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1. Introduction

The purpose of this note is twofold. The first is to prove a lemma on
di¤erentials for entire pseudo-holomorphic curves in a compact almost complex
manifold (see Lemma 2.1), which is an analogue to Nevanlinna’s lemma on
logarithmic derivative and also to a lemma on holomorphic 1-forms which had
been conjectured by A. Bloch [Bl26] and was proved by T. Ochiai [Oc77].

The second is to give a complete proof of Cartan-Nochka’s Theorem with
truncated counting functions and with small error term ‘‘Sf ðrÞ ¼ Oðlogþ rþ
logþ Tf ðrÞÞk’’ by a simple Cartan method (see Theorem 3.1). This was what
Nochka [Nc83] stated the theorem with a sketch of the proof. So far there has
been no literature of the complete full proof which is accessible to wider audience,
while there are, I learned orally, a longer paper of Nochka in Russian other than
[Nc82a], [Nc82b] and [Nc83], and a proof based on the same idea as the present
one in the book [Ng03] in Japanese. We will show the theorem in a form
slightly more general than those in the above mentioned references.

We also give some generalization to the case where the domain is an analytic
ramified covering space over Cm (see Theorem 3.18).

Acknowledgement. Because of the importance of Cartan-Nochka’s Theorem
Professor Y. Aihara suggested the author to write up the present note that should
be useful. The author is grateful for him and his suggestion.

2. Entire pseudo-holomorphic curves

The problem of Kobayashi hyperbolicity for pseudo-holomorphic curves
are intensively studied by several authors (cf., e.g., R. Debalme and S. Ivash-
kovich [DI01] S. Kobayashi [Ko01], [Ko03], [Ko04]). The analogue of Brody’s
Theorem holds for pseudo-holomorphic curves (cf. [Ko03], [Ko04]). Henceforth
the Kobayashi hyperbolicity of a compact almost complex manifold M is in-
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ferred from the non-existence of a non-constant entire pseudo-holomorphic curve
f : C ! M.

In the complex analytic case, Nevanlinna theory seems to be the best ap-
proach for the non-existence problem of f (cf. S. Kobayashi [Ko98] Introduc-
tion), where the so-called Nevanlinna’s lemma on logarithmic derivative plays an
essential role and provides a counter part to Schwarz’ Lemma in the theory of
Kobayashi hyperbolicity. In the proof of Bloch-Ochiai’s Theorem (cf. [NO84

90])
a lemma on holomorphic di¤erentials, which had been conjectured by [Bl26] and
was proved by [Oc77], was important and played an exactly similar role to
Nevanlinna’s lemma on logarithmic derivative. The purpose of this section is to
show such a lemma for entire pseudo-holomorphic curves (see Lemma 2.1).

Let M be a compact almost complex manifold and let h ¼
P

hnm dx
ndxm be

a fixed hermitian metric on M with the associated ð1; 1Þ-form o ¼
P

hnm
i

2
dxn5

dxm. Let f : C ! M be an entire pseudo-holomorphic curve. We define the
order function of f with respect to h by

Tf ðr; hÞ ¼
ð r
0

dt

t

ð
jzj<t

f �o:

For a smooth di¤erential 1-form h on M we have the decomposition h ¼ h 0 þ h 00

to the ð1; 0Þ-form h 0 and ð0; 1Þ-form h 00. We set

f �h ¼ h 0
f dzþ h 00

f dz;

mf ðr; hÞ ¼
ð
jzj¼r

logþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jh 0

f j
2 þ jh 00

f j
2

q
dy

2p
:

Here logþ s ¼ maxflog s; 0g for s A Rþ ¼ fs A R; sf 0g.

Lemma 2.1. Let f : C ! M be a pseudo-holomorphic curve and let h be a
smooth di¤erential 1-form on M. Then we have

mf ðr; hÞe d log rþ 2 logþ Tf ðr; hÞkd ð0 < d < 1Þ;

where the symbol ‘‘kd’’ stands for the stated inequality to hold for all r > 0 outside
a Borel subset dependent on d > 0 with finite Lebesgue measure.

We need the following, called Borel’s Lemma (cf., e.g., [NO84
90]).

