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REPRESENTATION OF ADDITIVE FUNCTIONALS
ON MUSIELAK-ORLICZ SPACE OF
VECTOR-VALUED FUNCTIONS

By RYSZARD PEUCIENNIK

In the paper [4] Hiai proved theorems on representation of additive func-
tionals on vector-valued normed Kéthe spaces. His theory, as is shown by the
Example 2., does not contain an important and large class of non-solid Orlicz
and Musielak-Orlicz spaces of vector-valued functions. Nevertheless, a very
interesting idea of the proofs is so universal that it can be applied in the above
case as well. It is necessary to change only proofs of Lemma 3.1 and Theorem
3.4 in which the following assumption

IfOlx=lg®llx  for almost all ¢ implies ||f|lx=gllx

is essential. Therefore, in order to avoid the repetition of argumentations pre-
sented in the paper [4], this note contains the modifications of Lemma 3.1 and
Theorem 3.4. Then representation theorems for additive lower semicontinuous
and continuous functionals are presented as a conclusion. Moreover, it is worth
to notice that the representation theorem for bounded linear functionals, con-
sidered also by Hiai, in these spaces was elementarily proved in a particular

case by Kozek (see [8]).

1. Introduction. Let (T, X, p) be a positive, o-finite and complete mea-
sure space. (X, |-|x) denotes a separable real Banach space.

DEFINITION 1. A function M: XXT—[0, co] is said to be an .# -function,
iff

a) M is @ x2-measurable, where @ denotes the g-algebra of Borel subsets
of X,

b) M(-,t) is even, convex, lower semicontinuous, continuous at zero and
M, t)=0 for a.a. teT,

¢) lim M(x,t)=co a.e. in T.
Izl g oo

Let us assume that .#"-function M satisfies the so-called Condition B, which
can be also formulated in the following simple form (see [15] Remark 1.5)
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B: For every natural numbers » and 7

S sup M(x, H)ydu<o,

Tp Izl g<i
where {T',} is an increasing sequence of measurable sets such that u(7T,)<co
and O T,.=T.
n=1

In the following by Xy we will denote the set of all strongly measurable
functions from T into X. The famous Pettis theorem states that the strong
measurability and the weak one are equivalent for separable Banach spaces.
Therefore, we will say shortly “measurable function”.

By Musielak-Orlicz space Ly we mean the set of all functions fexXy for
which there exists a constant 2>0 such that

Iu<kf>=§TM<kf<t>, Hdp<oo.

The functional
I flx=inf{a>0: Ix(a*f)<1}

is a norm in Ly. It is called the Luxemburg norm. If M(x, {)=M(x, s) for
every t, s€T, then the space L, generated by M is called an Orlicz space.
By Eyx we denote a subspace of finite elements, 7. e.

Ey={fexyx: I4(kf)<oco for every £>0}.

Obviously, EyC Ly. The space Ej equals the space of all fe L, possessing
absolutely continuous norms (see [14] Theorem 1.2. This theorem is also true
without the assumption that the measure g is non-atomic). Concerning pro-
perties of the space E, we refer to [8], [9] and [12] (Theorem 1.15).
Musielak-Orlicz spaces even Orlicz spaces, defined as above, are not normed
Kothe spaces in general. The following natural example shows this fact.

Example 2. Let X=R? T=(0, 1), 2 be the g-algebra of Lebesgue measur-
able subsets of (0, 1), ¢ be the Lebesgue measure and define M: R*—[0, co] by
the formula

My, s)=r2+s*.

It is easy to verify that M satisfies A,-condition (see [8] p. 268). Corollary 1.7.4
in [9] implies the equality Ly=F,. Let f;and f, be two functions from (0, 1)
into R?* which are defined by the following formulas

F)=@""3, 1) te(0, 1)

)=t te(0, 1.
‘We have

£ 1) ge=AEPPH > VEH2 = (0| o
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for every t=(0, 1). On the other hand I,(f,)=16/5 and Iy(f,)=co, therefore
fi€ Ly and fo¢t Ly because M satisfies A,-condition. Moreover, | fllx<oco and
I fel g=co. Thus, the norm ||-|x in L, does not satisfy Condition (iv) in [4]
p. 301 and the space L, cannot be solid.

