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ON THE GROWTH OF MEROMORPHIC FUNCTIONS

OF ORDER LESS THAN 1/2, II

BY HIDEHARU UEDA

1. Let f{z) be meromorphic in the plane. We denote the order and lower
order of f(z) by p and μ, respectively. And we set

A nonconstant meromorphic function f{z) of finite order p is further classified
as having maximal, mean, or minimal type according as

lim sup T{r, f)/r?
r->oo

is infinite, positive, or zero, respectively.
Ostrowskii [5] and Edrei [3] proved

THEOREM A. Let f(z) be meromorphic of order p (0^/?<l/2). Suppose there
is a δe(0, 1] such that

(1) cos πp-l+δ>0

and

(2) N(r, oo, f)Sd-δ)T(r, /) + O(log r) (r -> oo).

Then, given ε>0,

(3) logm*(r, / )> .πp (cos ττ i o-l+(5-ε)r(r, /)
sm7Γ|0

6>n an unbounded sequence of r.

From this, we deduce the following result immediately.

COROLLARY 1. Let f{z) be meromorphic of order p (0^ io<l/2). Suppose
δ(°°, /)>1—cos πp. Then, given ε > 0 ,

logm*(r, f )>-?£-- (cos
SΠITΓ/?
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on a sequence of r -* oo.

As is easily shown, we may restate Theorem A in the following manner.

THEOREM A'. Let f[z) be meromorphic of order p (0^p<l/2), and suppose
there is a δe(0, 1] satisfying (1) and (2). Then there exists a positive continuous
function h(χ) (r^O) tending to zero as r —» oo such that

(4) logm*(r, /)> ?p (cos πp-l+δ)(l-h{r))T(r, f)
S1Π 7C p

for certain arbitrarily large values of r.

At this stage we introduce some notations. Let Si be the set consisting of
all functions /z(r)(r^0) which are positive, continuous and tend to zero as r—>oo.
The set S2 is defined to consist of all slowly varying functions which belong
to Sj. A function /z(r)eS2 is further classified as h(r)^Sz or /z(r)eS4 according
as the integral

is finite or not.
In our previous paper [6], we studied the estimate (4).

THEOREM B. ([4, Theorems 1 and 2]) Let f{z) be meromorphic of order
p (0<p<l/2), and suppose there is a de(0, 1] satisfying (1) and (2).

( I ) // f(z) is of mean type, and if h(r) belongs to S4, then the estimate (4)
holds on an unbounded sequence of r.

(Π) // f(z) is of minimal type, then

(5) log m*(r, / ) > -^— (cos πp-l+δ)T(r, /)-O(log r)
SIΏ. 7ϋp

on a sequence of r —> oo. In particular, if the term O(log r) vanishes in (2), so

does in (5).

As corollaries of Theorem B (Π) we have the following two results.

COROLLARY 2. Let f(z) be a meromorphic function of order p (0<p<l/2)
and minimal type. Suppose there ts a <5e(0, 1] satisfying (1) and (2). Then the
estimate (4) with h(r)-—r~λ(0<λ<ρ) holds for certain arbitrarily large values of r.

COROLLARY 3. Let the assumptions on f(z) and δ of Corollary 2 be unchanged.
If h(r) belongs to S3, then the estimate (4) holds on an unbounded sequence of r.

Proof of Corollary 2. Assume first that the lower order μ of f(z) is less
than p. Then as in the proof of Theorem B (Π), we deduce that
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logm*(r, /)>-τ^->-(cos πμ'-l+δ)T{r9 /)-O(logr)
smπμ

for certain arbitrarily large values of r, where μ'>μ. Since the function
(x/sinx)(cos x—1+δ) decreases strictly as I G [ 0 , π/2) increases, we obtain

logm*(r, /)>--^—(cos πp-l+δ)T{r, f)
smπp

on a sequence of r —>co. Hence the conclusion of Corollary 2 is trivially true in
this case. Assume now that μ—p. This condition implies that, for any ε>0,
T(r, f)^rP~ε(r^r0(ε)). Hence O(log r)/T(r, f)=o(r-χ)(r-* oo), where ΛGΞ(0, /?).
Combining this with the estimate (5), we have the desired result.

