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HOLOMORPHIC CURVES WITH MAXIMAL
DEFICIENCY SUM

By SEIKI MORI

Introduction. Let f/ be a non-degenerate holomorphic mapping of the m-
dimensional complex Euclidean space C™ into the n-dimensional complex projec-
tive space P". Then, for any ¢ hyperplanes {H,}?.,CP™" in general position,

the inequality so called Nevanlinna’s defect relation éB(Hv, HEn+1 is well
v=1

known (See Stoll [6] or Vitter [9]). What can we say about a mapping f with
maximal deficiency sum?

In the case m=n=1, the following result is known: If f is a meromorphic
function of finite order which satisfies d(co, f)=1 and a%}o&(a, /)=1, then f is of

positive integral order and of regular growth (See Edrei-Fuchs [17).
In the case when m, n=1, if there exist n+1 hyperplanes {H,}!_,CP" in

general position such that i“ o(H,, f)=n+1, then f is of positive integral order
v=0

or infinite order and is of regular growth (Mori [4] or Noguchi [5]).
In this note we treat the case of holomorphic curves with maximal deficiency
sum.

§1. Notations. Let f: C— P™ be a non-degenerate holomorphic curve and
let L be the standard line bandle over P". For a homogeneous coordinate system
w:[wo: Tty u}n] on Pn’

Wy
We

ho(w)= 3

k=0

in Us={w: w,#0}

is a metric on L — P™. Let ¢={¢,}H(P" O(L)) be a holomorphic section.
Since ¢ (w)|/ha(w)= | w)|/hglw) on U.n\Us, we put

gaw)[*
holw)

I (w)=

and call it the norm of ¢». We put w:cuLzl/z 06 log h, which is the curvature

s

form on L. The quantity
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¢, =4 s

is called the characteristic function of f where f*w denotes the pull back of the
form w by f. For a divisor (¢) of ¢, we denote by n(¢, (¢)) the number of points
of {{f*¢)N(1z]<¢)} counting multiplicities, and put

Ner, (=g

For a hyperplane H in P", we choose a global holomorphic section ¢ H(P",
O(L)) such that (¢)=H and |¢|=1, and put

m(r, H)= ~21—7r*5 ‘

2% 1 o
. 10g7wd0 (z=re").

In particular, we use notations T(r, g), m.(r, c0)=m,(r, g) and N,(r, )=N,(r, g)
for a meromorphic function g: C— P*=C\J {co}.
By Nevanlinna’s first main theorem, we have

T(r, /)=N(r, H)+m(r, H)+log [*|¢[(0)
provided that f*H=>0. For a hyperplane HCP", the quantity
N(r, H) (

o(H, f)=1—1lim sup =lim in o, H>—)

e T(r, f)

is called the deficiency of H. We define the order 1 and the lower order p of
f as follows:

N )
2=1imsup—l% and y:hgx}mfo—gl(%%f)—.

§2. Statement of Theroem. Let f: C— P™ be a holomorphic curve and
w="[w,, -+, wW,] a homogeneous coordinate system in P”. Then f can be repre-
sented as f=[f,, -+, fz], where f, are entire functions without common zeros.
If f=[g, -, 2,1 is another representation of f, then there is an entire function
a(z) such that g,(z)=e*®f(z) (=0, ---, n). We note that the characteristic
function 7(r, f) can be written as

T(r, = T0g 3 1 utre) 2d6—log ( £ 174(0)]

provided that kz’_’go |£(0)] 0.

THEOREM. Let f- C— P"™ be a non-degenerate holomorphic curve of finite
orvder A. If theve are q hyperplanes {H,}I1Z)C P™ (n+1=¢g=--c0) wn general posi-

twn such that Aye, py<A =0, -+, n—1) and {!Z:‘,;&(Hy, fy=n+1, then f 1s of

positive integral order, where Ay, y,, denotes the order of N(r, H.,).
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Since {H,}2} are in general position, we choose a homogeneous coordinate
system w=~[w,, **-, w,} on P* so that H,={w: w,=0} (=0, ---, n). Let ¢i(w)
:‘ij ayw,/wa (Wa#0) be the holomorphic section on L — P™ such that H,={w: &

