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ON THE HOMOTOPY OF TYPE CW COMPLEXES WITH
THE FORM S*Ue'Ue®

By KOHHEI YAMAGUCHI

§1. Introduction.

The purpose of this paper is to classify the homotopy type of CW complexes
with the form S*Ue*Ue®, For example, the total space of a sphere boundle
over a sphere (or of a spherical fibration over a sphere) is a CW complex with
the form S?Ue?Ue?*? up to homotopy. The homotopy type classification of
such a complex was partially given by James and Whitehead [8] and Sasao [6],
and for more general cases Toda considered. [7]

In general, it is not easy to find the complete invariants which determine
the homotopy type of it. But we can find them in the case of CW complexes
with the form S*Ue*Ue®.

Let X be a CW complex with the form S*Ue*Ue® and x;€ H¥(X, Z) be the
generator for j=1, 2 or 3 such that,

(x)*=m-x, and xi-x,=n-x5. (m, n=0)
Then we have
THEOREM 4.5. (a) If m is odd, then
S¢*: HYX, Zy)) — HX, Z))

is trivial and the homotopy type of X is umquely determined by the pair of inte-
gers (m, n).
(b) If m is even and

Sq¢*: HYX, Z,) — H%X, Z,)

is trivial, then the homotopy type of X is uniquely determined by the pair of
integers (m, n).
(¢) If m is even and

Sq*: HYX, Z,) — HYX, Z,)

is non-trivial, then X has precisely two homotopy types which can be distingushed
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by some element of order two in wy(Lny).
In particular, in the case of manifolds we also have

COROLLARY 4.6. Let M be a closed 6-dimensional smooth manifold with the
form S*Je*\Ue® such that

(x)*=m-xs,

where x,€H* (M, Z) is a generator for k=1, 2 or 3.
(a) If m is odd, then

Sq¢*: HXM, Z,) —> H'M, Z,)

is trunal and the homotopy type of M is uniquely determined by the integer m.
(b) If m s even and

Sq*: HYM, Z) —> HY(M, Z,)

18 trwval, then the homotopy type of M 1s uniquely determined by the integer m.
(¢) If m s even and

S¢*: H'M, Z3) —> HM, Z,)

is non-trivial, then M has precisely two homotopy types which can be distinguished
by the element of order two in wy(Ly).

The plan of this paper is as follows: In §2, we calculate homotopy groups
of a CW complex L with the form S*Uet. In §3, at first, we calculate e(L)
which is the group of self-homotopy equivalences over L. Secondly, we deter-
mine the actions of ¢(L) on wy(L). In §4, we give the proof of the main results.

The problem of this paper was suggested by Professor S. Sasao and the
author would like to take this opportunity to thank him for his many valuable
suggestions and encouragement.

§2. Homotopy groups of L.,.

Let ,: S*—S® be the Hopf map. It is well-known that the homotopy group
w3(S?) is isomorphic to Z {5.}. For each integer m, let L,, denote the CW com-
plex formed by attaching the 4-cell e* to S* with the map my»,: S*—S?, and the
map an: (E* S*)—(Ln, S* denote the characteristic map of 4-cell et of L,. For
example, L, and L, are homotopy equivalent to the wedge of sphers S?VvS* and
the 2-dimensional projective space CP? respectively. Let SO(n) be the n-th
rotation group, and p: SO(3)—S0O(@3)/SO(2)=S* be the canonical fibration with
its fibre S'. Let X, be the S? bundle over S* with the characteritic element
cmn € (SO)) satisfying ps(cn)=mn,, where py is the induced homomorphism
Dt w(SOR)—my(SH=Z {n,}. It is easy to see that X, is homotopy equivalent
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to the CW complex Ln,\J, e® formed by attaching 6-cell e® to L, with b€
ws(Ln), which is a generator of order infinity because X, is a closed manifold.
(See in detail [8]) Denote by ¢, the generator of 7,(S™) and by 7, the map
E™-%p, for integer m=2. It is also well-known that

7(S*)=2Z: {3}
and
75(SH=2, {773} s

where we denote by 7; the composition map 7x°7.+; and by »3 the composition
map Nn°Nn+1°Nn+2.

