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A CERTAIN PROPERTY OF GEODESICS OF THE FAMILY
OF RIEMANNIAN MANIFOLDS 0; (VI)

By ToMINOSUKE OTSUKI

§0. Introduction.

This is exactly a continuation of Part (V) ([15]) with the same title written
by the present author which proved the following conjecture is true for 16=n=<
84. On the methods used in it, the lower bound 16 of this effective interval is
crucial from the argument in it. We shall show that this conjecture is also
true for 9.7<n=16 in the present paper by improving them, We shall use the
same notation in the previous ones Parts ()~(V).

The period T of any non-trivial solution x(f) of the non-linear differential

equation of order 2:

dx dx \?
— 2 et di T IS 2 1) —
(E) nx(l—x? 7 +( T ) H1l—xD(nx?—1)=0
with a constant n>>1 such that x*+x’?<1 is given by the integral:
(1 dx
0. Tu_\/nchuG;\A/(:ﬁ;x){x(n—x)”‘i:z}“’

where x,==n{min x@}?% x;=n{maxx(@®}? 0<x,<1<x;<n and c=xn—xy)"!
=x(n—x)" N

CoNJECTURE C. The period T as a function of t=(x,—1)/(n—1) and »n is
monotone decreasing with respect to n(>2) for any fixed z(0<z<1).
Here the author thanks heartily Professor Naoto Abe for his cooperation in

the numerical computations by computors.

§1. The fundamental principle to attain the purpose.

Setting T ==£(z, n), we have the formulas

(1.1 082(z, n) A Sl Q= x)W(x, x1)dx
' on  208%/1m oy x(n—x)Vx(n—x)*"1—¢

{(Lemma 3.1 in (II)) and
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0Q(z, n) N Sl (I=x)Vx(n—x)"'—cV(x, x)dx
on  2b*n/m Jx x*(n—x)"

((7.4) and Proposition 3 in (II)), where b=+~B—¢, B=n—1)""' and W(x, x,)
and V(x, x,) are defined as follow :

(1.2)

) . XV/n—x xf . ~
(L.3) Wix, x1):= Gr—1y {A(X)" A(x)}
XvVn—=XfuX) xyn=%fo(x)]f n  (x—1)¢ i
[ X1y o1 Hn 1 xiin—xy —AEHA}
[ Xzfl(X> ] x*fi(x) }Q({L@j;}
I—=X»vn—X (1—x)P\ri—=x ng(xy
and
_ x®N(x, xl) _X“V(X ;\1)
a4 Vo 2= 0y T (X D
where
(1.5) folz) :=@n—1—2z)B—(n—2z)" {n—z+{n—1)z%,
(1.6) fig):=@dn—1—0C2n+Dz} B—(n—z)* {n-+2n—1z—(n+1)z% ,
1.7 Fl2):=— {2n+1)z>—2@2n%+5n—4)z+16n2—16n--3)} B
+(n—2)""H—(n—1D2+2n*—Tn+8)z22+(n—3)dn—1)z+3n2n--1)} .
(1.8) A(z) :=log (n42)+gz—i— , @) i=zin—2)"1,
_ n (z—1? —1
(1.9 i(z): 2(2)—724‘1— FrEsa log(n—z)+- (n Ds
(1.10) Nz, x1) :=(n—2)Fy(2)s {A(2)—A(x )} +3(z—1)*f o(2)

—2n(z—12{B—z(n—2z)""1},

and X=X,(x), 0<x <1< X<n, defined by (x)=¢(X).
Now taking a constant b (1<b=<2), if we can prove that

Vix, X(x))=0 for 0<x=ZX"1(b),
and

Vix, b)>0 for X '(h)=x<1,
then we have

Vix, x1)>0 for b=Zx.<n,

since V(x, x,) is increasing with respect to x; for 0<x<1 by Lemma 8.1 in (III),
and hence we obtain



328 TOMINOSUKE OTSUKI

02(z, n)
on <

by means of (1.2). Furthermore, if we can prove that

0 for b=Zx,<n

Wix, x,)>0 for X '(h)=x<l, X(x)<x,Zbh,

then we obtain
082z, n)
on

by means of (1.1). We shall take a suitable value b for each n(9.7=<n=16) and
show that this principle is appropriate for our purpose.

<0 for 1<x,<bh

§2. Introduction of an auxiliary function H(x).
First of all we notice that when n=6 we have
(2.1) Vix, x,)>0 for 0<x=Zay(n)=X"12), Xx)=x,<n

(Lemma 2.5 and Lemma 3.1 in V) or Lemma 11.1 in (V)). By 8.1), (8.2) and
8.3) in (III) V(x, X(x)) can be represented as

Vi(x, X(x)=U(x)—Us(x)+Us(x)+Ux)+Us(x)—Us(x),

where
Ut = EEE R 00— AHGON
U= e U
Usla) = (n~l)?xxf;()fi/h:k

and

Ux) :=Un(X(x)), Us(x):=Us(X(x)), Ug(x):=Us(X(x))

and Uy(x), 7=0,1,2,4,5,6, are all positive by Lemma 2.1 and Proposition 1 in (II)
and Lemma 7.1 in (IIl). Furthermore, when n>2 we have

(2.2) —U(x)+Us(x)+U (x)+Us(x)—Uylx)

S nX
(n—D(X—-1*Vn—X

by Lemma 2.5 in (IV), where X=X(x) and
Go(x) :=Fo(x)—2(n—Dx(x—D{B—¢(x)} {I—v(x)},

{Go(X)+3X—=D) fo(X)} for 0<x<1



A CERTAIN PROPERTY OF GEODESICS 329

Yoo VB=Dfn—apmorr
wx T {B—(n—x)* P VaB—(n—x)"t

By Lemma 3.1 in (IV), Gy(x)+3(x—1)f(x)>0 for 2=x<n, when n=6, which
implies (2.1). We have

Go(x)+3(x—1) fo(x)
=2(n—1)x(x—D{B—¢(x)} v(x)
—=2(n—Dx(x—D{B—¢(x)} +Fo(x)+3(x—1) fo(x)
_ 2n=D(x—1*n—x)****{B—x(n—x)""} vB

x{B—(n—x)""}*v/nB—(n—x)""
+ {F(x)+3(x =D fo(x)—2(n—Dx(x —1) B+2(n—Dx*(x - D(n—x)" "}

and by (1.5) and (1.7)
F(x)+3(x—D fox)—2(n—Dx(x—1)B4+2(n—Dx*x—1)(n—x)""!
=—{@2n+Dx*—2@2n*+5n—4)x+16n*—16n--3} B
+(n—x)" " H{—=(n—Dx*4-2n*—Tn+8)x*+(n—3)(dn—x+3n2n—1)}
+3(x—=1)@n—1—x)B—3(n—x)" x—1) {n—x-+(n—1)x%
—2(n—Dx(x—1)B+2(n—1x*(x—D(n—x)"*
=2(n—x){2n+1)x—@Bn—5)} B+2(n—x)"{(n—1)x*+(2n—5)x+3n},
hence

_ 2n—D(x—1*(n—x)** " {B—x(n—x)""} B

(23> G2(x)+3(x—‘1)f0(x)— x {B“(?’L—:;C)nnl} Z‘VhVB’:‘(;L_x‘:)ﬁd
+2(n—x){2n+1)x—8n—5)} B-+2(n—x)*{{(n—1)x*+2n—5)x+3n} .
Thus, we obtain the following inequality : when n>2

2.9 —Ui(x)+U(x)+U (x)+Us(x)—U,(x)

2n(n—X)*"D (B—X(n—X)"}vVB | 2nXvVa-XB
{B—(n— X" "VnB—(n— X" " (a—D(X—1)*

for 0<x <1, where X=X(x) and

H(X)

n—x

n—1 )n_1 {(n—Dx*+@n—=5)x-+3n} — 8n—5—2n+1)x} .

@5  Hx) ::(
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§3. Certain properties of H(x).

LeMMA 3.1, When n=4, H(x) is increasing for 2n+10 <x<n.
2n+1
Proof. From (2.5) we obtain
ey ((ETE N 1y e —
H(x=—(2=7)"" =D+ @n—5)x+3n}

HE=) =D +2n—5) 2041

:—<:f:f—>nvz{(n+1)xz— ?i’_ll x+ 'n;n_lez)}jLanLl,
i.e.
3.1) H=— L (5 (- Dxt-3nxbaln 42} H2n 1,
from which we obtain
(n—1)H"(x)= %"_%( S " Dat—3nx-tn(n+2)}

~(»"ﬁi " 2 -1)x—3n)

n—1
xR 2_73n(n—2)x n{n®—4)
~(2=) 2 e R L B
. 3n(n—x)
—2n-+Dx(n—x)+ 2
i.e.
iy T (BTN _
3.2) H'(x)= (1) =D+ Dx— (n+4))
From (2.5), (3.1) and (3.2) we have easily
H)=H1)=H"(1)=0
and
2n+10 nt4  3(n+2) <0
2n+1 a+l (n+1)(@2n+1) ’
From (3.2) we see easily that H’(x) is increasing for Z% =x<n. Hence we have
oy (2110 2n-+10
(3.3) H(x)>H<2n+l ) for Sl -
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From (3.1) we have

H 2"+10>> o /?,’?:ﬁ:“?)" gk A =D(n+5)"
2n+1 n—1\2nt—n—1 (2n--1)*
_ bn(n+5)

o +n(n+2)}+2n+1

L (Zen 0y O 30610
o\ 2ntn—1 (n—D@n-+1)

201

hence the condition :

H(Zn -+10

2n+1 >>0

is equivalent to

(34) 8n*+40n*+39n*—68n—100 ( 2n:—n—1 )n—z

(n—D2n+1)°* 2nt—n—10

This inequality will be guaranteed by the next lemma. Assuming (3.4), we

2n+10

obtain H'(x)>0 for x> ontl and hence this lemma.

