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ON COEFFICIENT INEQUALITIES IN THE CLASS ¥

By SEIj1 KONAKAZAWA AND MITSURU OzZAWA

§0. Introduction. Let X denote the class of functions
f(2)=z+§lbn2‘”,

analytic and univalent in [z|>1. In this paper we shall prove the following
theorems.

THEOREM 1. (i) If —1/3=<2<1, then
Re{b5+b1ba+b%+l(2b3+b%)}é%(l-{—&zz—zs).

Equality occurs if and only if
f(2)=2{(1432272+3byz7 2434z~ *+ 2z )2/*+ 2(b, — A)z~2}/*

where b, is real and |by| =(1/3)min {24621, 2(1—2)%?}, with arg (b,—A)== (mod. 2x)
and 0=1b,—A| =(1/2) min {[(24+62)+3b,1%'*, [(2+64)—3b,1%/*}, or with arg(b,—A)
=r/3, —x/3 (mod. 2x) and O0=Z|b,—A| <(1/2)min {[2(1—2)*/243b,]12/3, [2(1—24)%®
—3b.]%"%}.
(ii) If 1=2, then
Re{bs+b.bs+ b5+ 420+ b))} =4

Equality occurs if and only if
f(2)=z{142b,z72+42z"*}1/*

where by is real and —1=b,<1.

THEOREM 2.
Re{b,+b:b,} =<2/5.

Extremal functions must satisfy

f(22)5/2__g_blf<22)1/2:25+ei62—5 .
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Duren [2] proved the inequality in Theorem 1 (i) when 4=0. And Kubota
[4] proved the inequality in Theorem 2 when b, is real.

Our proofs depend on Schiffer’s variational method [6], and our key lemmas
are that the extremal functions omit the value 0 in |z|>1, which are proved
by making use of Bombieri’s theorem [17.

§1. Proof of Theorem 1.
1.1. SoME LEMMAS. Firstly we assume that —1/3=<1<1.
LEMMA 1.1. Every extremal function f(z) omits the value 0 in |z|>1.
Proof. Applying Schiffer’s variational method to this problem, we find the
associated quadratic differential
Qw)dw*=wi(w?—2(b,—A))dw? .

Assume first that b,—1+0. Put b;—A=|b,—1]e*?. Itis clear that the tra-
jectories of Q(w)dw? are symmetric with respect to the origin. Let A denote
the critical trajectories of Q(w)dw®. Assume that f#nrn/3. On the ray J,=
{ite?f’? . 0<t < o0},

Im{QGtetf?)(d(ite®'?))?} = —1*(2+ 2| b,— 2] ) sin 3B(d¢)*+0.

Hence by Bombieri’s theorem [1] J, meets a component of A which goes through
the origin only at the origin. The same fact is true for —/,={1te*#/?: —co<t<0}.
On J,={te*#’2: 0<t<(2]b,—A])"?},

Im{Q(te*f®)(d(te*f?))?} =1*(t*—2|b,—|) sin 3B(dt)*#0.

Hence J, meets one component of A at most at the origin and another com-
ponent at most at the critical point (2(b,—2))"/2. The similar fact holds for
—Jo. On Jo={te'f’2: (2|b;—A])"?<t< o0},

Im{Q(te*??)(d(te*F%))?} =1*(t*—2| b,— | ) sin 3B(d1)*+0.

Hence j3 meets A at most at the critical point (2(b,—A4))!/2, because three critical
trajectories must meet at (2(b,—2))'/* with equal angles. The similar fact holds
for —J,. Furthermore, on the short segments J,={te*®+®/2: 0<t<¢e},

Im{Q(te* B+ rm)(d(tet B+ rm)2)
=1 sin (3F-+3a)—2| by— A sin (3F-+2a))(d)? 0

for all sufficiently small @« and e. Thus none of the four trajectories which
tend to the origin can be tangential along J,. The same fact holds along — /..
Hence by the fact that the four trajectories meet at the origin with equal
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angles, we know that each of them remains in each of the quadrants divided

by Jot+Js, Ji, (—J2)+(—Js) and —]..
Assume that §=0. Then

Qw)dw*=w*(w*—2|b,—A|)dw*.

