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THE CURVATURE TENSORS OF Sp(2)fSU(2) AND

SU(5)/Sp(2)xS1 OF BERGER

BY YOSHIYUKI WATANABE

Introduction.

In Riemannian Geometry, one of the most interesting problems is to find
all Einsteinian manifolds. But this problem is not so easy, because there exist
Einsteinian manifolds of various sorts such as symmetric, homogeneous but not
symmetric (cf. [8], [11], [12]) and non-homogeneous ones (cf. [2], [4], [13]).
Then A. Besse has suggested the research for Einsteinian manifolds under the
more restricted condition (see [3], p. 165),

(*) RipqrRjpqr= constant gXJ,

where g=(gu) is the Riemannian metric and R={Rι

jkι) the curvature tensor.
Its typical examples are an irreducible locally symmetric space and a harmonic
Riemannian manifold, because the former satisfies r7k(RιpqrRjpqr)=0 and the
latter does

(**) Rp

ιjqR
q

klpX
tX'XkXι=con$tentl:>,

for any unit tangent vector X=(Xί) (cf. [10]). Then we are interested in an
Einsteinian manifold satisfying the condition (*), which is neither harmonic nor
locally symmetric.

In this paper, we prove the following two theorems.

THEOREM 1. Sp(2)/SU(2) is an Einsteinian manifold which satisfies the con-
dition (*), but does not the condition (**).

THEOREM 2. Let M=G/H be a simply connected normal homogeneous Ein-
steinian manifold of strictly positive curvature, which satisfies the condition (**).
Then M is homemorphic to a Riemannian symmetric space of rank one.

Because M. Berger [1] has classified all simply connected normal homo-
geneous Riemannian manifolds of strictly positive curvature, and with the ex-

1) Prof. Berger and Prof. Vanhecke have informed me that P. Carpenter, A. Gray
and T. J. Willmore have obtained some symmetric spaces satisfying (**).
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THE CURVATURE TENSORS 101

ceptions of two, viz, Sp(2)/SU(2) and SU(5)/Sp(2)xS\ all are homeomorphic to
a Riemannian symmetric space of rank one.

The author wishes to express his sincere thanks to Prof. S. Ishihara, Prof.
S. Tachibana and Prof. K. Takamatsu for their valuable suggestions and encour-
agements.

1. A normal homogeneous Riemannian manifold.

G will always be a Lie group, H a closed subgroup, G/H the space of left
cosets of H, π: G->G/H the natural projection. The Lie algebras of G and H
will be denoted by g and ϊj respectively. G/H is said to be a normal homo-
geneous Riemannian manifold if the metric on G/H is obtained as follows: Let
there exists a positive definite inner product <, > on g satisfying <[Z, F ] , Z>
— {X, [ F , Z]> for all X, F, Z e g , and let m be the orthogonal complement of
ϊ). Then the decomposition g=tn+ΐ) is reductive, that is, [tπ, ί]Cm, and the
restriction of the inner product to m, (which is identified with the tangent
space at π(H)), induces a Riemannian metric on G/H by the action of G on
G/H. The curvature tensors of normal homogeneous Riemannian manifolds are
well known (see [9]); for X, F, Zem,

(1.1) R(X, Y)Z=\ΣX, F] r ) , Z] + 1/2[[X, F ] m , Z] r π

, Z] m , X] m +1/4[[Z, X]m, F ] m

where [_X, Y^ (resp. [Z, 7]m) denotes the ίj (resp. m)-comρonents of [X, Y~],
Now choosing a basis {ea} of nt, we obtain, for Fern,

(1.2) R(ea, Y)Y=Kea,

from which

(1.3) <R(ea, Y)Y, ea>=<llea,

since <[Z, F ] , Z>-<Z, [F, Z]>.

