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INDEPENDENT BIVARIATE
BERNOULLI VECTORS

By MIECZYSEAW POLAK

1. Introduction. It is well known fact as Poisson’s theorem that for a
given sequence of {p,, n=1} such that p,—0 (n—o0) we have

P,(m)—(A™/m Ve *n —> 0 as n—oo

for all non-negative integer m where

Zo=npa,  Pam)=(2)pra—nr-m.

Furthermore, if np,—4 (n—c0) then we have
P,(m) —> (A™/m e~ * as n—oo.

R. von Mises in the paper [3] has showed that if {X,,, k=1, j=1, 2, --+, n,}
is a sequence of independent random variables such that

P[X,,=11=1—P[X.,=0]=ps,, 1=1,2, -, ns

and
np
(1.1 max p;, —>0, 2 e, —>2>0 (k—o0),
lsjsny J=1
then

P[ % X,,,,:m] — (A™/mNe~2 (b—0o0).
J=1

In (1977) J. Macys (see. [2]) has proved that the conditions (1.1) are necessary

as well.
Let {(X:, Y.), =1} be a sequence of random vectors bivariate Bernoulli

law, i.e.
PLX,=0,Y ,=0]=)e, PlX,=1, Y,=0]=py,

P[Xk:(), Yk:l:]:Pm, P[Xk:]-; Ykzl:]:pll»
where pootpiotpotpu=1
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POISSON APPROXIMATION FOR SUMS 409

K. Kawamura in [1] has proved that if {(X,, Y,), k=1} are mutually
independent and indentically distributed random vectors having bivariate
Bernoulli probability, then

n min (n,m) ,Z"_x,za"i"sl‘;l
P[ X.. V) )=(n.m ] —_— o A A - Rgetdort A
2 Ee Y=, m) 2 (s lm—s)ls!

as n—oo, where npy; =411, npo=A~= and npy=A~2, are fixed values.
The main aim of this paper is to generalize Kawamura’s results [1] to

nonidentically distributed random vectors {(X;, Y ), k=1}. The results presented
in Section 2 extend those of Kawamura [17], and Madys [2].

2. The result.

Let {(Xi,, Yy), 7=1, 2, ---, ny, =1} be a sequence of independent bivariate
Bernoulli vectors with

PLX},=0,Y,=0]=0.,0,0),  PLXe,=0,Y,,=1]=p:0, 1),
PLX,=1,Y 4,=0]=p,i1, 0), PLXy,=1,Y,=11=ps, 1),

Where pk](of 0)+pk](0; 1)+pk](1; 0)‘{"}'7 kj(ly 1):1
Let

ng
Si= X (Xun Vi), k21

THEOREM. In order that
mn (7,m) 1‘0'5,25':'3,2‘;1

= (n—s)!(m—s)!s!

=(A10+201+411)

}jﬂm P[S,=(n, m)]=

may hold for all n, m=0 it is necessary and sufficient that for k—oo

n

x>

2.1 Hm;(l, 0) —> Zu,
np

(2.2) ;pkj(oy 1) —> o1,
np

(23) Flpkj(l, 1) —— 211

and

(2.4) min p,;0,0) —>1.
1sksny

Proof. For the sake of simplicity the index % will be omitted in the proof
of Theorem, i.e. instead of p,, we write p,.
The part if. It is easy to see that
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@5 PLS=0,01= If £,0,0),
e ne
@6 PLS=(1,01= F{p(1, 0 II 1,0, 0}
1

= I 90,0 E .01, 0/p40, 0),

@D PS=2 0= 3 {00 0 I 5,0, 0}

4397
=10 $40, 0 3 po,(L, 00(L, /550, 05,0, 0).

In the same way, for every n>2, we obtain

PSi=n, 01=, 3 {H 5,00 I 5,0,0)
A w87,

2 n
= 1 7,0,0, 3 ({1501, 0/p0,0,0)).

