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1. Introduction. It is well known fact as Poisson's theorem that for a
given sequence of {pn, n^l} such that pn-^0 (n—>oo) we have

Pn(m)-(λf/m \)e-λ* —> 0 as n->oo

for all non-negative integer m where

Furthermore, if npn->λ (n->oo) then we have

Pn{m)—>{λm/m\)e-λ as n->oo .

R. von Mises in the paper [3] has showed that if {XkJf k^l, j=l, 2, ••• , ?tk}
is a sequence of independent random variables such that

=01=phJ, 7 - 1 , 2, - , nk

and

(1.1) max/> Λ , — > 0 , ΣpkJ—>

then

[ ] >(λn/m\)e

In (1977) J. Macys (see. [2]) has proved that the conditions (1.1) are necessary
as well.

Let {(Xk, Yk)f k^l) be a sequence of random vectors bivariate Bernoulli
law, i.e.

PlXk=0, Yk=Ol=Poo,

where
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POISSON APPROXIMATION FOR SUMS 409

K. Kawamura in [1] has proved that if {(Xk, Yk), k^l} are mutually
independent and indentically distributed random vectors having bivariate
Bernoulli probability, then

Γ n Ί minCπ.

P\ Σ (**, r»)=(«, m)\ — Σ
minCπ.m)

Σ -
o

as ?2->oo, where npn=λn, nplo=λlo and npol—λOi are fixed values.
The main aim of this paper is to generalize Kawamura's results [1] to

nonidentically distributed random vectors {(Xk, Yk), k^l}. The results presented
in Section 2 extend those of Kawamura [1], and Macys [2].

2. The result.

Let {{Xkj, Ykj), j = l, 2, ••• , nk, k^l) be a sequence of independent bivariate
Bernoulli vectors with

, = 0 ] = ί *,(0, 0),

where pkj(0, 0)+pkj(0, l)+pkJ(l,
Let

THEOREM. In order that

limPCS»=(«, τn)]= Σ' , \™ \ e-^i
ife->̂  5=0 ( n — s ) ! ( m — s ) ! s !

/6>r α// n, m^O ?7 /s necessary and sufficient that for

(2.1) Σ ί w d , 0)

(2.2) Σ ί * / 0 , 1)

(2.3) Σ/>*/l, D
l

(2.4) min p kJ(0, 0) — ^ 1.

Proof. For the sake of simplicity the index k will be omitted in the proof
of Theorem, i.e. instead of pkJ we write p3.

The part if. It is easy to see that
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(2.5) PCS»=(O,O)]= Π 0,(0,0),
£=1

(2.6) P[S»=(1, 0)]= Σ W , 0) Π 0,(0, 0)}

= Π 0,(0, 0)Σ 0.(1, O)/0«(O,O),
g = l ί = l

(2.7) P[S»=(2, 0)]= Σ \ph(l, O)0«,(l, 0) Π 0,(0, 0)}
t

- π. />,(o, o) ί Σ pha, o)ptta, oyptl(t), o)pφ, o).

In the same way, for every n>2, we obtain

FίSk=(n,0)] = t Σ t { Π ί t ^ l , 0) Π pg(0, 0)}

- II 0,(0, 0) Σ (π/> t ι (l, 0)/ptί(0, 0)).

Let n, ra^l be given and assume that n—m. If we put <5=max{2n — nk, 0},
then

P[_Sk={n, w)]= Σ . Σ .

• rΛ [κ, r =i], n [ ^ , = 0 ] ] - ^ ^ { π. ptpa, υ π ί,(o, o)}

+ Σ Σ Σ \ρha> 0)0 (̂0, 1) Π10 lp(l, 1) ϊ i 0,(0,0)1

+ t Σ Σ t Σ { Π 0t,d, 0) Π 0ίr(O, 1)

• II 0»1,d, 1) ί l 0,(0, 0)}+ - +tί<..Σβ_ Σ ^

Σ. ί ΐ ϊ 0tl(l, 0) Π PJr(0, 1) Π 0.J1, 1)}.