In this case A has three components and is symmetric with respect to the real
axis. In the case of f=2nm/3, the shape of A is the rotated one of A in the
case of §=0.

Assume that f=m. Then

Qw)dw*=w*(w*+2|b,—|)dw?.

In this case A has only one component and is symmetric with respect to the
real axis. In the case of B=(2n+41)x/3, the shape of A is the rotated one of
A in the case of f=m.

Now assume that b,—A=0. Then

Qw)dwr=wdw?.

In this case A consists of six rays meeting at the origin with equal angles.
We denote the image of |z|=1 by the extremal function f(z) by I'. [ is
on the trajectories of Q(w)dw?. So [  must be on A and go through the origin,
because the conformal centre
1

@r—S:"f(e“’)do:o.

This completes the proof.

We prepare two more lemmas. The next one is a special case of Jenkins’
general coefficient theorem.

LEMMA 1.2. (Jenkins, e.g. [5, Theorem 8.12.]) Let

dw)=w+a,w+aw*+aw t+asw 4 -
be univalent and adnussible for the quadratic differential
Qw)dw?*=(A,w*+ Awd+ A,w+ Asw)dw? .

Then
Re (A005+A1a4+Azas+Asaz+Aoa§)§0 .

If equality holds, then

Q) .,
Qu) ¢l

LEMMA 1.3. If —1/3<2<1, then
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Re{bs-+baby-A2b-+ b)) < 5 (L4321

for all odd functions f(z) in 2. Equality occurs if and only if
f(2)=z{(1+32z272432z 4+ 2%+ 2(b,— )z~ 2} /?

with arg(b;—A)== (mod. 27) and 0=|b,—A| =(1/2)(24+6A4)*"%, or with arg(b,—2A)
=r/3, —n/3 (mod. 2x) and 0=|b,—2| =2-13(1—2).

Proof. From any odd function f(z)=z+b,z"'+bsz*+bsz%+ - in X, we
obtain the univalent function

f@PP=z4cot iz +ez ™+ -
where ¢,=2b,+b? and ¢,=2(bs+b,b;). Hence

bk biby A2y b) = (e 2y

By this relation and Jenkins’ results ([3], Lemma 3 and Corollary 10), we obtain
the desired result.

1.2. SCHIFFER’S DIFFERENTIAL EQUATION. We denote the extremal func-
tion by

f@)=2+bz7 +byz 2+ byz bz i+ byt z754 -
Put
Pw)=—f(—fH(w)=w—2b,w2—(2b,+4b:b,)w=* —4bZw "+ -

Because I'=f(]z|=1) is on the critical trajectories of the quadratic differential
Q(w)dw*=w*(w*—2(b,—A))dw?®, we have

P (P(w)*—2(b,— )P (w)* = w*(w*—2(b,— )

by making use of Lemma 1.2. Expanding the left hand side and comparing the
coefficients, we have
by+b,by+4b,=0.

Hence the extremal function f(z) satisfies Schiffer’s differential equation

O @ f(2)*—2(bs—A)z"f'(2)*
2

= z6+222‘——(2b3+b%)z2—6(b5+b1b3+b§+ —3—2(2b3+b%)) —(2bs+b2)z 22227+ 27"

We denote the right hand side by ¢(z). Then

q(2)=0 on |z|=1.

1.3.  Proof of Theorem 1(i). Suppose that b,—A=0. Then Schiffer’s dif-
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ferential equation (1) becomes
f(2)'2*f'(2)’=2°q(2)
=| I (c—e's)|'=(2"+ A"+ B2+ C2*+ D+ B2+ F T,
by Lemma 1.1. Comparing coefficients, we have A=C=E=0, B=4, F*=1,

DF=2, D=—b,—2? and —3(b;+b,b;+b3+(2/3)A(2b;+b%)=F+AD. It follows that
F=—1, D=-—2 and b,=2—2% by the fact that ¢(z)=<0 on |z|=1. Hence we have

b5+b1b3+b§+2(2b3+bf)=%(1—}—322—13) .

And the extremal function w= f(z) must satisfy
w2t (dw/dz)*=[2°+Az*—2z*—1]*.
By solving this differential equation we have
w=z(1+32z"2+43byz"+32z-4 +-z~6)!/3

where b, is real and |b,| =(1/3) min {2464, 2(1—24)*/%}.
Now assume that b;—A2+0 and put b,—A=|b,—1|e*? as before.

