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1. Introduction

The purpose of this note is twofold. The first is to prove a lemma on
differentials for entire pseudo-holomorphic curves in a compact almost complex
manifold (see Lemma 2.1), which is an analogue to Nevanlinna’s lemma on
logarithmic derivative and also to a lemma on holomorphic 1-forms which had
been conjectured by A. Bloch [BI26] and was proved by T. Ochiai [Oc77].

The second is to give a complete proof of Cartan-Nochka’s Theorem with
truncated counting functions and with small error term “S;(r) = O(log" r+
log” Ty(r))||” by a simple Cartan method (see Theorem 3.1). This was what
Nochka [Nc83] stated the theorem with a sketch of the proof. So far there has
been no literature of the complete full proof which is accessible to wider audience,
while there are, I learned orally, a longer paper of Nochka in Russian other than
[Nc82a], [Nc82b] and [Nc83], and a proof based on the same idea as the present
one in the book [Ng03] in Japanese. We will show the theorem in a form
slightly more general than those in the above mentioned references.

We also give some generalization to the case where the domain is an analytic
ramified covering space over C" (see Theorem 3.18).

Acknowledgement. Because of the importance of Cartan-Nochka’s Theorem
Professor Y. Aihara suggested the author to write up the present note that should
be useful. The author is grateful for him and his suggestion.

2. Entire pseudo-holomorphic curves

The problem of Kobayashi hyperbolicity for pseudo-holomorphic curves
are intensively studied by several authors (cf., e.g., R. Debalme and S. Ivash-
kovich [DIO1] S. Kobayashi [Ko01], [Ko03], [Ko04]). The analogue of Brody’s
Theorem holds for pseudo-holomorphic curves (cf. [Ko03], [Ko04]). Henceforth
the Kobayashi hyperbolicity of a compact almost complex manifold M is in-
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ferred from the non-existence of a non-constant entire pseudo-holomorphic curve
f:C—> M.

In the complex analytic case, Nevanlinna theory seems to be the best ap-
proach for the non-existence problem of f (cf. S. Kobayashi [Ko98] Introduc-
tion), where the so-called Nevanlinna’s lemma on logarithmic derivative plays an
essential role and provides a counter part to Schwarz’ Lemma in the theory of
Kobayashi hyperbolicity. In the proof of Bloch-Ochiai’s Theorem (cf. [NO)
a lemma on holomorphic differentials, which had been conjectured by [BI126] and
was proved by [Oc77], was important and played an exactly similar role to
Nevanlinna’s lemma on logarithmic derivative. The purpose of this section is to
show such a lemma for entire pseudo-holomorphic curves (see Lemma 2.1).

Let M be a compact almost complex manifold and let & = )" h,; dx"dx* be
i
2
dx*. Let f:C — M be an entire pseudo-holomorphic curve. We define the
order function of f with respect to /& by

"dt .
Ty(r;h) = J07J|—|<;f .

a fixed hermitian metric on M with the associated (1,1)-form @ =" hy;= dx" A

For a smooth differential 1-form # on M we have the decomposition =’ + 5"
to the (1,0)-form 7’ and (0, 1)-form #”. We set

fn=npdz+nf dz,
do
2 2
my(rin) = | tog™ [l g

Here log™ s = max{log 5,0} for se R" = {seR;s = 0}.

|=l=r

LemMA 2.1. Let f:C— M be a pseudo-holomorphic curve and let n be a
smooth differential 1-form on M. Then we have

my(r;n) <0 logr+2log" Ty(r;h)|; (0<d<1),

where the symbol ““||;” stands for the stated inequality to hold for all r > 0 outside
a Borel subset dependent on 6 > 0 with finite Lebesgue measure.

We need the following, called Borel’s Lemma (cf., e.g., [NO%]).

LEmMMA 2.2. Let ¢(r) be a continuous, increasing function on R* such that
#(ro) > 0 for some ro e R*. Then for an arbitrary small 5 >0 we have

d ;
S0 < 90)

To prove Lemma 2.1 we may assume that # is a (1,0)-form. We set
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fn=npz)dz, fro :s(z)é dzndz, zeC.

Since the length ||#||, of n with respect to / is bounded, there is a constant C > 0

log

log

I, (2)|* < 21Cs(z).

