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ON MEROMORPHIC FUNCTIONS WITH FEW POLES
AND WITH REGIONS FREE OF ZEROS

By HIDEHARU UEDA

1. Introduction. In this note we improve one of the results of Edrei and
Fuchs [3]. We shall adopt the terminology, notations and conventions of [3].
We shall write, for instance, [3, Lemma 4] to denote Lemma 4 of [3].

The aim of this investigation is to prove the following

THEOREM. Suppose that f(z) (£ const.) is a meromorphic function of lower
order p(<+o0), and that 6(co, f)=1. Let the s B-regular paths

(1.1) L,:z=te**1®
(t=1>0; 1=1, 2, -, s; ay(t) <a,(t)< -+ <as(t) <ay(t)+2r=a,44(1))

divide |z| =ty into s sectors, each of which has openming=c>0.
Lot 0(>0) be fixed and let #s(r) denote the number of distinct zeros of f(z)
which lie in t,=|z|=r but outside the s sectors &£,(0) ({=1, 2, -+, s) defined by

a,(t)—0=argz=a,(t)+0, Lh=|z|=t<+o0.
Assume that for every fixed 6(>0), we have
(1.2) ns(r)=o(T(r, )  (r—oc0).
Denote by p the number of deficient values of f(z) other than 0 and co. Then
p=min{s—1, 2y, {2p(1—c/m)+1}*}.

This 1s an improvement of [3, Theorem 3].

2. Proof of Theorem.

2.1. Suppose that the function f(z) satisfies the hypotheses of Theorem and
it has 7y, 75, -+, 75(7;#0, v;# 0, =1, 2, ---, p) among its deficient values.

The paths L,({=1, 2, ---, s) divide the z-plane into s sectors S;,. Let J,(»)
(r=t,) be the set of arguments corresponding to the arc of |z|=7 in S,. Since
the z, are deficient, there is at least one index /=I(j, ») such that for some
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fixed £>0
(2'1) m(r’ 1/(f—T]); ]l(r))>l‘T(r; f) (Véroéfo, 121(]; 7’), .7:19 2’ Tty p)~

With the equations (1.1) for the L, we shall denote by S;(8) (0<d<c¢/16) the
sector

a,(t)+o<argz<a;,(t)—a, Lh=lz|=t<+o0;

by Ji(r, d) the set of arguments of the arc |z|=r in S,(0) and by I,(r, d) the
complement of Ji(r, 0)in Ju(r, 0)=Ju(r).

Let {rn}T be a sequence of Pdlya peaks of order g of T(r, f) with as-
sociated sequences {rn}5, {r4}T rmn<ran<rh, ri=r,). (For the basic properties
and existence of Pélya peaks the reader is referred to [2, p.82].) Using [3,
Lemma C], we have for r,<r=<2r, (m>m,)

m(r, 1/(f—z,); Li(r, 20))<22T2r, 1/(f —7;))46(1+log*(1/49))
<897 (2r, f)a(1+log*(1/40))
<9027 /rm)*T(rm, 1)0(14log*(1/46))
<90-4#T(r, f)0(14log*(1/40))
<(&/2)T(r, f),

provided that 0<Jd<0,=0d,(x, ). Further, we may assume that d,=z/12ps.
Combining the above estimate with (2.1), we have

(2.2) m(r, 1/(f—15); Julr, 200)>&/2)T(r, f)
(rm=r=2rm, m>m,, 0<0<0,, =], r), j=1, 2---, D).

If #<1/2, the condition d(co, f)=1 implies that p=0 (See [4].). In what
follows we assume that g=1/2. This gives

(2.3) logr=0(T(r, f)) (r— o).
A basic fact of Nevanlinna’s theory is that
m(r, f'/(f—a)=o(T(r, f))

as r—oo outside an exceptional set E which has finite measure. It is important
to note that E occurs in intervals where T(r, f) grows very rapidly; in par-
ticular, E does not depend on the value a, and consideration of the growth
lemma from which it arises shows that it may be taken to be disjoint from the
intervals [rn, ar,] (m>m,), where ¢>1 is fixed and m,=m,(a).

Combining (2.2), (2.3), [3, Lemma B] and the estimate

2.9 m(r, £/ ) +mlr, f/(f—t)=0o(T(r, f))

(rmér_s_orm) ¥ — 0, ,7:1’ 2’ ) p)’
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we obtain
(2.5) m(r, [/ Jur, 20)>(k/3)T(r, f)
(ra=r=2rn, m>m,, 0<3<0y, [=I(3, 7), 7=1, 2, .-+, D).