Case a). Suppose that B=(2n-+1)x/3 and that I'=f(|z|=1) contains both
of critical points +(2(b,—A4))*2. Then we know as above that

b5+b1b3+b§+l(2b3+b%)=%(14—322——13)
and that the extremal function must satisfy
w(w?—2(b,— )z} (dw/dz)*=[z°+Az* —1z*—1]2.
By solving this differential equation we have
w=z{(1432272+3byz"3+ 32z 4+2z"%)2/2+2(b,—A)z"2}/?

where b, is real and [b,| =(1/3) min{2+64, 2(1—2)**}, with arg(b,—A)=r
(mod. 27) and 0<|b,—4| £(1/2) min {[(24+64)+3b,1%/%, [(24+61)—3b,]1*'*}, or with
arg(b;—A)=r/3, —=n/3 (mod. 2x) and 0<|b,—A|=(1/2) min {[2(1—2)*/2+3b,]1%/3,
[2(1—2)°"2—3b,0°"").

Case b). Suppose that B=(2n+1)x/3 and I contains exactly one of the
critical points =+(2(b,—4))/%. Because ¢(—z)=q(z) we have

F(=2Xf(—2)—2(b,—) [ (—2)*= f(2)*(f(2)*—2(b,—A) f'(2)*
in |z[|>1. If f(z,)=(2(b;—A))"? for some z,, |z,|>1, then
f(=2)=0 or f(—z)=—Q2b,—))"".
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By Lemma 1.1 we have f(—z,)=—(2(b,—A4))%. But this contradicts the assump-
tion. Hence this case cannot occur.

Case ¢). Now suppose that I” does not contain the critical points =+ (2(b,—2))"/2.
By Lemma 1.1 and the fact that ¢(—z)=gq(z) we can put

F@*(f(2)*—2(b,— )2 f(2)*=2%(2)
=[(* = n)(2"—em ) (2" —rPeh s) (2" —r ~2e™ )
for some real a, (=1, 2, 3) and r>1. Putting w=7/(z), we have
w(w?—2(b,—A)*dw

=Z—4<22_ezzal)(z2_ezwzg)((zz_rzeZLa3)(22_r—2821a3)>1/2dz .

Hence

feran
S w(w—2(by— )2 dw

(2(by—-A01/2

2

ZSB ot 2'4(22—ezwl)(zz—82“'2)((22—T’Zez“”a)(zz—7"282”’3))”2(12
retag

and

fe-etan)
S w(wi—2(b— ) dw

—(2(b1-AN1/2

-eta

1
:S 2"4(22—221“1)(22—ezwz)((zz—rzezmS)(zz—7"282’“3))1/2(12 .

-retag

The integrand in the right hand side is a single-valued odd function on the
domain D, the complement of the slits (oo, —re@s), (—e*@s/r, e**3/r) and
(re*?s, o0). Taking the integral path y in D from re*s to ¢**1 and —y from
—re's to —e'™1, it follows that

feeran Fe-cran
S w(wz—z(bl—l))”zdw=5 w(w?—2(by— )2 dw .

(2(by-2A01/2 —(2(by-201/2

Thus we have

é(f(el“l)z—Z(bl—l))?”z: %(f(—ewl)z—%bx—l))a’z.

Hence
fle**)=—f(—e*).

By a similar calculation we also have
flere)=—f(—e2).

Hence I' is symmetric with respect to the origin. So the extremal function
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f(z) must be an odd function. This case is contained in Lemma 1.3. This
completes the proof of Theorem 1 (i).

1.4. Proof of Theorem 1 (ii). It follows from Theorem 1 (i) that
Re (bs+b1bs+b5+2b,+b)<1.
By making use of the inequality
Re (2b,+b}) =1
which is one of Grunsky’s inequalities, we have
Re{bs+b:bs+b5+A(205+b)}

=Re (bs+b1bs+b3+2b5+b7)+(2—1) Re (2b,+b3)
s1+(A-1)=2

for all A=1. Equality occurs only for the functions which satisfy Re(2b;+b%)
=1. These are

f(@)=2(1+2b,z-2+z-)12

where b, is real and —1<b,<1. In fact these functions satisfy Re{bs;+b,b,+ b}
+A(2b,+b?)}=A4. Hence we obtain the desired result.