Using the concavity of the logarithmic function and Lemma 2.2,

d

<1 + Cle‘s(z) dH)

<110
=5 g

d(rd 1+0
t
14 Cro ——J ——J ) ‘
. (1+9)*
1+05J£J_ﬂw lls
18 Jaw

1 , 2
5 log(L+ Cr(Ty(ri ) )]

<dlog" r+2log" Ty(r;h)|;

such that
Let 0 <o < 1.
we have
) = |
<
é —
1
< Z
=2
é _
1
é —
é —
Remark.

It is interesting to observe that the complex analyticity of # is
completely irrelevant to the above Lemma 2.1.

As in Nevanlinna theory in

complex analysis Lemma 2.1 is expected to apply to the Kobayashi hyperbolicity

problem.

3. Cartan-Nochka’s Theorem
Let H;, 1 < j < g be hyperplanes of P"(C) defined by

<

Hp > haw* =0, 1=j<q,
k=0
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where [w?,...,w"] is a homogeneous coordinate system of P”(C). Set the index
set Q={l,...,q}. For a subset R = Q, |R| denotes its cardinality.

DEerINITION.  Let N 2n and ¢ = N+ 1. We say that H;, je Q are in N-
subgeneral position if for every subset R = Q with |R| =N +1

() H; =0.

JER

If they are in n-subgeneral position, we simply say that they are in general
position.

Being in N-subgeneral position is equivalent to that for an arbitrary
(N + 1,n 4+ 1)-matrix (hjk)jeR,ogkgn

rank(hjk)jeR,ogkgn =n+1.
Let f: C" — P"(C) be a meromorphic mapping. Let z = (z;) be the nat-

ural coordinate system of C", |z[| =/3; |zj|2 and let w be the Fubini-Study
metric form on P”(C). We define the order function Ty(r) with respect to w by

r dl 2m—2
Tr(r :J—J ( 00|z ) A fro.
0= ] (Geo

Cf. [NO3] for general notation in Nevanlinna theory. We denote a such small
term by Sy(r) that for an arbitrarily small positive number ¢

Sy(r) £ dlog r+ O(log Ty (r))lls-

For a hyperplane H < P"(C) such that H # f(C™) we have the pull-backed
divisor f*H on C™ and the irreducible decomposition f*H = Z v;Z;. We define
the truncated divisor (f*H),, to the level ke NU{oo} by

(f"H)yy = Zmin{v,-,k}Z,-.
J

We define the counting function Ni(r, /*H) of the divisor (f*H)y by

r dl 2m—2
Nt o) = [ | ( aanzn) .
12 ey 0l <oy \27

and set N(r, f*H) = N (r, f*H) (cf. [NOSZ], [Fu93]).

THEOREM 3.1 ([Nc83] for m=1). Let f:C" — P"(C) be a linearly non-
degenerate meromorphic mapping. Let H;, 1 < j < q be hyperplanes of P"(C) in
N-subgeneral position. Then we have

q
(3.2) (q=2N+n—1)T(r) £ Na(r, [ Hy) + Sy (r).
J=1
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Remark. 1) (m=1) The case of m =1 is essential. H. Cartan [Ca33]
proved this when H;, 1 £ j < g are in general position.
i) (m = 1) By Weyl-Ahlfors’ method Chen [Ch90] proved

N+1 4
@—2N+n—U@UJJ+—ITN ) =D N(r, f*Hy) + Sy(r),

J=1
where (W (f)) denotes the divisor defined by the Wronskian of f* (see (3.6)).
After this formulation it is unable to deduce (3.2).

iii) (m = 1) By Weyl-Ahlfors’ method combined with his own technique H.
Fujimoto [Fu93] proved that for an arbitrary ¢ > 0

q
(q=2N+n—1)T(r) £ Nu(r, [ Hy) + Ty (1),
j=1

Here, the estimate of the small error term is not as good as in (3.2); it is noticed
that the type of error term is in general deeply related to the possible truncation
level of counting functions in the right-hand side of (3.2) (see [NWY02] Example
(5.36)).

Let H;, j € O be hyperplanes of P"(C) in N-subgeneral position. For R < Q
we set

V(R) = the vector subspace spanned by (hi)y<;<,. Jj€R in C"*',
rk(R) = dim V(R), rk(0)=0.
We recall now lemmas due to Nochka (see [Nc83], [Ch90], [Fu93]).