2.2. We choose now a constant M(>0). For the proof of p=<s—1 we take
M=1. For the proof of p=2u we shall obtain a contradiction if we assume
p>2p, and if we choose M so large that

(2.6) e®>16A3=U, A,=5e'"/,
and
2.7) —K/2+46-28 Ao P2-mM L 4 A o~ M2 —K/4,

where the positive constant K=K(g, ¢, s, B, £) is defined in (2.33). If p>2u(1—
¢/m)+1>0, there is a number ¢’&(c/2, ¢) such that

(2.8) p>2p(1—Bc+c’)/4Am)+1.
In this case we choose M so large that (2.6) and
(2.9) —K/2+6-2#A,exp{[—(p—1)/2(1—@c+c")/4r)+ pIM} +4 A0 M2 < — K /4

hold. We shall seek a contradiction from (2.6), (2.8) and (2.9), and deduce p»=
2p(1—c/m)+1.
2.3. By [3, Lemma 4]

(2.10) L@/ @I <A{T@r, N4 (lzl=r>r,>4xsB/d;, z&R),

where R is a set of discs with sum of radii less than 1. Assume that r}, <7
<r. It follows from (2.10) and the definition of Pdlya peaks that

[ f(2)] f(2)] <AL+ T (rm, f)2]21)"/ri}4
LA Z|#M T (rm, N/} ra=SlzlSrin; m>me, z&ER).
Hence we can find a positive integer 4 such that
(2.11) lz=* (@) f(@)| <{T(rm, Nira}* (rn=lzl=rn; m>m, z&R).
It follows now from [3, Lemma 2] that there is some d<=(0;/2, d,) such that
(2.11) holds on the boundaries of SUON(\J {z; rn/2< |21 <7i/2}) (=1,2,-,5).

From now on we assume that d has been chosen in this way and we shall make
no further changes in the choice of 0. It is also easily seen that there are two
circles |z|=R’n(rm/3e” <Ry <rn/2¢") and |z|=R",(4e™r,<RY <6e™r,) on
which (2.11) holds.

Let
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Pu(z)=T1 {(z—a,)/2R})

v=1

be the product, taken over all the poles of f’(z)/f(z) which lie in #,<|z|<R%
but outside the sectors &£,(6) ({=1, 2, ---, s).

Now, we define a sequence of functions {g.(2)}7m,+1- Assume first that
there is a subsequence {rm,}i: Of {rm}T such that T(rn,, f)/r4,<1. In this
case we simply write {r,}T, {R:}T, {R{}T and {P.(2)}T instead of {rm )i
{Ru, Yoz, {R% 1% and {Pn (2)}5;, respectively, and define g.(z) (k=1) by

gx(2)=2""Py(2)f"(2)/ f(2).

Assume next that T(rn,, f)/r&>1 for m>m, In this case we define g.(z)
(k>m,) by

gu)={r4/T(ry, I}z "Pu(2)f'(2)/ f(2).

The function g.(z) (k>m,) is regular in the intersection of |z|<R} with
every S;(0) ({=1,2, --,s). In |z|<R/

(2.12) [ Pe(z)| =1.
By (2.11), (2.12) and the maximum modulus principle
(2.13) g2 <1l (z€D4,0),
where D, (k>m,, [=1, 2, ---, s) is defined by
Risr=R{, aunN+is0=ai.(r)—0.

2.4. We first choose ¢”=(1, 2) such that (¢”)#<4/3. Next, we select a
positive number b such that

(2.14) b<min {(c—c’")/144x Be*"+! (¢” —1)/24e**1}.
By a well-known lemma of H. Cartan
(2.15) | Pu(2)| =(b/2)"*

in |z| <R/ but outside circles the sum of whose diameters is less than 42bR}.
It follows from [3, Lemma 2] and (2.14) that (2.15) holds on the curves C,,
(k>m,, =1, 2, -+, s) defined by

Ck,l:Z:z(t):tei(“l(”ﬂ'k,l) (R;:étéRZ

with ¢’/2<y:1<c/2. Further, we deduce from (2.14) that (2.15) holds on a
circle |z| =R, with »,<R,Zc"r, (k>m,). By (2.12) and (2.5)

(2.16)  m(Ry, 1/gw; Ju(Ru, 200>m(Ry, [/ 15 Ji(Ry, 20))>(k/3)T(Ry, f)
(k>my, I=I(J, Ry), 1=1, 2, -+, D).
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2.5. We note first, by repeating the argument following [3, (3.19)], that the
image of D, (k>m,, [=1, 2, ---, s) by