=0 (w,#0)} (v=0, -+, g—1). Then, for any p (n+1<p< ), we see

n n
_ lewk|2 n §)|wk12
¢y H*—;.*’—*—élcz -
B lgﬁaiwklz &= IEO atiw,|?

for some constant #>0 depending only on H,(v=0, .-, p). We put
¢u(z):éoasz(z), so ¢,=f, for y=0, -, n

We can represent f as f=[f,, -, f»] so that f, are entire functions of order
2, and A=Ay uy. In fact, f, can be represented as

)

is the Weierstrass’ primary factor of genus d consisting of

folz)=2z%

where FE (

the zeros {a]} of fo, s€Z, and G(z) an entire function. We now divide f;(z) by
e® (3=0, ---, n), and have A=Ay upy. We also see 2,<4, since T\(7, f;/f)

=T, /H)+0Q) (=#)).

§3. Two lemmas. We need the following lemmas:
LEMMA 1. Let f: C— P™ be a non-degenerate holomorphic curve of finite
ovder and let {H,}2Z} be p hyperplanes CP™ in general position (p<oo). Then

p-1 1 27
@ Bl BT, [ log o 0+ S 2T )
+0(logr) (r —> o0).

Here f, are entire functions defined above and J=W(f,, -+, f») denotes the Wron-
skian determinant of {f;} 7.

Proof. We now estimate p_i(): m(r, H,) by using (1). We see

S ify|2
p-1 et 1 (e kzzolfk(re )
Sty 1=, | low e o

bt 2 falre?)?

=L - do
=4 )0 8T ey
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<ol g i S
=\ “log (55 1741%)d0
B L e il
+const. I1# (o -+ pnsl®
<nTr, P [Floge [ 3 1B bl Wik o

16,10 16 fansl (S 16019

I+ $o -+ Grn-sl®
n—1
2
—1— or . ;?E=0!¢k| 1 (e~ . 1 ]
+ in So log Ve d0+—2n—go log G0 gl df+const .
- 2
=00, 1yt o 3 —— I ag
SR Ol | SO A
7=1 k=0
IT# @0 - Gunl®
1 (o= . 1 n—1~1“ w
+§?So log™ =7 df+ 2 5 So log*|¢| d0
n-1 1 (o= . 1
+1§o7{$o log N df+const .

<nT(r, /)+ %S:zlog"—l— d9+2 S T,(r, f)+0 logr)  (r —> o),

11

since {H,}?z} are in general position, log*|a-b| <log*|a|+log*|b|, log*|a+ b]

<log*|a|+log*|b|+log 2 and —ngxlog+l¢ijl/l¢p1|d0=0(log r) for a meromor-

2

phic function ¢,,J of finite order. Here > means X deleting the term of |, -

@ ®

¢n-11% This proves Lemma 1.

LEMMA 2 (Mori [3], p. 666-667). Let f, be n+1 linearly independent mero-
morphic functions of order 2, (in the sense of ovder of Ti(r, f;) (=0, ---, n).

Put J=W(f,, -, fn) be the Wronskian determinant of {f;}.
-, n—1, then | has order A,.

If 2;<2, for ;=0,
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§4. Proof of Theorem. If f has order 1 which is not an integer, then f,
has order <2 (y=0, ---, n—1). For, if there exists an f, (0<j<n—1) with 4;=4,
then 1=4, is an integer, since N,(», 1/f;)=N(r, H;) is of order <A1=4, This is
a contradiction. Hence f, has order 1,=A.

We also see that J is of order A. For, f=[f,, -, f.] repesented above is a
non-degenerate holomorphic curve, so f, are linearly independent entire functions
of order 4;<4 (=0, ---, n—1) and 4,=A. Hence, by Lemma 2, J is of order

A,=A.
By the assumption Zj‘i’&(Hy, f)=n+1, for any 5>0 there exists an integer
p=p(n) such that

”;’:5(11,, f)zn+1—%.

By definition of 6(H,, f)=Ilim inf {m(r, H,)/T(r, f)}, for any ¢,>0 there is an
r.,>0 such that
m(r, H,)>(6(H,, [)—e.) T(r, [),

. -1 .
if r=r.,. We now choose ¢, so small that e= Zos,,< —772— Then there is an 7.,y
such that

201 m(r, H)zn+1—7)-T(r, )

for all r=r.,. Thus, by (2), we have
3 (—o()—1)-T(r, )= ng“loguL 46
P 21 Jo |/

+2 8T, f0+0 G0gn),  (r —> ).
We note that

@ Tir, Y= | og*1]1d0= 3 7., £)+0 Glog 1)
S ST, S+ T, fal 4 Tlr, f40 (log r)

ST(, )+ ST, O+ Tir, f)+0 (0g 1), (r —> <0).