2. Sp(2)/SU(2).

2.1. Sί(2) is the sympletic 2-group and 5£/(2) is the special unitary 2-grouρ.
Now an element of Lie algebra sp(2) is skew-Hermitian of the form

an a12 fli3 fl

^ 1 2 ^ 1 1 ^ 1 4 ^

L —«14 fll3 —<^34 — ^ 3 3 J
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where an, a 22 are pure imaginary, and the rest are arbitrary complex numbers.
Let Pu P2, Λ, Qu Qz> QB, RU R2, R*, So be matrices in sp(2) (cf. [5]) such that

ί j '. CL I I — 0 33 — 2 ,

1Γ) m I

P s : ait=atl=t,

Qi:an=-au=,,

Qz: fl24=_α42=i,

R2: α i 4 = α 2 3 = _ f l 3 2 = : _ α 4 i = i )

i?8 I 014=023=032=041 = 2,

OQ '. dl2

=1 021==034~:: 0 4 3 = 1 ,

otherwise aτj=0,

otherwise aZJ=0,

otherwise α ϊ ; =0,

otherwise αt ; =0,

otherwise alJ=0,

otherwise atJ=0,

otherwise α v = 0 ,

otherwise 0^=0,

otherwise aτj=0,

otherwise a l ; = 0 ,

For completeness, we list the Lie multiplication table: We denote a permuta-
tion of numbers 1, 2, 3 by β and its signum by sgn(β). Then we have

(2.1) lPβM, PβωΊ=2 sgn (β)Pβa», lQβil>, Qβ^~]=2sgn

, ^^C2)]=sgn (β)

), [P,, Q*]=0, j , k = l, 2, 3,

Rj, lQj,Sol=-R,,

IP3, /?,]=-So, tQj, RjΊ=S0.
Setting

^-3/2^+1/2(3!, H2=:Q2+V3/2S0, Hs=Qs+V3/2Rlf

E1=l/2P1-3/2Qlί E2=V3/2Q2-l/V2So, Es=V3/2Qs-l/V2Rly

Et=V5/2P2, EB=V5/2Ps, E6=V5/2R2, EΊ=V5/2RS,

we can get the Lie multiplication table:

(2.2) ίHuHzl=H3, IHU Hsl=-H2> [ # „ # , ] = # „

IHU £^=0, [ft, £,]=£„ [ft, £ , ] = - £ „

[ft, £'4]=3£'5, [ft, EJ——E4, [ft, £63=2£'7,

[ft, £ 7 ]=-2£, , [ft, £1]=V6JE3, [ft, £ 2 ]=
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ZHt, £ J =

IHS, E ^

[# 8, £β]=V572£»+V372.E6,

[£!, E,l=-E,-V6Ht,

ZEt, Eel=E2-

Here we note: (i) {Hίt H2, Hs, Elt •••, EΊ) are linearly independent and there-
fore form a basis of sp(2). (ii) Furthermore, if as an inner product on sp(2)
we take <Z, 7 > = - ( l / 5 ) trace (XF), then {fiΊ, /ί2) ίί8, £ 1 ; •••, £,} is an ortho-
normal basis of sp(2) and also (iii) the inner product is invariant under Ad{Sp{2)).
(iv) Finally, one can show that sκ(2)=linear span{i/i, Hίt Hs}.

2.2. By (1.1) and (2.2), we calculate R(Ea, Eβ)Er:

(2.3) R(Elt E,)E1=25/iEt, R(EU Et)Eί=-25/4E1-y/ϊ5E,,

R(EU Ez)Ez=Vl5Ee, R{E1, E,)Ei=-2Eu

R{EU E2)E,=2E6, R{Elt E2)E6=

(2.4) R(EU E3)E1=25/iE3, R(EU ES)E2=VΪ5E6,

R(EU £3)£:3=-25/4£:1+ v/l5£7, R(,EU E^E^^E,

R(EU Ez)Eh=-2E.,, R(EU Ez)E,=
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(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

R(Eh

RAE,

R(Elt

R(EU

R(EU

R(E»

R(EU

R(Elt

R(EU

R(ES,

R{EU

R(E1,

R{EU

R(EU

R(EU

R(EU

7EI
R(E2,

R(E2,

R(E2,

R(E2,

R(E2,

R(E2,

R(E2,

R(Et,

YOSHIYUKI

.£,)£,=-VΓ5£,-2£..

lf El)E1=\/4Ei,

EύEt=-Et,

EύEt=Q,

E<)E,= Et.

EJE^lβEt,

E5)E3=—E7,

Ef)Ef=-l/4Eu

E6)E7=E3.