{=log z-+const.

contains a lens 4, ; whose center line is formed by the vertical segment which
is the image of R.e*? (<], (R, 8)) and whose boundary is formed by the two
circular arcs through the endpoints of this segment making a sufficiently small
constant angle B with it. We choose §=1/40B and apply [3, Lemma 5] with
HQ)=gw(2), €=0€(0:/2, 0,), M*=(£/3)T(R,, f) (See (2.16).), a={ai+,(R)—
a(R)}/2—0>3¢/8. This yields

2.17) loglge()| <—K\T(Ry, ) (z€ 8:(),
where ®,(l) is given by
(2.18) z=R,e"®, 0e](R; 20), (=, Ry, j=1,2, -, p,

and where the constant K; may be chosen as
K,=(2k/37%)(0,/47)*" 8.

Next, we apply [3, Lemma E], first to the part of D, , in |z|=FK, then to
the part of D, ; in |z]|<R,. In both cases 3,(l) is the arc (2.18) and £ is a
portion of the curve C, ;. It is easily verified, with the aid of [3, Lemma 1]
that for any point { on C,,;, with

(2.19) e MR, <|{|=Ze¥R,,
we have
(2.20) o> IL1/Ky(c, B).

From now on, we denote by C; ; the portion of C, , which satisfies the condi-
tion (2.19). By (2.20) and the B-regularity of C,,

[l 14C1/pQ=BE.I[ " atjt=BK. log IzI/R,)
(z€Chi, Wi, 1 =Rpet?r1Cy ).
Therefore, by (2.13), (2.17), [3, Lemma E] and the two-constant theorem
(2.21) log|gi(2)| <—(Ki/2m)exp{—4BK,|log (|1z|/R)I} T(Ry, f)
(zeChiy k>mo, I=I(j, Ry), j=1,2, -, D).
2.6. We now deduce from (2.17) and (2.21) similar inequalities with g,

replaced by f’/f. Since d(oo, f)=1, n(r, oo, f)=(log 2)"*N(2r, oo, f)=0(T(2r, f))
(r—o0). It follows from this, (1.2) and the definition of Pélya peaks that
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(2.22) ny=n(RY, o, f)+a,(Ry)=0o(T2RY, [))

=0o(T(12eMry, =0T (rs, MN=0(T(Rs, )  (k—o0).
By the definition of g,
(2.23) logl|f'(2)/f(z)|=log|g.(2z)| +hlog|z| —log|P(z)| +Alog*{T(re, f)/74}.
Combining (2.23), (2.17), (2.18), (2.15), (2.3) and (2.22), we have
(2.24)  logl|f"(2)/ f()| <—K\T(Rs, f)+hlog Ry+n,log(2/b)+Alog T(Ry, f)

=—K,T(Ry, f)+o(T(Re, N<—(K/2)T(Rs, f)
(z€ B,(1), k>my, I=I(j, Ry), 1=1, 2, --- D).
Similarly, using (2.21) instead of (2.17), we obtain
(2.25) log| f"(2)/ f(2)| <—(K:i/T)exp{—4BK,|log (1z|/R)}T(R,, f)
(zeCh1, k>my, [=1(7, Rp), 7=1, 2, -+, D).

By (2.2) with »=R,, there is a point z, ;€ 8,() (=7, R}), 1=1, 2, ---, p) such
that | f(zx,1)—t,l <e for any assigned >0, provided that k>m, If z is any
other point of ,(/), then by (2.24) and (2.3) |log f(z)—log f(z,,1)| <27 R, X
exp{—K,/2)T(R,, f)}—0 (k—o0), and so for any assigned e=(0, 1/2)

(2.26) [ f(@—1| 1 f@)—f(ze )|+ 1 f(ze,)—7;1 <2
(z€ B4(), k>mo, [=I(j, Ry), j=1,2, -, ).
2.7. Since 7, <R,<c"r, (k>m,), we have for »,<r=<r/
(2.27) T, £)/ TR, T, )/ Tre, £)=A+01))r/re)"
=(140oD)Rx/72)*(r/Re)* <(1+0(1))(c")*(r/R )"
<@/2)r/Rp)*  (k>my).

Let A(r)=o(T(r, f)) be a positive function tending to co as r—co. Then the
following relation holds :

(2.28) g,=meas{f; log| f(R,e!®)| > A(R,)} >=/3p (k>my).