Proof of Corollary 3. If h(r) belongs to S2, then r£h(r) -» oo (r-> oo) for
each ε>0. This result is due to Karamata [2]. Thus from Corollary 2 we
obtain the conclusion.

2. As supplements of Theorem B, we showed

THEOREM C. ([6, §5 and Remark]) Let /ι(r)eS3 (A(r)eS4) be given. Let p
and δ be numbers with 0< i o<l/2, 1 —cos πp<δ^l. Then there exists a mero-
morphic function f{z) satisfying the following conditions (i)—(iv) ((i)/, (ii), (iii) and
(iv)0.

( i ) f(z) is of order p and mean type.
( i )' f{z) is of order p and minimal type.
(π) 3(oo, f)=δ.
(iii) N(r, oo, f)^a~δ)T(r, /)+O(log r) (r -> oo).

(iv) logm*(r, / )^—^—(cos πρ—l+δ)(l—h(r))T(r, f) for all sufficiently
SlUTCp

large r.

(v) logm*(r, f)£ ^— (cos πp-l+δ)(l + h(r))T(r, f) for all sufficiently
smπp

large r.

In this section we prove the following result.

THEOREM 1. Let Λ(r)eSi be given. Let p and δ be numbers with 0<p<l/2,
1 —cos πp<δ^l. Then there is a meromorphic function f{z) having all the fol-
lowing properties.

( i ) f{z) is of order p and maximal type.
(ii) 3(oo,/)=3.
(iii) N(r, oo, /)g(l-3)Γ(r, /)+O(log r) (r -> oo).

(iv) logm*(r, f)^-^— (cos ^-l+5)(l-/z(r))T(r, /) /or α// sufficiently
sinττ p

large r.
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LEMMA 1. Given h(r)^Sly there is a function Ai(r)eS2 such that
(r^O).

Proof. Put M=maxA(r). We give a positive sequence {r j? such that

(n = l, 2, 3, •••)
and

(r^rn; n = l, 2, •••).

Now we define hλ(r) as follows:

ί M

Λ l ( r ) = M( logr n + 1 - logrJ ( r n < r < r 7 ^ . n = = i 2 •••)
ί 27i"1(log r+log r n + i- log r£) n~~ ~ n^1' y

Clearly hλ(r)^Sλ and Ai(r)^A(r) (r^O). It remains to prove that A:

For this purpose, it is sufficient to show that for every fixed λ>l

(6)

Assume first that rn^r^rn+1/λ. Then

1 ; > h1(λr) _ log r+log r^+i-2 log rn

Ai(r) log λ+log r+log r n + i - 2 log r n

log r π +log rn+1—2 log r n(7) Ξ
lug Λ-hiυg rn-Mυg r n + i—/: lυg rn

+ I ( n _^ oc)
+i/rn) ~ log

Assume next that rn+1/λ<r^rn+1. Then

1 _AiWr)_ _ J ^ 1 O J ^ ^ - 1 O J ^ + ! l o g r+log rn+1-2 log rn

A() ~ 22 log ^+ίog r+log rn+2—21ogrn+i logrn+i—log rn

> 1 logr w + 2 - logr π + 1 2 log r n + 1 - 2 log r π - log λ
= 2 log Λ+log r ^ - l o g r t t + i log r n + i- log rn

= logCr^Wrn+i) }Pβ_^nj^_n}z^SJ^Iλ-+ i ( n _> oo)
log Λ+log (rn+2/rn+1) log (rn+1/rn)

Combining (7) and (8), we obtain (6).

LEMMA 2. Let A(r)e54 be given. Let p and δ be numbers with 0<ρ<l/2,
1—cos πp<δ^l. Then there is a meromorphic function f(z) of order p and
maximal type satisfying the following conditions.
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( i ) δ(oo,f)=δ.
(ii) N(r, oo, f)^(l-

(iii) logm*(r, /)<
s i n TΓ̂ O

, /) + O(logr) (r -> co).

(cos τriθ-l+δ)(l-Λ(r))T(r, /) for all sufficiently

large values of r.