Et)E1=l/4Et,

Eβ)Es=Ei,

Ee)E5=E2,

Et)E,=0.

£,)£»= l/4£7,

E7)E3=E5,

E7)E5

:=--E3,

EΊ)EΊ— — \/AEι.

E3)Es=-5/4E2,

E3)E5=—2Eif

E3)EΊ=—3E6.

£.)£>=£„

Et)E3=E,,

Ei)E5=-E3,

EE7E7=~-EE[',
Eδ)E3=—E4,

WATANABE

R(E1} Eά)E2=—E7t

R(E1} Eά)Eβ=Es,

KyH>ιf £!yδ)£L2—-L^βf

KytLi, £Lδ)£L4=[),

J\\J2fl} ΓL/§)LL/2— -E^βf

R(Elf E^)E4=—E3,

TD(p p \p — 1/41

R(Eχ, E7)E2=E4,

R(Elf E7)Et=-E2,

R{Elt E7)E6=0,

R(E2> E3)E2=5βE3,

R(E2, Es)E,=2Eδ>

R(F F λF —1 /AF

R(E2, EJE^-l/AL

R(E2, E4)E6=0,

R(E2, Eδ)E',=1/'4Eδ,

D / Z7 7T1 \ 7T1 _ _ E 1

K{JUs2> ^δ)J^4—J^3>
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(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

R(Eit

R(Eir

R(Eit

R(Eit

R(E<,

R(E<,

R{Eit

R{Eit

R{Eit

R(Eit

7EI
R(E5,

R(ES,

R(E-0,

R(E-0,

R(E5,

R{E5,

R(E5,

R(Ee,

R(Ee,

R(Et,

R(ES,

YOSHIYUKI

£ 6 ) £ 3 = - 2 £ 2 ,

£,)£„=-37/4£4,

Et)E,= -5E,.

Et)E1=-2Et,

EάE^Ei-yffinEτ,

E6)E,=5/2EΊ,

Et)E,=VT5/2Et-5/2Et

E7)E1=—2E2,

EΊ)E»=-VΪ5/2E*,

E,)Et=-5/2Elt

E^)E1'=^—Λ/15/2^2—7/4

EQ)E1=
:2E2,

Ee)Ez=^\E/2E,,

Ee)Eb=7/4Ee,

E6)Eη=VW2E2+5/2E4

EΊ)E1= -2E»

E,)Et=2E1-Vl5/2E,,

E7)Eδ=7βE7,

E,)E,=VΪ5/2E,-7/4E,

£,)£,=0,

E7)EZ=-3E2,

£ 7 )£ 5 =-5£' 4 ,

£,)£,= —17/4£6.

WATANABE

Dip p \p —Ύ7/AP

R{Et, E5)E6=5E7,

R(Eit Et)Et=-VT5/2E*.

R{Eit £:6)£4=7/4£;6,

R(Et, El)Et=VΊS/2Et-7/iEi,

5

R(fl<, E7)E^7βE7,

R(Ei} EΊ)EQZ='\/\5/2ESJΓ5/2Έ5,

Pfp p \p — op ^/vz/oj?

Ώ(p p \p — ,»/Tcf/9J7 7/AT-

Ώ(p P \P — . / i r / o p

I\{E^f E'jjE^==o/ZEQ,

R(Eb, E,)E,=VΊ5/2Et-5/2Etl

R(Eβ, E7)Ez=3Es,

R\E6, E-jjEi^^oEs,

P(p p \p —17 IAp

2.3. For the computation of Ricci curvature, we first give [£«, Y~] {a—I,
, 7), Y=Σ,aβEβ(Ξ(su(2))1-: By (2.2), we have
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DE2, Yl=azH1

— a3E1

J

Γa1E3—aGEi—a1E5

JraiEG+a5EΊ,

J

Γa5E1—aGE2—a7E3—a1E5—a2EG

Jra3EΊ,

— a4E1

J

Γa1E2—aGE3

J

ra1Eά—a3EG—a2EΊ,

IE7, Y^=-

Hence by using (1.3), we have

RicCT, Y)=-Έ<R(Ea, Y)Y, Ea>

This shows that Sp(2)/SU(2) is Einsteinian.2)

