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PRECISE VARIATIONAL FORMULAS
FOR ABELIAN DIFFERENTIALS

By AKIRA YAMADA

In the present paper, we shall study two basic types of degenerations of
compact Riemann surfaces considered by Schiffer-Spencer [10] and Fay [3].
According to the simple formalism of the degeneration considered here, the
precice variational formulas without error terms will be obtained for w(x, y)
the fundamental normalized Abelian differentials of the second kind (Theorems
4 and 6), from which one may deduce similar formulas for any Abelian differ-
entials and period matrices in the usual way. It turns out, however, that all
the variational formulas found in the book by Fay [3] disagree with ours and
it seems to us that they are incorrect, which is, to some extent, seen from the
examples in the last section of this paper. In our formulas the coefficients f;,
of an expansion of w(x, y) plays an important role. In this connection a variant
of Golusin’s inequality will be obtained for B;,’s (Theorem 5) which can be
viewed as the generalized Faber coefficients. Our method is completely element-
ary (c.f. Fay [3]) and yields some extension of the results in [3] and [6].

1. Pinching along a cycle homologous to zero and preliminary estimates.

On any Riemann surface, it is well-known that the following orthogonal
decomposition holds [1]:

ey I=r@I.ol%

where [ is the Hilbert space of square integrable differential forms, [, its sub-
space of harmonic differentials, I,, the closure of the subspace of smooth
differentials with compact supports, I3 the *-conjugate of I,. The above
decomposition easily gives a lemma concerning the “distance” between the
functions each defined on one of the boundary components of an annulus.

LEMMA. 1. Let D be an annulus r<|z| <R and assume that ¢(z) (vesp. ¢(z))
is holomorphic on |z|=r (resp. |z|=R), where they have the Laurent expansions

¢(z):niwanz" , gb(z):n:i_‘,mbnz" .
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PRECISE VARIATIONAL FORMULAS FOR ABELIAN DIFFERENTIALS 115

Then the Diriclet norm ||df —i*df||p attains its munimum among the (non-void)
family

F={feCD)NC(D); lldflp<co, f=¢ on |z|=r, f=¢ on |z|=R}
of and only if f 1s harmonic. Moreover, the minimum 1s gwen by:

H ~I_. S 2 v nlbon—a_,|? |be—aol?
(2) I?ég 27T “df-z df” —n;oo RZn_TZn 21n R/T’

(The notation > ndicates that in the summation n+0.)
Proof. First note that (c.f. Weyl [11] p. 105)
(3) du—dvel,, for any u, vedF .

The sketch of the proof of (3) goes as follows:
Choose a £=C*=(R) such that

1, x=2
&(x)= 0=&(x)=1
0 x=1
and set up the following function for ¢>0:

ta=¢(-<ET L= e gy,

In order to conclude that
Io2dl[&-(u—v)]—d(u—v) (e—0),
it is only necessary to use the inequality

2n . In ,0/7’ : [[dw“12r<|zl<p
S lw(pe'?)|*do= (r<p<R)
0 In R/P Ndwli<iai<r
with w=u—v (u, vEF), evaluating the norm of wdé..
In view of (3) and the decomposition (1), the first assertion stated in Lemma
1 holds at once. It remains to compute the minimum. An easy calculation
shows that the extremal harmonic function A(z)eF is given explicitly by :
oo 2n —_p2n oo b—n_ -
W)= S R*b,—r*"a, RN % a-,

oo Rzn_rzn fe—co RZn__rZTL

ay l_nkR_ —b,In7r

In R/r ’
By the identity dh—i*dh=2h;dZ, (2) is immediately obtained and the proof is
completed.

be—a,

In |z]|+

Let S; and S, be two compact Riemann surfaces of genus g,, g, each with
a point P, p. fixed and let z,: U,—»A={z&€C; |z|<1} and z,: U,—A be coor-
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dinates in neighborhoods U,, U, of these points with z,(p;)=0 (y=1, 2). Set

with 0<p<1. A family of compact Riemann surfaces {S.; e=C, 0<]|e|<1}
formed from S, and S, is constructed by defining

Se:(Sl\ I € l U1>U(Sz\ l € l Uz)
where x&U,\|e| U, is identified with yeU,\|e|U, by the equation
®) z(x)z(x)=¢.

The coordinates z, and z, are called the pinching coordinates for S; and S, at
p: and p, respectively. Clearly, S. is a compact Riemann surface of genus
g=g:+g,. Both the pinching coordinates map conformally the “pinched region”
SA(SA\UYI(S\U,)), denoted by P,, onto the annulus |e|<|z]|<1, so that S,
may be regarded as the union of S;,\U,, S;,\U, and |¢|<]z| <1 under appropriate
identification.

From Lemma 1, we obtain the following theorem which is the basis for
the derivation of the variational formulas in this paper.

THEOREM 1. Let 2, be a meromorphic differential on S, which is holomor-
phic on U, except for a possible sumple pole at p, with residue (—1)a (j=1, 2).

Let ¢x)= S (Q (=D'a 1> a dzJ) w U, and have a Taylor expansion wn terms of

the coordinaz‘es z, gwen by
6= 3 > S vz, 2<1 (=12,

Then there exists a meromorphic differential 2. on S, which is holomorphic on
P, with the same singularities as 2, on S\U, (3=1, 2), satisfying, for any
pE(lel?, 1),

2 ) 2n
© 31008y <7 3 nlla a1 — L

Proof. Let h. be the harmonic function on an annulus |e|/p=]|z|=p such
that

[951(2): 2 arz” on |z|=

h(z)=
lgéz(s/z): nZ;,I aPehz™" on |z|=]el/p.

Then, by Lemma 1, it is seen that
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Lo e _< ,nAlaf{ﬁL* ~:’¥ nla®l®
) o ldh.—1*dhe |20 n<o= P efeom + = Pzﬁ?llel“/p”

— ,?:"‘ n(la® |+ | a? [2)— l@]Lj

By passing to the usual smoothing process, it is easy to find an A (n=1, 2, ---)
with the same boundary value as h. satisfying

om *

. . . 1
(1) 1dhP—=*dhi ) pcizico <l dha_l*dhe“%el/p<lz!<p+7[ )

(i) If we define @ on S, by

{ 2.() ,  z=S\pU,
Q 0r@)= AP @), ze(z; lel/p=]zl<p)
2 . Z=Selh,

then @ <lY(S.), the space of closed C*-differentials 17(S.).

Here the coordinate z, is used to identify the pinched region with |¢|/p<]|z| <p.
Note that (*) is well-defined, because of (5) and the restriction imposed on the
residues of 2, and 2, at p, and p,. Clearly,

@®) @;m_i*q)gm:{ 0 r 2EBENU)(SA T
dhiP—i*dhv, zellel/p<lzl<p} .
From the decomposition (1), it follows that
@g’”—i*@é"’zwﬁg’)+a)§2)+w2‘f,<")

where o el}, o<1, and o¥? el Let tW=0™—w®, then 7z is closed
and co-closed. It is also square integrable off the poles of 2, and £,, so that
it is harmonic there by Weyl’s lemma. Noting the fact that any harmonic
differential with isolated singularities is never square integrable, we see that
7 is harmonic on S, except for the same singularities as £, and £, off the
pinched region. Now let us define 2™ by

an):%(fén>+ Fpim)

1 e e, .
25(@2’”-&l*@é”)—wélf)*l*wéﬁ’) .