Lty
Let n, m=1 be given and assume that n=m. If we put d=max{2n—n,, 0},
then

PLSy=(n, n)]= A DX,=11, [} [X=0],

3 A
11< <l 1< +<Jn p=1 -

AD,=1, A e=l= = {0 I .00}

#Jlsil.Jn u<r<in b =1 HEipalp
a3 g n-1 nE
> p4,(1, 0)p,,00, 1) IT p,(1, 1) 11 1£(0, 0)
o) = ~ 5 P =
1=113<<1p—1 71=1 p=1 . &=1 .
#01 #Lyip o tn-1 #lpitp s tn-1371

S {Ira0, 0T 5,0,

ti<ty 13<<ip- 71502
ISP2 M iR gt R

LD I 50Ot
p=1 g=1

= 1< <tp=9 11< <80
#litgit vl -2571,72 . r !

n-6 n-08 J
1< LKin-6 { 113 pt‘(l’ 0) 1];]:1 pJT(O’ 1 pl—=11 pl?’(l’ 1)} '
EI I 7 H RSN ¥ ]

nk
Taking out the product l’I1 140, 0) before the sign of the first sum, we may
2=

write out

@8 PSi=n,mi=_ 3 W p00{ 3 (T 00,00

S=max|(2n-7np,0} g= L <tp-s
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- 2 (ML, 0,00) 3 (IT 2,0, /6,0, 0)}.
aelzlf,-ff,‘tfffs =t S S T
Let now n,m=1 be given and suppose that n<m. If we put d=
max {n+m—n,, 0}, then
n 3 m
PLSi=(n,ml= % 5 P AN,=1, 0 =0l AY,=1]

1< <y 1< <dm p=1 =
F1f,lp

A re=al= = s (1,0 0,00

=1 13<<ip ]1<-~~<Jm—n
s tin

@

-
g

- zé;;:/ll . 750, 0)}+LIZ)1 1< 2<1n 1]1< <§m ntl{ptl(l’ 0)

m-n+ n-1 33

il '5,,0, 1) IT .0, 1) ) 1,400, 0)}

=1
AL in -1 Im-ntl

py {Hptla 0 I 5,0, 0 I 5,0, 1

t1<te 11< f -2 J1<:Sim-n+e

ta Ftpleitn -2
np
Il b0, O} 4+ _®
. g=1 1< <tn 4o 11< <15
# bt tn~2il L Im— e tn-s

oS, LI 2@ 00,0, 1) 11 5,0, 1}
Flpulp-§t iy
Thus taking into account (2.8) and the above given equality, for all =, m=1,

we may write

min (n,m) Np n-s
(29) P[Sk:(n’ nz)]:s=maxm;m-nk,0) g;Il {pg((), 0)t1<“§tn_s( l];[ﬂ p”(l, 0>/ptl(0’ 0>)

(I 50,01, /.0, 0>) ("ijfm,(o, /5,0, )}

J< <J1ns

11< <1-3
ln-sity

In order to prove that
i $,(0,0) —> e Churinsin as oo,
g£=1
we consider the inequality 14y=<e¢? ye[—1, c0). Putting y=—x, x<[0, 1),
we have
e -] —x<e ", x<[0,1).

Now putting A,=p (1, 0)+p,0, 1)+p,(1, 1) and using the last inequality,
we obtain

ot Tk m
¢ mnpg00,=Z;78 <] pg(O, 0)§e‘2”£ .
g=1
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Taking into account (2.1)-(2.4) one can prove that
lim ﬁ (0, 0)=¢~ P10+ 201+ 210 |
k—oo g=1

Now we are going to prove that

n-s S m-—$
@10) | 3 0 T Ip,00 % - Tp,00D
Flpwtn-s Elp by —gitp s

—> A% /(n—s)1- 231 /s 1 A8 /(m—s) | as k—oo,

In the case m=0 the proof is by induction with respect to n. The case
n=1 is obvious. Let n=2, then by (2.1) and (2.4)

3 2l 0pell, 0) —> /2
as
23 p(L, 0p(L, 0=( F pu1, 0) — 3 px1, 0)
R t;\L, (e & i & P
and
0= 3} pi(1, 0=(—min 5.0, 0)- 2 pu1,0).
Assume that

73;[_11 ptl(l, 0) _— 2{‘0‘1/(,1_1) 1.

1< <tp-y

nk
Multiplying the left hand side of the last relation by :2—1 Pe,(1, 0) we obtain

S PHLO I po(L 0% p30,0) 1T pell, 0+

t1< <ty
1< <tp-1 ) #to

+ 3 p (L0 T py, 0+
< tn-y i=1

n
t = =
! Fin-1

H ptl(l) 0)

tp<lti<<tp_1 l=1

n n

H ptl(ly 0)+ T + 2 l_.[ ntl(ly 0) .
0<tp<<tp-1 =1 1< <tp-1<ltp I=1
Because every sum from among the first (n—1) sums we may estimate by

. n-1
(1—min p,(0, O));l<-§:n_1 11;11 P¢,(1,0)

so the first (n—1) sums tend to 0. We have then

n

n 2 IIp(1, 0 — 2L/(n—D!.