We obtain from (3) and (4),
A—oW=T(, ) _pi oo A=oD=mT(r, £)

I N TG, =R T e
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mir, UN+ S Tur, ) |
<lim inf e .
| T D= 83T, £

Hence, for a sequence {r,};-, of lim (log T\(r,, J)/log r,)=4, we obtain

. my(ra, 1/])
1—p< lim =
1= T T, T

such a sequence exists since / has order 4. On the other hand, we see T.(7, /)
=m,(r, J), since J is an entire function. Thus we have

. ﬂll(rn’ j>+ 7nl(rn’ 1/.[)
lim, Trn J) =

Since we can choose Pdlya peaks {r,} of T(r, f) such that

2—7y.

lim (log T'(rx, J)/log r)=2,

we obtain
o oma(re, )T m(re, 1/])
Jim Tlre J) =1,
where
CA+1-2D0—[2D .
D<= g Do g A1+ Dy & AL
and

wAH<1+4 if <1,

by a proof of Nevanlinna’s theorem ([2], p. 101-103). Hence we obtain a con-
tradiction if we take y sufficiently small. Therefore we have AeZ*. Here 2>0
is a consequence from [4] or [7], since there are n-+1 hyperplanes {H,} in
general position with d(H,, f)>0. This completes the proof of Theorem.

Remark 1. We can construct a holomorphic curve f which satisfies the con-
ditions of Theorem and has more than n-+1 deficient hyperplanes. Here the
deficient hyperplane means the hyperplane H with 6(H, f)>0.

Let w=[w,, w,, w,] be a homogeneous coordinate system in P2 Consider
f: C— P* a non-degenerate holomorphic curve given by f=[1, ¢%, ¢**—e*], and
hyperplanes H,={w: w,=0}, (v=0, 1, 2) and H,={w: w,—w,+w,=0}. Then we

see that T(r, f):27’+0(1), N(r, H)=0 (v=0, 1) and N(r, Hp)=%+0 (log 7)
(v=2,3). Hence we obtain that d(H,, /)=0d(H,, f)=1, 6(H,, f)=48(H,, f):%
and f is of order one.
Remark 2. Prof. Toda told me that the conditions Ava, <A and Zq) o(H,, f)
V=0



122 SEIKI MORI

=n+1 implies 6(H,, /)=1 by using the theory of his modified deficiency. (See
Toda [8]).

REFERENCES

[1] Ebrei, A. anp W.H.]. Fucus, On the growth of meromorphic functions with
several deficient values, Trans. Amer. Math. Soc. 93 (1959), 293-328.

[2] Havyman, W.K., Meromorphic functions, Oxford Math. Mono., (1964).

i Mori, S., Sum of deficiencies and the order of a meromorphic function, To-

hoku Math. J., Vol. 22 (1970), 659-669.

{47 Morl S., On the deficiencies of meromorphic mappings of C® into PYC, Na-
goya Math. J., 67 (1977). 165-176.

[57 NocucHl, J., A relation between order and defect of meromorphic mapping of
C" into PYC, Nagoya Math. J., Vol. 59 (1975), 97-106.

67 SrtoLL, W., Die beiden Hauptsiitze Wertverteilungstheorie bei Funktionen mehr-
erer komplexen Veridnderlichen (I) (II), Acta Math., 90 (1953), 1-115 and
92 (1954), 55-169.

[7 Toba, N.,, Sur la croissance de fonctions algebroides & valeurs deficientes,
Kodar Math. Sem. Rep., 22 (1970), 324-337.

{8717 Topa, N.,, On a modified deficiency of meromorphic functions, Téhoku Math.
J., Vol. 22 (1970), 635-658.

[97 VrirTER, A., The lemma of the logarithmic derivative in several complex
variables, Duke Math. J., Vol. 44 (1977), 89-104.

MATHEMATICAL INSTITUTE
Tonoku UNIVERSITY
SENDAI, JAPAN