Taking out the product Π 0*(O> 0) before the sign of the first sum, we may

write out

(2.8) FlSk=(n, n ) ] = , β m a x Σ - n j k 0} Π 0,(0, 0){^Σ £ π ' 0 ί έ(l, O)/0t|(O, 0)
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Let now n, ra^l be given and suppose that n<m. If we put 5=
max{n+m— n*, 0}, then

[ n nk m

fλίxι =i], π [*,=o], ncr J r=i],
πJfe Ί ( n m - n

8 = 1 J ii<-<in; i<-^m-nl p=l P r=i r

Π /)g(0,0)}+Σ Σ Σ \

*iΐ+1/>Jr(o, l) π 1 plpa, i) π
r=i p=i p ί=i

^ίjU j . , t j - i i , Jτn-n + 1

+ Σ Σ Σ { Π ί ί t ( l , 0 ) W Π + 2 ί J r (0, 1) Π 2 ί . ( l , 1)
Φt lΛl = ? t C i . i 2 ! l l » " ' » t n - 2

Π /»,(0,0)}+- + Σ Σ

• H< Έjm_δ { π ptιa, o ) π ί J r ( o , i) 11p l p(i,

Thus taking into account (2.8) and the above given equality, for all n, ?7?Ξ>1,
we may write

(2.9) PlSk=(nf

 m^=s=mΆχ{Jl_nk 0} Π \P*®> °)ίl<..Σ n f ( Π ί t ι (l, 0)//>ti(0, 0))

In order to prove that

Π p
g
(Q, 0) — > g-^io+^oi+^i)

 a s
 ^->oo ,

we consider the inequality lJrySeyy ^ ^ [ — 1 , °°). Putting y=^ — x, xe[0, 1),
we have

I6[O,1).

Now putting Λg=pg(l, 0)+pg(0, l)+pg(l, 1) and using the last inequality,
we obtain

mm V g (0,0) gΈί
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Taking into account (2.1)-(2.4) one can prove that

lim Π pg(0, O)=£~ c > ϊ l o + ; o i + > ϊ l l ) .

Now we are going to prove that

n-s s m-s

(2.10) Σ Πί((d,0) Σ Πί,.(U) Σ. Πί,r(0,l)
ίl< <i B _j 1 = 1 ii< <ιβ p=l P Jl<-<Jrn-s r=l r

In the case 7n=0 the proof is by induction with respect to n. The case
?2 = 1 is obvious. Let n=2, then by (2.1) and (2.4)

Σ Ptft-, 0)/>ί2(l, 0) —> λ\J2

as

2 Σ ί ί/1, 0)ί ί2(l, 0)=( Σ Ptd, 0)) - Σ ρl(l, 0)

and

0^ Σ ίf(l, 0)^(l-minί ί(0, 0)) Σ ptd, 0).
t=l ί=l

Assume that

Σ Π^ t l ( l ,O)-^^o"V(n- l ) ! .

Multiplying the left hand side of the last relation by Σ Ptn(\, 0) we obtain

Σ Plβ, 0) Π1 ptι(l, 0)+t Σ PUh ϋ J Π ί ^ l , 0)+ •••

+t Σ ίfn-id, o) π1 ίt,(i, o)+β Σ feί^α, o)

+ ί i < ; ^ i Π ί ^ d , 0)+ ». + <...<Σ Π n t ι(l, 0).

Because every sum from among the first (n — 1) sums we may estimate by

(1-min />ΛO, 0)) Σ II pn(h 0)
ίl<" <ίn-l i=l

so the first (n —1) sums tend to 0. We have then

n Σ Π f ί t ( l , 0 ) — ^ i y ( n - l ) ! .

The last relation proves that
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(2.11) Σ Π / ^ U , 0)—>λΐJn\.

In the same way one can prove that

(2.12) Σ^ ήίplpa,D-^λsn/sl

and

(2.13) Σ Ή S pJr(0, 1) —> ΛV70π-s)!.

Let us put

Bnk(n-s, s, m-s)=t Σ II />ίt(l, 0)̂  Σ Π. />»p(l, 1)

m-s

• Έ s Π ί , r ( 0 , l ) .

