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1. Introduction

Let H be the upper half-plane equipped with the hyperbolic metric |dz|/Im z,
and I' a Fuchsian group acting on H. A subset S < H is said to be precisely
invariant under a subgroup I's of T if »(S) =S for all ye's and »(S)NS =0
for all ye I' — I's. Furthermore a hyperbolic element y € I is said to be simple if
the axis of y is precisely invariant under the cyclic subgroup {y)» generated by 7.
The hyperbolic distance on H is denoted by d. For a quasiconformal auto-
morphism f of H, the maximal dilatation of f is denoted by K(f).

Let T(I') be the Teichmiiller space of I' and Mod(T") the Teichmiller
modular group of I'. It is known that if I" is finitely generated of the first kind,
then 7'(T") is finite dimensional and the action of Mod(I') on T(I') is properly
discontinuous. This means that for every sequence {f,},-, of quasiconformal
automorphisms of H satisfying f,olo ! =T and lim, .. K(f,) =1, there
exist an integer N and a conformal automorphism f of H such that f, are
coincident with f on the real axis R for all » > N. On the other hand, if T is
infinitely generated, then 7'(I') is infinite dimensional and the action of Mod(T") is
not properly discontinuous, in general. This means that there exists a sequence
{3, of quasiconformal automorphisms f, of H such that f,oT o f, ! =T and
lim,_,., K(f;,) =1. On the basis of this fact, in [3], we proved that if " satisfies
a certain bound condition on translation length, then Mod(I") acts properly
discontinuously. The following proposition, which gives a lower bound of the
maximal dilatation of a quasiconformal automorphism, is crucial for the proof.

ProrosiTiON 1 ([3, Proposition 2]). Let I be a non-elementary Fuchsian
group acting on H and f a quasiconformal automorphism of H satisfying
foTlof ' =T. Suppose that there exist three distinct axes L; (i=1,2,3) of
simple hyperbolic elements p; of T such that f(L)), =L, f(L2), =Ly and
f(L3), # L3, where f(L;), is the axis of foy,of~'. Let M and D be positive
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constants such that the translation lengths of vy, (i=1,2,3) are less than M
and d(z1,L,) < D, d(z1,L3) < D for some zy € Ly. Then there exists a constant
A =A(M,D) > 1 depending only on M and D such that K(f) > A.

When M tends to +oo even with remaining D bounded, the constant
A(M,D) might tend to 1 as the following example shows.

Example 2. Let I' be a Fuchsian group such that

R=—H/T=C- () | {%—&—(2]14—1)\/—_1} —{-1,0,1},

n=lmeZ
and

) x—(y—2n-2)/n+yv-1 (2n+1<y<2n+2)
L2 =9 x+(y—2n)/n+ yv/—1 2n<y<2n+1)
x+ yv-1 elsewhere,

which are quasiconformal automorphisms of R (see [3, Example 2]). Then
lim,_, K(f,) =1. Letc; be a simple closed geodesic on R surrounding —1 and
0, and ¢, a simple closed geodesic on R surrounding 0 and 1. Furthermore for
each n, let ¢3, be a simple closed geodesic on R surrounding n + 1 points, 1 and
1+ (2k+1)v/=1 (k=1,...,n). Then the hyperbolic lengths of ¢3, tend to
+oo asn— 0. Let L; (i=1,2) be an axis of a hyperbolic element y; € I' such
that n(L;) = ¢;. Here n is the projection of H to R. We may assume that
Ly={yV-1|y>0}. Since f,(c;) =¢; (i=1,2) and ¢; Ne¢, # 0, we can take a
lift f, of f, to H so that f,(L;), =L; (i=1,2). Furthermore for each n, we
take an axis L3, of a primitive hyperbolic element y, € I' so that n(L3 ,) = ¢34
and that d(v/—1,L;,) </ for the translation length / of y,. Since fAn(c;,,) is
not homotopic to ¢z, for each n, we have f,(L3 ), # L3 ,. On the other hand,
the translation lengths of y, tend to +oco.

On the other hands, when D tends to +co even with remaining M bounded,
the constant A(M, D) might tend to 1.