Then £ is meromorphic on S, with the same singularities as % and the
following estimate holds:

2 2
];1 | 2¢0— Jns]\w]_z ; oty +1*0i I3 500,
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1 . 1
< Tlof i@z, = 5 lo I3,
1 .
<5100 0, .
Here we used the orthogonal decomposition (1). Thus, from (8),
3108 2,18 o, = | dhe— 5 R perncp .
= € JUS)NeU ;= 2 el elltel/p<izi<p 77‘1_
for n=1, 2, ---. By a normal family argument, a properly chosen subsequence

of {Q2™}%_, converges to a meromorphic differential £. on S, uniformly off the
poles of £, and £,. Letting n—oo, we conclude that

2 1 .
(9) J=Z:1 ”‘Qe_qug'j\pUjggudhs"'l*dhe”%sllp<wl<p .

By combining (7) and (9), the proof is completed.
The above theorem is slightly stronger than what is needed for later
applications. Indeed, it is sufficient to obtain the estimate

2
(10) 2 12=Q)llsp00,<Ae (e=0)

with some information about the bound for the constant A. If (10) is rewritten
in the form

(10y 3 12=2,s500,=00),

the constant A will be called an “implied constant” of the estimate (10)’. After
obtaining variational formulas, we will see that the estimate O(e) in (10)
cannot be replaced by o(¢) in general.

2. Derivation of variational formulas.

Let us fix, once and for all, a canonical homology basis (A, B?) for
S, where AW=(A,, -, Ag), BP=(By, -, By), A®=(Ag;4s, -, 4) and
B®=(B, 41, -, Bg), and assume that every cycle in (A, BY) is contained
in S\U, (j=1, 2) without loss of generality. To choose some canonical homo-
logy basis for S, let A,(e), By(e), ---, Ay(e), B,(¢) simply be a canonical basis
A, By, -, Ay, B, for S; and S,. Letv,. (=12, -, g) be the normalized
differential of the first kind on S, such that

SAk(e)U;:5:27rl'5]k (], k=1, -, g)

where 0,, is the Kronecker 4. This normalization is used throughout the
present paper.
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Let O be a relatively compact region of a Riemann surface, and assume
that » is a nowhere-vanishing holomorphic differential on the closure O. Then
a differential v defined in O is said to be bounded if so is the function v/u.
This definition is clearly independent of the choice of u.

The uniform boundedness of v,. (=1, ---, g) with respect to ¢ will now
be considered, which is crucial for the later development.

LEMMA 2. Let z&(S,\pU)\J(S:\pU,) with 0<p<1. Then, for ;=1, -, g,
v,,(2)=0(1)  (¢—0)

uniformly. (Here and hereafter estimates like f.(2)=0((e—eo)") (e—¢,) are said
to be uniform 1f “wmplied constants” can be chosen independently of the variable

z.)

Proof. Choose the pairs of differentials 2 and 2§ on S, and S, respec-
tively as follows:

if 1<,<
(29, Q;ﬁ):{ @, 0) it 1==8,
©,v) if &<j=g,

where v, for j<g, (resp. j>g,) are a normalized basis for the holomorphic
differentials on S, (resp. S,). Then, by applying Theorem 1, there exists a
differential £,,. holomorphic on S, such that, for ¢—0,

12, c=villspor, H 12, ellspor,=0(),  1=7=g1,
192, elspor, H 12, = Vil sp000,=0(e),  £:<j=g-
Since this holds for any p<(0, 1), it follows immediately that
2, (z)=0Q10Q) (¢—0)
uniformly for z&(S,\pU,)\U(S,\pU,). Let M, be the period matrix of £,., -,

Q... with respect to the cycles A,(¢), ---, Ag (). Then one verifies that
1 g
Ms—( 27[2’ SAj(s)Qk’s>J’ k=1‘[g+0(s) > (5_"0)

where I, is the gX g identity matrix, since the period along a fixed cycle isa
bounded linear functional on I, the space of closed square integrable differ-
entials (c.f. Ahlfors-Sario [17], p. 284). Therefore the inverse matrix M;' exists
for ¢ sufficiently small and is of the form

M=I,4+0(e).
Consequently,

), N =MH(2,, 5o=(2,. =1+ 0(e)(2,, )5-=0(1)  (¢—0).

This completes the proof.
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Let wy(x, v) (resp. wy(x, ¥), w(x, y)) be the fundamental normalized differ-
ential of the second kind on S; (resp. S,, S.), that is, the bilinear meromorphic
differential with vanishing Aj-periods which is holomorphic everywhere except
for a double pole along x=y, where, in terms of a coordinate, it has an ex-
pansion given by

dxdy

(x—)?
For x=S,\U, (resp. x=S;\U,, x&S,\P.), let the following expansions, in terms
of the pinching coordinates, hold in U, (resp. U,, P.):

-+regular terms.

S:]wj(" x)= 21 af(x)z7, lz;] <1 (y=1, 2)
(1) )
[P0, 0= 2 aniwa,  lsl<lal<l.

Here the constant term a, .(x) needs not to be determined. The coefficients
a¥’(x) are easily seen to be extended so that these become normalized differ-
entials of the second kind on S, holomorphic everywhere except for a pole of
order n+1 at p, where, in terms of the pinching coordinates,

ai(2)=w,z, p;)
12)
aP(z;)=dz;/ 27 +regular terms U=12; n=1,2, --).
LEMMA 3. The following uniform estimates hold with 0<p<1:

wj(x’ y)+0(5) ’ X, J’ESJ\P U] .
w(x, y)= (7=1,2)
0(e) s x€S\pU,, yS;\pU;

Here and hereafter we use the convention that
j’:{ 2, =l
1, j=2.

