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ON A NEW CLASS OF ULTRAHYPERELLIPTIC SURFACES

BY MITSURU OZAWA

1. Introduction. Let R be an ultrahyperelliptic surface defined by y2—g{x)
with an entire function g(x) having only an infinite number of simple zeros.
Let 3l(R) be the class of non-constant meromorphic functions on R. Let P(f)
be the number of lacunary values of / in JM(R). Let P(R) be sup P(f). This

quantity is called the Picard constant of R. In the ultrahypere lliptic case 2 ^
P(i?)^4. Surfaces with P{R)—2 or 4 are completely determined and those with
P{R)—2> are still undetermined except for those of finite order [2], [8]. Let 5
be another ultrahyperelliptic surface defined by Y2—G(X) with a similar entire
function G(X). Let φ be a non-trivial analytic mapping of R into S. Then
P(R)^P(S). The existence of φ is equivalent to the existence of entire h and
meromorphic / satisfying

Here h is called the projection of φ and is defined by

with &R: {x, y)-*x and £BS - (X, F)->X This h is one-valued which is equivalent
to the rigidity of φ [6], [7]. The above functional equation gives a powerful
tool to get several criteria for the existence of analytic mappings [1], [2], [7],
[8], [91 [10].

In this paper we shall introduce a new class of surfaces. Let R be an
ultrahyperelliptic surface defined by y2—g(x) with entire g(x) having only an
infinite number of simple zeros. Let €{R) be the set of non-constant regular
function on R. If there is a member / in β(R) satisfying the following condi-
tions, then R is called of maximal B type:

(1) There are constants aφoo, cΦQ satisfying

when f°£BRl{x) is represented as
(2) There are systems (au •••, at) and {nly •••, nt) such that for each j all

the roots of f—a3 have their orders Πjpjk with integers n^2 and
Further (n1} •••, nt) satisfies
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We shall decide the surfaces of maximal B type and discuss the existence
problem of analytic mappings.

2. In order to go further we need several preparations. We firstly remark
that

in general. The Nevanlinna-Selberg theory [11] of two-valued algebroid func-
tions gives

wv)-N(r, Wf)+O(\ogrT(r, /)).

Our function / satisfies N(r, oo)=0, N(r, α)=0. Further

) ^ Σ

with the multiplicity m(z0) at z0. Hence

Σ(q-4)T(r, fXΣNir, wp) + O(\ogrT(r, /)), w»Φ oo, a
1

Now we put wv—avy q—2—t. Then

* 1
3 = 1 Πj

Hence

Recently Toda [12] had proved the following fact:
Let /o, •••, /p ( ί ^ l ) be ^ + 1 non-constant entire functions and let α0, •••, ap

be ί + 1 meromorphic functions (Ξ£0) in | ^ |<oo such that T(r, aj)=o(T(r, fj)),
j=Q, .-., p. Then, if

Σ aj(z)f»Kz)=l

for some integers n0, •••, n p (^1),

3. In this section we shall decide all the surfaces of maximal B type.
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Firstly we may assume that α = 0 and hence a3Φ0. by

we have the following four possibilities:

i) t=3, 7i!=2, T22=3, 723=6;
ii) ί = 3 , n1—2y T22—4, T23=4;

iii) ί = 3 , tti=3, n2=3, T23=3;

iv) ί = 4, Wi = 2, 722=2, 723 = 2, 724 = 2.

Case i). Let us consider the two-valued entire algebroid function satisfying

F(z, y) = y*+2Ay + c=0.

Then F(z, 0)=c. Further with entire glf g2, gs

F{z, a^gl,

F(z, a2)=gl,

F(z, as)=gl.

Hence

dzgl—a2g\=(az—a2)(c—a2a3).

If cΦa2az, then Toda's result gives a contradiction. If c — a2az, then a2gt—azgl.
This shows that g2 has only zeros of even order ^2, that is, g2 can be written
as g\. Hence we may put 722=6, which is a contradiction by

M 1 n,Γ 6 >l

When g2 has no zero, then we may put n2—oo and 723=co. This is again im-
possible.

Case ii). This case is impossible by the similar reasoning as in case i).
Case iii). In this case

F{z, aj)=g*, 7 = 1 , 2 , 3 .