Lemma 2.2. Let fðrÞ be a continuous, increasing function on Rþ such that
fðr0Þ > 0 for some r0 A Rþ. Then for an arbitrary small d > 0 we have

d

dr
fðrÞ < fðrÞ1þdkd:

To prove Lemma 2.1 we may assume that h is a ð1; 0Þ-form. We set

337entire pseudo-holomorphic curves



f �h ¼ hf ðzÞ dz; f �o ¼ sðzÞ i
2
dz5dz; z A C:

Since the length khkh of h with respect to h is bounded, there is a constant C > 0
such that

jhf ðzÞj
2
e 2pCsðzÞ:

Let 0 < d < 1. Using the concavity of the logarithmic function and Lemma 2.2,
we have

mf ðr; hÞ ¼
ð
jzj¼r

logþjhf j
dy

2p
e

1

2

ð
jzj¼r

logð1þ jhf j
2Þ dy
2p

e
1

2
log 1þ

ð
jzj¼r

jhf j
2 dy

2p

 !
e

1

2
log 1þ C

ð
jzj¼r

sðzÞ dy
 !

e
1

2
log 1þ C

r

d

dr

ð
DðrÞ

sðzÞt dt5dy

 !

e
1

2
log 1þ C

r

ð
DðrÞ

sðzÞ i
2
dz5dz

 !1þd
0
@

1
Akd

e
1

2
log 1þ Crd

d

dr

ð r
1

dt

t

ð
DðtÞ

f �o

 !1þd
0
@

1
Akd

e
1

2
log 1þ Crd

ð r
1

dt

t

ð
DðtÞ

f �o

 !ð1þdÞ2
0
@

1
Akd

e
1

2
logð1þ CrdðTf ðr; hÞÞð1þdÞ2Þkd

e d logþ rþ 2 logþ Tf ðr; hÞkd:

Remark. It is interesting to observe that the complex analyticity of h is
completely irrelevant to the above Lemma 2.1. As in Nevanlinna theory in
complex analysis Lemma 2.1 is expected to apply to the Kobayashi hyperbolicity
problem.

3. Cartan-Nochka’s Theorem

Let Hj, 1e je q be hyperplanes of PnðCÞ defined by

Hj:
Xn
k¼0

hjkw
k ¼ 0; 1e je q;
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where ½w0; . . . ;wn� is a homogeneous coordinate system of PnðCÞ. Set the index
set Q ¼ f1; . . . ; qg. For a subset RHQ, jRj denotes its cardinality.

Definition. Let Nf n and qfN þ 1. We say that Hj, j A Q are in N-
subgeneral position if for every subset RHQ with jRj ¼ N þ 1

7
j AR

Hj ¼ j:

If they are in n-subgeneral position, we simply say that they are in general
position.

Being in N-subgeneral position is equivalent to that for an arbitrary
ðN þ 1; nþ 1Þ-matrix ðhjkÞj AR;0eken

rankðhjkÞj AR;0eken ¼ nþ 1:

Let f : Cm ! PnðCÞ be a meromorphic mapping. Let z ¼ ðzjÞ be the nat-

ural coordinate system of Cm, kzk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

j jzj j
2

q
and let o be the Fubini-Study

metric form on PnðCÞ. We define the order function Tf ðrÞ with respect to o by

Tf ðrÞ ¼
ð r
0

dt

t2m�1

ð
kzk<t

i

2p
qqkzk2

� �2m�2

5 f �o:

Cf. [NO84
90] for general notation in Nevanlinna theory. We denote a such small

term by Sf ðrÞ that for an arbitrarily small positive number d

Sf ðrÞe d log rþOðlog Tf ðrÞÞkd:

For a hyperplane HHPnðCÞ such that HR f ðCmÞ we have the pull-backed
divisor f �H on Cm and the irreducible decomposition f �H ¼

P
j njZj. We define

the truncated divisor ð f �HÞ½k� to the level k A NU fyg by

ð f �HÞ½k� ¼
X
j

minfnj; kgZj:

We define the counting function Nkðr; f �HÞ of the divisor ð f �HÞ½k� by

Nkðr; f �HÞ ¼
ð r
1

dt

t2m�1

ð
ð f �HÞ½k�Vfkzk<tg

i

2p
qqkzk2

� �2m�2

:

and set Nðr; f �HÞ ¼ Nyðr; f �HÞ (cf. [NO84
90], [Fu93]).