Proof. Set £,=w,(-, x), £2,=0and apply Theorem 1, assuming that x&S,\pU,
without loss of generality. Then there exists a differential £2.(-; x) meromor-
phic on S, satisfying, for positive p’<p,

1265 x)—oi(-, Dldppw, HL:(, Dsp0,

nlaP(x)|®p-el®
p/4n_I€|2n

IIA

>
n=1
By Cauchy’s estimate, it follows that

[ai,”(x)lp/"éK:Max{’S2w1(~, x>] |2l <p', x=S)\pUL}
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Thus

nlaP(x)|*p’e|®”
p/4n_ l elzn =1 10

IIA
x
Ms
o
|
S
O)N

£
2
n=1

uniformly in x&S,\pU,. Analogous to Lemma 2, the following uniform estimates
hold :

wx, y)+0() x, yeS\pU,,

2y; 0=
O(e) xES\pU,, yES:\pUs,,

SA' ‘Qs(y; X)ZO(E) (]:1’ 2, g).
o)

In order to conclude the proof, it is sufficient to note that

271'Ei <gAj<5)'QE(" x))vf»e(y)

and that v, (y)=0(1) uniformly by Lemma 2.

ox, »)=02.(y; x)— ]é

For our later development, it will be useful to derive an identity which
comes from the method of contour integration. For simplicity, let us define
w,(x, ¥) by :

{ olx, ), x, ¥ES,

(13) WX, )= (=112).

s x€S,, yES;

LEMMA 4. Let ¢, 6,&C and peR satisfy Max {|e]|V?, le Y% <p<l. Then
the following identity holds: for x, ye(S,\\pUD\I(S:\pU,)

1 (Yweo(x, -))we(y, z).

2w SpCl-l-ng

ox, y)—w.(x, y)=

Proof. Case 1. x, yeS\pU, (=1, 2): Integration along the boundary of
S\pU, canonically dissected yields

1
21

ox, y)—w.(x, y)= Spc,(gz(weo(x, D—odx, -)))we(y, z).

Here the Riemann bilinear relation and the residue theorem were used. The

term
Spo]qzw‘(x’ '))ws(y, 2)

vanishes because the integrand is holomorphic on S.\(S,\pU;) where Cauchy’s
integral theorem can be applied. On the other hand, the same theorem again
shows

2711'1 SpCﬂ(Szweo(x’ '))ws(y, z2)=0
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since the integrand is holomorphic on S,\pU,. This completes the proof of
Case 1.

Case 2. x€S;\pU, and yeS;\pU, (y=1, 2): Similar reasoning as above
gives

1
2x1

Jpo (@5, =5, Do, 9=0.

The residue theorem implies

Thus

By symmetry and Stokes’ theorem, it is seen that

27l'cl Spcj/(gzw€<y’ ')>weo(x» z)
1

This completes the proof of Case 2, so that Lemma 4 is proved.

(X, V)=, (y, x)=

We are now in position to obtain the variational formulas of arbitrary
order for w;(x, y) and wy(x, ¥). To this end, however, it is important first to
recognize that w.(x, ¥) is holomorphic in e. Thus the first or second order
variational formulas for w.(x, y) are needed in advance. Let w,(x, y) have an
expansion near x=y=p,, in terms of the pinching coordinate, given by

1

(14) w,(x, y):(x——y—)r

+ .3 sty (=12,

0

THEOREM 2. w.(x, ¥) has an expansion

oi(x, )+ B wlx, pwly, pp+0(E), x, yES,\pU,

(15) w(x, y)———{
—‘E(Dj(x, pj)wj’(y; pj’)+o(82>; XES]\‘DU]; yesj’\PUj’

near ¢=0 with 0<p<1. Here the estimates O(e®) and O(e®) are uniform and the
differentials wx, ¥), w{x, p;) and oy, p;) are all evaluated in terms of the
pinching coordinates.

Proof. Let us fix p’ and p” with |e|?*<p’<p<p”<1 and assume that
x€S\pU, without loss of generality. From Lemma 4 with &,=0, (11) and
Cauchy’s integral theorem, it is seen that, for y&€S,\pU,,
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2}” Sp'cl(g;wl(x’ '))we(y, 2)

=3 aP(x)

1
n=1 27

o(x, y)=

S 2wy, z,)
0'Cy

o 1
— n A1) n
= El e"aP(x) oi Sp'cza)e(y, 25)/2% .

Thus Lemma 3 combined with the residue theorem and the equation (12) shows

0, y)=—eal (D5 |y, 2)/zt0E)

2m
1
=—coy(x, pl)%*gp,czwz(y, 25)/ 2,1+ 0(e?)

=—cew,(x, Pwy, p2)+0(e?).

Here, the estimates O(¢?) are all uniform for x€S,\pU, and y€S:\pU.,.
When yeS\pU,, a similar reasoning shows

o, D=ate, Dt (ot ot 2

27 Py

@ 1
=oy(x, )+ B a(x)— - SP,CIZi’ws(y, zy)

1
21

=o,(x, y)— 2 ¢"a’(x) SP,CZwe(y, z5)/2% .

By definition y=S\pU, and p”C,CS,;\pU,, so that the result already obtained
above can be applied to give

1
0w, D=0ix, N—ead’ (D5 | w0y, /240

1
=%, 3)+eaP Doy, plg—) by 20+0(E)

=wi(x, y)+BF (%, pwy, p1)+O0().
Again, the estimates O(e®) are all uniform. This concludes the proof.

THEOREM 3. w.(x, ¥) has an expansion near e=¢g, (#0)

E—¢&y

16)  olx, N=0ux D= B 2200 (0)+0(e—e))

0

uniformly for x, yE(S:\\pU)\I(S\pU,) with |e|?<p<1.

Proof. Now let us fix a p’ with [&]V?<p’<p. From Lemma 4 it is seen
that
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1 )
0%, Y)= 0%, )= SP, 0y, Cn oDy, 7))

1 oo o
2 Sp'Cz ngma”'so(x)s [Z3w.(y, 25)

an == 2| e 0y, )

+2

5 gt ) A o DN /203, 2)

1

= %: (Eg_sn)an,so(x) 21

Sp,czwe(y, z2)/78 .
Lemma 3 shows that the estimate

w(y, 2)=0(1)  yE(S\pU)I(S:\pls), 2z:€0'C,
holds uniformly. In addition, the identity

et —el=nel (e—eo)+(e—¢o)?R,

where
1 z"dz
>
[ 271 S|z|=r1 (z—ep)(z—e) ’ n=0
R,=
1 z"dz
l_ 2m Slzl=r2 (z—ep)¥z—e) ’ n<0

with 0<7r,<|e,| <7, implies that
O((Weg)™) n— oo,

O((eVp’)") n——co.

Thus the estimate
19 o x, V)~ (x, Y)=0(—¢) (e—¢)

holds uniformly for x, ye(S,\\pU)\I(S:\pU,). Since p is arbitrary, (19) also
holds for x, y(S,\\p"U)\I(S:\p"U,) with |e|"*<p”<p’. Therefore, if (19)
with p replaced by p” is substituted in (17), it follows easily that

(1)5(.7(, y)—wso(x: y)

= 2 (=D 5| oy, 22O

=2 (sn—sg)an,eo(x)%zgp,clz{'weo(y, z)+0((e—¢0)*)

n
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= B (e —ei)er " @ e(2)(—1)a-n,e(9)+0(e—e0)")

= S 2, (D)o e (3) Oe—e0))
0 n
Here we used (18), (19) and Cauchy’s integral theorem.

