
S. MORI
KODAI MATH J.
2 (1979), 116—122

HOLOMORPHIC CURVES WITH MAXIMAL

DEFICIENCY SUM

BY SEIKI MORI

Introduction. Let / be a non-degenerate holomorphic mapping of the m-
dimensional complex Euclidean space Cm into the n-dimensional complex projec-
tive space Pn. Then, for any q hyperplanes {//y}ί=1cPn in general position,

the inequality so called Nevanlinna's defect relation *Σ δ(Hv, f)^n+l is well

known (See Stoll [6] or Vitter [9]). What can we say about a mapping / with
maximal deficiency sum?

In the case m=n=lf the following result is known: If / is a meromorphic
function of finite order which satisfies d(oo, / ) = 1 and Σ δ(af / ) = 1 , then / is of

aφoo

positive integral order and of regular growth (See Edrei-Fuchs [1]).

In the case when m, n ^ l , if there exist n + 1 hyperplanes {//υ};=ocPB in

general position such that Σ δ(Hv, f)=n+l, then / is of positive integral order

or infinite order and is of regular growth (Mori [4] or Noguchi [5]).
In this note we treat the case of holomorphic curves with maximal deficiency

sum.

§1. Notations. Let / : C —> Pn be a non-degenerate holomorphic curve and
let L be the standard line bandle over Pn. For a homogeneous coordinate system
w=[>o, ••• , wn~] on Pn,

ha(ιv)= Σ
k=0

wk in

is a metric on L—>Pn. Let ψ={ψa} e//°(Pn, O(L)) be a holomorphic section.
Since \ψ«(w)\/ha(w)=\ψβ(w)\/hβ(w) on UaΓ\Uβ, we put

and call it the norm of ψ. We put ω=ωL~^ —— do log ha which is the curvature

form on L. The quantity
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y ( r , / ) Ξ \ —-—\ f*ω
Jθ t Jl2!<ί

is called the characteristic function of / where f*ω denotes the pull back of the
form ω by /. For a divisor (φ) of φ, we denote by n(t, {ψ)) the number of points
of {(f*φ)r\(\z\<t)} counting multiplicities, and put

For a hyperplane H in Pn, we choose a global holomorphic section ψ<=H%Pn,
O(L)) such that (ψ)=H and \φ\^l, and put

In particular, we use notations 7\(r, g), m^r, oo)=m^r, g) and Λ^r, ( ^ ) = i
for a meromorphic function g : C-* P1=CW{oo}.

By Nevanlinna's first main theorem, we have

T(r, f)=N(r, H)+m(r,

provided that /* i/^0. For a hyperplane HcPn, the quantity

-N 1 i M Λ H) f V . , m(r, H)
) Ξ l h m s u p ( = l i m r n f

H) f V . , m(r, H)
r 7 Γ ( = l i m r n f - ^ - ^ j -

is called the deficiency of //. We define the order λ and the lower order μ of
/ as follows:

, Γ log T(r, /) , Γ . - logT(r,/)
^ = h m s u p — . and /i-limmf . — ^ - .

r-oo ^ log Γ r-oo log T

§2. Statement of Theroem. L e t / : C—> Pn be a holomorphic curve and
w^Cwo* •••, wn~] a homogeneous coordinate system in Pn. Then / can be repre-
sented as f—[_fo, -•', fnl> where f3 are entire functions without common zeros.
If f=[,go, •••, gn2 is another representation of /, then there is an entire function
a(z) such that gj(z)=eaCz>fj(z)(j=O, ,n). We note that the characteristic
function T(r, f) can be written as

Σ \fk(rew)\2dθ-log(± \fk(0)\ψ2

provided that Σ
k0

THEOREM. Let f C->Pn be a non-degenerate holomorphic curve of finite

order λ. If there are q hyperplanes {Hv}
q

vz\dPn ( n + l ^ g ^ + oo) m general posi-

tion such that λNir>Hϊ<λ (v = 0, — , n—1) and Σ δ(Hv, /) = n + 1 , ί/ien / zs 6>/

positive integral order, where λNartIJ } denotes the order of N(r, Hv).
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Since {Hv}lz\ are in general position, we choose a homogeneous coordinate

system w=[w0, •••, wnj on Pn so that Hv={w: wv=Q} (v=0, — , n). Let ψu

a(w)

— Σ av

kwk/wa (waφΰ) be the holomorphic section on L-> Pn such that / / υ = {w : ψv

a

= 0 (w«^0)} (y=0, ••• , q — 1). Then, for any /> (n+l^/Koo), we see

*:°'(1) Π

for some constant Λ : > 0 depending only on Hv{y—0, •••, p). We put

n

φυ\z):==i Σ Q?kf k\%) > so φ υ—-fv for i;—0, "', n .

We can represent / as / = [ / 0 , •••, / n ] so that / t are entire functions of order
λx and ^0=^ivcr,flΌ). In fact, /„ can be represented as

where E(- , dj is the Weierstrass' primary factor of genus d consisting of

the zeros {a3) of /0, s e Z , and G(z) an entire function. We now divide fs{z) by

βGc2) (j—o, ••-,72), and have ^o=^^cr,Ho> We also see Λ^Λ, since Tλ(r, fj/fτ)

§ 3. Two lemmas. We need the following lemmas :

LEMMA 1. Let f: C-+Pn be a non-degenerate holomorphic curve of finite
order and let {Hυ}ξzl be p hyperplanes C.Pn in general position (p<oo). Then

(2) % m{r, H^nUr, /)+ - ^ ί > + 1 7 ( ^ ) Γ ^ + 1 ^ ' fk)

+ O(logr) (r—>oo).

