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Introduction.

In Riemannian Geometry, one of the most interesting problems is to find
all Einsteinian manifolds. But this problem is not so easy, because there exist
Einsteinian manifolds of various sorts such as symmetric, homogeneous but not
symmetric (cf. [8], [11], [12]) and non-homogeneous ones (cf. [2], [4], [13]).
Then A. Besse has suggested the research for Einsteinian manifolds under the
more restricted condition (see [3], p. 165),

(%) R.pe-RP"=constant g, ,

where g=(g,,) is the Riemannian metric and R=(R%;;;) the curvature tensor.
Its typical examples are an irreducible locally symmetric space and a harmonic
Riemannian manifold, because the former satisfies Vi(R,-R;??)=0 and the
latter does

() R?,,,R%4,X*X? X * X '=constant?

for any unit tangent vector X=(X?%) (cf. [10]). Then we are interested in an
Einsteinian manifold satisfying the condition (*), which is neither harmonic nor
locally symmetric.

In this paper, we prove the following two theorems.

THEOREM 1. Sp(2)/SU(2) is an Einstermian manifold which satisfies the con-
dition (%), but does not the condition (x%).

THEOREM 2. Let M=G/H be a simply connected normal homogeneous Ein-
steinian manifold of strictly positive curvature, which satisfies the condition (xx).
Then M 1s homemorphic to a Riemannian symmetric space of rank one.

Because M. Berger [1] has classified all simply connected normal homo-
geneous Riemannian manifolds of strictly positive curvature, and with the ex-

1) Prof. Berger and Prof. Vanhecke have informed me that P. Carpenter, A. Gray
and T.]J. Willmore have obtained some symmetric spaces satisfying (xx).
Received September 20, 1980.
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THE CURVATURE TENSORS 101

ceptions of two, viz, Sp(2)/SU(2) and SU(5)/Sp(2)x S?, all are homeomorphic to
a Riemannian symmetric space of rank one.

The author wishes to express his sincere thanks to Prof. S. Ishihara, Prof.
S. Tachibana and Prof. K. Takamatsu for their valuable suggestions and encour-
agements.

1. A normal homogeneous Riemannian manifold.

G will always be a Lie group, H a closed subgroup, G/H the space of left
cosets of H, =: G—G/H the natural projection. The Lie algebras of G and H
will be denoted by g and Y respectively. G/H is said to be a normal homo-
geneous Riemannian manifold if the metric on G/H is obtained as follows: Let
there exists a positive definite inner product <{,) on g satisfying <[X, Y], Z)
=X, [V, Z]) for all X,Y, Z<g, and let m be the orthogonal complement of
9. Then the decomposition g=m+Y is reductive, that is, [m, h]JCm, and the
restriction of the inner product to m, (which is identified with the tangent
space at n(H)), induces a Riemannian metric on G/H by the action of G on
G/H. The curvature tensors of normal homogeneous Riemannian manifolds are
well known (see [9]); for X, Y, Zem,

(LD R(X, Y)Z=[[X, Y]y, Z1+1/2[[X, Y]u, Z]u
+1/400Y, Z]w, XJu+1/4LZ, X, ¥ 1u,

where [ X, Yy (resp. [ X, Y]u) denotes the Y (resp. m)-components of [X, Y.
Now choosing a basis {e,} of m, we obtain, for Y em,

(1.2) R(ea, Y)Y =[Leo, Y]y, YI+1/4[[ew, Y]a, Y]u,
from which
(L.3) {R(ea, Y)Y, eap=<[Lea, Y1y, Y1, ead+1/&Klea, Y]u, €ay
=—<lew, Yy, [, YI>—1/4{ea, Y]u, [, YIu>,
since ([ X, Y], Z)=<(X, [Y, ZD.