Theorems 2 and 3 clearly show that w.(x, y) is holomorphic in ¢ at e=0.
To obtain the Taylor expansions of w./(x, y) with respect to ¢, the following
observations are in order: let

(20) aif=g | @) =125k 1=12, )
J

with 0<p<1 and set, for |e|<p?
2 olx, = T e 2(x, ), x yES\PUIUS\oU:)

where 2,(x, y)=w,(x, y) defined before. From (11) and (14) it follows easily that
(22) a=BP 11/ (=L1,2; k, I=1,2, ).

Thus the symmetry B§’=p{’ implies

(23) kaP=lafl  (j=1,2; k, I=1,2, ).

Q.(x, y) (n=1, 2, ---) are bilinear holomorphic differentials on (S,\pU)\U(S:\pU>),
since the singularities of w.(x, y) are cancelled out by those of £,(x, ).

With the above preparation, the following theorem concerning the vari-
ational formulas of any order will now be demonstrated.

THEOREM 4. The n-th order variational coefficients 2,(x, y) (n=1, 2, --) are
given by: for j=1, 2 and 0<p<1,

hidgn hk %) [€2)
o, e (0a (), x, yES\U,,
(24) 24(x, y)=
higsn hk ) " €2 Gn,
W2, 2 a0 (M) —nal(Dai(y),
xeS\pU,, y€S;\pU;
where
(25) Qi =h X affjaifl,allly - o,
(25) k= —h 2 aif)ai,alfy - al

with summation taken over all integral vectors (t;) such that

n—h—h= 221 t,,  t;=1,s20,s€Z
p3
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and

28+1
n—h—k= 3 t,, t;=21, s=0, s€Z
=1

respectively.

Proof. From Lemma 4, (5), (21) and Cauchy’s integral theorem, it is seen
that, for x€S,)\p’U, with 0<|e|"?<p’'<p<1 and j=1, 2,

ni.; e"2.(x, J’):%mgp,c] ni;l a%j)(x)Z}’)ws(y, 2)
= Jpo (2 et @er)( £, 62000, 2)

—_ i i e"*"‘ai,j)(x) 1

n=1 m=0 2m

[ 2u 2025
P, C]l

Compairing coefficients of like powers of ¢, we obtain

(26) iz, == 8 @y 0y, 2,)/2

2w

for n=1,2, -, x€S;\p’U, (=1, 2) and y<(S\p’U,)\J(S:\p'U,). Since p’ is
arbitrary, the repeated use of (26) gives

h+

A

n 1
aP(x)a : S
h, k=1 e ( ) k (y) (27”)2 p'Cj'xprCy

for x, yeS\pU,,

Qrn-alz, w)/2"w*

2N Qu(x, ¥)=

h+

I

n

. . 1
) (3" h,,k
po, Gi (x)aif(y) @iy Sp'cj:xp:c,“?”"“k(z’ w)/z2"w

—naf(x)af’(y) for x&S\pU,, yES;\pU; .
For it is easily seen that 2,=w, satisfies

1

27l

0 yeS\pU
[ .20, z,)/zj,:{ ] e
ey naf(y)  yES;\pU;

by definitions (11) and (13). On setting (for n=1,2, ---; h, k=1, h+k=<n;
=12

1
hk  — h, k
o) Q= i) SP oen Cj,Qn-n-k(z, w)/zhw*,
1
2 J— hok
Q= @iy Spcjrxpc,'o"'""k(z’ w)/z"w*,

it remains only to show that the formulas (25) and (25) hold. But this is
easy, if one notes the following recurrence formulas for 24, and 24, obtained
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by substituting (24) in the integrand 2,-,-.(z, w) on the right hand side of
(28): for n=1, 2, --+; h, k=1, h+k=n; =1, 2,

p+gsn~-h-k G
(29) ol 2, Desspalad’  htk<n
njji— -
hafly h+k=n
’ nk prasgoh-k ) (" )
(29) ‘Qn,jj’: p};:l :ann kgt ]aph aq’k—‘(n h— k)o@, k-

By induction on #, it turns out that (25) and (25)’ are the direct consequences
of (23), (29) and (29)’. This completes the proof of Theorem 4.

Clearly, (23), (25) and (25)’ show that the important quantities £%%; have
the symmetry :

(30) ‘Q;ll?jj:‘Qfl’:Lji’ ‘ngu ‘Qﬁ'fm
for n=1,2, ---; h, k=1, h+k<n; j=1, 2.

Remark. The coefficients 2%%;; satisfy the following identity : for n=1, 2, ---;
h, k=1,2, -, h+k=n; j=1, 2,
n-1l+hsy m+ksn-v )
8D) R RIS S SHS S IO T

v=1 [l=1

To show (31) we calculate a, .(x) (n==%1, =2, ---) explicitly by using Theorem
4. For xeS,\U, termwise integration gives

© h+ks z
[Pote, m=const+ 3 ar(ar+ B3 e a0 e
n=1h, k=
By (20) the integrals on the right hand side have expansions

23 1 ©  al
aP=— . zt k=1, 2, ..
X k sz = l 1 y 4y

Thus, from the definition (11), it is seen that a,, .(x) is given by: for x&S,\U,
and n=1, 2, ---,

h+nsm

1
Qo)== 3" em Qe (),
m,

§‘

oo ksm
tn =00+~ 3 S emap nta (x).
n m=1 h, k=1
Hence it follows from Theorems 3 and 4 that, for x, yeS,\U,,

2 neQ.(x, y)= E (X e ual()(naP(M)+ 2 emain ki ai ()

+ 3 (2 e AauP(NnaP(x)+ X emalltua(x).
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Compairing coefficients of ¢" in the above expansions, we find an expression
of £.(x, y) different from (24), which, together with (24), easily implies (31).
Similar identities will also be obtained by choosing x or y=S,\U, in the above
calculations.

Now that Theorem 4 is obtained, it will be possible to derive variational
formulas for any meromorphic differentials on S. which is holomorphic on P..
However, instead of computing complicated formulas for the general case, we
restrict ourselves to the case of the normalized differentials of the first and
the third kind.

Let o, (resp. wq-p ) be the normalized differential of the third kind on
S, (resp. S.) with simple poles of residue 1 and —1 at a, be S, (resp. S.) re-
spectively. Then the Riemann bilinear relation gives

S (-, x) xeS, 1=k=g,
Bp

vi(x)=
(32) lSB (UZ(': x) xesz; g1+l§k§.g’
k

o= o, 0 x=S, =12

with the path of integration from b to a taken in S, cut along its homology
basis. For notational convenience, let the following expansion holds in terms
of the pinching coordinates:

33) [o=Zrete,  1al<

where 7 is any differential holomorphic on U, (;=1,2). Thus (11) may be

rewritten as
7Plo (-, x)]=a(x).

Furthermore, let us write for short
B4 rPvd=rR,  rPle@]=r(a, b), 1Pled, +dz;/z,]=1(a).

Analogous to (32), the Riemann bilinear relation again gives
(35) [, av0=ra,  {a)=ret, v
By, b

If (21) is integrated term by term along the cycle B,(e)=B,, an expansion of
vs.. will be obtained at once in view of (32) and (35). Indeed, this is legitimate
since B, is contained in the region where Theorem 4 is valid.