Theorem 3.1 ([Nc83] for m ¼ 1). Let f : Cm ! PnðCÞ be a linearly non-
degenerate meromorphic mapping. Let Hj , 1e je q be hyperplanes of PnðCÞ in
N-subgeneral position. Then we have

ðq� 2N þ n� 1ÞTf ðrÞe
Xq
j¼1

Nnðr; f �HjÞ þ Sf ðrÞ:ð3:2Þ
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Remark. i) (m ¼ 1) The case of m ¼ 1 is essential. H. Cartan [Ca33]
proved this when Hj, 1e je q are in general position.

ii) (mf 1) By Weyl-Ahlfors’ method Chen [Ch90] proved

ðq� 2N þ n� 1ÞTf ðr;LÞ þ
N þ 1

nþ 1
Nðr; ðWð f ÞÞÞe

Xq
j¼1

Nðr; f �HjÞ þ Sf ðrÞ;

where ðWð f ÞÞ denotes the divisor defined by the Wronskian of f (see (3.6)).
After this formulation it is unable to deduce (3.2).

iii) (m ¼ 1) By Weyl-Ahlfors’ method combined with his own technique H.
Fujimoto [Fu93] proved that for an arbitrary e > 0

ðq� 2N þ n� 1ÞTf ðrÞe
Xq
j¼1

Nnðr; f �HjÞ þ eTf ðrÞke:

Here, the estimate of the small error term is not as good as in (3.2); it is noticed
that the type of error term is in general deeply related to the possible truncation
level of counting functions in the right-hand side of (3.2) (see [NWY02] Example
(5.36)).

Let Hj, j A Q be hyperplanes of PnðCÞ in N-subgeneral position. For RHQ
we set

VðRÞ ¼ the vector subspace spanned by ðhjkÞ0eken; j A R in Cnþ1;

rkðRÞ ¼ dim VðRÞ; rkðjÞ ¼ 0:

We recall now lemmas due to Nochka (see [Nc83], [Ch90], [Fu93]).

Lemma 3.3 ([Nc83], [Ch90], [Fu93]). Let Hj, j A Q be hyperplanes of PnðCÞ
in N-subgeneral position, and assume that q > 2N � nþ 1. Then there are positive
rational constants oð jÞ, j A Q satisfying the following:

(i) 0 < oð jÞe 1, Ej A Q.
(ii) Setting ~oo ¼ maxj AQ oð jÞ, one gets

Xq
j¼1

oð jÞ ¼ ~ooðq� 2N þ n� 1Þ þ nþ 1:

(iii)
nþ 1

2N � nþ 1
e ~ooe

n

N
.1

(iv) For RHQ with 0 < jRjeN þ 1,
P

j AR oð jÞe rkðRÞ.

1The bound
n

N
which is better than the original one

nþ 1

N þ 1
, was suggested by N. Toda by a

careful check of the proof.
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The above oð jÞ are called the Nochka weights, and ~oo the Nochka constant.

Lemma 3.4 ([Nc83], [Ch90], [Fu93]). Let q > 2N � nþ 1, and let fHjgj AQ be
a family of hyperplanes of PnðCÞ in N-subgeneral position. Let foð jÞgj AQ be its
Nochka weights.

Let Ej f 1, j A Q be arbitrarily given numbers. Then for every subset
RHQ with 0 < jRjeN þ 1, there are distinct indices j1; . . . ; jrkðRÞ A R such that
rkðf jlgrkðRÞl¼1 Þ ¼ rkðRÞ and

Y
j AR

E
oð jÞ
j e

YrkðRÞ
l¼1

Ejl :

Let f : Cm ! PnðCÞ be a linearly nondegenerate meromorphic mapping.
Fix a homogeneous coordinate system w ¼ ½w0; . . . ;wn� of PnðCÞ and let f ðzÞ ¼
½ f 0ðzÞ; . . . ; f nðzÞ� be a reduced representation.

Assume that Hj are defined by

Hj: ĤHjðwÞ ¼
Xn
k¼0

hjkw
k ¼ 0; 1e je q;ð3:5Þ

kĤHjk ¼
X
k

jhjkj2
 !1=2

¼ 1;
jĤHjðwÞj
kwk e 1:

After [Fu85] and [Ng97] §2 (b), we define the Wronskian Wð f Þ ¼
Wð f 0; . . . ; f nÞD 0, and the logarithmic Wronskian Dð f 0; . . . ; f nÞ as follows:

Wð f 0; . . . ; f nÞ ¼

f 0 � � � f n

Dð1Þf 0 � � � Dð1Þf n

..

. ..
. ..

.

DðnÞf 0 � � � DðnÞf n

����������

����������
;ð3:6Þ

Dð f 0; . . . ; f nÞ ¼

1 � � � 1

Dð1Þf 0

f 0
� � � Dð1Þf n

f n

..

. ..
. ..

.