2. Sp)/SU?2).

2.1. Sp(2) is the sympletic 2-group and SU(2) is the special unitary 2-group.
Now an element of Lie algebra sp(2) is skew-Hermitian of the form

aqq aje Aq3 A1y
—dys —a ayy —dis
—as —Qayy Q33 Q34
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where a.;, a,, are pure imaginary, and the rest are arbitrary complex numbers.
Let P, P, Py, Qy, Qs, Qs, Ri, Ry, Ry, So be matrices in sp(2) (cf. [5]) such that

P an=—asu=1, otherwise a,,=0,
Py ap=—an=1, otherwise a,,=0,
P;: ap=ay=1, otherwise a,,=0,
Q11 ap=—ayu=1, otherwise a,,=0,
Q,: apu=—apn=1, otherwise a,,=0,
Qs: apu=—anu=1, otherwise a,,=0,
Ri: a,=0y=—a3=—a,=1, otherwise a,,=0,
R,: ay=as=—ap=—a,=1, otherwise a,,=0,
R;: au=asm=asp=an=1, otherwise a,,=0,

So . 012:—0212034:—043:1 y OtherWise a“:() )

For completeness, we list the Lie multiplication table: We denote a permuta-
tion of numbers 1, 2, 3 by B and its signum by sgn(8). Then we have

21 [Ppw, Pewl=2sgn (B)Pscw, [Qpw, Qper]=2sgn (B)Qsw),
LPsw, Rpw]=sgn (BRpw, [Qpw, Rpwl=sgn (f)Rsw ,
[Rpw, Rpwl=2sgn (BN Qsw+Pscw), [Py Qi]=0, 1, k=1,2,3,
[R,;, SoJ=2Q,—Pyp, [P, SoI=R, [Q, Se]l=—R,

[P, R,J=—S,, [Q; R,1=So.
Setting

H\=3/2P+1/2Q,, Hy=Q,++/3/2Ss, Hy=Qs++/3/2R,,
Ei=1/2P,—3/2Q:, E,=+/3/2Q,—1/v/2S,, Es=+/3/2Q;—1/v2R,,
E=~/5/2P,, E;=~/5/2P,, E;=+/5/2R,, E.=~/5/2R,,
we can get the Lie multiplication table:
(2.2) [H, HJ=H,  [H, H]=—H,  [H, HJ=H,
[H,, E,]=0, [H,, E;]=E,, [H,, E;]=—E,,
(H, EJ=3E;, [H, EJJ=—E., [H, EJ=2E,
[Hy, EJ=—2E,, [H, E\J=+/6Es, [Hi E.]=+/5/2Es,
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LH,, Ey]=—~/6E:+~/5/2E:, [H: EJ=—/3/2E,

[He, Esl=—+/3/2Ex, [H., Hil=—~/5/2E2+~/3/2E,,

CHy, E]J=—+/5/2Es+~/3/2Es, [Hs, E;]J=—+/6E>,
[Hib EZ]:'\/B—El_l_'\/BﬁE% [HSy E3]:—\/5—/2_E6)
LHs, EJ]J=+/3/2E, [Hs, Es]=—+/3/2Es,

LH;, EG]:'\/EVZ—E3+'\/3724E5: [(H;, E;]J=—~/5/2E2:—~/3/2E.,

LEy, Ex]l=—Es—+/6Hs, [Ey, Es]=E:++/6He,

[E,, EJ=E, [E, Es]J=—FE, [E, E(]=—FE,
[E:, E{]=E,, [E,, E;J=—E,+H, [E,, EJ=E,
LE,, E]=E,, [Es Ec]=—E++/5/2H:
LE., E;d=—Es++/5/2Hs,, LEs Ed=—E,

LEs, E]=E,, LE., Ec]=—Es—~/5/2Hs,
LEs EJ=E+~/5/2H:, [E,, Es]J=E+3H,,

LEs, Ed]=E;—+/3/2H,, LEy Eid=—Es++/3/2H,,
LEs, EdJ=Es—+/3/2Hs, [Es, Ei]=E:—+/3/2Hz,

LE., El=—FE,+2H,.
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Here we note: (i) {H,, H,, H;, E,, ---, E;} are linearly independent and there-

fore form a basis of sp(2).

(ii) Furthermore, if as an inner product on sp(2)

we take <X, Y>=—(1/5) trace (XY), then {H,, H,, Hs, E,, ---, E;} is an ortho-

normal basis of sp(2) and also (iii) the inner product is invariant under Ad(Sp(2)).
(iv) Finally, one can show that su(2)=linear span{H,, H,, Hs}.

2.2. By (1.1) and (2.2), we calculate R(E,, Ep)E,:

2.3

2.4)

R(E,, E,)E,=25/4E,, R(E:, E)E,=—25/4E,—~/15E,
R(E,, E))Es=+/15E, R(E,, E)E,=—2F,,

R(E,, E,)Es=2E,, R(E,, E))Es=—+/15Es—2E;,
R(E,, E,)E;=+/15E.+2E, .