LEMMA 3.2. The wnequality (3.4) holds for n=4.

Proof. Since we have for n=4
4860

the left hand side of (3.4)=— 3.0 =2.222 -,
the right hand side of (3.4)= (?;) %:2‘25,

the inequality (3.4) holds at n=4. Then, we shall show that it is also true for
sufficiently large n. In fact, setting n=1/t, we have

8n*4-40n24-39n°—68n—100  8--407439:2—68t°—100¢*

(n—1)@n+1y - A—n@+°
(1+5t+—t—%z* 225 PHLA Lt )
x(1- t+—t2—~—t“r~ig—t‘ ------ )

:(1+6z+§g~t2+—1§z3m §8£,1_ )
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9 2 9, 63,
=1 gt gt et et

and

( 2nt—n—1 )nnz:exp{ 1—-2t A—-1H2+ ]

20— n—10 ;o8 e

:exp[ 12 {1og (1—1)+1og <1+%)—Iog(1+2t)—log (1—424)}}
=exp [ l_tZt {—t»%t?—%ta—%ﬁ— %ﬁ—

11 1.1 1
i I —_ R *: DU = | 45
R U KRN T

~2t—|—2t2—%t3+4z4—§5%t5+

t+—t g P et gy

125 625 3125 H
64 160

:exp[(l 2t)(—t+ﬁtz+—t3+£(zt4+ )]

16

272 3__&4
4t+9t 16t+

1,80 243 2005 ,
+ 5Tt et )

—exp[ t~—t2+913 225 — ]
9
=it

2
)

- 27, 9, 261,
which imply the above fact.
Now, we suppose that (3.4) does not hold for n>4. Then there exists a

value & (>4) such that
8n‘+40n°+-39n°—68n—100 _( 2n*—n—1 )n-2

@3.5) (n—1)(2n--1)3 “\2n2—n—10
and

d /8n*+-40n°+39n*—68n—100 - d s 2n"—n—1 \n-2
3.6 dn \ (n—1)@2n+1) ): dn \2n2—n—10)
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at n=& By (3.5), (3.6) can be replaced by

d 8nt--40n%+39n2—68n—100 d 2nt—n—1 \n-2
14 - <___ R,
(3.69 dn tog ( (n—D@n+1)7 )= dn 1g(2n2——n—10>
We have
Llo (8n4+40n3+39n2—-68n——100)
dn (n—1)2n+1)°
 32n*+120n*4-78n—68 B 1 6
T 8nt4-40n°+39n2—68n—100 n—1 2n-+1
o 9(8nt-+12n°—45n2—50n1-48)
T (n—D@2n+1)8n*+40n°+39n°—68n— 100)
and
Llo <2n2—n—l >n~2_lo 2nt—n—1
dn B\3r 10 il T T
1 1
F=2)n =1 g —o)
2nt—n—1 In—2)(dn—1)

~log nt—n—10 @Cni—n—12n*—n—10)"’
Therefore (3.6") becomes
1 2nt—n—1 - (n—2)dn—1)

9 08 S 10 B D @n —n—10)

3 8n*+12n*—45n°—50n+48
(n—D)(@n+1)En*+40n*+39n*—68n—100)

Since we have
2nt—n—1=mn—-102n+1), 2nt—n—10=(n-+2)2n—5),

8n4+40n°+39n2—68n—100=(n+2)*(8n%}-8n—25)
and
(n—2)(dn—1)(n+2)(8n?+8n—25)—(2n—5)Bnt+12n*—45n2—50n+48)

=16n°+40n*—86n°—196n%+4-86n-+140
=2(n—1)(n-+2)8n®*+12n*—39n—-35),
the above inequality can be written as

3.7 2n2—n—10 o 2nt—n—1 - 8n®+12n2—39n-—35
: 18 8 o n—10 = @n+1)@n*+-8n—25) °

Now, we have
2nt—n—1 9

on—n=10 T Zm—n=10
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and
9 9 1
—— < — e >
Snin10 = aa—d—i0 ~ 3  for n=d.
Setting
9 (for n=4)
Znton—10 " =
we have
2n*—n—10 2n*—n—1 1 \
8 1085 ,qp 2y OB
Lo 1,1, 1., R S I T
e Uty put )Hz gutgw g T

Next, we have for the right hand side of (3.7)
8n°+12n*—~39n—35 _ 8n’-12n*—39n—35
@2n+1)8n+8n—25)  16n3+-24n*—42n—25

1 9(4n+5)

T2 2@2n+1)(8n*+8n—25)
From these expressions, we see that (3.7) can be replaced by
1 1 1 - 9(4n-+>b)

a2 a8 .. [

LT T T T S e D R 8 —25)
and divided the both sides by u

1 1, L. . (DCn—50ni5)

i 54T 3@n1-1)Bn*+-8n—25)
i.e.

11, 1., 1 (n+-2@n—54n+s)

PR T 4 2@nF1N8n*+8n—2b)

_ 3(4n*4-16n425)
T 4@2n+1)(@8n*+8n—25)

In conclusion, (3.7) can be replaced

101 1, 1 . (n+2)@n—5)@n*+16n+25)
©.8) 6 80 12 T E T 2@ )@nE 1 8n—25)
9
where u= o —10° (3.8) must hold at n==&.

We show in the following that the riget hand side of (3.8) is greater than
1/6 when n=4. In fact, we have

(n+2)(2n—5)(dn%4-16n+25) 1 8n'—4n*—54n*—101n—200

T12@n+1D)(8Bn*+8n—25) 6 122n+1)(8n*+8n—25)

>0,
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because
8n*—4n®*—54n*—101n—200
=>(8-4*—4.4—54)n*—101n—200=58n2—101n—200>0 for nz=4,

On the other hand it is clear that the left hand side of (3.8) is less than 1/6.
Thus, we obtain a contradiction. We conclude the proof of this lemma.
Q.E.D.

§4. Certain properties of constants 0, .
From the argument of the proof of Lemma 3.1 and
Hn)=n—-1)(2n-5), H(ny=2n--1,

there exists a uniquely determined constant b=b, for each n>5/2 by the condi-
tion :

4.1) Hb)=0 and 1<b<n
and we have the following

2n410 -
LEmMma 4.1, b,> Tl Jor n=4.

Proof. By means of Lemma 3.1 it is sufficient to prove the inequality
(4.2)

Since we have from (2.5)

i) end) ey

the above condition is equivalent to

7(n+2)(8n2+8n~‘25) (2n3~—n~1 )71-1

(Zn-+1)°2n—5) 2n*—n—10
or
A(?,l +2)2(8n2+8772;_25> <7glil727.—7**77717:1m>n ~2
(n—1(@2n+1)° 2n*—n-—10

Since (n+2)%8n*+-8n—25)=8n*+40n*+-39n*—681—100, the above inequality coin-
cides with (3.4). Therefore (4.2) holds for n=>=4. Q.E.D.

Here, we show the approximate values of b, for the values of n as shown
in Table 1 below such that

Dy < by <D =Dl 10"

which are computed by (4.1) by means of a micro computor.
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Table 1
n b, j 2m+10/2n+1) n | b, 2n+10/2n+1|
4 . 22679 | 2.0000 9.5 |  1.5998 1. 4500
- 2.0651 1.8182 10 | 1.5716 1.4286 |
5.3 | 20144 . L7759 | 11 . 15223 13013 |
54 | 19985 | 17627 | 12 |  1.4808 1.3600 |
Lol7 | 16923 |13 L4483 1.3333
7 1.7949 | 1.6000 I 14 © 1.4147 1.3103
8 1.7038 1.5294 15 | 1.3880 1. 2903
9 | L6310 | L4787 | 16 , 1.3645 | 12727
23
LEMMA 4.2, bn<2.3:—16~ for nz=4.
.. 23 . .
Proof. By Lemma 3.1 the condition bn<ﬁ is equivalent to
10n—23\»-1 1289n—1679
@.3) (Gon10) " 3gn—rg>10-

We show that the left hand side of (4.3) is increasing for n=4. In fact we have

'&%1 {(10n—23>n-1.1289n~—1679}

10n—10 34n—73
—1o 10n—23 v 13 . 37011
=108 10(n—1) 10n—23 (1289n—1679)(34n—73) ’

‘which tends to 0 as n—oo and

d 10n—23\~-1 1289n—1679
ant {<1oz—1o> 1'1342—73 }‘

13 130 37011(87652n —151183)
(n—1)(10n—23)  (10n—23)* ' (1289n—1679)%34n—73)°
~—169] 1 _ 219(87652n—151183) |
- (n—1)(10n—23)* ~ (1289n—1679)*34n—~73)°
_ 1697 (n)

7 (n—1)(10n—23)*(1289n—1679)*(34n—73)* ’

where
U(n) :=(1289n-1679)%(34n—73)2—219(n—1)(10n—23)%(89652n — 151183) .
Since we have

(12897 —1679)%(34n—73)*=(43826n°—151183n 4 122567)*
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=1920718276n4—132514923161°--33599542173n?