COROLLARY 1. The normalized differentials of the first kind on S. have
expansions near ¢=0: for i=1,2, -+, g, and 0<p<],
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( { Vi(x)+52.8(()%)vi(p1)w1(x, P0)+O0(e?) xES,\pUl
Vi, {X)=—
—evi(pwy(x, pa)+O(e?) xES,\pUs,

where B 1s the constant defined by (14) and the estimates O(e?) and O(e®) are uniform.
Move precisely - for 1=1, ---, g and xE(S:\pU)\I(S;\pU,)

(36)

37) v 1)= 3 " @)
where, for i=1, -+, g, and n=1, 2, -,
vi(x) xESl;
() x)=
0 x<S,,
h+ksn
[ n k=1~Q'rLf11 wa(x) x€S\pUy,
(W)a(x)= -
+k=n
I r k:l‘sz’fm?’}ifaim(x)—nr;lia;”(x) x€S,\pU,.

For i=g,+1, -, g, similar formulas are obtained by symmetry.

If (37) is integrated term by term along B, once again, a variational
formula for the period matrix for S., denoted by 7., is obtained.

COROLLARY 2. The period matrix t. has an expansion near =0
T1 0 O tR1R2
(38) 7= —e +0(e?)
0 =, tR,R, 0
where 7, and T, are the period matrices for S; and S, respectively, and
R,=(py), -, vg,(p))EC?,

Ry=(g,+1(P2), -+, vg(P2))EC?2.
Movre precisely:

Ms

(39) o

ety

n=0

where t,=(Ty,.;)%,=1 and, for n=1, 2, -,

h+k

A

n
Rk ax(1)4(1) Y
‘Qn,llrhlrk] lél: ]_S_gl;
k, k=1
Tn,j—

B

+ksn

k
(“0) 2 Ak @tl=y, j=g,
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h n
rn,“:rn.ji::kiQﬁf’mﬂ}?ri“}’—nr%{r?} for 1=i=gy, ;i +1=7=5g.
Here 7 (j=1, 2) is the constant defined by (33) and (34).

Similarly, variational formulas for wg.». are obtained if both «¢ and
beS\pU, with 0<p<1 (j=1, 2). On the other hand, if aeS;\pU, and b&S;\
pU; (=1, 2), such a simple method as above fails immediately since the path
of integration must across the pinched region. In this case, however, we can
proceed as follows: analogous to Lemma 4, w,-;.(x) is given in terms of
ox, y) by

4 onndDwon =g | () @,z /2 otx,

271 P

_2—1m_~Spcjr (S;j, (@i +dz; /25 ))ws(X, 2)

where a€S\pU,, beS;\pU;, x€(S\pU)\I(S:\pU;) and
o 5 (%) xS,
wa—b.o<x>:

of-y(x) x<€S,.

(41) follows from a similar reasoning as in the proof of Lemma 4, so that the
proof may be omitted. If the expansion (21) is substituted in the right hand
side of (41), the desired variational formula is obtained from Theorem 4 by
termwise integration. The results are summarized as follows.

COROLLARY 3. The normalized differvential of the third kind wq-y (x) has an
expansion near ¢=0:

(i) for a, beS\pU,,
oP2y(x)+ e B wo(p)w(x, p;)+0()  x=S\pU,,
(42)  wg-n.(0)=
—wazjlb(Pj)wj'(X; Pj'>+ 0(¢&?) XESjr\pU'r ’
(i) for x, aeS\pU, and beS;\pU; ,
(43) Wa-v, (X)=0Fp (2)+edp (D)wi(x, p;)+0(e?)
where, in terms of the pinching coordinaies,

dia)= lil‘;l [wa-p(2)+1/2(2)]€C  (j=1, 2)
Lt )

and all the estimates O(e?), O(e®) are uniform.
Move precisely:

44 ao (D)= 3 M0a-alx)  2E(S\OUIU(S\OTY)
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where, for n=1, 2, ---,

(i) for a, beS\pU,,

>

+ksn
S r(a, HaP(x),  xeS)\pU,,

h, ksl

h+

A

n

45)  (@a-p)u(x)=
I 2 1#a, D)ai ()—nrif(a, b)ai(x),  x€S;\pU, ,

h, k=1

(i) for x, acS\pU, and b= S;\pU,. ,

6)  (wap)a(x)=" 3% AW, 7(Q)— D%, 1O} a0+ 11 (B)a(x) .

h, k=1
Here 7{’(a, b) and 7{’(a) are the constants defined by (33) and (34).

On account of the importance of the coefficients «¥), we make mention of
the close connection between the differentials a$’(x) (n=1, 2, ---) and the Faber

polynomials.
For convenience, let us omit the letter “;” in our notation and write

S=S,, U=u,, a,(x)=aif(x), etc.

The local coordinate z: U—4 is, on the other hand, regarded as a univalent
mapping ¢(t)=z"1/t): {¢t; |¢]|>1} —S. In the case where S=C (the Riemann
sphere) and p=o0 (EC‘), ¢ is a complex-valued function and the expansion (11)
reduces to

. o Fds 1
“n a0t ‘L‘@s(s)—xy RO

Recall that a generating function for the Faber polynomials p, (n=1, 2, ---)
belonging to ¢ is given by

xg/ (1) o plx) | pa(x)
g(t)—x A T

[2]. From (47) and (48) it is easily seen that

(48)

(49) o =palzo=—n{ ax(Bidt (=12, ).

In view of this identity, it is natural to call the Abelian integrals Z,(x)

z .
=—nS a,dt the Faber integrals belonging to a local coordinate z, which agree,

up to a constant, the Faber polynomials if S=C and p=oo. From (20) F,°¢
(n=1, 2, ---) has an expansion
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£

(50) Fno(w)=w"+const.— }Z}l %
With this analogy, a.; (n, k=1,2,---) may be called the generalized Faber
coefficients and the equation (23) corresponds to the classical Grunsky law of
symmetry [2]. Furthermore, a generalization of Golusin inequality is obtained
from a straightforward analog of area theorems as follows.

anpwk, [w]>1.

THEOREM 5. Let {x,} be an arbitrary sequence of complex numbers. Then
the coefficients oy, satisfy

o 1 N 2< N 1 . 1
(51) IEI—E Elxnank =§7{| nl » (N— )2: )

Equality holds for a non-zero sequence {x,} 1f and only if the complement of the
image of ¢ wm S has areal measure zero.

N
Proof. Let us evaluate the norm of Z_)lx"an(x) on. S\pU with 0<p<1.

The Riemann bilinear relation and (50) give

o Z [

S\pU

:_1SS EwaAEx%U

211 J)s\oU =

] TS en0) § e

T 2mi =
e e B 0 B gt
:él Ixizl2 N 2% % tatts] 0"
Letting p—1, we have
| E O, = £ ixl- :

which obviously implies Theorem 5. The equahty statement is a direct con-
sequence of the linear independence of a,(x)’s.