Hence

If cΦa±a2, then this is impossible by Toda's result. If c — a^^ then cΦaxaz and
hence

implies a contradiction.
Case iv). In this case

F(z,aj)=g*,
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We firstly prove that cΦa1a2, cΦa2as implies c — axa^ By cΦa1a2f cΦa2as we
have

Ύ2 f.2 v 2 /τ2 1 r 2

Ϊ2g2~ϊlgl — J- > / 2 — ' rϊ=-(fli—£2)(c—flifl8) ' * (a1—a2)(c—a1a2) '

a2

(a2-a3)(c-a2a3)
, Π-

Hence

with entire //j, i/1(0)=0 and a constant jSi^O. Thus

Similarly we have

with entire //2, H2(0)=0 and a non-zero constant β2. Hence

By the impossibility of BoreΓs identity we have two possibilities

H2=
LH\

In both cases we have

which gives c — a^s.
The above fact gives the following possibilities:

( c—a1a2

c = asaiy \c—a2a4, \c=

We may restrict to the first case. Hence

a1gί=a2g
2

ί,

Since cΦa2aB
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with entire H, H(0)—0 and a constant βφO and

rl=-

Hence

with

4(α1α2+α2

i)

(flβ—α2)(fli—α2) ' ( β 3 — β 2 ) 2 ( β i — β 2 ) 2

Further with a constant iί

Here 5Λ(δ1-δ2)=?£=0 and (^+4)(^ 2 +4)^0. In fact ^ = 0 gives M 2 = M 2 - I ; 2 , V=0,
that is, al^a^z. Hence axa2—aza^ gives a^—a^ {azφϋ). This is impossible.
If <5i=<52, w2=z;2 and hence α 3 =0 or ^^2=0, which is again impossible. ^ = —4
implies 1 6 + 8 W + L I 2 = 0 . This gives as=0 or a1 = a2f which is impossible.

We may write

C-^=~~Ul-ή(βe»-λ1).

Hence

Λ1Λ2— Λ3Λ4— ΛsΛg1131 AΊA%'=Z 1 ,

δίΦ—4, δ2Φ—4 imply Λ^Λ, Λ^Λ, λ5Φλ&, λ7φλ8. Further λtφλj if iΦj and

LEMMA. Lei Nλ{r, γ, eH) be the counting function of multiple zeros of eH—y,
γφO. Then

N^r, γ, eH) = o{m(r, e11)).

Let N2(r, γ, eH) be the counting function of simple zeros of eH — γ, γφO. Then

N2{r, y, eH)~m{r, eH).

This was proved in [5]. It is evident that eH—^=0, eH—l2^§ have no
common root if lιΦl2, λ^Φ^). These facts imply that C—Λ2 has infinitely many
simple zeros.

Since every / in ε(R) can be represented as
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-A+f2Vg,
f satisfies

y

2+2Ay+A2-ftg=0.
Hence

Let us put
βeH-λJ=mJ(2)tLJ(z)ί

where L3 has only simple zeros. Then

Hence we may put
8

However there does not occur any trouble even if we adopt

τi{βeH-λs)9 #(0)=0

as g, since the structure of R is invariant under this change and e(R) is too.
Hence we put

g=IIi(βeH-λJ), #(0)=0.

Here λτΦλ3 for iΦj, λjφO and further

ΛjΛ2 — Λ3Λ4— Λ5Λ6 — ΛγΛg— J- >

^1~T"Λ2
:
~
:
 Λ3 Λ 4 ^ v Vi y Λ δ T Λ j — Λ7 As-— v O2

Another representation of g is

with entire H, H(0)=0, a constant βφO and

For w, z; we have

O, u2Φv\

4. In § 3 we have gotten the representation of g and hence the surface R
defined by y2—g{x). We shall now prove that this is really of maximal B type.
We may adopt
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Let us consider the following function

fi+Vg, fϊ=a1a2—g.

This belongs to ε(R). We now put

This gives

2 O / I ( f l 8 — f l 2 ) ( f l l — Q 2 ) ( Ω H 1 \ 2 _ 2

α|-2α 3 Λ+αifl2= 4— ^ e ^ — ^ w ) =§!>

l-~ 2a2f1

Jra1a2

β 3 β 4

#2

Thus our R belongs to the class of maximal B type.

5. Let S be another ultrahyperelliptic surface defined by Y2—G{X) with
entire G having only infinitely many simple zeros. Let φ be a non-trivial analytic
mapping of S into R. Then we have the following fact: If i? is of maximal
B type, then S is also of maximal B type if φ exists.

We shall prove this. Let h be the projection of φ, that is, h=&R°φ°£Bγ.
Let / be a member of 8{R) such that / satisfies two conditions of maximal B
type. Then

for some aφoo and for a non-zero constant c. Transplanting / on S by φ,
that is,

f φ &s1

we have
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Hence

However by [7]

with meromorphic /*. However g and G have only simple zeros. Hence /* is
entire. Thus

Let

Then /e£(S) and α is the desired lacunary value of /. The condition (2) in the
definition of maximal B type holds for / with the same alf a2, as, fl4. Thus we
have the desired result.