— 370600935221 415022669489
and
(n—1)(10n—23)*(89652n—151183)

=8765200n*—64203420n°+1713503081°— 1958878951 - 79975807 ,

we can write ¥'(n) as follows

U (n)=11394767*4-809056664n°— 39261752791 4-5839355483n — 2492032244 .
IPurthermore since we have
%(1139476n3+809056664n -—3926175279n)
=3418428n°4-16181133281n —3926175279

= 10%(3n*--1600n—4000) =103 - 4*4-1600 -4 —4000)
=10°-2448>0  for n=4

and hence
11394767° 4809056664 n>—3926175279n 5839355483
= 1139476 -4°--809056664 - 4°— 3926175279 - 445839355483
=3152487455  for n=4,
we obtain

¥(n)=3152487455n—2492032244>0  for n=4.

Thus we obtain the inequality
d {(1071—1@)%1 12891 —1679

>0 for =4,

dn 2 W\10n—10 34n—73
On the other hand we have
G S, ) P o
- n—73 ln=r \30 21 567000
hence we obtain finally (4.3)
G2y 20510 for 24, QED.

LEMMA 4.3. b, is monotone decreasing with respect to n(=4).

Proof. Suppose n=4. For 1<b<n the condition b,<b is equivalent to
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4.4) >1.

<__n_——b>”*1 - (0*+2b+-3)n—b(b--5)
2(4—b)n—(b-+5)

n—1
If the left hand side of (4.4) is monotone increasing with respect to n for 1<b
<2.3, considering the fact

PrERE <b, <%  for nz=4,

then we see that
b, =b implies b,<b for n>n,

np=
and hence
b0 <lby, .

First of all, we have

5 n—byr-1  (b*+2b+3)n—b(b-+5)
B0 108 ‘K?f:f) C @ n—(b-+5) }
—log n—b . b—1 o—-0)b+5)

which tends to 0 as n—co and

&byt (0t 204-3)n—b(b+5) |
e log [(71—1> SA—byn—(h15)
N Gt M
T (n—=D(n—-b)*

e v sy AOPF2D43)A—D)n— (b4-5) (b 10b+-3)
S e S B b(h-+5)) 2By — (b L5}

. (b—1)*-(39) o
(n—1)(n—b)*{{(b*4-2b--3)n—b(b--5)} * {2(4—b)n—(b+5)} *

where
()= {(6"+2b-=-3)n—b(b+5)} * {2(d—b)n—(b+5)}*
—3(b--B)(n—D(n—b* {4(b*+2b-F3)d—b)n—(b-+5)—b*+10b-+3)}
=(b—1) 4@d—b)(0*+20+3)(—b*+b+)n!
A (b-+SH—4b*-+206°--50—120—45)n* — 3b(b+5)(4—b)(3b*+8b-+1)n*
4-b{b 54— b)(13b>+-320+15)n—4b*(b1-5)*(4 —b)} .

In the following, we shall show the polynomial of n:@y(n):=()/(b—1) 18
positive for n=4. Second, noticing the positive root of the equation: "x>—x—3
=0 is

_ VIS e 28
2 ' “ 10
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we show that
__};b—;~:”>)(~4b‘+20b3~ij502——12@:@1<4 for 1
8(4—b)(b*-+-2b+-3)(—b*+b-+3) :

which is equivalent to

_23

b
107

4.5)

32(4—D)(b"+2b-+3)(—b* +-b4-3)+ (b-+-5)(—4b* - 20h"— 5h* —12h--45)
=286°—96b' —87b°—19b*+-7595--927 >0,
Since we have
T(ilb— (280°—96b'—87H° —19b*--759h)
==140b'—3841°—261H°—38b--758
and

;“b (28b° —96h'—87b*—19b* 1-750h,

=5600°—1152b*—522b—38= —209.20—38-20 ,

1406*—384bh° —26156°—38b--759 is decreasing with respect to b in the interval
1=b=2.3 and it becomes 216 at b=1 and —1463.444 at H==2.3. Therefore, 28bH°
—96b*—87h°—19b2-+759b--927 is greater than the minimum of its values at b=1
and 2.3 in this interval 1<b<2.3. In fact this polynomial of » becomes 1512 at
b==1 and 629.36344 at »b=2.3. Thus we have proved (4.5

Next, using the fact (4.4) we see that

44— b)Y+ 20 =3 — b2+ b--3)n -+ (b--5)(—b*-+-206" — 507 —120—45)n
—3b(b--5)4—b)(3b*+8b+1) = 64(4—b)(b*+2b--3)-- b*+-b—-3)
~-4(b+5)(—4b* 205 +-5b*—12b—45)—3b(b-+-5)(4-—b(3b*-*-8b-1-1)
=57b"—159b*—117b°—489hH*--1248p+1404  for »nd
and hence
(4.6) Dy(1)=(57b°—1596'—117H°—489b*- 1248b-- 1404 n*
~b(b-+5)(4—b)(13b*+32b-+15)n ~4b*(h--5)*(4—b)

for n=4 and 1-h<2.3.
Since we have

A§5~(57b"— 159b*—117H°—4895H°--1248b)

=285bh' —636b°—3510%—978b-+1248
<—306.150°>—978p+1248<—36.15  for 1-<1b<<2.3.
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576°—159h1—117H°—489h%+1248b+-1404 is decreasing in 1<b<2.3 and hence we
obtain

4.7y 57b*—159b'— 1176 —489b%-+1248b+1404 =20.46267 for 1<b=2.1
and
(4.8) 576°—159b*—117b*—489h2+ 12485+ 1404 < —250.07616 for 2.2=b<2.3.

In the following, we shall divide our argument into two cases. First, we
restrict the interval of 6 on 1<b=2.1. Then, we have from (4.6) and 4.7)

Dy(n) > 2002+ b(b-+5)(4—b)(13b*432b+15)n —4b*(b+5)2(4—b)
=20n2+b(b=-5)(4—b) {(136°4-32b+15)n —4b(b-1-5)}
=20n°--b(b--5)(4—b) {4(13b°4-32b4-15)—4b(b+-5)}
=207>-+-12b(b-+5)(4—b)(40*+95+5)>0  for nz=4 and 1<b=2.1.

Therefore, the left hand side of (4.4) is monotone increasing with respect to
n(=4) for 1<b=2.1.

Next, we consider the case 2.1=b<2.3. Taking the first four terms re-
garding n of @,(n). we have

3
on
—3b(b--5)(4—b)(3b*+-8b+1)n}
=12(4—b)(b*--2b-+3)(—b*+b+3)n*+-2(b+-5)(—4b*-+-206°+5b*— 12b—45)n
—3b(b+-5)(4—b)(3b°+-8b+1)
2192(4—b)(b*+2b--3)(— b2+ b+ 3)+-8(b+5)(—4b*+206°+5b*— 12b—45)
—3b(b-+5)(4—b)(3b*+8b-+-1)
=3(b— 4676 —87H°—87b*—5716—576)—8(4b°— 105b°* — 13H°+ 1056 +-225)

{4d—b)(b*=2b+-3)(—b*+-b+3)n®+(b+-5)(—4b*4-20b*+-5b°—120—45)n®

==169b° —543b' —465b° — 5655 -4284b-1-5112
= —860.01b"—565h"-4284b-5112> —1564.9529b+5112>0
for nz4 and 2.1=<b<2.3,
by (4.5) and 543/(2:<169)=1.606 --- <2.1. Hence, we see that
441?203 (— b+ b+3)n®4-(b+-5)(—4b*-20b%+-5b*— 12b—45)n*
—3b(b--5)(4—b)(36*+8b+1)n

is increasing with respect to n (=4), when 2.1<6<2.3. Now, we have
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AA—b)(b*H2b+3)(—b*+b+3) - 4* 4 (b+5)(—4b*4-200°+-5b*— 12b—45) - 4*
—3b(b+5)(4—b)(3b*+8b-+1)-4-+b(b+5)(4—b)(13b%-+32b-15)

==256(b"—3b*—6b*—b*+-27b-+-36)— 16(4b°— 1050° — 13b*-- 1055 225)
+12(36°+ 11b*—51h* —159h*—20b) — 1365 —45b* +213b°+ 6255+ 3000

=215h°—681b*—255b*— 13315452925 +5616

= —-736.95b°—133152+5292b+5616 > —1667.7655b+5616 > 1780.13935

for 2.1=H<2.3
and hence we obtain

@,(n)=(215b°—681b" —255b° — 13315--529261-5616) n —4b*(b-+5)*(4—b)
>1780n—4b*(b+5)*(4—b) > 4(1780—3%-8-2)=1256>0.