Example 3. Let I', R, ¢;, ¢; and fn be the same as in Example 2. For
each n, let c3, be a simple closed geodesic on R surrounding two points,
1/n+ (2n+1)v/=1 and 2/n+ (2n+ 1)v/—1. Then the hyperbolic lengths of ¢,
are uniformly bounded. Indeed, the lengths are all the same. Let L; (i =1,2)
be an axis of a hyperbolic element of I' such that n(L;) = ¢;. We take a lift f,
of f, to H so that f,(L;), =L; (i=1,2). Let L3, be an axis of a primitive
hyperbolic element y, € I' so that n(L3 ,) = ¢3,. Since f,(c3.,) is not homotopic
to ¢3,, we have f,(Ls,), # L3 ,, and we see that the translation lengths of yp,
are the same for all n. On the other hand, since d(ci,c3,) — 400, we have
d(L17L37,,) — +00.
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In Proposition 1, the invariance of L; and L, under f is used to guarantee
that f fixes three points on the boundary. In this case, the condition
d(z1,L3) < D implies that the spherical diameter of Ls is less than some positive
constant D’ = D’(D). Furthermore the assumption on the boundedness of the
translation lengths of y; (i =1,2) is used to guarantee that the end points a and
b of L3 are not in some neighborhoods of the end points of L; and L,, and
the radii of the neighborhoods are estimated by M and D. In particular, we
obtained the uniformity of 4 on M and D.

In this paper, we consider a quasiconformal automorphism f of H fixing
three points. We call such a quasiconformal automorphism normalized, and
assume that the three points are 0, 1 and co. Suppose that there exist axes L
such that f(L), # L. Then, each axis L gives a lower bound of the maximal
dilatation of f, and we will express the lower bound explicitly (Theorem 7). In
particular, we can observe the dependence of the lower bound on the translation
length, the end points and the Euclidean diameter of L. However the uniformity
is not taken into account in our theorem.

2. Results

Our first theorem gives a lower bound of the Euclidean distance between an
end point of an axis and its image under a quasiconformal automorphism.

THEOREM 4. Let T be a torsion-free Fuchsian group acting on H, and f a
quasiconformal automorphism of H such that foT o f~' =T. Furthermore let L
be the axis of a simple hyperbolic element y of T such that f(L), # L. Then
there exists a positive constant B such that at least one end point a of L satisfies
|f(a) —a| = B, where B depends only on the translation length ¢ of vy, the
translation length ¢' of f oyo f~\ and the Euclidean diameter dg(L) of L. More
precisely,

/ 1 sinh(//2) sinh(/’/2) B
=B(/,/) = B2 2( cosh(Z/2) cosh//2)+1) (LNSf(L), =0)
Bl (LN7(L), %0,

l 1 1
0= 2(1 \/ sinh?(//2) sinh2</’/2)>'

Remark. The constant Bj(/,/") tends to 1/2 as /,/" — 0 and tends to 0 as
{0 — +o0.

A proof of Theorem 4 is given in Section 4. In this section, assuming this
result, we give a lower bound of the maximal dilatations of the quasiconformal
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homeomorphisms. The following two lemmas tell us a relationship between the
Euclidean distance which we considered in Theorem 4 and the maximal dilata-
tion. The first one is due to Teichmiiller (see [5]).

LeEMMA 5. Let f be a quasiconformal automorphism of C fixing 0 and 1.
Suppose that there exists a point zy € C — {0, 1} such that dy (20, f(z0)) = log C
for some constant C > 1, where dy is the hyperbolic distance on the twice
punctures plane C —{0,1}. Then K(f) > C>.

If zo, f(z0) <0, then the exact computation of do i(zo, f(z0)) is given by
Sugawa and Vuorinen [7, Lemma 5.1].

LemMa 6. The hyperbolic distance between —x and —y in C — {0, 1} is given
by do1(—x,—y) = |®(x) — ®(y)| for x,y > 0. The function ®:R — R is given
by

1 A (x/(1 +x))

®) =3 log i /)

where
! dt

#) :L A=) —z22)

Now we state our second theorem, which easily follows from Theorem 4
with Lemmas 5 and 6.