6. Let R be of maximal B type. We shall consider the existence problem
of analytic mappings of R into another 5 or of S into R.

Assume that P(5)=4. Consider a non-trivial analytic mapping φ of R into
5. Then there exist an entire function h and a meromorphic function / such
that

with constants δlf δ2, ^1^2(^1—^2)^0. For simplicity's sake we put M=L°h —
), c=expL°h(Q). The right hand side is

f{z)\ceM-δ1){ceM-δ2).

N2(r, 0, g)=Nt(r, 0, (ceM-δ1)(ceM-δ2))

r, eM)

Then

and

N2{r, 0, ^)

with a negligible exceptional set of r. Hence

4m(r, eH)^m(r, eM).

Further

, 0, f)^N1{r) 0, g)+N1(r9 0, g)=o(m(r, e11)),
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2N{r, oo, f^N^r, 0, (ceM-δ1)(ceM~δ2))

+ J v > , 0, (ceM-δ1)(ceM-δ2))

=o(m(r, eM)).

By differentiation of

and by elimination of f2 we have

a1e
2M+BH+aie

2M+βH+ase
iM+iH+a4e

2M+2H+aδe
2M

+ aGeM+8H+aΊe
M+6H+a8e

M+iH+a9e
M+2H+a10e

M

+ ane
8H+a12e

GH+a13e
4H+aue

2H+a15=0,

ai=(—F- +M'-6H')A2β
G(δ1+δ2)c , α 8 = ( - - ^ -M'+W^A^

Evidently T(r, aj)=N(r, oo, aj)+m(r, aj)=oOn(r, eM))+o(m(r, eH)) for every j ,
1^/^15. Now we can make use of Nevanlinna's proof [3] of the impossibility
of BoreΓs identity. By m(r, eiH)~m(r, eM) we can save our consideration and
conclude either M=AH or M=—4H. Indeed we have firstly the existence of
(CJ)J=1,...,U such that

c1aίe
2M+6H+c2a2e

2M+iHj

rc3aΆe
2M+2H+c4a,e2M

+c5aδe
2M-2H+c6a6e

M+BH+cΊa7e
M+*H->rc8a

+c9a9e
MjrC10a10e

M-2Hjrcnane
6HjrC12a12e
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If CiCj—O {iΦj, t, j=l, •••, 13), then we have only one possible case

which gives Af+4JΪ=0. If there is at least one dCjφQ (i, / = 1 , •••, 13, iΦj),
then we have the existence of {cfj)3=it...,lz such that

If c'iC'j—ΰ (iΦj, i, j—ly •••, 12), then we have two possible cases

da6e
M+

and

These give either M+4i/=0 or M—4ίΓ=0. If there is at least one cίc'jΦO (iΦj,
2, j=ί, -", 12), we continue the same process repeatedly. In each step we have
the desired result: M=4H or M=—4H.

The case M—kH. Then we have

+{a6+a8+a11)e8H+(a9+a11de'H+(a1o+ali)eiH

+ aue
2H+a15=0.

By our earlier result in [2] this gives

Ί= aδ-{- a8-]- an

— a9-\- a12— a^-]- als= au= a15=0.

Hence / is a constant and A2=Q,

cΛ4^-β\δ1+δ2), β8δ1δ2=c2.

The case M=—4H. Then we have

+ a1+a8+alδ+(aΊ+au)e2H+(aβ+a1B)eAH

+ a12e
6H+ane

8H=0.

This gives

aδ=a±= as+aί0= a2-\- a9= 0,!+dg-j- a15

z=aΊ+au—a6

Jra1s=a12^=a11=0.

Hence
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^- = -M', A2=0,

Hence we have the following

THEOREM 1. Let R be of maximal B type and let S be the surface of P(S)
—A. Assume that there is a non-trivial analytic mapping φ of R into S. Then,
with entire projection h of φ, A2=0 and either

or

// the conditions hold, then φ exists.

The inverse statement is trivial by [7].

COROLLARY 1. Let R be of maximal B type. If P(/?)=4, then Λ = 0 , that
is, on assuming that 0 is lacunary

and vice versa.

THEOREM 2. Let R be of maximal B type and let S be the surface of P(S)
=4. Assume that there is a non-trivial analytic mapping φ of S into R. Then
A2—^ and either

or

If the conditions hold, then φ exists.
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There is an ultrahyperelliptic surface R of maximal B type and with P(R)
= 3 . It is known that P(i?)^3 implies

g=l-2β1e
H-2β^L+β[etB-2β1βtβ'1+L+βiβtL

with two entire functions H, L (ί/(0) = L(0)=0) and non-zero constants βu βt.
Let us put 2H=L. Then we have

If we put

2β1βt=Atβ',

βt=β°,

then g has the form of maximal B type. In this case

β*=β2, 4βl=Alβi9 i 4 i = 4 Λ + 8 .