Thus, we have proved that the left hand side of (4.4) is also monotone increas-
ing with respect to n(=4) for 2.1=b<2.3. Q.E.D.

Remark. From Lemma 3.1 and the properties of b, stated in this section
we can obtain immediately a more sharp result than Lemma 3.1 in (IV) as follows.

LEMMA 4.3, When nz=4, Gy(x)+3(x—1) fo(x) s posttwe for b,=x<n.
Especially when n=5.4, it is so for 2= x<n.

This lemma implies by means of (2.4) that when n=4 we have

4.9 Vi, Xu(x)>0  for 0<x=X5(D,).

§5. Evaluation of V(x, b).

From (1.4)~(1.10) we obtain

6.1 Vix xl):xzx/sz(X){l(X)—i(Q}, 3 folw) 2nx*{B—¢(x)}

(1—x)° (x—12/n—x  (—x):/n—x
N X2V =X Fy(X) IAX)— 1(x ) 3X2fo(X) 2n X2 {B—(X)}
(X—1)° (X—1*/n—X (X—Dn—X ~’

where X=X, (x), 0<x<1 and X, (x)=x,<n (§11 in (V)). Taking a constant
b(1<b<n), we obtain from (2.4) and (5.1)

2N —=xFy(x) X:Vn—XFyX)

6.2 Vix, H=V(x, Xa(x)+

and
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271(77—)&)”” Y{B—X(n— X)” 1}\/B
{B—(n—X)"} 2/ n B—(n—X)"-1

L 2nBXVn—XHX) | [(2/n=xFx) | XVn—=XF(X)\ 5 )
i o Rt S T s e R0 )

for XFlb)=x<1,

(5.3) Vix, b)y>U(x)-+

whose terms in the right hand side except the third one are all positive. Look-
ing at the right hand side of (5.3), we see that if we can prove the following
inequality :

2nBX«/n XH(X) X:/n— XPZ(X) .

6.4) =1 (X—1) - TR {1(X)—Ab)} =0

for 1<X=bh,

then we can obtain V(x, 5)>0 for X;'(h)=x<1.
We proved the following fact in §5 of (IV) (Proposition 3).

LEMMA 5.1. When n=13, we have

Gz(X){“g(Xv———l)fo(X)>0 f07’ Z’ni_}_llg <X<n

This lemma implies immediately by (2.2) the following

LEMMA 5.2. When n=13, we have
Vix, x)>0 for 0<x=Za,(n), X,(x)=x,<n,

2n+10
107 = gy S S
where an)=X; (2n+l )
In another coming paper [16], the present author proved that the fact in
Lemma 5.2 is also true when 9.7=<n=<13, which is derived from

PROPOSITION 1. When 9.7<n=<13, we have

2nBH(X) | XFy(X) 2n+10
RO g S by
- X—1)* {2(X)—(ba)} > Jor il
In fact, the proof of this proposition is complicated and too long to describe
in this paper. So, the present author separated it from this paper, which was
given by means of the argument using micro computors.
In the following, we shall evaluate V(x, b) for ay(n)<x<1.

=XZh,.

LEMMA 5.3. When n=4 and 1<b<2.3, we have

{n--(n—1b} (b—x)(x+b—2)

Ax)—Ab)> - D=ty for 1<x<b.
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Proof. Since we get from (1.9)

) e (x—=1) {n-+(n--Dx}
oY (n—Dx¥n—x) ’

we obtain
. 1 (t—=Di{n+(n—Dit}d
eI
#x)=a(b) )‘I*l&r Z(nmt)
Since we have
d n»~(n- )t__g__ 1 . g are 1y
Jr iz(n*t) F ity 2nti-nn —4Ht—2(n—1)t%

and
2nitnn—4t—2n—D=2 {(n>—(n—1)t% .

n 4

s Mk 7*2.3094 e 2.3 fO 24,
VIR g rors
the function ]ZT<(n ;)2»- is decreasing with respect to ¢ for 0<¢t<2.3. Therefore
we obtain
n+(n—10

A —ib)y> Sb (t—1)dt

(n—Db*n—b) e

L ont=Db - .
T 20%n—1D(n—b) (b= x)(b-t-x--2) for 1<x<b Q.E.D.

LEMMA 5.4. When n=4, we have

X1y for l<x= 2T

H(X)>— i

2(n—1)
Proof. Regarding (3.2), we obtain easily
d’[( R {(nﬁvl)xa(n ?~4)}]:*- 7*1"-'—2( n'—x’)nﬂ {(n+1)x—2(n--3)}

dx {\n—1 n—1\n—1
and
2(n+3)  2n+10  2(n*+n—2)
n-+1 on-+1  (n+D2n+1)
Hence (jzj‘—)n‘g {(n+Dx—(n-+-4)} is increasing for 1<x=< gn_—tlg and so we
n—1 ‘ = 2n+1

obtain there

(I8 i Da (43} >3

n—1

Thus we obtain
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Y _3n 2n-+10
H'(X)> n~1<X 1 for 1< X< IR
Using H(1)=H’(1)=0 and integrating both sides of the above inequality, we obtain
this lemma. Q.E.D.

LEMMA 5.5, When n=4, we have

n(8n°—24n°—18n-+61)8n' —4n*—32n—5)(2n*—n—10)""*

96(n—1)°2n 1) (X1

Fo(X)>

2n-+10
2n+1 °

for 1<X=<

Proof. This inequality is equivalent to (7.8) in (IV), which is proved under
the condition n=10 in Lemma 7.2 but this part is available for n>4.
Q.E.D.

LEMMA 5.6, When n=4, we have

2nBXVn—XH(X) | X*n—XFyX)
n—1(X—1® " (X—1)

n*B_ {(n—1bp+n} {(2n+1)b—2n—4} {2n+1)b—2n4-2}

{A(X)— b

>

(n—1?¢ b*(n—b)
N 2n-+4
. ) = < A
Lin, b)-Xvn—X  for 1<X= PR
where
- . (2n*—n—10\=-1 (8n°—24n°—18n+61)8n’—4n*—32n—5)
(65 L, b= (2n R ) 288n(n—1)2n—5)2n L 1)
- b*n—b)
{(n—1)b+n} {(2n +1)b— 2n—|—2} {(2n+1)b—2n—4}
271-}—10

Proof. From Lemma 5.3~5.5 we obtain

2nBXVn—XHX) | X*Vn—XF(X)
(n—D(X—1 (X—1y

Xv/n=X {n+(n—Db} (b— X)(X+b—2)
>_(n )X‘/ —X Ty hn—1in—b)

n(8n3——24n2—}§7ﬁ—61)(8n —4n?*—32n— 5)(27nw—7—n 10)"*
96(n—1)2(2n+1)"
. X—X)X+b—2) n+(n—1)b

T X X[ =

{2(X0)— (b))

(5.6)

_ n’B
O
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<2n —n— 10>n 2 (8n —24n 18n+61)(8n3—4n2-—32n—5)]

2n*—n—1 192n(n—1)*2n-+1)*
211-1*10
< J T
for 1<X= i1 "
Now, the function X=X X+b=2) is decreasing with respect to X for

X—1
X>1. In fact, we have
d Xb—X)(X+b—-2) L 2XP—5XP4-4X+b(b—2)

dX X—1 - (X—1)?

and
2X3 -5 X4 X+Hh(b—2)>1+b(b—2)=(b—1)>>0 for X>1.

Thus, we obtain
X(b—X)(X+b—Zl> 2(n+2){2n+1b—2n—4} {Cn+1b—2n-+2}

X—1 = 3@2n--1)2

2n-+4
for 1<X:2 o

Hence we obtain

X(o—-X)X+b—2) n+(m—1)b (211“»—71—10)71—Z
X—1 b¥(n—b) 2n*—n—1

(8n_—24n —18n-+61)(8n°—4n®—32n— 5)
192n(n—1*2n+1)*

2 — n-2 — — — — —
=1 (211 n 12) (n+2)(8n’—24n°—18n-+61)8n’—4n*—32n —5)

T C—— N T S v S

{(n ~Db+n} {2n+1b—2n—4} {(2n-+1)b—2n+-2}

b*(n—b)

A= Dbn} (@ Db—2n—4} {@nDb=2n+2) ) 4
b*(n-—b)

—1+

2n+4
< -
for 1<X= o1
From this inequality and (5.6) we can obtain the desired one. Q.E.D.

In the following we shall show that L(n, b,)>0 for 9.5=n=16.

(8n*—24n°—18n+-61)(8n°—4n*—32n—>5) is increasing for n=4.