LEMMA 2.1. (@) Ln=5SUn,,e* s ssmply-connected,
(b) 7woLm)=m(SH=Z{ts}, and
©) nlp)=Z/mZ=27Z,.

Proof. Statements (a) and (b) are clear. Consider the exact sequence

0,
(2.2) 7i(Lm, S*) —> 753(52):2{7]2} —> 5(Ln) — 0.

Since wy(Lm, SH=Z{an} and d,an)=my,, the statement (c) is also obtained.
Q.E.D.

LEMMA 23. (a) If m is odd, then w(Ln)=0.
(b) If m is even and m=0, then

T Ln)=m(S)=2Z,{53},
and 1n particular,

(©) 7(Lo)=m(S*V SY=Z{e} DZ:{ni}.

Proof. Since n(Ln, S®=Z{an}, it is easy to see that =;(L,, SH)=
ams(E, SHDZ{Lan, 2.}, where

Qe T(EY, S®) —> 75(Lm, S%)

is the homomorphism induced by a,, and [, ], denotes a relative Whitehead
product.
Now consider the exact sequence

0s 0,
249 7L, SB) —> n(SH=Z {8} —> 7.(Ln) —> 7(Ln, S*) —> ma(S?).

Since an|S*=mn,, we have O;an.t5(E*, S)=Z,{mn3}. On the other hand, taking
account of [, ¢,1=0, we obtain

aal:am, [Z:IT:O .
Hence we also have
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Zy{n3t if m is odd
(2.5) Im [05 : w5(Lm, S®) —> n(SH]1=Z,{mp}} = .
if m is even.

Proof of Lemma 2.1 also shows that 0, is a monomorphism if m20. Then we
have statements (a) and (b). The statement (c) is obvious. Q.E.D.

LEMMA 2.6. (a) If m is odd, then
m(Lm)=Z{{am, t21:} =Z {bn},
(b) if m is even and m=0, we have the exact sequence
0 —> 75(S?) —> 75(Ln) —> Z{[an, t:1 Panms(E:, S*) —> 0,
and in particular, for m=0
(© ns(Lo)=ms(S?V S*)
=1(SHDr(SHDL7o(S?), mu(S*)]
=Zy {9} DZ:{nd DZ {[ee, eu}.
Here we can identify [am, to)r==2bnEns(Ln).

Proof. The statement (c) is obvious. From (2.5) we have the exact sequence

2.7 Te(Lm, S? —a: 75(S?) —> 75(Lw) —> w5(Lm, S?) i Zy{mpf —>0.
Since ws(Ln, SD=anw(E!, SHYPBLrs(Ln, S?), 7(SH], and [9:°7s, ¢:]=0, we have
0s[s(Lm, S?), m(S%1,=0.

It follows from an|S*=my, and =,(S*)=Z,{»3} that we obtain
2.8 Im [0 : we(Lm, S®) —> ws(SH]=2Z,{my}}
{ Zy{n3} if m is odd

0 if m is even.

Therefore we have statements (a) and (b). The rest of the proof is easy.
Q.E.D.

LEMMA 2.9. Ts(Lm) =2 Z {bn} Prs(Xn).

Proof. Let b}, :(E® S*)—(X,, Ln) be the characteristic map of 6-cell of X,..
Consider the exact sequence

7o Xy L) —> 7o(Lm) —> 76(X ) —> 76X, Lu)=0.
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Since 05(by)=b,>x0 and 7(Xn, Ln)=Z {b},}, we have the exact sequence

@.10) 0 —> Z{bn} —> wLn) —> 7o(Xn) —> 0.

Here we recall that b,=nr;(L,) is a generator. Then is follows by using the
functional cup-product that the exact sequence (2.10) is split. Q.E.D.
The preceding argument also shows

COROLLARY 2.11. (a) If m is odd, then

15(Xn)=0,
and
(b) of m 1s even and m=0, then the sequence
0 —> 75(S?) —> 7s(Xm) —> 75(S*) —> 0

s exact.

§3. Actions of ¢(L,).

