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§0. Introduction.

We denote by map (X, Y) the space of continuous maps X—Y preserving
base points endowed with Compact-Open topology. We are interested in studing
homotopy groups z.(map (X, Y), f). This problem has been attacked in papers
[17, [2], [3], [5], and etc.. In this note we are mainly concerned with the
subspace e(X, Y) consisting of homotopy equivalences.

Since m,(e(X, Y), f) is isomorphic to z,(e(X, X), 1x) for any f the study of
wp(e(X, X), 1x), i.e. mp(map (X, X), 1x) is essential. Our purpose is to describe
these homotopy groups in the case of X being a principal bundle over a n-
sphere S™. One of difficulty for determing =.(map(X,Y), f) arises from a
choise of the base point. For example if we chose the trivial map as the base
point these groups are explained as a set {2*X, Y}, i.e. the group of homotopy
classes of maps from the itterated suspension 2*X to Y preserving base points.
Therefore, in this case, we consider the problem solved, so our purpose is in
getting expression like this for our homotopy groups.

Let p; X—S™ be a principal G-bundle. Then we have a fibre space

map (X, G) —> map (X, X) —> map (X, S"),
and therefore a long exact sequence:
Te+1(map (X, S™), p) —a—> 7 x(map (X, G), &)
—> mx(map (X, X), 1y) —> m,(map (X, S™), p)

where &, denote the constant map &,(X)=e,; the unit of G.
Hence we want to describe the boundary homomorphism

Op+1: Trr(map (X, S"), p) —> m,(map (X, G), &) .
Of course, this needs some description of three objects:

7p(map (X, S™), p), mp(map(X, G), &) and 044 .
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Let &: S"— B¢ be the characteristic map of the bundle. Then 0.+, is equivalent
to the induced homomorphism

Ex: Tpn(map(X, S™), p) —> 7 pwi(map (X, Be), D),

and the target of & is isomorphic to the group {X**'X, B} because of the
contractibility of &p. However, in general, we could not have a suitable des-
cription of z,4+,(map(X, S*), p) compatible with the above identification. On the
other hand, we noted that the space X/G which is obtained from X by collaps-
ing G to the base po:nt is homeomorphic to a wedge sum S*V2"G, and as a
fundamental lemma, we will show in §1 that there exists an isomorphism:

Tpn(map(X/G, V), /)=msmnnY)+H{Z*G, Y}

having convenient properties for describing 0;+,.
Thus we can determine 0.+, for elements contained in the image:

7 rri(map (X/G, S*), ]_5) —> 7 a(map (X, S™), p),

and moreover this is enable us to calculate homotopy groups of certain sub-
spaces of map (X, X) (Theorem 2.3 and 2.4).

Here we give an example. Let p: S™—S°® be the Hopf bundle and map (S7; S?)
be the space of maps (S7, S*)—(S7, S®). Then we have

wr(map (S7; S%), D2 mp+4(SN+7 1 41(S) 47 145(S®)

although we have 7 ,(map(S?, S7), 1)=x;+,(S").
Through out this paper we denote by oo the base point and by %o the con-
stant map X—co for any X.

§1. A fundamental isomorphism.
Let X be the space A\UD"X A obtained from the following identification :
(xy a)ES(xy a)y 5: Sn_lXA —_—> A: E(OO) a)za ]

and let X/A be the space obtained from collapsing A to co. In this section we
are mainly concerned with homotopy groups

m«(map(X/A,Y), f).
First we note that there are the natural homeomorphism
Ji(D"XA/SP XA, o) —> (X/ A, o)
and its induced homeomorphism

Jr:(map(X/A,Y), f) —> (map(D*XA/S" XA, Y), f).
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Hence our purpose is to study z4(map(D*X A/S™**X A, Y), fj). Consider the
fibre space

r:map(D*X A, Y) —> map(S*"'XA4,Y)

defined by restricting the domain of maps on S* !X A. S.nce the fibre (o)
is just considered as the space map(D"XA/S"'X A, Y) we have a long exact
sequence :

—> my(map (S*7'X A4, Y), 00) —> zy(map (D" X A/S" X A, Y), f7)
—> my(map (D" XA, Y), fi") —>.
On the other hand we have a commutative diagram

wy(map(D*X A, Y), fi) —> 7(S"'X A, Y), %)
1 —
wy(map (coX A, Y), ©0)

where arrows denote homomorphism induced by maps analogus to the mapz7.
Since it follows from the contractibility of the cell that the vertical arrow is
isomorphic we can know the injectivity of ry.