When S=C the inequality (51) has been already obtained by Jenkins [5],
Milin [7] and Pommerenke [9]. Applying the Cauchy inequality to (51), we
have at once a version of Grunsky inequality : let {x,} be an arbitrary sequence
of complex numbers. Then,

N N
52) 2 Bueraertats| S Balralt (N=1,2, )
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where B, (n, k=0, 1, ---) are the coefficients of the expansion (14). (Note the
identity (22).) Equality condition is the same as in Theorem 5.

In particular the important quantities S appearing in Theorem 2 and
Corollaries 3 and 4 satisfy

(53) 1BRI=1 (=1, 2).

Remark. Schiffer and Spencer have proved an inequality more general
than (52) in their book [10] where they generalized, to the case of finite
bordered Riemann surfaces, Grunsky’s necessary and sufficient condition for
the univalence of an analytic function defined on the exterior of the unit
circle. Since (561) implies (52), their theorem 5.5.3. [10, p. 1687 can be restated.
For the sake of completeness, we record this fact as a

COROLLARY. Let ¢ map a neighborhood of 04 conformally nio a neigh-
borhood of p=¢(0)€S. Using a local coordinate ¢=* around p, one may calculate
the series expansion (14). Then ¢ can be extended over 4 to gwe an analytic
wmbedding of 4 wnto S if and only 1f the wnequalities (51) hold for every sequence
{x} of complex numbers.

3. Pinching along a non-zero homology cycle.

Here, the notation and the definitions in the previous sections are used
unless otherwise stated.

Let S be a compact Riemann surface of genus g and choose coordinates
z;: Uy—4 and z,: U,—4 in disjoint neighborhoods U, and U, of two points
b1, p.€S. Again, a family of compact Riemann surfaces {S.; e€C, 0<|¢| <1}
formed from S is constructed by identifying U; and U, under the condition (5).
S. is a compact Riemann surface of genus g+1 while the pinched region
P.=S\(S\(U,VU,) is usually identified by the pinching coordinates z, and z,
with the annulus |e|<|z|<1 as before. To choose some canonical homology
basis for S, let Ae), Bi(e), -+, Age), B,(¢) simply be a canonical basis
Ay, By, -+, Ay, B, for S lying in S\(U,\YU,). In addition let A,,,(¢)=pC, with
any p satisfying |e¢| <p<1 and let B,,,(¢) be any path from z7'(v¢) to z7'(v¢)
lying within S\(|e|U,\J|e|U,) cut along the homology basis for S.

Corresponding to Theorem 1, the following analogous theorem holds with
trivial modification, so that proof will be omitted.

THEOREM 1’. Let 2 be a meromorphic differential on S which 1s holomorphic
on U, and U, except for possible simple poles at p, and p, with residues —a
and a respectively, and let
P =1 [0—(—1Vadz/z,]
for j=1, 2 and n=1, 2, ---. Then there exists a meromorphic differential £. on
S, which is holomorphic on P, with the same singularities as 2 on S\(U,JU,),
satisfying
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o 2n
(6)I ” Qe_Qllg\(pUIUpUZ) éﬂﬂ; n( l a(nl) 2+ I CX?I Z)Tl;iln‘(fllél an

with |e|2<p<l.

On applying Theorem 1’ and using the identity analogous to Lemma 4

50 o, D=otx, D=5t ([, Dz, )

for x, yeS\(pU,VYpU,) with |e]|¥2<p<], it is now easy to deduce such vari-
ational formulas as in Theorems 2, 3 and 4 by a method similar to the one
used in section 2. For instance, the uniform boundedness of v, . (=1, -,
g-+1) will be shown immediately by choosing

Wpy-p, if j=g+1

and applying Theorem 1’. (This is the reason why simple poles at p, and p.
must be permitted for the £ in Theorem 1’ as the singularity.)

Now the main results in this section will be summarized almost without
proof in the form of a theorem and corollaries. In order to state these, let us
define

1
(20 =] aE)E (s =125 b, 11,2
J

which, corresponding to (20), are important to express the variational coefficients.
Again, it follows the symmetry :

(23) lajt=maly,  (j, k=1, 2; [, m=1, 2, --+)

THEOREM 6. w.(x, y) has an expansion near ¢=0: for x, y€S/(pU,\JpU,)
with 0<p<1,
15y w(x, y)=o(x, y)—elw(x, ppa(y, p)+twlx, pu(y, p)l+0(e?)

where the estimate O(&?) is uniform.
Movre precisely: for |e|?<p<1

(21 wdx, )= 3 " Rulx, ) x, yES\(UpU)

where Q,(x, v)=w(x, y) and, for n=1, 2, ---,

l+msn

@y Q=3

2
Qypai?(2)a () — 2 naii(x)ai”(y).
J J=

11, m=1
The coefficients 24, are gwen by: for I, m, n=1, 2, - (I4+m=n) and j, k=1, 2,

(25)” Q=12 (D aladipaizsy - aidt
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with summation taken over all vectors (s,) and (t,)€Z* such that
d
n—Il—m= 21 t, t;z1, s,=1, 2, d=0.
F=

Instead of (29), the recurrence formula for 2%, is given by

p+gsn-l-m . , 2 ., .
Qggl—m,sta;]t a(‘z’fn— Z (n_l_m)aiz]—l-m,lafz-’fl—m.m
(29)/ lmjk: P,q=1 s=1
n, .
if [+m=n,
lad.¥ if +m<n.

m

By induction on #, (25)” is verified from (23)’ and (29)’ as before.
Integration of (21)" along the cycle B,(e) (=1, ---, g) immediately yields

COROLLARY 4. For i=1, -+, g, vi,(x) has an expansion near &=0: for
x€S\(pU,\YpU,) with 0<p<]1,

(36’ v, (1) =0i(x) —e[vi(Po)axx, pi)+vi(pialx, po)]+0(e?)

where the estimate O(e?) 1s uniform.
Movre precisely:

b= 3 wa(x)  xES\(UIpUs)
where (vy)(x)=vx) and, for n=1, 2, --,

(0= 33

l+msn
7 m

R 2 R -
Qi (1)— 2 nrad (@)
=1

11, m=1

with 1h=r?lvs].

On the other hand, Theorem 6 and the identity

. Spcl(gz(wpr nt dzl/zl))wg(g, x)

(55) Veon () =gy, ()=

1
21

for x€S\(pU,\JpU,) with |e|2<p<1 give
COROLLARY 5. vg41,.(x) has an expansion near e=0: for x€S\(pU,\JpU,)
(56) Vg1, e(X)=Wp,-py (1) —el720(x, p1)+7:0(x, p2)]+0(e%)
where the estimate O(e?) is uniform and the constants
57) 7= limlog,-p()—(~1/dz/x)/2(x) =12

are evaluated in terms of the pinching coordinates.
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Movre precisely:
(58) Vers D)= 3 " Wauda(®)  2ES\UNpUY)

where (Vg11)o(X)=wp,-p,(x) and, for n=1, 2, -,

l+msn : i 2 3 N
> QP a®(x)— ]2_31 nrd ai’(x)

(59) Vardn()= 3

2 1!, m=1

with 19=rP[wp,-p,—(—1)dz;/2,].
Let

Tige Oue \g
e 0 e EGL(g+1, )
i 1,7=

be the period matrix for S. with respect to a canonical basis A.(e), By(e), -+,
Agii(e), Bgii(e). From Corollaries 4 and 5, it is easy to calculate the Taylor
expansion of z, at e=0 except for the (g-+1, g-+1)-element o¢. for which the
path of integration B,.,(¢) must across the pinched region. The next lemma
shows that o, can be expressed through the line integrals whose paths of
integration avoid the pinched region.