Here fk o:re entire functions defined above and J~W(f0, •••, f n ) denotes the Wron-
skian determinant of {/j}J=0.

p-i

Proof. We now estimate Σ m(r, Hv) by using (1). We see
y=0

*•* . / -r T \ •*_ . ~ -L I ~ " « i » = ( ) J/3
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1
4π

+

+ const.

V

1 f2- 1

Zπ Jo /

π \dθ

| 0 o ••' φ n - i \ 2 Ί 1 Ί
Py J | \φv |2 > | 0 o • * 0 n - i Γ J^

Σ :

?)' Π

I/I
w - 1

ft=0

1 P
27Γ JO

n - l X r2τr 1
Σ -K—\ log+ , , . dθ+const.
*=o Z7Γ Jo 0 J

-dθ

π i ( r , / * ) + O ( l o g r ) ( r — > o o ) ,

since {//„}?={ are in general position, log+ |α /?| ^ l o g + | α | + l o g + | ^ | , log+ |α

and -^— P*log+|c^ A/\φv\dθ=O (log r) for a meromor-
Zπ Jo J ;

phic function φv, of finite order. Here Σ means Σ deleting the term of |ώ o

(» 7 (?)
^ a _ ! | 2 . This proves Lemma 1.

LEMMA 2 (Mori [3], p. 666-667). Let f3 be n + 1 linearly independent mero-
morphic functions of order λ3 {in the sense of order of Tx(r, f3)) (j=0, •••, n).
Put J=W(f0, —,/n) te the Wronskian determinant of {f3). If λ3<λn for j—0,
•••, n—1, then J has order λn.
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§ 4. Proof of Theorem. If / has order λ which is not an integer, then f3

has order <λ 0 = 0 , •••, n—l). For, if there exists an /, (O^j^n—1) with λj=λ,
then λ=λj is an integer, since N^r, l/fj)=N(r, H3) is of order <λ=λj. This is
a contradiction. Hence fn has order λn=λ.

We also see that / is of order λ. For, /=[/<>, •••, fn~] repesented above is a
non-degenerate holomorphic curve, so f3 are linearly independent entire functions
of order λό<λ ( —0, •••, n—l) and λn=λ. Hence, by Lemma 2, / is of order

q

By the assumption Σ δ(Hv, f)=n+l, for any 7?>0 there exists an integer

P—P(y) such that

Σ
y=0

By definition of o(//y, /)—lim inf {m(r, Hu)/T(r, /)}, for any ε y >0 there is an
r -> oo

0 such that

p — 1 yj

if r^rε>v. We now choose εy so small that ε = Σ s X - 4 - Then there is an rε>v

such that

PΣm(r, Hv)Un+l-v) nr, f)

for all ί'^r£,,;. Thus, by (2), we have

(3) (l-ΰ(l)-v)-T(r,m-j

-2Σ 1 Tiίr, / * ) + O (log r ) , (r — > oo).
/ 0

We note that

(4) T1(r,J)=~\27ΐ\og+\J\dθ^ Σ7\(r,/,)+O(logr)
Δ.7T JO k=0

^*Σ T&, fk)+Tx{rf fJfύ+Tlr, fQ)+O (log r)

7 1 - 1

ST(r, / ) + ΣQTi(r, fJ+Tάr, / 0 )+O (log r), (r — > oo).

We obtain from (3) and (4),

lim inf ^^
*ι(f, J) Σ 3Ti(r, / f t)

* = 0
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r, l//)+Σ'
<lim inf •

Hence, for a sequence {rΛ}~=1 of lim (log Tx{rn) /)/log rn)=Λ, we obtain

— >7 = li
nlrn, HI)

Ξ u r n —~7wΓ~, ~Y\ >

such a sequence exists since / has order λ. On the other hand, we see Tλ{r, J)
=m1(r, / ) , since / is an entire function. Thus we have

,. mi(r n , / ) + W i ( r π > 1//)
lim

rn-+"

Since we can choose Pόlya peaks {rn} of T{r, f) such that

we obtain

^J)+m1(rn,l/J)
l im

Tlrn,.
where

0 2/T" 7Π I 1 N/O I 1 /-vrr ^Γ J~l I "I \\

and

by a proof of Nevanlinna's theorem ([2], p. 101-103). Hence we obtain a con-
tradiction if we take η sufficiently small. Therefore we have λ^Z+. Here λ>0
is a consequence from [4] or [7], since there are n-j-1 hyperplanes {Hv} in
general position with δ(Hu, / )>0. This completes the proof of Theorem.

Remark 1. We can construct a holomorphic curve / which satisfies the con-
ditions of Theorem and has more than w+1 deficient hyperplanes. Here the
deficient hyperplane means the hyperplane H with δ(H, / )>0.

Let u/=[w/0, i6Ί, w2~] be a homogeneous coordinate system in P2. Consider
/ : C-+P2 a non-degenerate holomorphic curve given by / = [ 1 , e2% β22—ez~], and
hyperplanes Hv={w: wv—0}, (v=0, 1, 2) and H3={w: w0—t6Ί+2^2=0}. Then we

see that Γ ( r , / ) = — + 0 ( 1 ) , iV(r, i/v) = 0 (y = 0, 1) and N(r, Hv)=~Λ-0 (log r)
π π

(y=2, 3). Hence we obtain that δ ( # 0 , f) = δ(Hu f) = l, δ(H2, f) = δ(H,, / ) - -

and / is of order one.

Remark 2. Prof. Toda told me that the conditions λNCH ,/><X and Σ o(//y, / )
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= n + l implies δ(H3, / ) = 1 by using the theory of his modified deficiency. (See
Toda [8]).
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