Then, taking into account (2.11)-(2.13), we have

(2.14) Bnk(n-s, s, m-s) —•* λfϋ'
s/(n-s)\-λs

n/s \ λR-/(m-s)\

as &—>oo .

Let us define

and

77i — s m — s m — s

A (0, 1)= Σ Π A,r(0, D - Σ. Π ί,r(0, 1).
ί i . δπ-«; ι i " *« ^i<"'<iffl-5 r = 1 }.<fi"<J™~.s.. t

 r~1

Taking into account the above considerations it may be proved that
s m-s

A (1, 1) and A (0, 1) tend to 0 as &-»oo.

It is easy to see that

n-s s m-s

Σ Π ρH(l, 0) Σ, n pψ, 1) Σ.m_s Π ί,r(0, 1)

= Bnk(n — s, s, m—s)—(Z1-\-Z2

JrZz),

where

n-s n-s m-s

2ΓX= Σ Π ρHd, 0) A (0, 1) Σ Π ρir(0, 1),

n-s s m-s

Z2= Σ Π ί u d , 0) Σ Π/>,.(1,0) i4 (0,1),
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m-s

A
n s s ms

s= Σ Π ptι(l, 0) A (1, 1) A (0, 1)

and Zi->0 as &-+oo
The relation (2.10) finishes the proof of the part if, because

Σ s π ρtιa, o) t <Σ<. π. ί./i, i) } Σ π />ίr(o, l)

^ t i < . . Σ n s "Π /»t|(l, 0)//.(|(0, 0) Σ Π̂ ρ%p(l, l)//»,p(0, 0)/

Σ
Π ί,r(0, l)//>lr(0, 0)

: — ) Σ I

- %gm<i Jίlρ^X)

(^Λ) Έ π'/>

Proof of the part only. From (2.5)-(2.7) we have

(2.15) Π pg(0, 0) — > e-^io+^oi+^ii)

(2.16) Σ ί h(l, 0)/ph(0, 0) — > λ10,

and

(2.17) Σ Pφ, 0)/»tl(l, 0)//»tl(0, 0)/>t,(0, 0) - * λW2 .

Σ ί̂ CO, D/^ίO, D/ί./O, 0)/»,,(0, 0) —» ^α/2 .

From (2.15)-(2.17) we get

Σ χ ( ί t l (l, 0)/ί t l(0, 0))2 — > 0, ^ (^^(0, l)/ί^(0, 0))2 — > 0,

which implies that

max (pt(l, 0)/ί t(0, 0» — > 0, max (Pj(O, 1)1 pβ, 0)) — * 0 .

Now we will prove that max(/>t(l, l)/pi(0, 0))->0. Indeed, from (2.8) for
n = m = l and (2.15) we have
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t-k n k n k

C Ph(l, 0)/ptι(0, 0) Σ p}1(0, l)/ί ; i(0, 0)+ Σ ρll(h
= 1 JΊ=1 l i=l

Σ

— > λ 1 0 ' λ 0 1 + λ n .

, 0)

On the other hand, taking into account the inequality

Σ ί ί / 1 , 0)^(0, l)/p2

tl(0, 0)^max(/>;(0, l)/pj(O, 0)) Σ ί t / l , 0)/ptl(0, 0),

(2.15) and (2.16), we get

(2.18) J2 ίz^l, D/ί.^0, 0) — > Λi.

In the same way, putting in (2.8) n—m—2, we obtain

(2.19) Σ P%x(l, l)Pι2(h D/ίz/O, 0)/)t2(0, 0) — > ^ / 2 .

From (2.18) and (2.19) it follows that max(/>ί(l, l)/ίi(0, 0))->0, and therefore
min/)g(0, 0)—>1 as ^-^oo.

The last relation and (2.16) imply that

/ i jj t\\. , V/y : ^ ΛJ0 ,
ί = l

because

minίίCO, 0) Σ ί ^ d , 0)^^(0, 0)S Σ />tl(l, 0)^ Σ ί ^ d , 0)^^(0, 0).

In the same way one can prove that (2.2) and (2.3) are satisfied. Thus the proof
of Theorem is completed.
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