LEMMA 5. For eeC and p€R satisfying 0<|e|Y*<p<1/2, the following
identity holds:
251/ 1

wp2-p1+—mgp01<Szrl (1/2>(wp2-p1+ d21/21)>vg+1, «(2)

L

2nt
(The proper choice of the logarithm depends on the path chosen to define the
cycle Bgiq(e).)

(60) o.=In 45+S

-1
2 °(1/2)

SPCZ(SZ (wpz"pl_dZZ/ZZ))vgﬂ,e(z) .

-1
zg 1/2)

Proof. Cauchy’s integral theorem and the bilinear relation give

SPCﬁpCz(Sz (v“l's_wl’rm))vgﬂ.e(z)—:o .

ECVEN
Hence

Szz‘lulz)

(Wg41,e—Wpy-p,)
lan € P27P1

- 2717.'i SpCI(S:l—l(l/g)(pr'Pl—'—‘(?ll_))vgﬂ, «(2)

t 271'L'i Spcz(g;—l(,,z)(“’pz-m_dz—?))%n. «(2)
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Zii SP C1(Sz‘1(1/2)(vg“’ s+-dzzl—l))vg+1, (2)

%

__%’;5902(5;‘1(1/2)(0&”‘E— dZZ; ))vs’ﬂ,s(z)o

On the other hand, a change of parameter by using z,z,=c¢ yields

‘2}7;2‘&01(8‘;—1(1/2)(0“1' e +—4:—1))Ug+1. «(2)

=L { (T _ 4z
T 2m Sp%(i;l(zi)(’}gﬂ.e z )vgﬂ,s(z).

Therefore

25 12e 231/ 2571 2e
Vgtl,e— Wpyep— dzy/z,
+le -
artarm £TUF Jaflagey PETPL Japtare

- Z}rz Sp ol(gjl—l(l,z)(“’pr pf*‘—d:l_»vgn, «(2)

+771;Sp02<5;*1<1/2)<w”2‘1’1-‘%22—>)Vg+1, (2).

Note that the path of integration from z{'(1/2) to z;'(2¢) can be identified with
B,.1(¢), so that the proof is completed.

From the above lemma, it is seen that the constant term in the expansion
(60) is given by :

22_1(1/2) 1 . d21

" 4+S?f‘<1/z)wp2—p1+ 21 Spq(&l—l(l/z)(wpz-p1+71—>)wp2_pl(z)
1 2 dz,

- 2m1 SPCz(gzgl(1/2)(‘0?2'1’1—72))‘0?2-@1(2)

25 11/2) 271 d 251 d
2 1 21 2 22
Ind S Pamia S ( PemPit oz ) S ( PP, )

—1 -1 -1
s a7taye) 731/

This, in turn, is seen to be equal to the constant
i [ 23N 21
i —py— .
z-r»lg Sz(lw)wpz 71 nx]

Corollaries 4, 5 and Lemma 5 give immediately the expansion ofjthe period
matrix.

COROLLARY 6. Let 74, 72, 75 and 74} be defined as in Corollaries 4 and 5.
Then the period matrix for S. has an expansion
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T, teo,, a;iteo,
(38) T,= +0(e?

a,+‘eo, Inetcotcse

. D2
where (t,;)%,-1 1 the period matrix for S, alzg vy,
p1

Oyj=— (Ui(ﬁ1)v;(p2)+ vi(pZ)U](pl)) s o, =—wi(pa)+71:0:(P),

251
co=lim [S : Wp,-p,—21n x] and ¢,;=—277,.

=0 zl‘l(:c)

More precisely -
( i ) 71.7'5:;0 en(z—lj)n 1, ]:1) 2) ) g

where (t,;),=t,, and, for n=1, 2, -

l+msn

(61) (=3

m 2

4 (8)as(t) )a(8")
Qn’?sz?'ﬁ T'Enj— Z nrgzslrns] .
s 11, m=1 s§=1

(if) Ge= o), i=l, . g

Pg
where (ol)ong wp2-p1=5 v; and, for n=1,2, ---,
7 Py

2 l+msn 2 .
(62) (0= 3 S Q- = e
s, t=1 1, m=1 §=1
(iii) o.=In e+ ioe"(a>n
where (a)y=c, and, for n=1, 2, -,
2 l+msn
(63) (@n= 3 3 om e —2nrird .
s, t=1 1, m=1

From Theorem 6, it is also possible to derive a variational formula for the
prime form E(x, y). For the basic properties of E(x, y) the reader may consult
[3, Chap. 2].

Since the multipliers of E(x, y) and E.(x, y) (the prime form for S.)
along the cycles pC, and pC, are both equal to 1 (c.f. [3]), we can choose a
single-valued branch of In(E.(x, y)/E(x, ¥)) over S\(pU,\JpU,) canonically
dissected so as to satisfy

(64) lim In (E(x, )/ E(x, ¥))=0
z,y—q
for any ¢eS\(pU,\YpU,) [3, Corollary 2.5]. From now on, all paths of inte-

gration are taken within a fixed canonical dissection containing pU; and pU..
With this agreement we have
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COROLLARY 7. In EJ(x, ¥) has an expansion: for x, yeS\(pU,\JpU,) with
le|¥2<p<1,

(65) In Ee(xy y)zln E(X, y)_ewy—z(pl)wy—z(p2)+0(52)

where the estimate O(e?) 1s uniform.
Movre precisely.

(66) In Ex, y)=1In E(x, 3)— 5 ne'|" e[ a

1 = 2 I+
‘I’—Z—Z’S" >
7=

n=1 7y

m=n
2 le S (])S (Z%”.
m

1, m=

Proof. First we note the identity [3, Corollary 2.6]: for x, yES,

2

67) w(x, y)= 86 In E(x, y)dxdy .
To prove (66), set

F(x, 3)=In(E(x, 9)/E(x, )+ 3 neg § a®

. 0*
and consider WF(X’ ¥). (67) and Theorem 6 show

aZ
Txay Lo 2=0.