R(E,, E,)E,=25/4F,, R(E,, E)E,=+/15Es,

R(El) Ea)E3=—25/4E1‘|’\/EE7, R(E,, E)E=—2E,,
R(E,, E)E=—-2E,, R(E,, E)E=—+/15E.+2E,,
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(2.5)

(2.6)

2.7

2.8)

2.9)

(2.10)

(2.11)
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R(Elr E3)E7:_\/I5E3_2E5 .

R(E,, E)E\=1/4E,,
R(E,, E)E;=—E,,
R(E,, E)E;=0,
R(E,, EQE=E,.
R(E,, E5)E,=1/4E;,,
R(E,, Ej)E;=—E,,
R(E,, E)E,=—1/4E,,
R(E,, E)E,=FE;.
R(E:, EQE;=1/4E,,
R(E,, EQE;=E,,
R(E,, EQE:=E,,
R(E,, EH)E.=0.
R(E,, E))E=1/4E,,
R(E,, E))E,=FE;,
R(E,, Ep)Es=—FE,,

R(Ely E7)E7:—‘1/4E1 .

R(E,, E)E,=0,
R(E,, E;)Ey=—5/4E,,
R(E,, E)E;=—2E,,
R(E,, E))E,=—3E,.
R(E,, E)E,=E,,
R(E,, E)E,=E;,,
R(E,, E)Es=—E,,
R(E,, E)E;=—E,.
R(E,, Ej)E\=—E,,
R(E;, E)E,=—E,,

R(E,, E)E,=—F,,
R(E,, E4)E4:——1/4E1,
R(E,, ENE=E,,

R(Eb E5)EZ:E67
R(E,, E5)E=0,
R(El: Es)EGZ'—'EZ’

R(E;, EQE,=—E;,
R(Ely EG)E4:'—E3:
R(E,, Eq)E=—1/4E,,

R(Elr E)E,=E,,
R(EI’ E7)E4:~—E2:
R(E,, E)E=0,

R(E,, E))E,=5/4E,,
R(E,, E)E=2Es,
R(E,, E3)E=3E,,

R(E,, E)E,=1/4E,,
R(Ez; E4)E4:_1/4E2;
R(E,, ENE=0,

R(E,, Es)E2=1/4E5x
R(Ez; Es)E4:Es,



2.12)

(2.13)

(2.19)

(2.15)

(2.16)

2.17)

(2.18)
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R(E,, E5)E;=—1/4F, R(E,;, Ej)E.=E,,
R(E,, E5)E.=0.
R(E,, EQ)E\=~/15E;+E;, R(E,, EoE,=11/4F,,
R(Ey, EO)Es=—+/15E:+3/2E:, R(E;, EQE;=—+/15/2E,
R(E,, EQEs=—+/15/2E:—E,, R(E;, E)E=—11/4F;++/15/2E,,
R(Ey, E)E,=—3/2E;++/15/2Es .
R(E,, E;)E\=—~/15E.—E,4, R(E,, E))E,=+/15E,+11/4E,,

R(E,, E)E;=—3/2E,, R(E,, E)E,=E\++/15/2E-,
R(E,, E))Es=—+/15/2E, R(E,, E))E¢=3/2E;++/15/2E:,
R(E,, E;)E;=—11/4E,—+/15/2E, .

R(E,, E)E,=E,, R(E,, E)E,=—E,,

R(E,, E)E,=1/4E,, R(E,, E)E,=—1/AE,,

R(E,, E)E;=E,, R(E,, E)E;=—E,,

R(E,, E)E,=0.

R(E,, E)E,=E,, R(E,, E)E,=E,,

R(E,, E))E,=1/4E;, R(E,, E)E,=—E,,

R(E,, E)Es=—1/4E,, R(E,, E)E,=0,

R(E,, E)E,=—E,.

R(E,, E)E,=~/15E:—E,, R(Es, E)E.,=—~/15E:—3/2E",
R(E,, E)E,=11/4E,, R(Es, E)E,=—~/15E-+E,,
R(E;, EQEs=+/15/2Es, R(E,, E)Ey=—11/4E,—15/2E,,
R(E;, Eq)E.;=3/2E,++/15/2E. .