For the construction of such a function f(z), see § 5 in [6].

Proof of Theorem 1. Let Λ(r)εSi be given. If λ(r)£5 3 , our conclusion is
an immediate consequence of Lemma 2. Assume that h(r)&S3. By Lemma 1
there is a function h1(r)^S2 such that /ii(r)^Λ(r)(r^0). If /ii(r)eS4, our con-
clusion follows from Lemma 2. Assume that /zi(r)eS3. In this case, we take
a function /z2(r)e54 arbitrarily, and consider the function /zi(r)+Λ2(r). We easily
see that /zi(r)+/ι2(r)eS4. Hence from Lemma 2 our conclusion follows. This
completes the proof of Theorem 1.

3. The purpose of this section is to give a result similar to Theorem 1 in
the case of p—0.

THEOREM 2. Let h{r) be positive and continuous for r > 0 and, for 0 < r < l ,

1-r
(3.1)

Define ψ(r)(r>0) by

(3.2)

where

(3.3)

Suppose

(3.4)

(3.5)

and, for each λ>0,

(3.6)

Λ ( r ) ~ " llog(l/r) *

/z(r)logr-*0 (r -> oo),

-7--->0 (r->oo)

(r->oo).
Λ(r)

T/ien, // ̂ e(o, 1], ί/ẑ r̂  fs a meromorphic function f(z) of order zero satisfying
the following conditions ( i)—(iii):

( i ) T(r, f)=O(ψ(r)) (r->oo).
(ii) N(r, oo, /)^(l-3)T(r, /)+O(logr) (r-*oo).
(iii) logm*(r, f)^(δ—h(r))T(r, f) for all sufficiently large values of r.
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Remark. An example of a function h(r) satisfying our conditions is

for large values of r.

LEMMA 3. (cf. [2, Example 1]). Define ψλ(r) by (3.3) and let φ2(r)=rφί(r).
If we define g(z) by

log g(z)=

then, for ε>0

**fr, g) . n 2 ) π 2 φ2(r)
rj r- < i — \χ—Δε)——Tf^

log M{χ, g) 2 φ{r)

Proof. By (3.3) and (3.4)

(3.7) **%--> 1 (r-oo)

for each λ>0. Since ψ2(r)=rφi(r) = h(r) logr </>i(r)(r^l), φ2{r) is positive and
continuous for r > l , and for each λ>0 we deduce from (3.7) that

> 1 (r -> oo).

Further, by (3.5), φ2{r) -> co (r -> oo). Thus we may apply the argument in [2,
Example 1] to our φ(r), and have the desired result.

LEMMA 4. Put

and

Then

(3.8) ΛM-HΣ^^r^M (r̂ oo),

Proof.
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π=o V Jo
dt

du .

The inversions in the order of integration and summation are legitimate because

Now, we put

^)Σ
n=o

Then for αe(0, 1),

Hence by a result of Aljanδic, Bojanic and Tomic [1]

\ ψ2(ru)p(u)du^φ2(r)\ p(u)du (r —> oo).
Jo Jo

Thus

The proof of (3.9) is quite similar to the one of (3.8), so we omit the proof.

Proof of Theorem 2. Let a and β be numbers such that l^a>β^O and
δ=l-β/a. Let P(z) = U(l+z/an), Q(z)=Π(l-z/bn)(an, bn>0) be canonical
products satisfying n(r, 0, P) = [_aψ1(r)~], n(r, 0, Q) = Zβφi(r)l, respectively. Then
we shall show that f(z)=P(z)/Q(z) satisfies all the conditions (i)—(iii).

We first assert that

(3.10) logM(r, P)-N(r, 0, P)^2a\fl 7 - ^ ^ +o(l)U2W+log2 (r -> oc).
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Clearly

By (3.8)

- Λ ( z ) ^ Γ - ^ i " dt-\og 2=a {φάr) log 2+/1(r)} -log 2
Jo t + r(3.12)

^a[ψ,{r) log2+ ( JS ^fγ +o(l))^2(r)}-log2 .