To prove this, we follow Baernstein’s procedure in [1, pp. 430-434]. Let
y=1/2p and define

v(2)=T*(z") (z=re??, 0<r< oo, 0<0<m),

where T*(z) is the Baernstein characteristic of f. Using (2.27) instead of [1,
(4.8)], we obtain

(2.29) v(RY7Te)=3/2)T(Ry, filcos(x—O)yp+o(l)]  (k—o0, 0<6<7),
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where the o(1) term is independent of 4. Clearly
T*Rye'?*)ST(Ry, f)=m(Ry, [)+N(Ry, 00, [)STH*(Rye'?#'*)+A(Ry),
and hence

(2.30) lkim T*(R,e* *'®)/T(R,, f)=1.
Let N={k;o,<my}. If N is a finite set then (2.28) holds, so we assume that
N is infinite. If kN, (R,e*?*/?)YT=R}/Te*? #/?" belongs to the domain of v. In

this case T*(R,e**'®)=v(R}/7e*?#/*") (ke N). Combining this, (2.29) and (2.30),
we have

TRy, )~TH Ry W)= @B/2)T(Ry, flcos(m—a/2p)yp+o(1)]
(k— oo, kEN),

from which we deduce that o,>#n/3pu (kEN, k>m,). If k&N, then o,=ny=
n/2pu>m/3p. Thus we have reached (2.28).

2.8. By choosing ¢(>0) small enough, we see from (2.26) that the index
I=I(j, R,) (k>m,) cannot have the same value for different values of j(=1, 2, -, p).
This implies p<s. Assume that p=s. Then from (2.28), (2.26) and (2.18) it
follows that

w/3p<0,=40s<40,s=7/3p (k>m,),
which is impossible. This proves p<s—1.

2.9. By integrating f’/f along C,.,, ({=I(j, R;)) from the point of intersec-
tion w,,; of Ci, with 8,(]) to the point z, we have, in view of (2.19) and (2.25)

llog f(z)—log f(we,))| <B(e” —1)R, exp{—(K/T)e~*B*:*T(R,, [)}
(zeCh,1, k>mo, I=I(7, R:), 7=1,2, -, D).
Hence, by (2.26) and (2.3) we have, for any assigned (¢>0)
[f@)—1;1<e  (z€Ch, k>my, [=1(3, Ry), =1, 2, -, D).
From this and (2.25) it follows that
(2.31) log| f'(2)| <—(K./8)exp{—4BK,|log (|1z|/R:) |} T(Rs, f)
(z€Chy, k>m,, I=U(j, Ry), 7=1, 2, -+, D).

We have already seen that for any fixed 2(>m,) the curves C,,; ((=I(J, R:),
7=1, 2, ---, p) do not intersect, since they lie in different sectors S, (1=[=s).
Therefore they divide the annulus (2.19) into p different domains.

Let S¥ be a typical one of these domains and let t@(¢) be the length of the
arc of |z|=t which lies in S¥, and let
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’

nk
Qk(2)=vl=_11{(2—by)/2RZ}
be the product, taken over all the poles of f’(z) which lie in |z]|<R/. By
Cartan’s lemma

(2.32) 1Q:(2)| =(b/2)™

in |z| <R} but outside circles the sum of whose diameters is less than 4ebRZ.
Without loss of generality, we may assume that (2.32) as well as (2.15) holds
on the circle |z|=R, (k>my).

2.10. Let A,=¢°" and let A, and U(>A,) be the quantities which appear
in (2.6). Denote by I')(k, x) the part of the boundary of S¥ in R,/U<|z|<UR,,
by I'y(k, *) the boundary arc of S¥ on |z|=e¢**R,, by I'y(k, *) the boundary
arc of S¥ on |z|=e¢ ™R, and by I',(k, *) the part of the boundary of S¥ which
does not belong to I\ U\,

On [y and I, (2.31) holds, so that

(2.33) log|f'(2)Qu(2)| <—KT(Ry, f)
(zel'\(k, %), K=(K,/8))exp{—4BK,log (16A)}=K(u, ¢, s, B, k),
(2.34) log| f(2)Q:(2)| <0 (zl'y(k, %)).

Since f'(2)Q.(z) is regular in |z| <R/, the Poisson-Jensen formula gives for
0<r<R}/2

log M(r, f'Q#)=3m(2r, f'Qu)=3m(2r, f')

=3m@2r, f'/f)+3m2r, f).
Therefore by (2.4)

(2.35) log| f"(2)Qu(2)| =log M(e™™ Ry, f'Qi)=log M(R,/2, ['Q4)

<o(T(Ry, fN+3T(R:, [)AT(Ry, [)  (z€ly(k, %))
and

(2.36)  loglf'(2)Qu(2)| =o(T(2e¥ Ry, [))+3T(2¢" Ry, f)
<AT(2e" Ry, [)<62e™)*T(Ry, )  (z€ly(k, *)).