2. Results. In this section, the most of notations are identical with those
in Section 3 in [4]. We will present them for the convenience of reading.

Let F: T—2% be a multivalued function from 7 into the family of subsets
of the space X. Denote the sets

DIF)={eT: Ft)+@} and GF)={l x)eTxX:xF@#)}

which are called the domain of F and the graph of F, respectively. Also denote
the inverse image of F by

F'Uy={eT: FoO)NU+ @}, ucX.

Since (T, 2, p) is complete, for F: T—2% such that F(t) is closed for every
t=T, the following conditions are equivalent:

(1) F~YC)eX for every closed subset C of X

(2) F-Y0)eX for every open subset O of X

(3) D(F)eX and there exists a sequence {f,} of measurable functions
fn: D(F)—X such that F@)=cl{f,{)} for all t€ D(F)

4) GFeXxsa.

A closed-valued function F: T—2% is called to be measurable if F satisfies
one of the above conditions. We will denote by W[T, X] the collection of all
measurable multivalued functions F:T—2% such that F(t) is nonempty and
closed for every teT.

Let ® be a family of measurable functions in %y. The family R is said
to be decomposable if fX,+gXr 4R for each f, ge R and A€y, where X,
denotes the characteristic function of a set A. Let L, denote the space of
integrable functions from 7T to the set of reals. Consider the space EyXx L,
with the norm ||‘||lx+|-|.. If FeU[T, XXR] then the subset Sy ,(F) of
Eyx L, is defined by

Su(F)={(f, HEEuX L, (f(1), EOEF ) a.e.}.

The properties of subsets Sy ;(F) are presented in the following lemmas.
LEMMA 3. For every FEU[T, XX R] the set Sy (F) s closed in EyX L.

Proof. Let {(fa, &)} be a sequence in Sy ;(F) convergent to (f, §) € Ey X L,.
Let {&.,} be a subsequence of {£,} which is convergent to £ a.e. in T. In view
of Remark 3° in [7] the sequence {f,} is convergent in measure on each set
T, G=1,2, ), where T, are from Condition B. Therefore, we can find a
subsequence {f;,} of {f.,} convergent to f a.e. on T, Suppose that the
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sequence {f, ;} is convergent to f a.e. on T,. Since the sequence {f, ;} is
convergent to f in measure on the set T,;;, then there exists a subsequence
{fr.s+1} Oof {fe:} such that {f, ...} is convergent to f a.e. on T,.;. Let us
notice that so-called diagonal sequence {f. .} is convergent to f a.e. on T.
Hence, by the closedness of the set F(f) in the norm |- x+]|-|, we obtain that
(f@), @) F{¢) a.e. on T. Thus (f, §)Sy (F) and the lemma is proved.

LEMMA 4. If FeU[T, XXR] and Sy, (F) is nonempty, then there exists a
sequence {(fn, &n)} in Sa,(F) such that F@)=cl{(fn(t), &.@)} for all t=T.

LEMMA 5. If FeU[T, XX R] and Sy, (F) is nonempty and convex, then F(t)
is convex for a.e. t<T.

If is easy to see that the proofs of these lemmas are the same as the proofs
of lemmas 3.2 and 3.3 in [4].

Now, we give a theorem characterizing closed decomposable subsets in £y X L.

THEOREM 6. Let R be a nonempty subset of EyX L. Then R is closed
and decomposable in EyX L, if and only if there exists a multivalued funclion
Fey[T, XXR] such that R=Sy, (F).

Proof. Sufficiency is clear by Lemma 3.

The necessity will be proved in two steps.