Lemma 3.3 ([Nc83], [Ch90], [Fu93]). Let H;, je Q be hyperplanes of P"(C)
in N-subgeneral position, and assume that ¢ > 2N —n+ 1. Then there are positive
rational constants w(j), j € Q satisfying the following:

() 0<w()<1,Veo.

(ii) Setting & = maxjeg w(j), one gets

iw(j):d)(q—ZN+n—1)+n+l.

iy
IN—n+tl

(iv) For R < Q with RIS N +1, > ro(j) S tk(R).

L .. 1
! The bound % which is better than the original one ;+ was suggested by N. Toda by a

+1°
careful check of the proof.
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The above w(j) are called the Nochka weights, and & the Nochka constant.

LeEmMA 3.4 ([Nc83], [Ch90], [Fu93]). Let g >2N —n+ 1, and let {H;};_, be
a family of hyperplanes of P"(C) in N-subgeneral position. Let {w(j)}jeQ' be its
Nochka weights.

Let E; =1, jeQ be arbitrarily given numbers. Then for every subset
R < Q with 0 < |R| £ N + 1, there are distinct indices jy, ..., jwr) € R such that
rk({iHel) = 1k(R) and

_ rk(R)
[1" = 1 &
JjER =1

Let f:C" — P"(C) be a linearly nondegenerate meromorphic mapping.
Fix a homogeneous coordinate system w = [w’ ... w"] of P"(C) and let f(z) =
[7°(z),...,f"(z)] be a reduced representation.

Assume that H; are defined by

(3.5) Hyp Hiw)=) hpw* =0, 1=<j<q,
k=0

1/2
V= (2] =1, H0 oy
d Il

After [Fu85] and [Ng97] §2 (b), we define the Wronskian W(f) =
W(f° ..., f") #0, and the logarithmic Wronskian A(f°,..., /") as follows:

10 N &
Do .. plifn
(3.6) W fMm=1| . . |
DO .. plgn
1 1
D0 DWfn
o ., fO fn
A= T
D fO D fn
A A
) a o1 () (3 o ()
Here D) = <$> @) are some partial differentiations of order at

most j. Because of the choice of DY) we have the following functional equa-
tions for a meromorphic function g on C” and 4 € GL(n + 1, C):
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(3.7) Wgf....af") =g" " WO,
W((f°,....["A) = ( o f™) % (det A),
(gf0 Af") = A(f ”)
1
A( ;0 f—):A O M.

The following lemma is a key to get the correct truncation level of counting
functions:

LemMa 3.8 ([Fu93] Lemma 3.2.13). Let the notation be as above. Then the
Sfollowing inequality holds as divisors on C™ with rational coefficients:

> o) Hjo /)= (W(f°.... /M) £ o) ([ H)y,

jeQ jeQ

Remark. H. Fujimoto [Fu93] gave a detailed proof of this lemma for m =1,
and the same proof works for general m = 1. . X

For a subset R = Q, |R| =n+ 1 we define W((Hjo f,je R)) and A((H; o f,
j€R)) as Wronskian and logarithmic Wronskian of H o f, j € R, respectively.

Now we prove a key lemma of the proof of Theorem 3.1

LemMma 3.9. Let ¢ > 2N —n+1 and let w(j), @ be the Nochka weights and
constant of {H; }je o» respectively.  Then there is a positive constant C dependent
on {H} co such that for an arbitrary z e C'”\{HJEQH o f =0}

[Leo 1H, (/)"
W@ /)]

X{ > A((PI/Of(Z)JGR))I}-
RcQ,|R|=n+1

Proof. By the definition of N-subgeneral position, for an arbitrary point
w e P*(C), there exists S = O, |S| = ¢ — N — 1 such that [[,_ s H;(w) # 0. There-
fore, there is a constant C; > 0 such that

A o(])
B H;(w)|
1 1 § | I | J Pn .
10 “ <S|_q—N—ljeS< [l ) <G Trerie

We consider those w e P"(C) such that HieQH/‘(M/) #0. Setting R= Q\S, we

have
N () (j) N wli
Ty (e j*H ol N el Bi(w) ™Y
' [[wll |H;(w)] ||| Zree @)