Hence from the long exact sequence we have

LEMMA 1.1. There exists an isomorphism
mx(map (D" X A/S™ ' XA, Y), f1)
2y (map (S* XA, V), 0)/proj.s«mxri(map(4, V), 50) .
And moreover we have the standard isomorphism
{I*H(S™IXA), V{285 V4 {2* A, YH{I*(S"'84), Y}

where S"'#A denotes the reduced join of S*™* with A.
Now combining these isomorphisms we have an isomorphism

oy:my(map(X/A, YY), /H={3*S" 1, Y}+{3*S"'4A4), Y}
Thus our fundamental lemma is the following

LEMMA 1.2. (1) oy is natural, i.e. for a map a:Y—~Z we have the com-
mutative diagram

mx(map (X/A, Y), ga) = {Z*¥H1S"1, Y+ {Z*(S"'8A), Y}
g
Ay Y A x 487

g
mx(map (X/A, 2), g) = (TS, 2} +{IH(S"4A), Z)

(2) Let us consider the fibring
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map(X/A, YY) —>map(X,Y)—>map(4,Y).
Then there exists the following identification of the boundary
Txri(map (4, Y), ) —> wx(map (X/4, Y), /)
{2HHA, YV —— (ZHHSP YV {IHS"134), V)
B — BI*H 2+ BI*c()
where 1e=E&|S™ ' Xco and c(§) denotes the Hopf construction of &.

Proof. (1) easily follows from definitions. Next consider the commutative
diagram of fibrings

map(X/A, Y) — map(X, Y) —>map(4, Y)
N N AN
map(D*X A/S*'X A, Y)—>map(D"XA,Y) —>map(S"'XA4,Y).

Then, back to Lemma 1.1 and using the commutativity of the homotopy exact
sequences the proof is completed from expressing

& (ST A)~ISTIV S AV STEA —> S A
as (32, Jid, c(8)).

Here we give a few direct conszquence of Lemma 1.2. Define a subgroup
of {2*A,Y} by
I&:V)={ala2*2:=0=a*"c(8)}

and a quotient group of {S*+*, Y}+{2**"A, Y} by
A& Y)={S*+, YIH{ZH¥" A, V}/A{Z* A, Y ¥ 2, 2%c(8))
where 4 is the diagonal map:

{Z¥HA, YV —> {2*HA, Y {2* 4, V)

PROPOSITION 1.3. If Y is a topological group then there exists a short exact
sequence

{0} —> 44(§:Y) —> mu(map(X, V), ) —> ['«(£: V) — {0}
Proof. Define a homeomorphism ¢ : (map (X, Y), f)—(map(X, Y), &) by

S(h)(x)=h(x)f(x)™.

Since ¢y in 74 is an isomorphism the proof follows from applying Lemma 1.2
to the case f=0o.
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Next, let p be the map X=AUD"X A—S™ defined by
plA=c0 and p|D*XA=(D"/S™ ')(proj. D").

Since p has a decomposition X—X/A—S™ we have

PROPOSITION 1.4. There exists a short exact sequence
{0} —> 4u(§; S™) —> mx(map (X, S™), p) —> ['«(§; S™) —> {0}.

For example, Let X—S™ be a S™'-bundle with its characteristic map &: S™~!
—0(m). Then I'y(€;S™) and 44(&; S™) can be described as follows:

I'y(&; SM={a|ad*A=0=a2* ' J(§)} CTssrn-1(S™)
and
A& ; SN =T s n(S™) + T st ntm-1(S™/ AT 4o m(S™HEZFH2, E*](E))

where A=0:, is in the homotopy exact szquence of the bundle and J denotes the
J-homomorphism.

§2. Principal G-bundles over S™.

Let p: X—S™ be a principal G-bundle with its characteristic map &:S*—
Bs. We are interested in homotopy groups

ﬂ"*<map<X; X)y 1X> ’ (*go)

where m, denotes a semi-group of homotopy classes of maps X—X with the
distinguished element 1.

Let §: map(X, X)—map (X, S®) be the fibre space associated with the bundle
and let the fibre p7'(p) identify with the space map (X, G) which is considered
as a subspace of map (X, X) by imbedding f(x)—x-f(x) where - denotes the
right action of G on X as usual.