LEMMA 5.7. n*(n 1)(2;1 5)(271%1)

Proof. Performing calculation carefully we obtain
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d(8n*—24n*—18n-+61)(8n*—4n*—32n—5)

dn n(n—1DC2n—5)2n+1)
A O
T ni(n—122n—5)2n+-1)"

where
D(n) :=:384n3+1024n7-— 1625671 °-+-286087°-+-28864 . *

—85664 7"+ 255661 2--7930n -+ 1525 .
Since we have

(384171024 n*-~16256n)" ==1152n*-+-2048n — 16256 = 10368 for n=4,

we obtain
384n*1-1024n%— 1625671 - 28608 = 4544 for n=4.

Hence we have

@(n)=4544n"1-28864n"'—85664n"+-2556671>--79301 41525 >0 for nz4,

which implies the claim of this lemma. Q.E.D.
- e W) L deer
LEMMA 5.8. (1= Db--n {@n s Db—9n -2 (@0 1b—2n—4} 15 decreasing
2n+4
with respect to n and b respectively for 4=n and il <b<2.3.

Proof. 1) First we shall prove that the above function of » and b is in-
creasing with respect to n. We obtain

S 2 )
on {(n—Db-+n} {@n-+0b—2n-+2} {2n-+1)b—2n—4}
b*®(n, by

T A(n—Db+4-n}*{2n+-1b—2n-+2}2{2n+ Db—2n—4}* 7

where
@B(n, b) :==32n+1)2n—Db'—22n+1}2n%2n —3)b*

+4@2n°--4n®*—4n--3)b*~4dn(n-+2)2n--1)b—4n*(2n-+1) .

Then we obtain easily

0@4(6%,@ -=12(4n*—1)b*—6(4n*--6n°—4n—3)b*-+-8(2n* —4n*—n-—3)b
+4(2n*+5n%+2n)
and
a*®@(n, b)

bt =36(4n°—1)b*—12(4n*+-6n°—4n—3)b-+8(2n*—4n*—4n-—3),
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from which we have
2 !
aQEn)’b) i = 32074004160 — 24 == —8(n—1)*(dn--3) <0
ab“ =1
and
oD(n, b) | e
T \}H— 180,
G(D(n, b) \ =:-~100.5617-:-339.9761°-L61.3611— 105,984
n-4d

al) |v=2.3 N
< —187.6961--105.984 <0 for

These imply that
0@(11, b <0 for 4=<n and 1<H<23.
ob
Since we have @(n, 1)=—9<0, we obtain
@(n, b)<0 for 4=<n and 1<bh<2.3,
which implies the first statement.
2) Next, we obtain
R i (il B
ob {(n—Db+n} {2n--1)b—2n-2} {2n+1)b—2n—4}

{(n—Db+n} H{Zn b 2024 {(2n - Db—2n— 4}’

where
U(n, b) = —@n-+-12(n*—-2n--2)b*--42n°-4dn*+7n—4)b*

—2n(2n*-+-100*-13n—16)b ~8n*(n--1)(n-i-2)

Then, we obtain
5 ) =—3dnt—4n® -0t 6n-=2)0-8@2nt -4t Th —4)b
~2@2n'+-10n%-~13n*—16n).

11(211:‘%-4712+7n~4)ﬁ 1

Since we have
S0 A wGn 22

for n=3,

12n*—20n°—13n*-10n--22>0

we see that
oW(n, b) _ 0¥(n, b) | _ g iineiog ag g
b < b ot 16nt-8nt-+-3n 700 —38<0 for n:3
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Hence @(n, b) is decreasing with respect to b for 1<b, when n=3. Now, since
we have
¥Uin, )=—27n%+54n—18=—9(3n2—6n+2)<0 for n=3,

we obtain
¥n, b)<0 for b>1 and n=3,
which implies the second statement. Q.E.D.
2n2—n—10\r-1 |
mma 5.9, (S =3.
LEMMA 5.9 <2n2—n—1 > is increasing for n=3

Proof. We have

d <2n2—n~10>n-1

dn \2nt—n—1
_/2n*—n—10 no1 9(4n—1) _ 2nt—n—1
~(2n2—n~1 > l@2n+1)2n*—n—10) log 2712—71—10}’
and
; 9(dn—1) o 2=l
— {’(énﬂxznz—n—w) log 2n2—n—10}_0'
Then, we have
— 2y
| 9dn—1) —log Z”Ll}
dn \@2n+1)2n*—n—10) 2n2—n—10

_ 9(—=32n*+12n*—61) 94n—1) 7
T @2n+1M2nP—n—10 ' 2n*—n—1)2n*—n—10)

_ 9(16n*—40n*4-96n"+80n—71)
(n—=DEZn+D*n+2)*2n—-5)* ’

and
16nt—40n°+96n2+80n—71>0 for n=3.

Hence, we see that
94n—1) 2nt—n—1

@ntEn—n—10) % 2ni w10

is decreasing with respect to n (=3) and so it must be positive for n=3, which
implies the statement of this lemma. Q.E.D.
From Lemmas 5.7~5.9, we obtain immediately the following lemma.

LeEMMA 5.10. The function L(n, b) defined by (5.5) 1s wncreasing with respect
to n and b in the doman of the nb-planz: 4=n, ;ij_——;lf<b<2.3.

PROPOSITION 2. When 9.5=n <16, we have
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2n+4
2n+1"

2nBH(X) . XFy(X)
n—1 (X—1?

AX)—ib)} >0 for 1<X=

Proof. We have

2n-+10
2n+1

by means of Lemma 4.1, Lemma 4.3 and 5,<2.3. Hence, by Lemma 5.6 it is
sufficient to prove that L(n, b,)>0 for 9.5=n=<16. Here, we present the table
of approximately calculated values of b, :b,<b,<bli=b,+10"* for 9.5=n=16
analogous to Table 1.

<b,<2.3 for n=4

Table 2
" b %gi;%9 " b %ﬁ[iﬁ? g b %;i;qq ;
9.5 | 1.5998 | 1.4500 | 11.8 | 1.4886 | 1.3659 | 14.1 | 1.4119 | 1.3082
.6 | .5940 | .4455 9| L4847 | 3620 2 | L4001 | 3061
.7 | .5882 | 4412 | 12.0 | 1.4808 | 1.3600 .3 | .4063 | 3041
.8 | .5826 | .4369 1| .4770 | 3571 A | L4036 | .3020
L9 | L5770 | L4327 2 | 4733 | .3543 5 | .4009 | .3000
10.0 | 1.5716 | 1.4286 3 | .4696 | .3516 .6 | .3983 | .2080
.1 | .5663 | .4245 41 4660 | 34883 7| L3957 | L2961
2| 5610 | .2206 5| L4624 | .3462 8 | .3931 | 2041
3| .5859 | 4167 6 | .4580 | .3435 9 | .3005 | 2922
4 | .5508 | .4128 7 | .4554 | .3409 | 15.0 | 1.3880 ' 1.2903
.5 | .5459 | 4091 .8 | .4520 | .3383 1| .38%5 | .2885
.6 | .5410 | .4054 9 | L4487 | 3358 2 | .3831 | .2866
7 | .5362 | 4019 | 13.0 | 1.4453 | 1.3333 3| .3807 | .2848
.8 | .B315 | .3982 1| .4421 | .3309 4| 3783 | .2830
9 | .5269 | .3%47 2 | .4389 | .3285 51 L3759 | .2813
1.0 | 1.5223 | 1.3913 3 1 .4357 | .3261 6 | .373 | .2795
1| L5179 | 3879 4 | 4326 | 3237 7| sms L2
.2 | .5I35 | .3846 5 | .4295 | .3214 8 | .3690 | .2761
.3 | .5001 | .3816 6 | .4265 | .3191 9 | .3668 | .2744
4 | 5049 | 3782 7 | .4235 | .3169 | 16.0 | 1.3645 | 1.2727
5| L5007 | 8750 8 | .4205 | .3147 1| .3623 | L2711
6 | .4966 | .3719 9 | L4176 | .31%5
7| L4926 3689 | 14.0 | 1.4147 | 1.3103

On the other hand, calculating the values of L(n, x) for the pair (n, x) as
follow, we obtain the result:
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noo X . L{n, x) ‘ Remarks

9. 5 . 1.5805 L 14576/10° . 1.5805<by.s =1.5826
9.8 1 1.5525  6.35827/10° 1.5525 < b14.5==1. 5559
| :

10.3 | 1.5113 | 6.17078/10°  1.5113<b},,=1.5135
1.2 1.4505 ! 2.74328/10°  1.4505<b{s.s=1.4520
12.8 | 1.3713 | 2.76191/10" ' 1.3713=bj,.=1.3713
15.7 | 1.2813 | 3.61775/10° | 1.2813<bj,,=1.3645

This result tells us L(zn, b,)>0 for 9.5=<n=<16 by means of Lemma 5.10.
Q.E.D.
Finally, we state also the following proposition, which can be proved by a
method analogous to the one of Proposition 2 and whose proof will be found in
another coming paper [17] by the same reason as Proposition 1.