JER

lFE e < ¢
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By making use of Lemma 3.3 (ii) and rk(R) =n+1 for R, we obtain a
subset {ji,...,jut1} = R° = R given by Lemma 3.4, so that

; o(5) o
EX I o [ ). el (v g
[[wll - jeR |H;(w)] ||WHw(q—2N+n—1)+n+1

Jjes

A

1 [T o 1H;(w)| Y

[ere B00)] @20

Because of Wronskian’s property (3.7), there is a constant ¢(R°) > 0 such that

(W((Hjo f,]eR))
WO S

For z e C”’\{HJEQI:I,»of =0} this with (3.11) implies

¢(R°%) =1

3 o(J)
|0 f(2)] . 1
H( /G ) = (R Hf(z)llu")(quwal)

jes

ieolH o S |W((H o f(2),) € R))
(W@, S @ Tljer |Hjo f(2)

1

e

LeolHo /()"
(@), "G

Hence, setting C = C; maxg-{c(R°)}, we obtain the desired inequality. Q.E.D.

[A((Hjo f(2),j € R))|-

Proof of Theorem 3.1. We may assume that ¢ —2N+n—1>0. By
Lemmas 3.9, 3.8, and Jensen’s formula we have

(3.12) @(q—2N +n—1)T(r)
q
< S 0N, /)
J=1

+ij og| S Ao f(),jeR)| | do+ (1)
27 )z R<Q,|R|=n+1
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q
<@Y  Ny(r,["H))
j=1

+2ij log( > |A((ﬁjof(z),je1e))|) do+ o(1).
T fzl=r RcQ,|Rl=n+1

It follows that

(3.13) (¢—2N +n—1)T5(r)

q
<> Nu(r, f*H))
j=1

21D Re O Rient1

ljz,log( > A((’i’fof@)»/eR))l) do + 0(1).

By making use of Nevanlinna’s lemma on logarithmic derivative generalized over
C™ by A. L. Vitter [Vi77], we deduce

1 A~
e A((Hjo f(z),j€R))| | dO
27“0Jz|—r o8 (RCQ%—H+1| (( f( ) JE ))|>

lIA
Sl

T

( Z LJ logﬂA((H,of(z),je R))| dg) +0(1)
RcQ,|R|=n+1 |z|=r

= Sf(r).
From this and (3.13) the desired inequality follows. Q.E.D.

Remark on a generalization. We give a generalization of Theorem 3.1 by
combining the method in §2 with that of [Ng76] (cf. [Ng03] Chap. 4). Let
7 : X — C™ be a finite analytic covering space, that is, X is a normal irreducible
complex space and =z is a finite mapping. Let R be the ramification divisor of 7,
and let p be the sheet number. Let f: X — P”(C) be a meromorphic mapping
and take a representation f(z) =[f°(z),...,f"(z)], which is not necessarily
reduced. The Wronskian W (f?,..., f") is defined outside R (cf. (3.6)) and then
is extended meromorphically on X (see [Fu85], [Ng97] §2 (b)).

If f separates the fibers of =, we have ([Ng76])

(3.14) N R) < (2p = 2T (r) + O(1).
Taking account of the order of partial differentiations, one gets

(3.15) (W(fo,...,f”))+@Rgo.
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As deduced (3.12) by making use of Lemmas 3.9 and 3.8, we count the divisor
(W(f°,...,f™) so that for hyperplanes {1‘1.,};.’:1 in N-subgeneral position, we
obtain

(3.16) @(q— 2N +n—1)T;(r) g@i +@N(r,m+sf(r).

It follows from (3.14) that

nn+1)
2

By (3.16), (3.17) and Lemma 3.3 (iii) we have

(3.17) N(r,R) <n(n+1)(p—1)Ty(r) + O(1).

THEOREM 3.18 (cf. [Ng03] Chap. 4 §3). Let f: X — P"(C) be a linearly non-
degenerate meromorphic mapping. Let {H; } ', be hyperplanes of P"(C) in N-
subgeneral position. Then

q
(g=2N+n—1=(p=1)n@2N —n+ 1))Ty(r) > Nu(r, f*H}) + Sy (r).
Jj=1
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