<<ty 1=1

The last relation proves that
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ﬁﬁtl(ly O) —> Z?g/n!.

t< <ty =1

(2.11)

In the same way one can prove that

(2.12) S II p, (L D) —> /s
1< <ty p=1
and
(2.13) > H 1,0, 1) —= 23175 /(m—s) 1.
n<<m-s =1
Let us put
Bu(n—s,s,m—5)= 3 T p,01,0 = I po (1, 1)
i< <tps =1 1< <Llg p=1
0 9,0, 1.

n<<gm-s =1

Then, taking into account (2.11)-(2.13), we have
(2.14) By (n—s, s, m—s) —> 2,7 /(n—s)1-231/s 1+ 2517/ (m—s) |

as k—oo,
Let us define

A L= 3 Hp,do- 3] 11 p.,(1, 1)

and
, ms
e, L0 D= 3 00— 3 Tp00D.

#lpntbp-gitnnls
Taking into account the above considerations it may be proved that

As (1, 1) and mfls (0, 1) tend to 0 as k—oo.

i tn-s t1ln—gity s
It is easy to see that

0 pu(1, 0) e o, , % T p,00

<<ty g 1=1 ]1<-~~<fm—s
#ilin —s Lo bp-gitpats

=B, (n—s, s, m—s)—(Z+Z,+Z,),

where

zZ=_3 Mpr00 4 01 3 00D,

<<ty s I=1 1. tp — Jm-s T=1

Zy= 2 1,10 2 I (L, O)t A . (0 D,

< <tp-s I= 1<ty P= “hin-si



414 MIECZYSEAW POLAK

Z= 3 Tp,a0 A
=1 Lyt

< <tp-s 1= 7

(1,1, "0,
-8 1 ; s

st
and Z;—0 as k—ooo, 15153,
The relation (2.10) finishes the proof of the part if, because

n=38 S m-8
1< <lp-s lg ptl(l) 0)¢;{,<ZZ;133 1:][;11 plp(l’ 1)¢t17.1..<£'253§"1‘{.‘?. s TI:II pJ"(O’ )

= 3 T puL0/p0,0 B I pu(l, /00, 0)/
=1 11,0051 p=1

T <ty - JRITEAR
Boatn-g

05,0, /5,0, 0)

n<<im-s
Flhulnesithonls

1 n+m-s n-s
( min pJ(O’ 0) > 't1<“§tn-s El ptl(ly O)

1A

s m-g
L, 1 0,1).
S Beu0D 2 0D

Proof of the part only. From (2.5)-(2.7) we have

(2.15) ﬁ 10, 0) — g~ Grotdortdin |
z=1
ng

(2.16) tZ_l pu,(1, 0)/.29;1(0, 0) — 410,
=

lejl pll(o’ 1>/p]1(0, 0) —> 101

and

(2.17) %‘221751(1, 0)pey(1, 0)/9:,(0, 0)p¢,(0, 0) —> 23/2.

29510, 15,0, /5,0, 05,0, 0) —> Zh/2.
From (2.15)-(2.17) we get
2 0ul 0/p, 0,00 —>0, 3 (5,0, /5,0, 0F —>0,
which implies that
max (p,(1, 0)/p.0, 0)) — 0, max (p;(0, 1)/p,0, 0)) — 0.

Now we will prove that max (p;(1, 1)/p:(0, 0))—0. Indeed, from (2.8) for
n=m=1 and (2.15) we have
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200l 07900, 0 3 2,0, /0,0, 04 3 .1, 1/5,,0,0)
—> Ay Apr A

On the other hand, taking into account the inequality

t:le:l pe,(1, 0)p,(0, 1)/p7,(0, 0)=max (p,(0, 1)/p,(0, 0)) :Zjl p,(1, 0)/p¢,(0, 0),
(2.15) and (2.16), we get
(2.18) lg‘l 4,1, 1)/, 0, 0) —> 24,

In the same way, putting in (2.8) n=m=2, we obtain

(2.19) ”%_21)11(1, Dpy(L, 1)/ 5,0, 009,00, 0) —> 23,/2.

From (2.18) and (2.19) it follows that max (p,(1, 1)/p:(0, 0))—0, and therefore
min p,(0, 0)—1 as k—oco.
The last relation and (2.16) imply that

2 L, 0) —> 2,
because
min 50, 0) 3 po(L, 0/p(0, 0= 3 pe(L, 0= 3 po,(L, 0)/0,0,0).

In the same way one can prove that (2.2) and (2.3) are satisfied. Thus the proof
of Theorem is completed.
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