PROPOSITION 3. When 9.5=n=<16, we have

2nBH(X) , XFy(X)

2n-+4
n—1 ™ (X—1) =

2ntd 2010
2n+1 7=

{A(X)—Ab)} >0 for SontT

X

By means of Lemma 5.2, Propositions 1~3 and the argument stated in the
beginning of this section, we obtain the following

PROPOSITION 4. When 9.7=n=<16, we have

Vix, b,)>0  for X3lb,)=x<1.

§6. Evaluation of W(x, x;) (I).

We know the following facts on W(x, x,).

LEMMA 3.1 in (II). When n=2, we have

W(x, X(x))>0 and limW(x, x,)=+o0 for 0<x<1.
Ty-n

LeMmMa 3.4 in (III). We have
W, x1)
dxy -
if and only if
F(X)—Fi(x) _ (n—Dxi(n—x,)""
F(X)—F(x) — ntn—1Dx,

where X=X(x) and

(6.1) for O0<x<l, X(x)SEx;<n,
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(n—x)? 3 x—1)f(x) for 0=x<n, x+1
FO(X o—
n@2n—1)/6vn—1 for x==1

and

{(n»—x)*””“(l;x)3f1(x) for O0ZSx<n, x#1
Fix):=
' n(dn-L1)/6(n—1)r+1/2 for x:==1.

By means of Lemma 3.5 in (IIl) the function:

(n—Lxin—x)" ™" on O0=x=n
n+mn—1)x =T

is increasing in 0<x< 8 and decreasing in 3<x<n, where
(6.2) B=Bn:=("2n*=2n+1-1)/(n—1)

And §, is increasing with respect to n, tends to V2 as n—co and 1< 3,

LEMMA 6.1. For a fixed eonstant b(1<b<n), :f we have

then (6.1) holds for X Yb)<x<1 and X(x)<x,Zbh.

6.3)

Proof. Case: B<b. For X'(b)=x=X"'(B), the condition: (6.1) holds for
X(x)<x,=b is equivalent to

FX)=F(x) _ (n—=DX(n—X)"""  (n—DX LX)

F(X)—F(x) = n+(n—1X  nt(n—-DX

and we have
()X _ (n—Db
nt+tn—DX T n+(n—0b "

For X-(B)<x <1, the condition above is equivalent to

FX)—Fox) _ (n—-DBXn—py" _ (n—D
F(X)=F{x) — n--(n—DJ T (n—D3 7

and

(n—Dg _ (Db N
AE(i—DB = ni—np SO
Hence, in this case we obtain immediately the statement.
Case: b=fB. For X '(b)=x<l, the condition- (6.1) holds for X(x)<x,<h 15

equivalent to

Fo(X)—Fy(x) >L =Db¥(n—-b)"  (n—1)b

FO“F(x = at-Do  atin-bp 7V
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and we have ¢(b)<¢(X). Hence, we obtain easily the statement. Q.E.D.
Observing (6.3), we introduce an auxiliary function as follows:

6.4) Golx) ::Fo(x)—n—(n;—_l_)blwgb(x)ﬂ(x) for 0<x<n,

+(

then (6.3) can be written as

(6.5) Gox)=G(X(x))  for X Yb)=x<l.
Gy(x) can be written by (1.5) and (1.6) as

_ 1 (n—1)b
G0 = qyin e | Ol e a0}
and
{n4(n—1)b} (n—x)folx)+(n—Dbx f1(x)
= {n+(n—100} (n—2x) fo(x)+(n—Dbx { fo(x)—2n(x —1)(B—(x)}
=n[{n+n—1b—x} fo(x)—26(n—Dx(x—D{B—¢(x)}],
i.e.

6.6) Golx)—= n+n—0b—x 2b(n—1)x B—g[)(x)]

n
n+(n—10b [Zx-1)3<n—x>"—1/2 folx)— (n—x)*=42 " (x—1)®

Now, we shall calculate carefully the derivative of Gy(x). By (2.7) in (i)
and (4.9) in (I) we have

L[lJr(n—l)b—xF(x)_ 2b(n—x_ B—sb(x)]

dx n—x (n—x)"1%  (x—1)°
— PP +,n+(7’l‘1)b—x - Fy(x)
= (n—x)* X n—x 20x—Dn—x)* 172
b1y, AE@n—Bx  Box(n—x) T | 2bin—Dx
n (n—x)n+ise (x—1)* (n—x)m- 1/
. ZB_(n—X)n_z{(an)xz—}—n}
(x—1)°

D(x)

T2 —D(n—x)rrie

where
O(x) :=2b(n—1)(x —1) fo(x)+ {n+(n—1)b—x} {—Pa(x) B+{n—x)"""Py(x)}
—2b(n—1)(x—1)*{2n+(2n—3)x} {B—x(n—x)""1}
+4b(n—Dx(n—x)}x—1){2B—(n—x)"" ¥ (n—2)x*+n)},

putting Fo(x)== —Py(x)B4(n—x)""'Py(x). Then, @(x) can be written as
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6.7) D(x)=—Lp(x)B+(n—x)""Ly(x),

where

(6.8 Lps(x) :=bn—1[22n+1)x*—(10n—"7)x*—2(2u*+5n—1)x+16n>*—8n+1]
—(@2n+1)x*4(6n2+11n—8)x*—(4n*+26n*—24n—+3)x +n(16n2—16n-43)

and

(6.9) Lps(x) :=bn—1[2x'—@Bn—T)x*4+(2n*—13n+2)x*-{dn>—Tn-+1)x
+nGn—0]+n—1)x*—3n*—8n+8)x*+(2n*—11n2--21n—3)x?
+n(dn*—19n+6)x-+3n22n—1).

Thus, we obtain the formula:

nt(—-bb . . 1
(6.10) —g—‘—cb(x)_ 2<x__1)4(n__x)n+1/2

L= Lu(x)BH(n—x)"""Ly(x)].
LEMMA 6.2. When n=4.2, Ly(x) 1s decreasing with rvespect to x in 0<x=<ph,
assuming b,=b<2.25=9/4.
Proof. We have from (6.8)
Lis(x)=3(2n4+1) {2b(n—1)—1} x* =2 {b(n —1)(10n—-7)—6n"—11n-+8} x
—2b(n—1)2n*+5n—1)—(4n*+-26n"—24n+3) .

Since the coefficient of x? of Lji(x) is positive and L;,(0)<<0, we see that L}, {x)
<0 for 0<x,<b if and only if L},(b)<0. Now, we have

— L}3(b)=—62n?—n—1)6°420n2—28n+17)b2++2(2n—3n*—17n+-9)b
+4nd+26n*—24n-+3.

Since regarding

%%(—L{,g(b)):ﬂ9(2n2—n—1)b2+(20n2~28n+17)b+2n3—3n2—17n+9
we have
i—a—(~L' N po=2n3—30*—17n+9>0
2 ab b3 b=0—" v >
li(—L’ (b)) ] poy =(n—1)(2n%*+n—35)>0
2 ab b3 b=1"" 5

we can say Li(b)<0 if — Lis(b)]p=0.5s==0. Now, we have

— L3(b)) pos.2s=—068.34375(2n%—n—1)+5.0625(20n°*—28n +17)
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—4.5@2n*—=3n2—17Tn+9)+4n*+26n*—24n-—-3
=13n%--22.9375n%--173.90625n -+ 197.90625 == Z{n) ,

on which we can show:

1) for n=4.8, Z(ni=15.51375n+197.90625>0,
i) for 4.2=<n:=£4.8, Z(n)=—40.92375n+197.90625>0.

Hence. we obtain the statement of this lemma. Q.E.D.

Remark. We know that b, <b,<bj=b,+10"* for n=4, 4.1 and 4.2 as follows :
b1 =2.2680, bl ,—=2.2453. by ,=2.2231. Regarding the final argument of the proof
of Lemma 6.2, we can show that

Zn . —43.204375n +197.90625 >0 for 4.15<n=<4.37.
LEMMA 6.3 TWhen nz=4.2, Lyu(x)>0 for 0=x<b, where b, <b<2.25.