R(Es, E7)E\=~/15Es+E;, R(E,, E))E,=3/2E,,

R(Es, E))E;=—+/15E\+11/4E;, R(E., E;)E,=—+/15/2Es,
R(E,, E))E;=E,—+/T5E, R(E;, E))Ey=—3/2E,++~/15/2E.,

R(Es, E7)E;=—11/4Es++/15/2E5 .
R(E4, ES)EIZOJ R(E,, Es)E2:2E3;
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R(E,, Eq)E,=—2E,, R(E,, E5E=37/4F,,
R(E,, Es)E,=—37/4E,, R(E,, Ey)E.=5E,,
R(E,, Ey)E;=—5E;.

(2.19) R(E,, Eg)E\=—2F,, R(E,, Eq)E;=—/15/2F,
R(E,, EQEs=2E,—~/15/2E:, R(E., EqE,=T/4E,,
R(E,, EqEs=5/2E,, R(E,, EQEc=+/15/2E.—7/4E,,
R(E,, EQ)E;=+/15/2E.—5/2E5.

(2.20) R(E,, E))E,=—2F,, R(E,, E})E,=2E,+/15/2E,
R(Ey, E))Ey=—+/15/2Es, R(Ey, EJ)E=T/4E,,
R(E,, E)E;=—5/2F,, R(E,, E))E¢=+/15/2Es+5/2E5,
R(Ey, E))E;=—+/15/2E:—T/4E,.

(2.21) R(E;, EqE\=2F,, R(Es, EqE;=—2E,—+/15/2E~,
R(E;, EQ)Es=~/15/2E, R(Es, E¢)Ey=—5/2F,,
R(Es, EQEs=T/4E, R(E;, EQE¢=—~/15/2Es—T7/AE;,
R(E5, EQ)Er=+/15/2E:+5/2E, .

(2.22) R(E;, E)E,=—2E;,, R(Es, E))E,=—1/15/2Es,

R(Es, E)Es=2E,—~/15/2E:,  R(Es, EJ)E,=5/2E,,

R(E;, E)E;=T/4E,, R(Es, E))Es=+/15/2E.—5/2E,,
R(E;, En)E,=+/15/2E:—T/4E;5.
(2.23) R(E,, E))E,=0, R(Eq, E))E,=3E,,
R(Eq, E)E;=—3E,, R(E,, E;)E,=5E;,
R(E,, E))E;=—5E,, R(Eq, E))E=17/4E,,

R(E:, E)E,=—17/4F,.

2.3. For the computation of Ricci curvature, we first give [E,, Y] (a=1,
o, D), Y=3asEse(su2)*: By (2.2), we have

[El’ Y]:\/Gbst —V602H3
+a3Ey—aEy—asEytaEs+a.Eq—acEy,
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LE,, Y1=a,H,+5/2a,H,+(6a,++5/2a)H,
—a3E+a.Ey—aE—a.EstaEitasE,,

LE,, Y]=—a,H+(—+6a,+~/5/2a:)H,—~/5/2a H;
+a.Ei—a.Ey+a.Ei—aEs+asEi—al B,

[E., Y]=3a;H,—~/3/2a:H,+~/3/2a.H,
+a;E—asE,—a.Ey—a,Es—a,Eit+a,E,,

[Es, Y]=—3a,H,—+/3/2a,H,—~/3/2aH,
—a,E+a.Ey—aEy+a.Ei—asEi—asE;,

[Ee, Y1=2a,H,+(—+/5/2a;+~/3/2a)H;+(~/5/2a5++/3/2a5)H,
—a.E1—a,Ey—a;Eyta. Bt aEi+a By,

[E., Y]=—2a,H,+(v3/2a;—~/5/2a;)Hy+(—~/5/2a:—~/3/2a.)H;
+asEi—asE.;+aEy—asE+a.Es—aiEs.

Hence by using (1.3), we have

Ric (Y, Y)=—3XR(E,, Y)Y, E

=2{(Eq, Y1y, [Es, YI+1/4K[Es, Y, [Ea, Y}
=123a;+Q27/2)2a;=01/2XY, Y.

This shows that Sp(2)/SU(2) is Einsteinian.?

