N. ABE
KODAI MATH. ].
8 (1985), 322—329

GENERAL CONNECTIONS ON VECTOR BUNDLES
By NAOTO ABE

§0. Introduction.

In this paper, general connections in the sense of T. Otsuki are dealt with.
The general connections were defined by T. Otsuki in [Ol] as a generalized
notion of usual connections. Recently they are called Otsuki connections in
Europe. He defined the general connections on the tangent tensor bundles of
a manifold and defined associating geometrical objects analogous to those of
usual ones, for example, their torsion forms and curvature forms. In his papers
[01]-[011], several results about general connections were obtained. The pur-
pose of this paper is to define general connections on vector bundles over a
manifold and to study the fundamental properties.

In §1, we will prepare notations used in this paper and fundamental facts
on the 1-jet bundle of a vector bundle. In §2, the general connections will be
defined and some algebraic properties of the space of covariant derivatives of
general connections will be studied. In §3, we will define two types of induced
general connections which are induced by a pair of vector bundle homomorphisms
and by a bundle map. In §4, using given general connections, we will con-
struct general connections on the dual bundie and on the tensor product bundles.
In §5, we will define the curvature form of a general connection.

The author would like to express his hearty thanks to Professor T. Otsuki
for his helpful advice. He also would like to acknowledge the constant encour-
agement of Professor S. Yamaguchi.

§1. Preliminaries.

We assume that all objects are smooth and all vector bundles are real
throughout this paper. Let M be a manifold, 7(M) the tangent bundle and
C(M) the ring of real-valued functions on M. Let V and W be vector bundles
over M. The fibre of V at pe M will be denoted by V, and the dual bundle
of V is denoted by V* The space of cross-sections of V will be denoted by
I'(V). Let HOM(V, W) be the vector bundle of which fibre HOM(V, W), at p
is the vector space HOM(V,, W,) of linear maps from V, to W,. Especially
HOM(V, V) will be denoted by END (V). Note that HOM(V, W) can be naturally
identified with the tensor product V*®W. The space of vector bundle homo-
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GENERAL CONNECTIONS ON VECTOR BUNDLES 323

morphisms from V to W will be denoted by HOM (V, W). Especially HOM(V, V),
the space of endomorphisms on V, will be denoted by End(V). Denote the
identity (resp. zero) endomorphism of V by I, (resp. 0y). Note that HOM(V, W)
can be naturally identified with the space I'(HOM(V, W)). We will generally
use the same symbol to denote a vector bundle homomorphism and the induced
linear map on the space of cross-sections.

For sel'(V), we will denote the 1-jet of s by ji(s) and the I-jet at p by
75(s). Let JA(V) be the 1-jet bundle of V.

DEFINITION. A vector bundle homomorphism ¢: T(M)*@V—JY(V) is defined
to be (((df)p@s(p) :=7p(f—f(p)s)  for feCM), sel'(V).
We have
LEMMA 1.1. jYfs)=c(df)Qs)+ i () for feCM), s€'(V).
DEFINITION. A vector bundle homomorphism A:/Y(V)—V is defined to be
AGNs) :=s(p)  for sel'(V).
We have the following well-known fact:

LEMMA 1.2. (Jet bundle exact sequence)

¢ 2
00— TIMP*QRQV — J}(V)—V — 0

is_an exact sequence of vector bundles.

§2. General connections.
Let V be a vector bundle over M.

DEFINITION. A vector bundle homomorphism y= HOM(V, J(V)) is called a
general connection on V. An endomorphism P7:=2-yeEND(V) is called the
principal endomorphism of 7. A linear operator V7 :[(V)—I'(T(M)*QV), de-

defined by
Vs i=c Y (JH(PTs)—71(s)) for sel'(V),

is called the covariant derivative of 7.

Note that ¢! can be defined for j!(P’s)—7(s) because of the exactness of the
sequence in Lemma 1.2.

Remark. We can prove that the second order cotangent bundle appeared in
[O1] is isomorphic with J'(T(M)*). Thus our definition of a general connection
coincides with that of T. Otsuki in the case where V=T(M)*.
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THEOREM. [f N7 is the covariant derivative of a general connection y with
the principal endomorphism P7, then

@ Vifs=(d)QF's+[V's  for feCM), s€l'(V).
Proof. From Lemma 1.1, we have

Vi fs=c(e((d f)RQPTS)+ 7 (PTs)—f1(s))
=(dIQP7s)+fe(JH(PTs)—7(s).
We consider the following operators:
DEFINITION. For P€ END(V), O(V; P) is the set of linear operators on I'(V)

into I'(T(M)*Q V) satisfying (*) as V' in the above theorem. Put O(V):=
U{O(V; P)|Pe END(V)}.