§2. Proof of Theorem 2.

2.1. A LEMMA. We start again the following

LeEmMMA 2.1. Every extremal function f(z) omits the value 0 in |z|>1.

Proof. The associated quadratic differential of this problem is
Qw)dw*=ww?—b)dw?.

Take an extremal function f(z)=z-+b,z7'+b,z72+bsz *+bz"*+ . We can put
by=|b,|e** with 0<a<4r/5 by rotation. The local structure of critical trajec-
tories of Q(w)dw? around the critical points 0, (b,)*2, —(b,)/? and oo is well
known. Let us denote the critical trajectories of Q(w)dw? by A. If b;=0 then
A consists of five rays joining at the origin with equal angles. We suppose
that b,+0.

Case a). a=0. A is symmetric with respect to the real axis. Let J be
the imaginary axis {it: —oco<t<oo}. Along J

Im{Q(w)dw?} =t(t*+b,)(dt)*+#0
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for t#0. Hence by Bombieri’s theorem [ meets the component of A which goes
through the origin only at the origin. So we can conclude that I'=f(|z|=1)
contains the origin because the conformal centre

1 (2=
’—277—52 f(e”’)dﬁzo

Case b). a==m/5. Let J, be {te™**:0<t<c0}. Along ],
Im{Q(w)dw?} =t(t?—| b,])(dt)*+#0

for ¢+ |b,|¥% Hence J, meets one component of A at most at the origin and
the other component at most at (b;)*%2. The similar fact holds along —/;. Let
Jo be {ite™/1%: 0<t<oo}. Along J,

Qw)dw*=—1t(#*+ | b,|)(dt)*.
Hence J, is an orthogonal trajectory and —J, is a critical trajectory. Thus I”
passes through the origin by
1 (o= .
EFSO F(e?)df=0.

Case ¢). O<a<m/5o0r n/5<a<2n/5. Let ], be {te**/?: 0<t<o}. Along J,
Im{Q(w)dw?} =t(t*— | b,|) sin ba/2)(dt)?+0

for t+|b,|V% Hence J, meets two components of A at moSt at the origin and
at (b,)/* respectively. The similar fact holds along —],. On J,=
{te=m/5; 0<t< o0},

Im{Q(w)dw?} =t|b,|sin(a+27/5)(dt)*+0.

Hence J, meets the component of A which passes through the origin only at
the origin. The same is true for —J,. The similar considerations can be
applyed to the lines {te™*/°: —oco<t<<co} and {it: —oco<t<oo}. Now we can
readily prove that I" goes through the origin by the above facts, the local
structure of critical trajectories of Q(w)dw® around the critical points and

1 (o=,
%—S: F(e)de=0.

Case d). 2r/5Za<4r/5. By the rotation w=e***5(, w(w?—b,)dw*=
L(*—b,e?~%)dL% It means that this case is essentially included in the above
three cases. This completes the proof.

2.2. Proof of Theorem 2. Let f(z)=z+bz"'+b,z"2+b,z"*+b,z"*+ --- be an
extremal function. We can take its square-root transformation g(z)=f(z*"* by
Lemma 2.1. Let Fy(w) be the fifth Faber polynomial of g(z) defined by
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Fi(g(2)=2"+ 2 asaz™"
Then Grunsky’s inequality says that
S nla=as,|*<5
n=1

and especially
lass| =1.

Because a;;=(5/2)(b,+b,b,) in this case, we obtain
[bytbiby| £2/5.

If equality holds then |a;s) =1 and therefore a;,=0 for n#5. Hence we have
Fi(g(z)=2+e*z"5% Since Fy(w)=w’—(5/2)b,w in this case, we obtain the
desired relation

f(ZZ)s/z_ %blf(22)1/2225+ei02-5 .

Expanding the left hand side of this relation, we have b,=0. It means that
b,=0 for each extremal function. Thus we can deduce that |b,+b,b,]<2/5 if
b,#0. Moreover, it follows directly from Theorem 2 that if b,=0 then
[bs| Z2/5.
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