THEOREM 7. Let T be a torsion-free Fuchsian group acting on H and f
a normalized quasiconformal automorphism of H such that foTl o f~! =T.
Suppose that there exists an axis L of a simple hyperbolic element y of T such
that f(L), # L. Then there exists a constant A > 1 such that K(f) > A, where
A depends only on the translation length ¢ of vy, the translation length (' of
foyo f~\ and the end points a and b of L.  More precisely, under the assumption
that |f(b) —b| < |f(a) —a| and a <0,

1 _ [®(—a+B) - ®(~a) (f(a)<a)
5 logd = {d)(—a) —®(—a—B) (f(a)> a).

The constant B and the function ® are the same as in Theorem 4 and Lemma 6.

Proof. Since a < 0 and f is normalized, we have f(a) < 0. By Theorem 4,
the end point a satisfies |f(a) —a| > B. Furthermore, by Lemma 6, the hy-
perbolic distance between f(a) and a in C—{0,1} is given by do 1(f(a),a) =
|®(—f(a)) — ®(—a)|. Since the function ®(x) is strictly increasing for x > 0,
we see that do(f(a),a) > ®(—a+ B) — ®(—a) if f(a) <a and do(f(a),a) >
®(—a) — ®(—a— B) if f(a) >a. Hence Lemma 5 yields the assertion. O
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Remark. (i) In Theorem 7, the assumption that a < 0 is not essential. Also
in the case where 0 <a <1 or 1 < a, we have similar results by using the fact
that do 1(z1,22) = |®(|z1]) — P(|z2])| for z1,z0 € C— {0,1} (see [7, Lemma 5.16]).
(i) For a Fuchsian group I' and a quasiconformal automorphism f of H
satisfying fol o f~! =T, we have K(f)=max{///',/'/(}, where ¢/ is the
translation length of an element ye I and /' is the translation length of
foyo f~! (see [8, Lemma 3.1]). This is trivial if # = #’. However our theorem
gives a non-trivial estimate also for the case where / =/’. Indeed, in Theorem
4, we have

B 2
" cosh/+3

1 2V
5(/’/)25 b=yt (COSh/l)

(iii) In Proposition 1, the constant 4 does not depend on the translation lengths
¢ of foy;of~! (i=1,2,3). Indeed, in the proof of the proposition, we as-
sume that K(f) <2 and use the fact that // < 2/;, where ¢ is the translation
length of y;. Also in our theorem, if we assume that /' < 2/, then we obtain a
constant 4 = A(/,a,b) with B’ = B'(/,2/).

B(¢,7)

and

When we can take ¢ = —1 in Theorem 7, we express a lower bound of the
maximal dilatation simply.

CorROLLARY 8. Let T' be a torsion-free Fuchsian group acting on H, and [
a normalized quasiconformal automorphism of H such that foT o f~! =T.
Suppose that there exists a simple hyperbolic element y € I' such that one end point
of the axis L of y is —1 and that f(—1) < —1 and that |f(b) — b| < |f(-1) + 1|,
where b is another end point of y. Then

k(=14 BB

where B is the same constant as in Theorem 4 and

2
E = i2’”(1> ~ 4.37688.
7 2

Proof. Since ®(1) =0, Theorem 7 yields that K(f)=> A4, where
(1/2) log A = ®(1 + B). By [7, Lemma 5.4], we have

10g<1 n log(1 + B)>’

(1 +B) >
(1+8) 7

1
2

which implies the assertion. Ul
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3. Collar lemma and its application

This section is devoted to preliminaries for a proof of Theorem 4. The
following lemma is known as the collar lemma (see [2], [4] and [6]).

LEMMA 9. Let T be a torsion-free Fuchsian group acting on H, and L the axis
of a simple hyperbolic element y € I' with translation length ¢ > 0. Then a collar
CLio(/))={zeH]|d(z,L) < w(/)}

of L with width w(/) is precisely invariant under the cyclic subgroup {y)» generated
by y, where

1
/) = inh{ ———|.
(/) = arcsin (sinh(//Z))
Furthermore, C(L,w(/))NC(L",w(¢")) =0 for every pair of two disjoint axes

L and L' of simple hyperbolic elements of T with translation lengths ¢ and ('
respectively.