We denote by &(X) the group of self-homotopy equivalences over X with
multiplication induced from composition. If i:S?>—L, is the inclusion map, the
induced homomorphism

1t To(S?) —> wo(Ln)

is an isomorphism. Since H(yz)=¢; and [¢s, ¢,]=27,, we have

Ix((—to)oa)=—1x(n2) +15[ts, t2]oH(7s))
= _i*(7]2)+21*<7]2)

=1x(72) .
Thus there is a map
fiLpy—Ln

such that f has a degree (—1)’ on each cell ¢¥ of L, for j=1 or 2, and we
denote by (—1) one of such maps. Let w:L,—L,VS* be the co-action map
and V:L,VL,—L, be a folding map. For h=:id or (—1), we denote by
hV 7.m, the composite

hv v
P L N L —> L,

u
Lm I Lm\/s4

LEMMA 3.1. (@) If m is odd, then e(Ln)={id, (—1)}.
(b) If m is even and m=0, then

e(Ln)=1{d, (—1), zd\/7']2773, (_'1)\/7]27]3}-
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(c) In particular, for m=0, we have the split extension
0 —> 7,(S*VSH) — &(S2VSHY=¢e(Lo) —> Z:XZ, —> 0,
where ZyX Z, operates on the homotopy group m(S*VS*) by
(a, b)ec=acceb  for (a, b)eZ,XZ, and cern,(S*VS?).

Proof. The statement (c) is clear. (See in detail [3]) Now suppose m=0.
It follows from (6.1) of [1] that we have the exact sequence

d* e
(3.2) Im [7s: 7(S?) —> 7 Ln)] —> e(Ln) —> &(S®) —> 0.

At first, suppose m is odd. It follows from Lemma 2.3 the statement (a) is
clear. Therefore we may assume m is even and that m=0. It follows from
(3.2) and Lemma 2.3 we also have the exact sequence

33) £ )= Tl Lo L) (5 0.
Hence it suffices to prove h3h\/7,p; for h=id or (—1). Now consider the
isomorphism m,(E*, S3)—i> (SN =Z,{ns}. If j: Lpn—(Ln, S* is the inclusion
map, it follows from (2.6=) that the induced homomorphism

Jx: Ts(Lm) —> 75(Lm, SH=Z {bn} Ban7s(E*, S?)

is an epimorphism. Thus there is an element 7,En;(L,) such that ju(yo)=
am{07'7s). Then we have

(3.4) T5(Ln, SH=Z{bn}DZ: {70}
On the other hand,
5LV S)=7(Ln)Brs(S)BLroLn), m(SH)]
=7(Ln)DZoAn} DZ {[ta, ¢}
Therefore by using [¢,, %.7:]=0, we have
(3.5) (h\/772773>°7’0:h°7’o‘§‘7,727]a774+[hISZ, 727s]
=hetot 90t [127s, 2]
:/1°70+T/27]37)4 .

Hence we have hV p.p,3h for h=id or (—1). Q.E.D.

Remark 3.6. Suppose m is even and m=0. Since [¢s, ¢]=27,, we have



ON THE HOMOTOPY TYPE OF CW COMPLEXES 309
3.7 ma+(—z)emn,="{es, co]o Ho(mns,)
=2mn, .
Furthermore, it follows from [7,, ¢:]=0 that we also have
3.8) 7e0 E(mys)+[to, 1] EHo(myo)=0.
Hence taking account of Theorem 3.15 in [3], we have the exact sequence

(3.9 1 — 7,8 —ellLy) —Z,—> 1.

Remark 3.10. Since X, is the total space of S%bundle over S* with its
characteristic element ¢, x;(SO(3)), we may also regard X, as the space

(3.11) SEXEYUSEX EY/~,  where (x, y)~(cn(¥)x, )
for (x, y)=StXx S,

Then we define a map f,: Xpn—Xn by

(3.12) fu(x, v)=(—x, y)  for (x, y)=S*XE*.

Then the map f, has a degree (—1)’ on each cell ¢* of X, for j=1, 2 or 3.
Hence without loss of generalities, we may set (—1)= f,|Ln,. Therefore
(—=1o(—1)=1id.

LEMMA 3.13. (@) (—1)ebp=—b,.
(b) If m is even and bEny(Ly), then

heb if 7x(b)yeZ{bn},
h°b+7727737]l lf ]*(b)eEZ{bm}r
where jy: w5(Lm)=ms(Lm, S)=Z{bn} DZ:{j+(ro)}.