Similarly, by (3.9)

Substituting (3.12) and (3.13) into (3.11), we obtain (3.10).
Now,

T(r, mT{r, P)+T{r, Q'^mir, P)+m{r9

^logM(r, P)+logM(r, Q) + O(l)<21ogM(r,

Hence it follows from (3.10) that

T(r, f)<2{N{r, 0, P) + O(ψ2

= O(φ(r)) (r->oo).

Next,

\ d t < [ d th t a h t

<^{N(r, 0, /)+logr} =(l-δ)N(r, 0, /)+O(log r)

<(l-δ)T(r, /)+O(logr).

It remains to show (iii). Using Lemma 3, we deduce that

log m*(r, P)< j l-( l~2ε)y ^ } -} log M(r, P) (r^r.(ε)).

Further,



ON THE GROWTH OF MEROMORPHIC FUNCTIONS 405

log Mir, Q)=r ΐ^dtJi t{t+r)) a Ji

= -̂ -log M(r, P)-log(r+l).
Of

Hence

log?/2*(r, /)=logw*(r, P)-\ogM{r, Q)

r, F) + log(r+l) (r^r o

It follows from (3.10) and (3.14) that

Iog7n*(r, /)<{o-(l-2ε)y^^} {Mr, 0,

4-log(r+l) (r^oo), where C = Σ o - ^ ^ - e ( O , 1).

Here we note that

N(r, 0,

| p

Ji t

Hence, we deduce from (3.15) that

ff})l+
2 ^ ( r ) J I aψ(r)—a—logr

r, 0, P)+log(r+l)

(3.16) < {δ_[(l-2s) j-3c]-^-}jV(r, 0, JP)+log(r+l)

<{δ-l.l^2 |^JMr, 0, P)+log(r+l) (ε<4/49)

aψ{r)~oc—\ogr

It is a easy consequence of (3.1)—(3.3) that

(3.17) log3'φ1(r/3)<φ(r)<φ1(r) logr (r>l),

so that by (3.3) or (3.5)

α^(r)—α—log r

Thus, from (3.16) we have
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log ro*(r, / ) < {δ-h(r)} T(r, f) (r -» oo) .

This completes the proof of Theorem 2.

As minor variations of the proof of Lemma 1, we have the following

LEMMA 5. Let hx{r) be positive and continuous for r > 0 . Suppose hx{r)\ogr
->0(r->oo). Tnen there is a function h{r) satisfying all the assumptions of
Theorem 2 such that h(r)^hλ(r) for large values of r.

Proof. Put M= maxhλ(r) logr, where r o (>l) is an arbitrarily fixed number.

We give a positive sequence {rn}? such that

r n + i / r ^ n + 2 (n=0, 1, 2, •••) ,

ΛiW log r^M/2n (r^rn n=0, 1, 2, •••),

r 3 f / 2 n - l < 22W-1 ( r = r r i , # W = l , 2 , 3 , •••) .

Define h(r) as follows:

0

M
log r = ,

Λf(logrn+i—logrj
» ^ r ^ r B + 1 ; n = l, 2, •••)

2 7 l - 1 (logr+logr n + 1 -logrJ)

Clearly, /ι(r)^/ii(r)(r^r0) and /z(r) log r —> 0(r —> oo). By the proof of Lemma 1

h(λr)\ogλr >λ ,_+,

h(r) logr ' Γ ~* °° '

so that

h(λr)
Λ(r)

(r->co).

To prove (log r)/(h(r)φι(r)) -> 0(r ->oo) (where ^ ( r ) is defined by (3.3).), assume
that rn^r^rn+1. Then

(logr)2 (logr)2 1

A(r)^i(r) /ι(r)(logr)r f t ( r ) l o g r (M/2n'1)rM'2l~n 2n K }'

This completes the proof.
Combining Theorem 2 with Lemma 5, we deduce the following

THEOREM 3. Let h(r) be positive and continuous for r^r0. Suppose h(r) logr
—• 0 (r —>• oo). Then, if <5e(0, 1], there is a transcendental meromorphic function
f(z) of order zero satisfying
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N(r, CXD, /)<(l-3)T(r, /)+O(logr) (r->oo),

logm*(r, f)<(δ—h(r))T(r, f) for all sufficiently large values of r.
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