Proof. By means of Lemma 6.2, we obtain from (6.8)

Ly Loy(b =220 —n—1b'—(10n>—17n+7)b*—2(2n*--3n*—6n -+ 11bH*
(1607 =240 - 9n—-1)b—(2n-+ 16+ (6n--11n—8)b?
—ldnt - 2607 24n-+3)b-+16n*—16n%+-3n

20207 = n—1)b'—(10n*—15n--8)b°— (4dn*—23n-+10)b*
=120 50n*+33n—4)b--16n*—16n%+ 3n =0 . (b) .
First, noticing b, >1, we have for b,=b=<9/4
@, (h> —{6n*—13n —-10)0>—(4n*—23n-+1)b*+(121n° —50n*+33n —4)b

-=16n"—161"--3n
R f/((in"'-- "l?}ll'flO)‘%*f-(471:;"*23)1";”10)}b2*;-(12?23*~50722 =33n—40

—16n"—16n*+3n,
and hence
4D b 1on® - 5dn?--209n-- 1300 1-4(12n*--50n%--33n —4)b
—416p"—16n"+-3n) .
Noticing 16n°-543*—2091--130>0 and 16n*--16n%+-31>0, we shall show that the

right hand side of the above inequality is positive at $=9/4 when n=7. In fact,
we have

—81{16n"—5417--2091--130)+144(12n"*—50%n>*-+-33n —4) - 64(1617 —161>—3n)
==145607--12598)%-- 21873n—11106=>5031n—11106>0.
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Thus, we see that the statement is true, when n=7.
Next, we consider the case: 4.2<n=<7. By Lemma 4.3 and Table 1, we have

b,=bi=1.7949  for 4=n=7.
Since we see easjly that (10n2—15n--8)/4(2n>—n—1)< 1.3, we obtain
D,(b)> {2@2n*—n—1)bi—(10n*—15n-+8)b, —(4n*--23n--10)} b*
(12n*--50n%*++33n—4)b--16n*—16n*+3n for b,=b=<9/4.
Now, we have

2@2n*—n—1b;,—(10n*—15n-+-8)b, —4n*—23n 1)

= %(2712‘" n—1)— %(10112—4511 +8)—dn*—-23n—10

. %(32;1* L 18n% —37314-305) <0

and hence if the right hand side of the above inequality is positive at 5=9/4,
then we shall obtain @,(b)>0 for 0<6x9/4. In fact, putting »=9/4 and multipl-
ing it by 16 we obtain

162(2n2—n—1)b;—81(10n*—15n+8)b,—81(4n*--23n - 10"
-36(12n°—50n*1-33n—4)--16(161n°—16n°--3n)
=162(2n*—n—1)b;—81(10n>—15n-+8)h,--364n"—20561 "~ 30991 —954 : = pe(n) .
Since we have '

162-(b7)*==521.9098 --- >>521 and 81.-b{=145.3869 --- 1146,
we have
n(n)>5212n*—n—1)—146(10n*-—15n -+8)-+-364n°—2056n>-- 30991 — 954
=364n°—2474n*-4768n —2643=696n —2643 >0 for nz=4.

Thus, we see that the statement is also true, when 4.2=<n:Z7. Q.E.D.
Now, from (6.8) and (6.9) we obtain easily
(6.11) Ly(1)= Ly, (1)=12(b+1)(n—1)".

Therefore we have

(n—X)"‘ILMx)]

e e :::B .
[ ng(x) r=1
Noticing Lemma 6.3 and (6.12), we obtain from (6.8) and (6.9)
d» (;zfx)z‘:lLbL(x) _ (n—x)nE

(6.12)

dx Lu(x)  (Lu(x))?
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XL —=DLy(x)+(n—x) L2} Loa(x)—Lpy(x)-(n—x) Lis(x)]
and
—(n—1 Ly x)~(n—x)Li(x)

=b(n—D[—2{n--3)x*'+Bn*+7n—14)x*-2(n*—n2—16n+1)x*—n(19n—3)x
—2n*]—=(n—D(n+3)x*+B8n*+2n2—12n+16)x*—(Zn'—14n*+42n—3)x?
—3n(n*—12n+2)x —n*2n?+10n—3),
(n—x) L (Y=bn—D[—62n+1)x*+26n°+13n—T)x2—2(8n?*—12n+1)x
—2n(2n*-5n—1)]+3@2n+1)x*—(18n2+25n—16)x2
+(16n°*--48n*—40n+3)x —n(dn*+26n*—24n+-3) .
Therefore, arranging terms carefully we can obtain

A n—=x)" " Ly(x) _ n(n—D(x—=1n—x)"""
di L) (Lo(x)Y Fol),

(6.13)

where
6.1  Pp(xy=bn—1{—4@n+Dx*4-62n*—5n+1)x*—(8n*—78n*-+-57n—5)x*
—(40n*—110n%+23n—D)x+2n(dn®*—36n2+12n—1)}
+2b{—(n—2)2n-+1)x*4-32n*—9n*+5n—2)x*—(4n*—48n*+-73n*
—51n=-4)x*—n(32n*—100n2+91n—11)x +n%8n>—44n®+46n —7)}
—@2n-+Dx*—3@En*+3)x*+n26n*—11n-+30)x?
—3n*8n*—6n+1D)x+4n*@2n?—2n+3).
LeMMA 6.4, When n=6, Py(x) s decreasing tn 0=x=<b, where b,<b=2.
Proof. We get from (6.14)

(6.15) P oy=bn—1){—162n+1)x*+18@2n%*—5n+1)x®
—2(8n*—78n*+-57n —5)x —(40n*—110n*+23n—1)}
=2b{—-4n—2)2n+1)x*+9(2n*—9n>+-5n—2)x*
—2(4n'—48n*+73n?—51ln+4)x —n(32n*—100n2-+91n—11)}
—42n +Dx*—94n2+3)x*4-2n(26n*—11n+30)x
—3n*8n*—6n-+11),

which we denote simply —C,x*+Cox?—Cix—C,, i.e.
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Cy :=4(2n-+1) {46*(n—1)+-2b(n—2)—1}
>4C2n+1D) dn—1)+2(n—2)—1} =12(2n+1)(2n—3) >0,
C, :=18b*(2n*—7n’+4-6n—1)+18b(2n*—9n*+5n—2)—9(4n*+3)
>9{2@2n*—Tn*+6n—1)4-22n*—9n*+5n—2)—4n*-3}
=9(8n*—36n*+22n—9)>0 for nz=4,

C, :=2b%8n*—86n*-+135n*—62n+5)+4b(dn*—48n*+73n*—51n+4)

—2(26n°*—11n*4-30n),

Co :=0%40n"—150n°+133n*—24n+1)+2b(32n* —100n*-+91n°*—11n)

+3@8n*—6n°-+11n2>0 for n=4.
i) Case C,=0. For 0<x<1, we have
P (x)<Cy—Co=—{b*(40n*—186n°+259n*—132n+19)
+2b(32n*—118n*+172n*—56n+18)1+-24n* —18n*+69n°+27} <0

for n=4.
Then, for 1<x=<b we have

Pi(x) < —Cy4-Cob*—C,— Co=18b*(2n* —Tn*+6n—1)
+18b*(2n*—9n*+-5n —2)—b*(56n'—322n°+471n"—164n +22)
—2b(40n* —196n°-1-245n*—125n)—24n*+70n*—55n°+68n -4

<b*{18-4(2n°—7n*+6n—1)-+18-2(2n*—9n*+5n—2)
—56n*4-322n°—471n*+164n—22}
—2b(40n*—196n°+245n>—125n)—24n*+70n*—55n2-+68n-+4

=—b*56n*—538n*+1299n*—776n+166)—2h(40n* —196n°+245n°—125n)

—24n*+-70n*—55n%4-68n 14

=< —[b*(96n*—734n"+1544n*—901n+-166)-+24n*—70n*4-55n°—68n —4]

for n=4 and 1<b=2,
since
40n°—196n2+245n—125=>101n—125>0 for n=4.

Furthermore, we have
b¥(96n*—734n*+1544n>—901n-+166)4-24n'—70n*+55n*—68n—4
>b*144n2—901n +166)+159n>—68n —4 ,
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which is positive for n such that 144n*—901n-+166=0 and for »n such that
1441n°—901n--166<0, i.e.

_ 901++/(901)*—4-144-166
" 2.144

b*(144n*—901n-+166)--159n°—68n —4
=4(144n*—901n 4-166)--159n°*—68n —4
=735n*—3672n-660>0 for n=5.

=6.0669

Hence, we see that P;,(x)<0 for 1<x=bh, when n=5.
iiy Case C,<0. For 0<x=1, we have

Pl(x)<Cy—C—Cy==— {b*56n'—358n*+529n*— 2561 +29)
-+2b(40n'—214n%+318n2—158n 1-26) +24n'—70n3+91n*—60n - 27}
< —{b*(96n'—572n*+-847n*—414n -+55)-24n'—70n°+91n2—60n 427} ,

since
40n'—214n*+318n*—158n 4-262102n°*—158n+26 >0  for n=4,

and 1<p=2. Furthermore, we see that
40*(96n*—572n*+-847n*—414n-4-55)+4(24n ' —70n*+91n*—60n +-27)
= b*(408n' —2358n°+-3479n°—1716n +-247)
Zb*(575n*—1716n-+247)>0.

Hence, we obtain Pj(x)<0 for 0<x=1, when n=4.
Then, for 1<x=b, we have

Pp(x)< —Cy-Cob*—Cib—Co=18b*(2n* —Tn*+6n—1)
—20°8n*—104n*+-216n*—107n +23)—b*(b6n*—342n°1-493n°—244n +28)
—2b(32n*—126n°-+110n*—53n —8)—24n*+18n°—33n2+-8n+4

<L2h*{18(2n*—T7n*+4-6n—1)—8n*+104n*—216n*+ 1071 —23}
—b*{56n'—342n°1-493n"—244n 4-284-32n*—126n°+110n*—53n —8}
—24n'-+-18n%—33n%-+-8n-+4

= —-2b%(8n*—140n°+-342n°—215n+41)—p*(88n*—468n°-603n*—297n +20)
—24n*+-18n*—33n%-+8n-+-4.