Hence alf a2, α3, α4 must satisfy

a1a2=a3a4, I^a1a2a\-=(κaz— a2)
2{a1—a2)

2.

Next we shall prove that

determine a surface of P(S)=3, when 16β2Φβt
If 16β2Φβl, it is easy to prove

r, 0, gl)~4m(r, eH).

Assume that P(S)=4. Then

Then the similar consideration as in the proof of Theorem 1 does work. And
we have either L—2H or L — —2H. If L—2Hy then α15—0 implies the constancy
of /. Thus

This gives βι—0, which is a contradiction. If L — —2H, then fl5=fln=0. Hence
we have
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Thus

This gives /3i=0, which is a contradiction. Therefore P(S)=3.
Assume that 16β2=βl Then N2(r, 0, g1)~2m(r, eH). However N2(r, 0,

4m(r, eH) if

g=l-A2β
2eH+A,β4e2H-A2β

Ge3H+β8eiH

with β*=β2, 4/3?=τ4|/32, ^4|=4i44+8. This is a contradiction. Therefore 16β2 =
Thus P(R)=3.

7. Let i? and S be of maximal B type. Let φ be a non-trivial analytic
mapping of i? into S. Then

Let L°h-L°h(0) be M and let c be expL°/z(0). Then

By differentiation of this equation and by elimination of f2 we have

16e*H+M+a1Ίe
3H+M+aί8e

2H+M+a19e
H+M+a20e

M

*H+a22e
3H+a2se2H+a2Ae

H+a25=0,

'- —~-
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=B<(4H'- -£- -2M')βΎc*, a12=B,A2(-?>H'+ ~-

In the present case we have

4m(r, β^)~Λ^2(r, 0, g)=N2(r, 0,

and

A^i(r, oo, f)=o(m(r, eH)).

Hence

T(r, aj) = o

Thus we can make use of Nevanlinna's method of proof of the impossibility of
BoreΓs identity. In our case m(r, eH)~rn(r, eM) brings us a simplicity. By a
similar consideration as in § 6 we only have two possibilities: a) H=M or b)
H=-M.

Case a). We have

+(a5+a9+aua-{-a1Ί+a21)eiH+(a10+au+a18+a22)eSH

Hence a25=0 and hence / is a constant. Therefore

β*=fYc*, A2β*=f*B2fc>, A4β

A2β=PγcB2, / « = ! .
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T h e s e give β'=γ'c\ If β2=fc2, w e have ΛA=BAf A2=B2 or A2=-B2. If β2

= -fc2, we have B2=A2=0 and A^-B,.
Case b). We have

a21e
8

2)eΊ

3)eGH

18+a2i)e5

Hence α 2 1 =0 and f=f(0)e2H. Thus

Therefore

Hence

β*=d2, A2β
s=B2γcd2, A

A2β = B2fc
3d2, l=dψc\

A2β
sfc*=B2f A2βγc=B2,

If βγc=l, then A2=B2 and A^B,. If βγc=-ly then A2=-B2 and AA=BA.
If βyc—i, then Λ ^ ^ ^ O and Λ = — £ 4 . If βϊc=~i, then Λ = ^ 2 = O and ^44=
— B4. Therefore we have the following

THEOREM 3. Let R and S be of maximal B type. Assume that there is a non-
trivial analytic mapping φ of R into S. Then there exists an entire function h
such that either H=L°h — L°h(0) and one of the following four holds'

ίl8=-rexp(£ ft(0))

/ \ 2 ' = = JLJ2 y

β=-zγexp(L°h(O))

A2—B2,

β=irexp(L*h(O))

or H= —

A2=B2=0,

h(G) and one of the following four holds:

At=B<

A2=B2,
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i8rexp(L λ(0))=-ί

A2=B2=0.

The inverse statement is also true.

8. We here mention some remarks.

We can prove that the following types do not occur: The condition (1) holds

and in the condition (2)

(πi, n2, n8) = (2, 3, 5), (2, 3, 4), (2, 3, 3), (2, 2, 3)

instead of

n3

We can also prove that, if the condition (1) holds,

(ni, n2, ns) = (2, 2, 2)

implies the existence of another value α4 defined by a1a2=asa4> when α=0, say,

and the function g4 as in our result mentioned already, that is, R belongs to the

class of maximal B type.
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