Then we have the homotopy exact sequence of the fibring:

—> m(map (X, G), ) —> my(map (X, X), 1x)
—> my(map (X, S"), p) —> w4 (map(X, G), ) —>

Here we note that map(X, G) naturally is a topological group and hence =,
also is a group. However, in this case the boundary is homomorphic but the
inclusion is not homomorphic. Now we want to determine the boundary

0: myr(map (X, S™), p) —> mwx(map (X, G), )  *=0

The target can be identified with the group {2*X, G} but, in general, we
have no expression like that about my(map (X, S™), p) (see 1.4).
However, under some conditions, this is isomorphic to a quotient group of
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{S*+», S"} 4+ {Z*+"G, S"} so there is some posibility to calculate the boundary @.

Now considering followirg diagrams of fibrings:

E¢ —> Bg map (X, E¢) —> map (X, Be)

/

G and map(G, X) l l

4N

X — S map (X, X) —> map(X, S™)

where upper fibrings denote universal fibrings for G and map(G, X) we know
that @ is equivalent to &f, i.e. we have a commutative diagram

Txri(map (X, S™), p) ? wx(map (G, X), o)

o I

7r*+l(map(X’ BG)) gﬁ) .
Let g: X—X/G bz the map collapsing G to co. Then ¢ induces a diagram
m«(map (X, S*), p) —> m«(map (X, Bq), §p)

T(]X/G* quzg*
nx(map (X/G, S™), p) —> wx(map(X/G, Beg), £p) .

Next, let g be the multiplication of G and let ¢(y): G§G—G be the Hopf
construction of . For any space Y, define a homomorphism

Vi§:Y): {I*HG, Y} —>{S**", Y} +{Z**"G, Y}

by Vi : Y)Y @)=aZ*+ A+ 2*ac(p)(Askls) where A:=0¢ for the boundary 0: x,(Bg)
—m,-1(G). Then, from Lemma 1.2 and above diagrams, we have

PROPOSITION 2.1. Suppose that qx,ge+, s onto. Then the kernel of
a*+1: 7f>|<+1(map (X, Sn)’ p) —> ﬂ*(map(X, G), %>

is isomorphic to a subgroup of Tyine (SMH{Z*¥* "G, S*}/V 4w ({2*2G, S™}), d.e.
G0 P 40161 Bo){2*°G, Beh)/V wsi({2*72G, S™).

Thus, s'nce we have that my(map(G, S™), 0)=0 (x<n—dim G) Proposition 2.1
implies

THEOREM 2.2. There exists a short exact sequence (1=+<n—1—dim G):
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{0} —> (4r)) (T s1(& 1 Bo)-image) —> Tsuns(S™)+{2*147G, 57}
—> {Z*¥H X, Bs} —> mx(map (X, X), 1x) —> 05'(0) — {0}

Now we consider another fibrings. Let map(X; G) bz the subspace of
map (X, X) corsisting with maps preserving G into G, and let Fib. X be the
subspace of maps preserving fibres. Clearly these spaces are related with each
other through fibrings as shown in the follow:ng diagram

map (X, G)

l

Fib. X — map (X, X) <— map (X; G)

l l !

map (S®, S®) —> map (X, S*) <— map (X/G, S™)
° q

Using the commutativity of the diagram, first we obtain from Lemma 1.2

THEOREM 2.3. For x=1 there exist a short exact sequence:
{0} —> (Gss) 'V sra(§ 1 Bo)-image) —> ouinsa(S™+H{Z*HHG, ST}
—> {2*X, Bg} —> mx(map(X; G), 1x)
—> (§2)7'(P«(&; Bg)-image) —> {0}

Secondly we investigate the fibring:
map (X, G) — Fib. X — map (S*, S™).
We note that the fibre map °p is decomposed as follows:
map (S*, S*) — map (X/G, S*) —> map (X, S*)