I. Assume in addition that ® contains (0, 0). L,(X) denotes the space of
all Bochner integrable functions from T into X. Define ®,=RN(L (X)X L,)
and R, as the closure of R, in L (X)X L,. Obviously, R, is a nonempty,
closed and decomposable subset of L,(X)X L,. Applying Theorem 3.1 in [5]
to the space L (X)X L,=L,(XXR), where XX R is considered with the norm
1, Mxxz=]"lx+1-]1, we can find a multivalued function FEU[T, Xx R] such
that

Ro={(f, e Li(X)X L,: (f(t), EO)EF () a.e.}.

We will prove that R=Sy ,(F). Put
Ap={teT,: |fOIx=n} n=L12, -,

where (f, §)€EyXx L, and T, are from Condition B. Then (fX4,, X4,)€ L(X)
X L;, and the fact T\A, | @ gives

1f X4y = Flar 1804, —E =1/ ay s+ 18X 4, i—>0  as n—oo,

in view of the absolute continuity of norms ||-||, and ||-||;. Hence, by (0, O)e R
we see that 'R, is dense in R and Sy ,(F)NL, (XX R)=Sy (F)NR, is dense in
Sy, (F). Since both R and Sy, ,(F) are closed, it remains to show that R,C
Sy (F) and Sy (F)NR,CR. The first inclusion is obvious. To prove the
second inclusion, we assume that (f, &)€Sy (F)N\R,. Then there exists a
sequence {(f, &)} in R, convergent to (f, &) with respect to the norm in
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L. (X)x L,. Hence, it can be assumed that ||f,(¢)—f(#)|]|x—0 a.e. Denote

Ba s i={teTa: |[:@O)—FOx<i7"}

for n, k,i=1, where T, are from Condition B. Obviously, for each fixed » and
7, we have p(T,\Baq, »,.)—0 as k—oo. For each fixed n, by Condition B there

exists a 6>0

S sup M(x, t)dp=1.

Tp I1Xlxsd

For each >0, let 7 be such that (3)~'<d. Then
U O—FfOIx<Gp)'<d  for t€Bny,..

Therefore we have

IM(ﬂ-l(fk'—f)XBn, k,i)él )
and so
I(fe—f s, ... lu<n  for all k.

This fact and the absolute continuity of the norm of f give

I fiXag, o= e N SN o= ay, o e H 1 Xr 5y, 5, <27

for sufficiently large k. Since (fiXs,, ,.; §:XB,, .. )ER by (0, 0)e R, it follows
that (fXr,, éXr,)€ R for all n. Thus, (f, §)€ R and the proof of the equality
R=Sy (F) is finished.

. If (0,0)& R, then we use Hiai’s argumentation (see [4] beginning of
the proof of Theorem 3.4). This completes the proof.

We say that a functional @: Ey—R=[—oco, co] is proper if @(f)>—co for
all feEy and @zco. For a measurable function f:7—X, let Supp f=
{teT: f(t)+0}. A functional @ is called to be additive if @(f+g)=0(f)-+D(g)
for each f, g€ Ey such that p(Supp fNSupp g)=0.

Also, Lemmas 4.1, 4.2, 4.3 and 4.4 in [4] are true in our case. The proofs
of these lemmas are similar because they do not require directly the assumption
that L, is solid. Now, using our modified lemmas and Hiai’s method, we can
prove the following representation theorems for additive lower semicontinuous
and continuous functionals on Musielak-Orlicz spaces of vector-valued functions.

THEOREM 7. Let @: Ey—R be an additive lower semicontinuous proper func-

tional. Then there exists a XX B-measurable function ¢:TXX—R such that
o, 00=0 a.e., ¢, -) is lower semicontinuous and proper for every tT and

¢(f)=ST§0(Z‘, F@)dp  for every fEEy.

Moreover such a function ¢ is unique up to sets of the form NXX with p(N)=0.
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THEOREM 8. If @: Ey—R 1s an additive continuous functional, then there
exists a function ¢ : T X X—R such that ¢(t, 0)=0 a.e., ¢ satisfies Carathéodory
conditions (i.e. ¢(t, x) is measurable in t and continuous in x) and

@(f)ZSTSD(t, f@)dy  for every fEEy.

Moreover such a function ¢ is unique up to sets of the form NXX with p(N)=0.
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