Lemma 9 immediately yields the following.

CorROLLARY 10. Let T be a torsion-free Fuchsian group acting on H, and L
and L' two disjoint axes of simple hyperbolic elements of T with translation lengths
¢ and (' respectively. Then the hyperbolic distance d(L,L') satisfies

cosh(//2) cosh(¢'/2) + 1
sinh(7/2) sinh(¢'/2) )

d(L,L") > arccosh(

Proof. By Lemma 9, we have d(L,L') > w(/)+ w(/'). The assertion
follows from the following computation:

cosh(w(/) + w(/'))
= cosh(w(?)) cosh(w(¢")) + sinh(w(£)) sinh(w(/'))

= cosh{ arcsinh (m) } cosh{ arcsinh (m) }

+ sinh{arcsinh <m> } sinh{arcsinh <m> }

1/2
1 1 1
N { <sinh2(//2) * 1) <sinh2(f’/2) * 1) } * sinh(//2) sinh(/’/2)

~ cosh(//2) cosh(/'/2) + 1
~ sinh(#/2) sinh(/’/2)

O

Next, for two axes which intersect each other, we will obtain a lower bound
of the intersection angle. Note that for two axes L and L’ of simple hyperbolic
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elements y and ' of I such that LN L’ # (), the translation lengths / and ¢’ of y

and )y’ respectively satisfy
AN
sinh <2) sinh <2) > 1.

Indeed, since L’ passes the collar of L with width w(/), we have /' > 2w(/).

ProposITION 11.  Let T be a torsion-free Fuchsian group acting on H, and L
and L' two distinct axes of simple hyperbolic elements y and y' of T with transla-
tion lengths ¢ and ¢’ respectively. Suppose that LOL' # (. Then the intersection
angle O(L,L") between L and L' satisfies

1 1 1
O(L, L") = arcsin (sinh(//2) sinh(¢’/ 2>>'

Proof. By Lemma 9, we can take a collar C(L,w(/)) of L with width
1

= i h - .

w(/) = arcsin (sinh(//Z))

Then, by the formula [1, Theorem 7.11.2] for right-angled triangles, the length 4
of the segment L'N C(L,w(¢)) satisfies

sinh w(/) = sinh(4y/2) - sin(0(L, L")).
Since the translation length of y’ is /’, it is clear that 4 < /’. Then we see that

. n _ sinh w(?) 1
SO L)) = Gahz/2) = Sinh(772) sinh(77/2)° -

In the last of this section, we mention the hyperbolic distance and the angle
between an axis and its image under a conformal automorphism.

COROLLARY 12. Let T be a torsion-free Fuchsian group acting on H, L the
axis of a simple hyperbolic element of T with translation length (, and [ a con-
formal automorphism of H satisfying foT o f~' =T. Suppose that f(L) # L.
If f(LYNL =0, then

d(f(L),L) > arccosh (COSh s 3).

cosh/ —1

If f(LYNL #0, then the intersection angle 0(f(L),L) between f(L) and L
satisfies

O(f(L),L) > arcsin (ﬁ)

Proof. We may put /=/"in Corollary 10 and Proposition 11. O
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4. Proof of Theorem 4

For a proof of Theorem 4, first we prove the following.

LEmMMa 13. Let T be a torsion-free Fuchsian group acting on H and L and L'
two distinct axes of simple hyperbolic elements of T with translation lengths ¢ and
/' respectively. Suppose that L = {iy|y > 0}. Then the two end points x of L'
satisfy |x| > o', where

dg(L") (cosh(//2) cosh(/'/2) + 1 1
2 < sinh(//2) sinh(//2) >

dg(L') 1 ,
2 (1_\/1_sinh2(//2) sinhz(f’/Z)) (LNL"#9).