Next, after a long calculation using all equations of subsection 2.2, we obtain

Έ<R(Ea, Eγ)Eδ, R{Eβ, Er)Eδy=(1299/i)δaβ

This concludes that Sp(2)/SU(2) satisfies the condition (*).
Finally, we note that Sp(2)/SU(2) does not satisfy the condition (**), because

for example, we have

a, E1)E1, R{Ea, E1)E1>=627/8
and

a, EΊ)EΊ, R{Ea, £ 7 ) £ 7 > =

taking account of a part of the equations of subsection 2.2. Thus, summing up
these facts, we have

2) Prof. Berger has pointed out that this fact was shown by DΆtri and Ziller ([6]).
I wish to express my thanks to him.
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THEOREM 1. Sp(2)/SU(2) is an Einsteinian manifold which satisfies the
condition (*), but does not the condition (**).

Remark. The pinching (1/37) of Sp(2)/SU(2) has been calculated by H. I.
Eliasson [7].

3. SU(S)/Sp(2)xS1.

We show that SU(5)/Sp(2)xSί is not Einsteinian. SU(5) is the special
unitery 5-group and Sp(2) is the sympletic 2-group. Then we denote the Lie
algebra of SU(5) by si/(5) and the Lie algebra of Sp(2)xS1 by sp(2)+R.

Let £jk be the matrix with a 1 in the th row and &th column and 0 else-
where: Sjk^iδjrδks)- Then setting

we have

ίArJ, A^-δrkBrk + δπBπ + δjkBjk-δjtBjt ,

\_ArJi Bkl^ — δrkCrl — δrlCrk — δjkCji + δjiCjk ,

\_Arj, Cki~\——δrkBrι—δrιBrk

JrδjkBJι-\-δjiB3k,

\_BΎj, Brι~]=δjkBrι — δjιBrk—δrkBjiJrδriBjk,

\iBrjy Ck{]—δjiCrk-^δjkCrι — δrιCjk — δrkCji,

[Crjf Ckil=—δjkBrι—δjiBrk—δrkBji—δriBjk.

Furthermore, setting (X, Y}=—(1/2) trace (XY), X,Y(ΞSU(5), we obtain an
orthogonal decomposition (cf. [5]):

Si=i4i2, S2

z=B12, S 3=C 1 2, S 4 =l/V2 (Bu—B2±)

55-l/V2"(C1 3+C2 4), S6=l/V2(Bu+B2Z), S 7 =1/V2(C 1 4 -C 2 3 ),

O8 = ~^34> ^>9~=Z &34f ^10 r=: :^'34> »^11"~1/ v «J ("-^15 -^-12/ >

C ? χ = V 3 7 2 Λ a - l

η — (-Ί5j V8 —

where 52, ••• , S n span sp(2)+R and d , - , Q18 span
Now for the purpose of calculations of Ricci curvature Ric((?2, Q2) and

Ric (Q13, Qls), we need the following identities:
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(3.1)

(3.2)

COi, 0

CO., 0

CO., 0

CO., 0

CO., 0

CO., Q

COi, 0

CO.,0

COβ, 0

CO., 0

COio, <

2]—5/2V'6 S6-|-Λ/6/4(3

e] = -lV2"Oio,

8 ]=-lV2Oi. ,

10]=l/V2Oe,

12]=1/V2Q8,

l t ] = l/V6O»,

!.]=1/V2OT,

l t]=l/V2(Sτ+0 t),

13]=i/V2~(S5-ρ3),

'3, CO2, 0

CO., 0

CO.,0

CO., 0

C£?2, 0

CO., 0

CO., 0

CO., 0

COτ, 0

IQs, Q

COll, ζ

,]=S 1-S e.

7 ] = — 1/Λ/2QU ,

,]=-l/V2Oi.,

11]=i/V2OT,

1,]=l/v^O..

,,]=1/V2θ8,

1,]=-l/V2O«,

1,] = -l/V2(S,+ θ4)

13]=l/V2"(S4~02),

^ 1 3 J =~~ — ^9 f

(1.3), (3.1) and (3.2) imply that

Ric(Q2,

This shows that S/7(5)/5^(2)xS1 is not Einsteinian.
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