(A nems)b ={

Proof. It follows from Remark 3.10 the statement (a) is clear. The preced-
ing proof of Lemma 3.1 also shows the assertion (b). Q.E.D.

§4. Proof of the main results.

Throughout this section we assume X is a CW complex with the form
StUetUe® such that,

4.1 (x)?=m-x, and =x{-x,=n-x;, (m, n=0)

where x,€H¥(X, Z) is a generator for j=1,2 or 3. Furthermore, taking
account of the Hopf invariant, we may also suppose that the attaching map of
4-cell ¢* of X is mz,. Hence we have
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(4.2) X=L,\Upe® for some bens(Ln),

up to homotopy.
At first we recall

LEMMA 4.3. Let j: Lp—(Ln, S? be the inclusion map. Then the following
two conditions are equivalent :

(@) yxb)=nbn+a for some acZ,.

(b) (x1)*=mxs x1-x,=n-x; and the second Steenrod square

S¢*: HYX, Z,) — H%X, Z,)
satisfies Sq*(x)=a- xs.

Proof. See (2) in detail. Q.E.D.

Remark 4.4. Taking account of Lemma 2.6, it is easy to see that

S¢*: HY(X, Z,) — H%X, Z,)
is trivial if m is odd.
Then we have

THEOREM 4.5. (a) If m is odd, then
S¢*: HY(X, Z,) — HX, Z,)

1s trwral and the homotopy type of X is uniquely determuned by the pair of
wntegers (m, n).
(b) If m 1s even and

S¢*: H\X, Z,) — H%X, Z,)

1s trunal, then the homotopy type of X 1s umaquely determined by the pair of
integers (m, n).
(¢) If m s even and

S¢*: HXX, Z,) —> H%(X, Z,)

1s non-trivial, then X has precisely two homotopy types which can be distinguished
by some element of order two n ws(Ln).

In particular, in the case of manifolds, we also have

COROLLARY 4.6. Let M be a closed 6-dimensional smooth manifold with the
form S*Je*\Ue® such that

(x)?=mx,,

where x,€H*(M, Z) 1s a generator for k=1, 2 or 3.



ON THE HOMOTOPY TYPE OF CW COMPLEXES 311

(@) If m 1s odd, then
Sq¢*: HM, Z,) —> H'(M, Z,)

is trwvial and the homotopy type of M is unmiquely determined by the integer m.
(b) If m is even and

Sg*: HXM, Z,) —> H(M, Z,)

is trivial, then the homotopy type of M is uniquely determined by the integer m.
(¢) If m is even and

Sq¢*: H M, Z;) — HM, Z,)

is non-trivial, then M has precisely two homotopy types which can be distinguished
by element of order two in wy(Lny).

Proof of Theorem 45. Without loss of generalities, we may assume X=
L, \Jye® for some bern;(Ly). At first, consider the case that Sq¢*: H*(M, Z,)—
HS(M, Z,) is trivial. It follows from (3.1), (3.13) and (4.1) that we have b=n-b.
Therefore taking account of (4.4), the assertion (a) and (b) can be obtained.
Secondly consider the case (¢). Let X’ be a CW complex with the form L,\J, e°
satisfying the same assumptions as X. If follows from (4.3) that we have

where jy: 75(Ln)—=7s(Lm, SH=Z{bn}DZ:{p:nsns. Thus it follows from (2.6)
that we have
b=0b" or b=b"-+tnmsn,.

Hence taking account of (3.1) and (3.13), the assertion (c) is also obtained.
Q.E.D.

Remark 4.7. 1t is well-known that for each pair of integers (m, n), there is
a simply connected CW complex X with the form S?Ue*Ue® such that,

(x)t=m-x, and x;-x,=n-x;
for each generator x;c H*(X, Z). (See [6] in detail.)

Remark 48. Let M be a closed six dimensional smooth manifold with the
CW decomposition S*Ue*Uef, Then M has the same homotopy type as a S*?
bundle over S* if and only if m is odd, or m is even and one of the following
conditions is satisfied:

(a) Sq¢*: HYM, Z,) —> H'(M, Z,) is trivial,
or

(b) Py(M)+4m=0 (mod 48), where we denote by P,(M) the first Pontrjagin
class of M. (See (4) in detail.)
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