Next, we denote by wy(z, k, *) the harmonic measure of I',(k, *) with re-
spect to S¥ (¢=1, 2, 3, 4). Then by [3, Lemma 6],

R UR
qZ:)zwq(Rkew, k, %)< A, exp {——zSR:/Udt/t@(t)}—}-Azexp {——ngﬂkkdt/t@(t)}»

<24,U-'*=1/2  (R,e*?<S})

since @(t)<2x. Hence
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2.37) o (Rac'?, kb, %)>1/2.

Similarly,

(2.38) 0i(Rye'?, k, %)< Age- 12,

and

(2.39) W(Rac?, &, #)< Agexp {—zS:zR’z dt/16(0)}

We show that for at least one of the sectors, say for S¥*,

eMRk
(2.40) nSR dt/10(t)=pM/2
k
and, say for SF**

@2.41) nsj:ZRkdt/t@(t)z(p—1)M/2(1—(3c+c’)/47r).

By Schwarz’s inequality and the fact that é@;(t)zZn- (where the index ; refers
to the p different sectors S¥) ”

PZ:{IZZ‘,I(@;(t))lzz(@j(t))-1/2}2§2n' ]ﬁl /6,0).
Hence

e oM
PEM/2=( pZ/Z)S kR’* dijt< ,él ”Skkkk 4t/16,1).

R
This proves (2.40). In the same way, using the facts that p<s—1 and c¢’/2<
rea<c/2 (R>my, (=1, 2, ---, s), we have

(p—1r=(2x—(Be-+¢)/2) 5 1/6,60).
Hence

CMRk p-1 BMRk
(p—LrM/2=((p—17/2)]], " dt/t= "5 (x—Betcrym, " at/e).

This proves (2.41). Combining (2.39) with (2.40) or (2.41), we have

(2.42) Wy(Re®l, k, xx)< Ae~?M2 (R,e' e S¥*),

and

(2.43) Wy(Ryet?, k, xxx)< Ayexp{—(p—1)M/2(1—(3c+c")/4m)}
(R et e SF+*),

2.11. Now, a bounded function, harmonic in S¥ with the following
boundary values
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_KT(Rk7 f) on Fl(k’ *)’ 6'2#e”MT(er f) on Fz(k', *)'
4T(Rky f) on Fs(k» *)) 0 on FA(ky *)

dominates the subharmonic function log|f’(z)Q.(z)| at each point of S¥. This
follows from (2.33)-(2.36). Hence, in particular,

(2.44)  log|f/(Rue'")Qu(R,e')]
<—wy(Rye*, k, )KT(R,, f)+wy(Rre', k, %)6-2¢e*"T(R,, f)
Fy(Rpe, b, )AT(R,, f)  (Rye? Sk, k>m,).
From (2.44), (2.37), (2.42), (2.38), (2.7) and (2.32) we deduce that
(2.45)  log|f/(R,e)|
<{—K/2+46-2# Ao @t U L 4 A, 0" 12} T(R,, f)—log|Qr(R;e')]
<—(K/OT(Ry, f)+nilog (2/b)< —(K/5)T (R4, f)

(k>mq, Ryet? eS¥*),
where we used the estimate

ng=n(Ry, oo, f)S2n(RY, o0, f)=0(T2RY, /)=0(T(12e"r+, f))
=0(T(re, N=0(T(Ry, [))  (k—00).
Similarly, from (2.44), (2.37), (2.43), (2.38), (2.9) and (2.32) it follows that
(2.46)  log| f(Re'®)| <{—(K/2)+6-2¢A,X
exp [{—(p—1)/20—@Bc+c")/4m)+p} MI4Ase " *} T(R,, f)
—log | Qx(R,e*")| <—(K/HT(Rs, f)+nilog (2/b)<—(K/5T(Rx, f)
(k>my,, Ryet eSH).

2.12. Let ., and {, ., be the endpoints of the arc of |z| =R, in S}* (SF**).
Then we easily see from (2.26) that

[f(Cr )= (G )| > IB&IJD lt.—7;1/2 (k>my).

1,7=1,2,p

On the other hand, by integrating (2.45) ((2.46))
[ f(Cr,)—F(Cs.2)| =2 R exp{—(K/5)T(R,, f)}

and, in view of (2.3), the right— hand side of this inequality tends to 0 as k—oo.
This contradicton proves p=2p (p=2p(l1—c/x)+1). This completes the proof
of Theorem.
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