Proof. First we suppose that LNL' = (. Without loss of generality, we
may assume that the two end points x; and x; of L’ satisfy 0 < x; < x;. By
Corollary 10, we have

(LNL' = 0)

= D(/,/").

d(L,L') > arccosh (Cosh<f/2> cosh(#'/2) + 1)

sinh(//2) sinh(¢’/2)
Let Ly be a geodesic on H such that d(L,Lo) = D(¢,/') and dg(Lo) = dg(L’),

and x) and xJ the end points of Ly. We may assume that 0 < x{ < xJ. Then
x1 > x). Let ) be an angle such that cos 6y = {cosh(D(¢, /'N}'. Then we see

that
!/ !
(x? + dE(2L )) cos Oy = dE(ZL )

(see [1, (7.20.3)]). Thus we have
X = dE(ZL/) 1 ;02095090 = dE(ZL/) {cosh(D(£, ")) — 1}
- dg(L") (cosh(//2) cosh(/'/2) + 1 {
=2 < sinh(//2) sinh(/'/2) )

Next we suppose that LN L’ # @, and let 0 be the intersection angle. Then
by Proposition 11, we have

. 1 1
cos O < COS{arCS‘n (sinh(//z) sinh (7’ /2)) } B \/ b= sinh?(¢/2) sinh(¢'/2)

Without loss of generality, we may assume that the two end points x; and x; of
L’ satisfy x; <0 < x; and |x1] < |x2]. Then x; +dg(L')/2 >0 and

CdgL), e ([ 1
="~ (I —cost) == (1 \/1 sinhz(//z)sinhz(/’/z))' =




228 EGE FUJIKAWA

Now we prove our theorem.

Proof of Theorem 4. We may assume that neither @ nor f(a) is oo. First
we suppose that f(L), NL=0. Let Q be a simply connected domain that is
surrounded by L, f(L), and a subset of R. If Q is not bounded, then it is clear

*

that at least one end point « satisfies
[f(a) — a| > dg(L).
Thus we have only to consider the case where Q is bounded. By translation

along the real axis, we may assume that L is symmetrical about the imaginary
axis, and then passes through (dg(L)/2)i. By Corollary 10, we have

cosh(//2) cosh(/'/2) + 1\ d
sinh(Z/2) sinh(/"/2) ) -

Let Ly be a geodesic on H such that it is symmetrical about the imaginary axis
and satisfies d(Lo,L) = dy and passes through (dg(L)/2)-e %i. Then the end
point ¢ >0 of L and the end point ¢y > 0 of L, satisfy

lc — co| = (dg(L)/2)(1 — e~ =: d.
It is easily seen that at least one end point a of f(L), satisfies

|f(a) —a| = d,
dg(L) cosh(7/2) cosh(/'/2) + 1
> = (1 N eXp{_arCCOSh( sinh(Z/2) sinh(¢'/2) )})

dp(L) 1 sinh(7/2) sinh(¢'/2)
2 ( ~ cosh(//2) cosh(/7/2) + 1>7

d(f(L),,L) = arccosh(

Y

and we have the assertion.

Next we suppose that f(L), N L # 0. Furthermore we may assume that the
Euclidean diameter dg(f(L),) of f(L), satisfies 2dg(L) > dg(f(L),) > dg(L)/2.
Indeed, if dep(f(L),) < dg(L)/2, then at least one end point a of L satisfies

|[f(a) —al > dg(L)/2.
If 2dg(L) < dp(f(L),), then at least one end point a of L satisfies
/(@) —a| > de(L).

Since d/(1 —0) < 1/2, in these cases, we have the assertion.

Let « and f be the two end points of L, and o’ and B’ be the two end
points of f(L),. We may assume that o’ < o < 8 < . We have only to prove
that o — o’ > B under the assumption that f(«)=o'. Indeed, if f(f) =10,
then f— f(f)=f—o' >a—ao' > B. We take a Mobius transformation ¢(z) =
(z—a)/(z—p). Then ¢(L)={yv/—1|y>0}. Furthermore

G (L)) = ()~ 48] = =L =.
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Here we note that

and

B—a < (B —o)+(B—o)=de(f(L),) +de(L) < 3dg(L),

B—p <p—o=dg(L)

Thus

(L)) > D)

By Lemma 13, we see that |¢(a)| > 0. Since |¢p(a')| = (« —a')/(f — o), we have

a—o >3(—a') = 5((a—o) + (B —a)).

Since f— o =dg(L) and § < 1/12, the above inequality is equivalent to

[1]

0
O(—O£,>m'dE(L). O
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