On account of the symmetry F(x, y)=F(y, x) (c.f. [3]), it is seen that F(x, y)
has the form

F(x, y)=h(x)+h(y)

where h(x) is single-valued and holomorphic on S\(pU,\JpU,) canonically
dissected, since a{’(x) (j=1, 2 and n=1, 2, ---) has no residues at p, and p,.
(64) implies that F(x, x)=0 or h(x)=0, so that F(x, y)=0. This gives (66)
while (65) is proved by recalling the identity (c.f. [3])

(©9) wa-i0)=| 0, )
and the proof is completed.

Remark. Let g(x, y) be the Green’s function on a planar regular region
D. Then it can be verified that

| Elx, 3)
(69) g(x, y)=In Fx )

x, yeD
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where E(x, y) is the prime form for the double of D with respect to a suitable
canonical homology basis and ¥ is the conjugate point of yeD. (69) shows
that Robin’s constant c(x) is given by

70) c(x)=In | E(x, X)| .

By using the representations (69) and (70), Corollary 7 will yield variational
formulas for g(x, y) and c¢(x), but we do not enter into these calculations.

4. Examples.

To guarantee the validity of our formulas, we consider here two cases
where w.(x, y) can be calculated easily by other methods.

ExAMPLE 1. Let S; and S, be the extended complex plane C. Then the
fundamental normalized differential w;(x, y) is given by
dxdy_

(71) 0% M=y

(=1, 2).

If |&;] <1, the function ¢j(z):%+x,z maps conformally the unit disk 4 onto

ch:é with ¢,(0)=c0 (j=1, 2). Hence it is possible to take ¢;' as a coordinate
z,: Uj—4 on S, centered at p,=oo (y=1,2). Since S, has genus zero, it is
well-known that, for any fixed x<S,\U,, there exists a conformal mapping
fe: S.—C satisfying f{x)=co. To calculate w.(x, y) on S,, we shall first study
the mapping f. itself. Let f, be the restriction of f. to S;\|e|U, (j=1, 2), and
assume without loss of generality that f;, is holomorphic on S;\|e¢|U; except
for a simple pole at x with residue 1. In view of the equation (5), f; and f,
must satisfy

(72) Fid(2)=Fopo(e/2))  for |e|]<|z|<LI.
From the functional equations
1
73) p@=p(4) (=12
(for simplicity assume kx,#0 here, as in the sequel), it follows that (1) is

extended meromorphically to the function F(z) which is now defined on
0<|z|<co. By (72) and (73) F(z) satisfies

Flay=F(-1)=r(5),

£z z

so that
F(2)=F(rk,6%2), 0<lz| <0,

Thus F(e®) becomes a doubly periodic function with periods 2zi and
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a(=In £k,6®) which is holomorphic except for simple poles at z=Inf and
-1 1\-1 .

=—Ink,8 (mod periods) with residues (/c, ﬁ—%) and —(/cl ﬁ—§> respectively ;
here B denotes a number satisfying ¢,(8)=x. As is seen from the theory of
elliptic functions, F(e*) has an explicit representation :

1\-1

(74) F(ez)_—_(,cl B_F [¢(z—In B)—{(z+1n £, B)]+const.
where {(z2)={(z; 271, a) is the Weierstrassian zeta-function. On the other hand,
it is well-known (see [4, p, 477]) that {(z) has a series expansion given by

1 e*+1 | & hee? e _hre?
(75) Qa=nzto o T 2 o, 2 T—pner

where
h=cr=ruae and g=—o—(((z+2n)~L).
Tl

Hence, if (75) is substituted in (74), we have

1 z—}—ﬁ h" = hvz
(xlﬂ—E)F(z) const.+ g 5 R N ey
(76) 1 &,pBz+1 e h" e h'eipz

2 kmPz—1 &= g Bz—hn +'n21 1—h™,fz

_ ’Clﬂ_‘B_l nd,—df.dQd d\(y-d_1 pdd
=const.+—-~— 6.(2)—x -}-nz Z} Ayl B — B 4) (2~ iz

Observe that, for fixed x€S,\U,, w.(x, ¢,(z)) is given by
w(x, $:(2))=—F'(2)/$:(2) .
Thus, if (76) is differentiated, it follows that

___}_,4 < —dpnd (’Clﬁ) — B ¢ (Klz)d_z
(¢1(Z)—x)2 1LZ=:1 dz= drih lﬁ ﬂ 1 K12—2"

for x, ¢,(z2)€S,;\U,. To show that (77) agrees with the expansion given by
Theorem 4, let us determine the differentials a,(x) and the coefficients 7%,
By (71) and the definition (11), a®®(x) (n=1, 2, ) are given by the expansion

(77 wx, ¢i(2)=

® 1 .
(€] n— S =
Z ad(x)z Py o (j=1,2),
and thus, after easy calculation, it is seen that
('51.3) —p (k2)¢—z"¢
(1), — ), — _
(78) O G O

If (78) is substituted in (77), we conclude finally
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— 1 — < n (1) [€))

(79) we(x, y)———( =) 20" 2 dertai(x)ad(y)

with h=rkk,¢% On the other hand, one verifies that

(80) anm:'—anmﬁy (]:1: 2)

with d,, the Kronecker d, since the expansion (14) has the form
1 K, . 1 nt

G T Umnr = Gy A

From (80) and (25) the variational coefficients £2%%, are easily calculated. The
result is that £%,’s all vanish except when »n is even and h==Fk. In the ex-
ceptional case, 2% ,, is given by

Qdd { —d(ﬁlﬁg)n/ﬁ_d if d I n,
on, 117

0 otherwise.

¢.)}(wj(x’ y):

Hence (79) completely agrees with our Theorem 4.
ExaMPLE 2. With the same notation as in section 3, we set:
S=C, U,=1{z; |z|<r}, Up=1z; |z| >R}, p,=0, p=c0, z,=2/r, 2,=R/z
where » and R are numbers satisfying 0<r<R. Thus, by (5), z€ U, and we U,
are identified if and only if z——-ir—w‘ Similar reasoning as in example 1 at

R
once shows

@81) oz, 9)=[2(In x/9)—7] ""iy , x yES\WLUDY

where @PE)=P(z; 2ni, Iner/R) is the Weierstrassian pe-function with
7;:—271—Ti~(C(z—I—27ri)~C(z)). Again, it is well-known (see [4, p. 477]) that 2@(z2)

has an expansion given by
h"e* = hre?
( z 1)2 + E (l hn —2)2 +n2=31 (l_hneZ)Z

with h=er/R. Thus (81) and (82) give

e d(r/m"( o).

(82) P(z)—n=

(83) wx, y)= =y y)z

On the other hand, from (71) and (11) it is seen that

n n-1
aW@D="mr, A== (1=12,-)




and
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ath=a%=0, ay=al=—0,,(r/R), (J, k=1, 2, ).

Hence, by (25)”, £%~,’s all vanish except when [=m and j;=*k. In the ex-
ceptional case, we have

dd . ()dd  —
n, 127 ¥&n, 217

{ —d(r/R)"¢ if dln (d<n),

otherwise,

concluding that (83) agrees with our Theorem 6.

(1l
[2]
[3]
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(6]
[7]
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