Thus the above theorem shows that V'eO(V; PT) for ye HOM(V, JX(V)).
Conversely we have

THEOREM. If YEO(V; P) for PEEND(V), then there exists a unique 1<
HOM(V, JU{V)) such that P"=P and N'=N.

Proof. Put y(s) :=j*(Ps)—¢(Vs) for s€I'(V). Since y(fs)=f7(s) for fe C(M),
we have ye HOM(V, JY(V)).

For special examples, we have

THEOREM. O(V; 0;-)=HOM(V, T(M)*QV).

THEOREM. O(V; Iy) 1S equal to the set of covariant derwatives of usual con-
nections on V.

For the study of general connections, we will mainly consider O(V; P) and
O(V) in this paper. Take YeO(V; P).

DEFINITION. Given ve T(M), and p= M, we define a linear map V,:I(V)
=V, by Vus:=i,(Vs) for s€I'(V), where 7, is the inner product operator. Simi-
larly given X I'(T(M)), we define a linear operator Vy : I'(V)—I'(V) by (Vxs)(p):
=Vxms. We call Vy the covariant derivative along X.

Then clearly we have

THEOREM. The map I'(T(IM)XI'(V)=(X, )—Vgs€ (V) 1s multi-linear and

satisfies
Vixs=fVxs and Vyfs=(Xf)Ps+fVxs  for feCM).

Note that V, unipuiquely determines the covariant derivative. The above
theorems on general connections are analogous to those on usual connections.
Moreover we can consider, in O(V), the addition and the multiplication by
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elements of END (V) as follows. Take two covariant derivatives VieO(V ; P?)
(7=1, 2).

DEFINITION. We define the sum V'+4-V* by
V4V xs:=Vks+V%s  for sel'(V), Xel(T(M)).
For Qe END(V), we define the products QV and VQ by
(QV)xs:=Q(xs) and (VQ)xs:=Vx(Qs).

THEOREM. V'--V2€O(V; P'+P%), QVeO(V; QP) and VQ=O(V; PQ).
When P has the inverse, we have
COROLLARY. If QP=PQ=Iy, then QV, NQO(V; I).

THEOREM. The set O(V) has a structure of END (V)-module with respect to
the addition and multiplication defined as in the above definition.

Remark. In the case of the tangent bundle, the multiplication was defined
and the associative law was stated in [O7].

§3. Induced general connections.

We will consider two types of induced general connections. The first type
induced general connections are induced by a pair of vector bundle homomorphisms.
The second type induced general connections are induced by a bundle map.
The second type ones are analogous to the usual induced connections. The
situation in the first type ones is slightly different from that in the case of

usual connections as follows.
Let V and W be vector bundles over M. Take Le HOM(V,W), Re HOM(W,V)

and VeO(V; P).
DEFINITION. A linear map LVR:I'(W)—=I'(T(M)*QW) is defined by
(LVR)xt:=L(Vx(Rt)) for tel'W), Xel(T(M)).
THEOREM. LVReO(W ; LPR).

We will call the general connection determined by LVR the induced general
connection induced by vector bundle homomorphisms. In the case of usual con-

mections, we have

COROLLARY. For a usual connection on V, the induced general connection on
W is a usual connection if and only if LR=Iy.
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When R and L satisfies LR=1Iy and RL=1I,, V and W are isomorphic as
vector bundles and O(V) and O(W) are isomorphic as modules. If V and W are
naturally isomorphic, then we will denote the corresponding covariant derivatives
by the same symbol.

Remark. In the case where V=T(M) and W is a subbundle of T(M), this
type of induced general connections were essentially defined in [O7] and [010].

Next we will consider the second type induced general connections. Let N
be a manifold and F: N—M a map. For a vector bundle V over M, we denote
the induced bundle over N by F#V, the bundle map by F:F#V—V and its re-
striction to the fibre by F,: (F#V),— Vg, for g€ N. Define F¥:I'(V)—-I'(F#V) by
(F#s)(q) :=F7 s(F(¢))) for s€I'(V), geN. For P€END(V), define F*Pc
END (F#V) by requiring (F*¥P)F*s=F*(Ps) for s€l'(V).

