A and B.

Consequently, we assume that not all the elements of T are minimal. Let
θι, -•-> On be the list of distinct elements of T which are not minimal
( l ^ n < M ) . For each i=l, 2, •••, n, define the unary function dt on T by:
di{μ)—l if σtRμ, while dt(μ)=M otherwise. Next, take an n-ary function e
on T such that: e(μu •••, μn) is one of the maximal elements of the set
{v^T\σkRv implies μ* = l, for every k=l, 2, •••, n) if it is nonempty, while
e(μu •••, μn) is one of the minimal elements of T otherwise. Then we obtain
the following proposition.
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PROPOSITION 1. 1°) For every μ, VG T, μRv if and only if either dt(μ)=M
or di(v)=l for every i—l, 2, •••, n.

2°) // σkRσt and dk(μ)=M, then dt(μ)=M.
3°) // σkRσt implies μk=l for every k—\, 2, •••, n, then di(e(μίt •••, μn))—l.
4°) // μt=M, then dMμu - , A*»))=M.

Proof, 1°) Only-if-part. If μRv but dt(μ)ΦM, then d<(i;)=l by the trans-
itivity of /?. If-part. Assume that either dι{μ)—M or d<(v)=l for every
ι = l , 2, •••, n. If ^ is minimal in T, then μ#v clearly. Suppose that μ is not
minimal so that μ—σt for some i. Since di(μ)=lφM by the reflexivity of
i?; ^ ( ^ = 1 by the assumption, and so μRv too.

2°) Clear by the transitivity of R.

3°) It follows from the hypothesis that σιRe{μu •••, μn), and so di(e(μu •••,

ju»))=l.
4°) Suppose di(e(μu •••, μn))φM'. Then σtRe(μu •••, μn) Since σt is not

minimal in Γ, it follows by the transitivity of R that e(^i, •••, μn) is not
minimal, either. Hence σkRe(μu •••, //n) implies μk—l, for every ^ = 1 , 2, •••, n,
and so μi—lφM. Π

Now, we are in the stage of proving Theorem. Suppose that the sequent
(f*(A, B), D) is valid. Then by Proposition 1, 1°) it follows that (df(A), M)W
(df(B), 1) is valid for every i=l, 2, -- , n. So by Fact 1 there are formulas
d, C2, •••, Cn such that for every i=l, 2, •••, n, the following (l.z), (2./) and
(3./) hold.

(1.0 The sequent (d*(A), M)U(C t, 1) is valid.

(2.0 The sequent (d*(B), 1)W(C\, M) is valid.

(3.0 [C t]

Then we claim that the formula e*(Cu •••, Cn) serves as an interpolant for
A and B, that is, the following proposition holds.

PROPOSITION 2. 1°) The sequent (f*(A, e*(Cu •••, C»)), />) is
2°) The sequent (/*(e*(Cj, •••, Cn), 5), />) is valid.
3°) [ e * ( d , - , C n ) ]

1°) Suppose l£i£n. If σ*/?σt, then (d*(A)f M')U(C», 1) is valid
by (LA?) and Proposition 1, 2°); hence (d*(A), M)U(dΐ(e*(Cu •••, Cn)), 1) is
valid by Proposition 1, 3°). So we obtain 1°) by Proposition 1, 1°).

2°) From (2.0 and Proposition 1, 4°) it follows that (df(B), Ϊ)\J
(df(e*(Cu •••, Cn)), M) is valid, for every i=l, 2, •••, n. Hence we obtain 2°)
by Proposition 1, 1°).

3°) Clear by (3.1), •••, (3.τz). D

Thus we have completed the proof of Theorem.



MANY-VALUED LOGICS 129

§3. Scope of Theorem.

In the classical logic (In the ra-valued logic with which Rasiowa was con-
cerned in [5]), (M, s)=(2, 1) ((M, s)=(m, 1), resp.) and the truth-value function
/ of the "implication" is defined by: f(μ, v)—l if μ^v, while f(μ, v)—v other-
wise. Hence the conditions (a) and (b) are satisfied, and so Craig's original
interpolation theorem (Rasiowa's version, resp.) is a special case of Theorem.
On the other hand, in Gill's 3-valued logic investigated in [1], (M, s)=(3, 1) and
the truth-value function / of the "implication" is defined by: f(μ, v)=l if either
μφl or v=l, while f(μ, v)=v otherwise. Hence Theorem covers Gill's version
too, since (a) and (b) hold.