Let ¢, be a map: (D", S*!)—(S", ) of degree 1. Since we may consider
that 74(map (S”, S™), 1lsx) is isomorphic to zy(map(D"/S™", S™), ¢,) the homo-
morphism (- p)x may be considered as the (proj.)s, i.e. we have a commutative
diagram

mx(map (D*/S™7}, S*), ¢n) —> mx(map (S™, S™), Lsn)

| rojs ) | eox

m4(map (D" X G/S* ' X G, S*), ) —> m4(map (X/G, S™), p)
Jx

Hence, considering the fibre map:
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(map(S*~*, S™), &) —> (map (D", S™), ¢,) —> (map(D"/S"™*, S™), $x)
l ! !
(map (S™*X G, S*), 36)—>(map (D" X G, S™), 0)—>(map (D*X G/S™*X G, S™), p)
we have identifications :

mw(map (X/G, S*), p) <— ms(map(S*, S™), 1sn)

El Dx —'—:l

m(map (D" X G/S" ' X G, S"), p) «<——— mx(map(D"/S"*, S*), ¢)
El Proj.x El
{Z*+lsn-l, Sn}_{__{Z*-ﬁl(Sﬂ—l#G), Sn} __>{Z'*+lsn-1’ Sn}
Now we define a subgroup Tx(§) of m4:,(Bg) by
Tw(©)={hZ#" 2| h e {3**'G, Bg}, he2*c(p)(Aehle)=0}.
THEOREM 2.4. There exists a short exact sequence (Sx(€)=E&'Tx(8):
{0} == T4 41(S™)/Ssr1(§) —>{2*7' X, B} —>m(Fib. X, 1x)—>Sx(6)—>{0}.
Proof. The proof is clearly complsted from describ.ng the boundary
04 : m(map(S”, S*), lsz) —> my_(map (X, G), )

and this can be read off in the follow.ng diagram with Lemma 1.2.

ﬂ'*(Flb. X, 1x) e ﬂ*(map (Sn, Sn)’ lsn) -_—> ﬂ*—l(map(Xy G)y E)
— ]
/E
Tx4n(SY)+{2*"G, S*} = ry(map (X/G, S™), p) —> mx(map (X, S*), p) =

& &

Txin(Be)H{S**"G, Bg} =n(map(X/G, Be), £p) —> ms(map (X, Be), D).

§3. Examples.

Let p: X;—S™ be the S*-principal bundle whose characteristic map is §: S™
—BS®, and we call it a N-suspension trivial bundle if the N-fold susp=nsion of
0¢ is trivial.

If X. is N-suspension trivial it is known in [4] that 2¥~*X has the homotopy
type of SV+n-4\/S¥-1\/S¥+n-1 Hence from Theorem 2.3 we have
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Example 3.1. If p: X.—S" is N-suspension trivial then there exists an
exact sequence (k=N—1)

Tpine1(S™) T pen+1(BS?)
{0} —&hO0)0— + —> + —> 7, (map (Xn 5 S%), 1)—>§;"(0)— {0}
T ren+a(S™) T psn+4(BS?)
+
T p+4(BS?)

where &, is the induced homomorphism by &, i.e.
f* : ﬂ*+n(5n)+ﬂ*+n+s(sn) i 7!*+n(BSS)+7T*+n+3(BSS) .
Remark. In the case N=1 we have &=0.

Next, let pm: Xn—S? be the S'-principal bundle with its characteristic map
S'—S* of degree m. Since {X*+'X,,, BS'}=0=r,.,(BS") for x=1 Theorem 2.4
gives

Example 3.2. my(Fib. Xn, 1x, )= ms4(S?) (*21).
At last, considering the S'-principal bundle SO(3)—S?, Proposition 1.3 gives

Example 3.3. There exists a short exact sequence
{0} — H(x, 7) —> m«(map (SO(3), SOWB)), 1) —> G(x, ) —> {0}
where H(x, n) and G(%, n) are defined respzctively as follows:
H(*, 9)=7542(S)+ T ns5es:(S/{2a+al 7, @ w542(S?)}
G(x, N)={2a=0=ad*"'n}mss.(S%).

Let p:S'—S® bz the Hopf bundle, in which we have 0é=2:=¢: S*—S°®
Hence the followings follows from Theorem 2.3 and 2.4 respectively.

Example 3.4.
Tx(map (S7; S%), 157) = Tura(ST)+Tsesr(ST) + T 545(S*)

Example 3.5. For the Hopf map v: S™—S* we define the homomorphism
(Z*V) : T44a(S®) —> T444(S®)
by (Z*v)(a)=aX*y. Then we have an exact sequence
{0} —> 74+4(S*)/(2*1)7H0) —> T444(S®) —> 74(Fib. S7, 1)
—> Tyq(SNH(T* ') 7(0) —{0}.
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