DðnÞf 0

f 0
� � � DðnÞf n

f n

���������������

���������������
:

Here Dð jÞ ¼ q

qz1

� �a1ð jÞ
� � � q

qzm

� �amð jÞ
are some partial di¤erentiations of order at

most j. Because of the choice of Dð jÞ we have the following functional equa-
tions for a meromorphic function g on Cm and A A GLðnþ 1;CÞ:
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Wðgf 0; . . . ; gf nÞ ¼ gnþ1Wð f 0; . . . ; f nÞ;ð3:7Þ

Wðð f 0; . . . ; f nÞAÞ ¼ Wð f 0; . . . ; f nÞ � ðdet AÞ;

Dðgf 0; . . . ; gf nÞ ¼ Dð f 0; . . . ; f nÞ;

D 1;
f 1

f 0
; . . . ;

f n

f 0

� �
¼ Dð f 0; . . . ; f nÞ:

The following lemma is a key to get the correct truncation level of counting
functions:

Lemma 3.8 ([Fu93] Lemma 3.2.13). Let the notation be as above. Then the
following inequality holds as divisors on Cm with rational coe‰cients:X

j AQ

oð jÞðĤHj � f Þ � ðWð f 0; . . . ; f nÞÞe
X
j AQ

oð jÞð f �HjÞ½n�:

Remark. H. Fujimoto [Fu93] gave a detailed proof of this lemma for m ¼ 1,
and the same proof works for general mf 1.

For a subset RHQ, jRj ¼ nþ 1 we define WððĤHj � f ; j A RÞÞ and DððĤHj � f ;
j A RÞÞ as Wronskian and logarithmic Wronskian of ĤHj � f , j A R, respectively.

Now we prove a key lemma of the proof of Theorem 3.1:

Lemma 3.9. Let q > 2N � nþ 1 and let oð jÞ, ~oo be the Nochka weights and
constant of fHjgj AQ, respectively. Then there is a positive constant C dependent

on fĤHjgj AQ such that for an arbitrary z A Cmnf
Q

j AQ ĤHj � f ¼ 0g

k f ðzÞk ~ooðq�2Nþn�1Þ
eC

Q
j AQ jĤHjð f ðzÞÞjoð jÞ

jWð f 0ðzÞ; . . . ; f nðzÞÞj

�
X

RHQ; jRj¼nþ1

jDððĤHj � f ðzÞ; j A RÞÞj

8<
:

9=
;:

Proof. By the definition of N-subgeneral position, for an arbitrary point
w A PnðCÞ, there exists SHQ, jSj ¼ q�N � 1 such that

Q
j AS ĤHjðwÞ0 0. There-

fore, there is a constant C1 > 0 such that

C�1
1 <

X
jSj¼q�N�1

Y
j AS

jĤHjðwÞj
kwk

 !oð jÞ
< C1; Ew A PnðCÞ:ð3:10Þ

We consider those w A PnðCÞ such that
Q

j AQ ĤHjðwÞ0 0. Setting R ¼ QnS, we
have

Y
j AS

jĤHjðwÞj
kwk

 !oð jÞ
¼
Y
j AR

kwk
jĤHjðwÞj

 !oð jÞ
�
Q

j AQ jĤHjðwÞjoð jÞ

kwkT j AQ oð jÞ :
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By making use of Lemma 3.3 (ii) and rkðRÞ ¼ nþ 1 for R, we obtain a
subset f j1; . . . ; jnþ1g ¼ R� HR given by Lemma 3.4, so that

Y
j AS

jĤHjðwÞj
kwk

 !oð jÞ
e

Y
j AR�

kwk
jĤHjðwÞj

 !
�
Q

j AQ jĤHjðwÞjoð jÞ

kwk ~ooðq�2Nþn�1Þþnþ1
ð3:11Þ

¼ 1Q
j AR� jĤHjðwÞj

�
Q

j AQ jĤHjðwÞjoð jÞ

kwk ~ooðq�2Nþn�1Þ :

Because of Wronskian’s property (3.7), there is a constant cðR�Þ > 0 such that

cðR�Þ jWððĤHj � f ; j A R�ÞÞj
jWð f 0; . . . ; f nÞj ¼ 1:

For z A Cmnf
Q

j AQ ĤHj � f ¼ 0g this with (3.11) implies

Y
j AS

jĤHj � f ðzÞj
k f ðzÞk

 !oð jÞ
e cðR�Þ 1

k f ðzÞk ~ooðq�2Nþn�1Þ

�
Q

j AQ jĤHj � f ðzÞjoð jÞ

jWð f 0ðzÞ; . . . ; f nðzÞÞj �
jWððĤHj � f ðzÞ; j A R�ÞÞjQ

j AR� jĤHj � f ðzÞj

¼ cðR�Þ 1

k f ðzÞk ~ooðq�2Nþn�1Þ

�
Q

j AQ jĤHj � f ðzÞjoð jÞ

jWð f 0ðzÞ; . . . ; f nðzÞÞj � jDððĤHj � f ðzÞ; j A R�ÞÞj:

Hence, setting C¼C1 maxR�fcðR�Þg, we obtain the desired inequality. Q:E:D:

Proof of Theorem 3.1. We may assume that q� 2N þ n� 1 > 0. By
Lemmas 3.9, 3.8, and Jensen’s formula we have

~ooðq� 2N þ n� 1ÞTf ðrÞð3:12Þ

e
Xq
j¼1

oð jÞNnðr; f �HjÞ

þ 1

2p

ð
jzj¼r

log
X

RHQ; jRj¼nþ1

jDððĤHj � f ðzÞ; j A RÞÞj

0
@

1
A dyþOð1Þ
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e ~oo
Xq
j¼1

Nnðr; f �HjÞ

þ 1

2p

ð
jzj¼r

log
X

RHQ; jRj¼nþ1

jDððĤHj � f ðzÞ; j A RÞÞj

0
@

1
A dyþOð1Þ:

It follows that

ðq� 2N þ n� 1ÞTf ðrÞð3:13Þ

e
Xq
j¼1

Nnðr; f �HjÞ

þ 1

2p ~oo

ð
jzj¼r

log
X

RHQ; jRj¼nþ1

jDððĤHj � f ðzÞ; j A RÞÞj

0
@

1
A dyþOð1Þ:

By making use of Nevanlinna’s lemma on logarithmic derivative generalized over
Cm by A. L. Vitter [Vi77], we deduce

1

2p ~oo

ð
jzj¼r

log
X

RHQ; jRj¼nþ1

jDððĤHj � f ðzÞ; j A RÞÞj

0
@

1
A dy

e
1

~oo

X
RHQ; jRj¼nþ1

1

2p

ð
jzj¼r

logþjDððĤHj � f ðzÞ; j A RÞÞj dy

0
@

1
AþOð1Þ

¼ Sf ðrÞ:

From this and (3.13) the desired inequality follows. Q:E:D:

Remark on a generalization. We give a generalization of Theorem 3.1 by
combining the method in §2 with that of [Ng76] (cf. [Ng03] Chap. 4). Let
p : X ! Cm be a finite analytic covering space, that is, X is a normal irreducible
complex space and p is a finite mapping. Let R be the ramification divisor of p,
and let p be the sheet number. Let f : X ! PnðCÞ be a meromorphic mapping
and take a representation f ðzÞ ¼ ½ f 0ðzÞ; . . . ; f nðzÞ�, which is not necessarily
reduced. The Wronskian Wð f 0; . . . ; f nÞ is defined outside R (cf. (3.6)) and then
is extended meromorphically on X (see [Fu85], [Ng97] §2 (b)).

If f separates the fibers of p, we have ([Ng76])

Nðr;RÞe ð2p� 2ÞTf ðrÞ þOð1Þ:ð3:14Þ

Taking account of the order of partial di¤erentiations, one gets

ðWð f 0; . . . ; f nÞÞ þ nðnþ 1Þ
2

Rf 0:ð3:15Þ
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As deduced (3.12) by making use of Lemmas 3.9 and 3.8, we count the divisor
ðWð f 0; . . . ; f nÞÞ so that for hyperplanes fHjgqj¼1 in N-subgeneral position, we
obtain

~ooðq� 2N þ n� 1ÞTf ðrÞe ~oo
Xq
j¼1

Nnðr; f �HjÞ þ
nðnþ 1Þ

2
Nðr;RÞ þ Sf ðrÞ:ð3:16Þ

It follows from (3.14) that

nðnþ 1Þ
2

Nðr;RÞe nðnþ 1Þðp� 1ÞTf ðrÞ þOð1Þ:ð3:17Þ

By (3.16), (3.17) and Lemma 3.3 (iii) we have

Theorem 3.18 (cf. [Ng03] Chap. 4 §3). Let f : X ! PnðCÞ be a linearly non-
degenerate meromorphic mapping. Let fHjgq

j¼1 be hyperplanes of PnðCÞ in N-
subgeneral position. Then

ðq� 2N þ n� 1� ðp� 1Þnð2N � nþ 1ÞÞTf ðrÞe
Xq
j¼1

Nnðr; f �HjÞ þ Sf ðrÞ:
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