2KR(Ea, ENEs, R(Eg, EE:»>=(1299/4)dap

This concludes that Sp(2)/SU(2) satisfies the condition (x).

for example, we have

and

2XR(Ea, EVE,, R(Ea, EYE»>=627/8

E<R<Ea) E7)E7’ R(an E7)E7>:435/8y
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Next, after a long calculation using all equations of subsection 2.2, we obtain

Finally, we note that Sp(2)/SU(2) does not satisfy the condition (xx), because

taking account of a part of the equations of subsection 2.2. Thus, summing up
these facts, we have

I wish to express my thanks to him.

2) Prof. Berger has pointed out that this fact was shown by D’Atri and Ziller ([6]).
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THEOREM 1. Sp(2)/SU2) s an Einstetmian manifold which satisfies the
condition (%), but does not the condition (xx).

Remark. The pinching (1/37) of Sp(2)/SU(2) has been calculated by H.IL
Eliasson [7].

3. SUGB)/Sp2)x S*.

We show that SU((5)/Sp@2)xS* is not Einsteinian. SU(5) is the special
unitery 5-group and Sp(2) is the sympletic 2-group. Then we denote the Lie
algebra of SU(5) by su(5) and the Lie algebra of Sp(2)xS* by sp(2)+R.

Let ¢, be the matrix with a 1 in the jth row and kth column and 0 else-
where: ¢,,=(0,,0,5). Then setting

P=—1, Ap=ile;;—err), Bjr=¢jn—er; Cip=ilejeters),

we have
[Arj’ Akl]:—_57‘kBTk+5TZBTI+5jkBjk—5le]l bl

LA, Bxl=0,+Cri—0,:Cr2—0;:C;1+0;,Cjs
LAr) Cril=—0,4Br—0nBr3+0;2B,4+0, B8,k
[B,,, B11=0,1B;1—01Br1—0::B,,+0.Bjs,
[B:), Cril=0,1Cr+0;4Cri—01C5—0,:Cii
[Cry Cril=—0;2B11—0;Br1—0,:Bj7—0r B .

Furthermore, setting <X, Y>=—(1/2)trace (XY), X, Yesu(5), we obtain an
orthogonal decomposition (cf. [5]):

Si=A, S:=Bu, S:=Ci, S.=1/+/2(Bys— By
S;=1/+/2(C15+Css), Se=1/vZ(Bu+Bss), S:=1/4/2(C1;—Css),
Se=As, Se=Bi, S1=Css, Su=1/+/32A;—Aw),

Q:1=+v3/2 A;s—1/vV6 Ap—1/+/6 Ass, Q:=1/~/2(Bys+Bs,),
Q:=1/4/2(C15—Cs), Qs=1/+/2(B1—Bss), Qs=1/+/2(C1;+Css),
Qs=DB1;, Q:=Ci;, Qs=DBss, Qy=Cs;, Q10=Bs;,

Qu:Css, Qn:BAs, Q13=C45,

where Sy, -+, Su1 span sp(2)+R and Q, -+, Q1 span (sp(2)DR)*.
Now for the purpose of calculations of Ricci curvature Ric (Q., @,) and
Ric (Q1s, Q15), we need the following identities:
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[Qh sz:5/2\/6‘55+\/674Q3, [Qz: Qs]:S1"Ss .

[Q:2 Qu]=S:—S,, [Qz Q:1=S:—Sw,
[Q: Ql=—1v2Qu, [Q:, Q:1=—1/v2Qu,
[Q: Qsl=—1v2Qx,, [Q:, Q1=—1/v2Qus,
[Qs Qul=1/v2Qs, [Q: Qul=1/+2Qx,
[Q: Q:1=1/+2Qs, [Q: Q1s]=1/v2Q;.
[Q1, Qu]=1/v6Q1s, [Qs, Qus]=1/v20Qs,
[Q: QuI=1/v2Q,, [Qs, Qul=—1/v2Qs,

[Qs Qu]=1/v2(S:+Qy), [Qr, Qul=—1/V2(Se+Qy),
[Qs Qus]=1/v2(Ss—Qy), [Qs Qul=1/V2(S:~Qy),
[Qo, Quz]=510, [Qu, Qul=—S5,,

[Q:z Qus]=—Ss+1/v/3S1—+2/3Q;.

(1.3), (3.1) and (3.2) imply that

Ric (Qz, Qz)iRlc (Ql3: Qlﬁ) .

This shows that SU(5)/Sp(2)x S is not Einsteinian.

(1]

[2]
(3]
[4]
[5]
L6]

[7]
£8]
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