Since we have

88n'—468n*+603n*—207n-+-20=139n2—297n+20>0 for nz=4,
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we obtain
8Py (x)<—b"{16(8n*—140n" 1-342n*-—215n +-41)
--4(88n'—468n°-+-603n?--297n+-20)- F 24n*— 18n*+33n*—8n —4}
=—5%(504n*—4130n"+7917n"--4636n -732)
= —b¥(1281n*—4636n-+732)<0  for nz=6.

Hence, we see that P;,(x)<0 for 1<x=b, when n=6.
Thus, we obtain this lemma, collecting the two cases. Q.E.D.

.
LEMMA 6.5. When nz - —5/—77 -8.8874, P,(1)>0 for 1<b=2.

Proof. From (6.14) we obtain

(6.16) Py (1)=8n—1*0b+D{bn*—13n+1)--n*—n-1} .
Hence, Pyy(1)>0 for nzv@f—g@“i —12.9226. Then, for n< 13’%@55, Py1)>0
if and only if
n*—n+1
S U
Therefore, from the condition
n*—n—+1
2 —n*+13n-—-1"
Co . » ‘ 9T e
which is equivalent to n*—9n-+1>0, we obtain n> o =8.8874. Thus we
obtain this lemma. Q.E.D.

§7. Evaluation W(x, x,) (II).

In this section, we shall deal with the fact described in the end of Introduc-
tion of the present paper.

By the argument in §6, especially Lemma 3.4 in (IIl) and Lemma 6.1, it 1s
sufficient to prove (6.5) in order to attain our purpose. Then, assuming 9=7n <16,
we see that from Lemma 6.4 and Lemma 6.5

7.1) P, (x)>0 for 0=<x<1,

where b,<b=2, and hence

4 (n=x)" L (x)
dx Lol <0 for 0=x=t

by (6.13), and so
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Gix)>0 for 0<x<1

by (6.12). Analogously we see that
i) if Py(b)=0, then G;(x)>0 for 1<x<b;
ii) if Pp(0)<0 and (n—b)* Ly (b)/ Lys(b)=B, then Gj(x)>0 for 1<x<b;
iii) if Ppu(b)<0 and (n—0b)""'Ly(b)/ Les(b)< B, then there exists 7 (1<y<b)
such that Gy(x)>0 for 1<x<y and G3(x)<0 for y<x<b.

Considering these facts about G,{(x), we see that if we can prove
(7.2) Gyb)=Gy(1),

then it implies (6.5). This inequality (7.2) is automatically satisfied in the above
Cases i) and ii).
Now, from (6.6), (2.3) in (II) and (4.8) in (II) we obtain
nJr(n -1)b 2b . B—¢(x)

— G =0+ DR0) - e M=

_(b+1)n(2n L bn ni@n—Tb+2n—1}

6v/n—1  +/n—1 64/n—1
Next, we obtain analogously
n4-(n- ’71) 1
n (b) (n__b)n—l/z(b_l):z

X[{(n—=2)b4n} fo(b)—2(n—1)b*b—1){B—b(n—b)*"}1,
in which the expression in the brackets can be written by (1.5) as
{n@2n—1-+2n*=3n-+Db+nb*—2(n—1b%} B
—(n—b" " Pt n(n—=3b+(n*—2n+2)b*+n(n—1b*—2(n—1)b"} .

Therefore the condition (7.2) is equivalent to

(=D H{n@n—1)+4-2n*—3n+1)b+nb*—2(n—1)b°*}
(n—b)""*(h—1)*

n*+n(n— 3)b+(n? —2n+2)b2+n(n Dy Z(n 1)b? +n{(2n—7)b+2n—1}

= (n—b)"*(b—1)* - 6(n—1)2
or
(7.3) <fl,fi> o n*+n(n—3b-+n*—2n+2)b*+n(n—1)b*—2(n—1)b*
n—b n2n—1)+2(n*—3n+1Db+nb*—2(n—1)b*

1\/ y  n{@n—Db+2n—-1} (b—1)* N
n—1 n@n—D+2n*—3n+Db+nb*— 2n—1)b* "

Now, noticing b,<1.6=8/5 for 9.5=n=<16 since b{;=1.5999 (see Table 1)
and Lemma 4.3, we assume 9.5=<7n=16 in the following and set »=1.6 in (7.3).
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Then (7.3) can be written as
(7.4) <§ﬁ\\5>n ’ >__57_8§"W:1§9§2,” +11392
5n—8 5(650%2—2029n -+1424)

5n—8 9n(26n—61)

TN B T5 10(650n2—2029n -+ 1424)

LEMMA 7.1. There exists §,(9<&,<10) such that (7.4) holds for n=&, jand
not for 6=n<§,.

Proof. Since regarding (7.4) we have

(B () ren

(the right hand side)] ,-,= oy +¢ . BLATS ) g66069

5.35813 10-35813
and
Sn—5\n-11 d5\o
(22=g) 1 =(55) 1860669,
. . 420372 . /427 9-199
(the rlght hand Slde)ln:m 5?&734— -+ ZS’ Zm 1859901,

we see that there exists at least one &, such that the equality of (7.4) holds for
n=§&, and 9<§&,<10.

Now, assume that there exist at least two £(>9) such that the equality of
(7.4) hold for n=&. Then, we can find a £(>9) out of them such that at n=§&
d <5n 5>n 1

dn \5n—8

H/\

(7.5) — (the right hand side of (7.4)).

Since we have

d /5n—5\» 5n—5\n-1 5n—5 31
70 an(azs) ~Gams) eegis—simg)
and
7.7 %(the right hand side of (7.4))

9(15977n>—37024n+-22784)
(650n°—2029n +1424)*

9 80340n*—803972n°+-2521173n*— 31826407 -+1389824

7200 ABn—1*G6n—8)- (6501220297 +1424)*

hence (7.5) can be replaced by
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57850 ~16952n 11392 | j5n—8 =~ 9n(26n-—61) .
U5(650n*—2029n--1424) NV 5n—5 ~ 10(650n*—2029n-+1424)
<{~1og 5n—5 3 | 9(15977n*—37024n+22784)
5n—8 ' 5n—8/=  (650n®—2029n +1424)
.9 80340n°—803972n°+-2521173n*—3182640n +1389824
20 /5(n=1)*(5n—8) - (650n2—20297 +1424)*
and multipling the both sides by 10(650n%--2029n+1424)* we obtain
(7.8) (6507127202971-#1424){2(578571‘*’—71695271+11392)
—~5 3
i g”—;s 9n(26n—61)} -{~log g" )

290(15977n*—37024n +-22784)
.9 80340n*—803972n°+2521173n" —318264071*1389824

T2 V/5(n—1)*(5n—8)

On the other hand, we have

1o 5n—5 . 3 - -9
€ 5n-8 " 5n—8 " 25n—8)’
and hence using this inequality we can obtain from (7.8) the following

(6507 —2029n~~_§g2(A45)7<157é385)n —16952n+11392) 1120 e ar0oan 0278

1 { 803407 ‘ —803972n° +2521173n°—3182640n -+ 1389824
\(5n—5)(5n—8) 2(n—1)

 9n(26n—61)(650n°—2029n +1424) |
J .

2(5n—8)
Arranging the terms carefully, this inequality can be written as

1
(5n—8)*
T 1 { 5 4 3
2 g B 158 (2496001°— 36788441 '+ 16758868n
—3385671n°2+31628464n—11118592) .

(7.9 -(234000n-+718965n° - 4497768 153314567 — 1640448)

The ¢ mentioned above satisfies (7.9).
Now, we have

234000n'--718965n° —4497768n°+5331456 1 — 1640448
=2122092n°-53314561n —1640448>0  for n=4
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and

249600n°—3678844n*+-16758868n" — 33853671 n* +-31628464n — 11118592
=3366872n°—33853671n>+31628464n — 11118592
=401620577 —11118592>0  for n=9.

Therefore the left hand side of (7.9) must be negative and the right hand side
positive for n=§&. Thus, we have reached a contradiction. Q.E.D

LEMMA 7.2. Regarding & wn Lemma 7.1, we have 9.2<£,<9.3.

Proof. We have

B

3 R

; ; _ 345076 /38 9x9.2x<178.2
(the right hand side of (7.4))|,-u..= 5377730 N 11 377739
=1.864700
and
5n—5\n-1 _ /4L5 s
(ng) |, =(gg5) =18ouz.
; - _ 354083.05 , /385 939.3x180.8
(the right hand side of (7.4))!, 4.,= sag77o s TNAls 237798
=1.864043 .

These facts and Lemma 7.1 imply 9.2<&,<9.3. Q.E.D.

By means of the argument in the beginning of this section and Lemmas 7.1
and 7.2 we obtain the follwing

PrOPOSITION 5. When 9.5=5n <16, we have
Wix, x)>0 for X;ih,)=<x<1l and X,(x)Zx,<b,.

Combining Proposition 4 and Proposition 5 with Theorem C in (V), we obtam
the main theorem of this paper as follow.

THEOREM C. The period function T as a function of v and n is monotone
decreasing with vespect to n=9.7 for anv fixed w(0<z<1).
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