THEOREM. For YeO(V; P), there exists a unique general connection F#VNe&
O(F#V; F#P) such that

(F#¥N) F¥s=F'(Vpws)  for s€l'(V), weT(N), gEN,
where Fy is the differential of the map F:N—M.

The proof of the theorem is analogous to that of the theorem on usual con-
nections. We will call the general connection determined by F*#V the induced
general connection induced by a bundle map.

Remark. These two types of induced general connections can be applied to
the study of submanifolds in spaces with general connections, for example, see
[010], [H] and [OH]. In these papers, they used the induced general connec-
tions on the tangent bundles. Using also the induced general connection on the
normal bundle, H. Nemoto is studying the geometry of the submanifolds.

§4. General connections on tensor product bundles.

Let V be a vector bundle over M. For P€ END(V), define P* END (V*) by
(P*p)(s) :=n(Ps) for pe'(V*), seI'(V). Take a covariant derivative Ve O(V; P).

DEFINITION. A linear operator V*: [ (V¥*)—I'(T(M)*®V*) is defined by
(VE9)(s) :=X(n(Ps)—n(Vxs)
for peI'(V¥), Xel(T(M)), seI'(V).
Note that Vy<I'(V*). Then we see
THEOREM. V*cO(V*; P*) for VeO(V;P).
Let V* be vector bundles over M and P*€ END(V?) (i=1, 2). Define P2QP!
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€END(V'®V?) by requiring (P*QP2)(s;Qs,)=(P*s;)Q(P%s,) for s, '(V*). Take
VieO(VE; PY (1=1, 2).

DEFINITION. We define a linear operator V'@V?: ['(VQ V- (T(M)*Q
(V'QV?) by requiring

(V'R x(5:Q32) = (Vi s1))Q(P?s3)+ (P's)Q (V% 52)
for s, (VY), Xel'(T(M)).
THEOREM. V'@V O(VQV?; P'QP?) for V*'eO(Vi; PY) (=1, 2).

As in the preceeding section, we will denote the corresponding covariant
derivatives by the same symbol in a natural isomorphism, for example, V'QV?
=VQRVY, (V'QVHQV=VQVIRV?), V*QW=HOM(V, W) and VQV*x
(VRV)*

Denote (Q"V)Q(R*V*) by V™9 and (K"P)RQR*P*)s END(V™®) by P™9
for PE END (V). We can define (QTV)R(RV*)eO(VT9; P©9)  We denote this
covariant derivative by V™* or simply by V. From the definitions, we have

THEOREM. The covariant deriwative YeO(V™® ; P™9) satisfies

Vx(5:® - @B @)= 3 (P)® - BTxs)@ - QP+ QP

+ 3, (P)® - @PSI® - QT 7)® - B(P7)
for s, € l(V), n,&l'(V*), Xe'(T(M)).
For future use, we prepare

THEOREM. The corresponding VEO(END (V) ; P*V) satisfies
(VxT)S:VX(TPS)~m(VXs)
for TEeN(END(V)), s€l'(V), Xel'(T(M)).

In contrast to the case of usual connections, V/, does not vanish in general.
We have

COROLLARY. (Vxl;)s=Vyx(Ps)—P(Vxs).

THEOREM. The corresponding Y O(VQQV)*; P®?) satisfies
(VXg)(sly 32)=X(g(P51, PSz))—g(szx, PSz)‘—g(PSl; VxSs)
for ge'(VRV)*), s;,el'(V).
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§5. Curvature form of a general connection.

Let V be a vector bundle over M and VeO(V; P) for PE END (V).

DEFINITION. For X, Yel(T(M)), a map K(N)x,y on I'(V) is defined by

KW x s :=Vx(Vp(Ps)—Vy(Vx(Ps)— P(Vix, vi(Ps)—(xIy)Vys+(Nyly)Vxs
for seI'(V).

THEOREM. K(V)e HOM (AXT(M)), END (V).

Proof. Clearly K(V)y,y=—K(N)y x. After straightforward but long cal-
culations, we have

K(v)fX,YS:fK(V)X.YS and K(V)x yfs=fKN)xys

for feC(M), sel'(V).

We will call K(V) the curvature form of V.

THEOREM. K(QV)Q=QKNQ) for QEEND(V).

Proof. From the definitions of QV and VQ, we have

(@WxIVQ=Q((NQ)xIy)  for XeI'(T(M).

Remark. K(V) coincides with the curvature form defined by T. Otsuki in
the case where V=T(M). In [02], he also defined the torsion form of a general
connection on the tangent bundle.
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