Next, we exemplify the fact that, in Theorem we cannot weaken the
condition (b) into (b)'. Let (M, s)=(4, 1) and / be a binary function on
T-{1, 2, 3, 4} such that: f(μ, y)=l if and only if either μ-v or μ>2^v; then
(a) and (b)' hold. Next, let g and h be the unary functions on T defined by:
g{μ)—2> and h(μ)=l if μ^2, while g(μ)—i and h{μ)—2 otherwise. Then
(f*(g*(P), λ*(Q)), 1) is valid, where P and Q are distinct propositional letters.
But there is no interpolant for g*(P) and /ι*(<3), since none of (/*(1*, λ*(Q)), 1),
(/*(2*, /ι*«?)), 1), (f*(g*(P), 3*), 1) and (f*(g*(P\ 4*), 1) are valid. Hence the
interpolation property with respect to / does not hold.

We finally remark that the condition that (a) and (b) hold is not necessary
for the interpolation property. To show this, let (M, s)=(3, 1) and / be a
binary function on T — {1,2,3} such that: f(μ,v)=l if and only if either
μ—3 or v—\ then (a) is satisfied but (b) is not. With a view to showing the
interpolation property, suppose that (f*(A, B), 1) is valid. Then (A, 3)U(B, 1)
is valid, and so (A, 3)U(C, 1) and (B, 1)U(C, 3) are valid and [ C ] g [ \ 4 ] n [ B ]
for some C by Fact 1. Hence C serves as an interpolant for A and B, since
(/*(i4, C), 1) and (/*(C, B), 1) are valid.

§ 4. Appendix.

In this section, we shall derive Fact 2 from Fact 1. For this purpose, we
assume that Fact 1 holds and

(4) KiKJ " VJKM is valid.

From (4) by Fact 1 it follows that, there is a formula Cx such that (5.1),
(6.1) and (7.1) below hold.

(5.1) KX\J{CU 1) is valid.

(6.1) KAJ " \JKM\J{CU M) is valid.

(7.1) CC 1 ]£[
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From (6.1) by Fact 1 it follows that, there is a formula C2 such that (5.2),
(6.2) and (7.2) below hold.

(5.2) K2\J{C2> 1) is valid.

(6.2) K,\J ••• \jKM\J{Cu M)U(Ca, M) is valid.

(7.2) [C ί]g[/f i]n[A,U - \JKM\J{CU M)].

From (6.2) by Fact 1 again it follows that, there is a formula C3 such that
(5.3), (6.3) and (7.3) below hold.

(5.3) K,\J{CZ, 1) is valid.

(6.3) KA\J - KJKM\J{CU M)U(CZ> M)\J{C*f M) is valid.

(7.3) ίC^ίKz-]ΠίK^ - \jKMKJ{Cu M)W(C2, M)].

Continuing in this way, we finally obtain a formula CM-X such that (5. M—l),
(6.M-1) and (7.M-1) below hold.

(5.M-1) Kx-iSJiCu-u 1) is valid.

(6.M-1) KM\J(CU M)\J ••• U(C^_2, M)U(CΛ f-1, M) is valid.

V_2, M ) ] .

Next, take an (M—l)-ary function g on Γ such t h a t : g(μu •••, ̂ - 0 is one
of such i for which / i i ^ l if any, while g(μlf •••, μM-ι)—M otherwise. Then
clearly we have (8) and (9) below.

(8) For every ι = l , 2, •••, M—l, if μt — l, then g(μu •••, μM-i)Φi

(9) // βiϊAβr i « i = M , •••, μM-2-M or μM^=M, then g{μu ••• , μM

Now, we claim that g*(Cu •••, CM-i) is the desired formula, that is, the
following proposition hold.

PROPOSITION 3. 1°) The sequent Kμ\j{g*(Cu •••, CM-i), T-{μ}) is valid
for every

2°) ί

Proof. 1°) We have 1°) by (6.M-1) with (9) or (5.μ) with (8) according
as μ=M or not.

2°) It suffices to prove for every i=l, 2, •••, M—l,

(10) [ C t ] g [ / f j n [ / ς + 1 u - \JKM\JK.\J ••• w / ^ . i ] ,

which we prove by induction on ι. From the hypothesis of induction it follows
that [CM£[/£] , •••, [Ct.JgCΛΓt-i], and so we obtain (10) by (7.ι). D
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Thus we have deduced Fact 2 from Fact 1.
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