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SUBMANIFOLDS WITH CONSTANT SCALAR CURVATURE
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Abstract

Let M" be a compact submanifold of S”*?(c) with constant scalar curvature. In this
paper, we prove that if the squared norm S of the second fundamental form satisfies a
certain inequality, then M” is a totally umbilic or eqality holds and we described all M"
that satisfy this equality.

1. Introduction

Let S"7(c) be a sphere of constant sectional curvature ¢ and let M" be
a compact submanifold of S"*”(c) with constant scalar curvature. Let S =
> jﬂa(hg)Z and ¢ be the square norm of the second fundamental form and the
mean curvature vector of M respectively. We set H = |||, S, =", j(hg)z and
H* = (h}),,,- In [1], Li Haizhong studied some properties for p = 1. The
purpose of this paper is to extend the result of [1] to higher codimensions. In

other words, we shall prove the following:

THEOREM 1. Let M" 2<n <4, when n=2, p #1,2) be a compact sub-
manifold of S"P(c) with constant scalar curvature p. Assume the normalized
mean curvature vector is parallel with respect to the normal connection. If

— B _
_uR < » 2 2
S nR_n_l_Bp{n(H—nR
n—2 — =
— S+nn—1DR|nS,.1 —S—nn—-1)R];, 1.1
2\ fis = VRIS, - s —a = DRI (L)
where
I, p=1,2
B,=1{2
- >3
3 p=

and R = p/n(n—1) — ¢, then either
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(1) S=nH? and M is totally umbilic.
or

(2) The equality holds in (1.1), H is a constant and one of the following cases
oceurs:

(@) H=0, p=1 and M is a minimal Clifford hypersurface,

m 1/2 n—m 1/2
M" = 8S™ <_> x §r—m < ) [N Sner(C).
nc nc

b) H#0, p=1 and M"=S""'(r)) xS (r2), where r}+r3=c"!,
17 < (n—1)/nc.
(c) H#0, p=2 and M is a minimal Clifford hypersurface in a hypersphere,

M" = s" ((H(C#Hz))l/z) X S ((ﬁ)uj < §™ (e + H?) — S™2(c).

(d) H#0, p=2 and for all 0 < Hy < H, M is an H,-torus,

M" = Snfl(rl) % Sl(}’z) P Sn+1(C+H22) M Sn+2(c)’

where H? + H} = H*, r— 12+ 13 = (c—i—sz)*l, 12 < (n—1)/n(c+ H}E), and an
H,-torus is defined by Walcy Santos (see [3]).
() H#0, n=2, p=3 and M? is a Veronese surface in a hypersphere,

M? < S*(c+ H?) — S°(c).

for n=5, we have

THEOREM 2. Let M" (n>5) be a compact submanifold of S"7(c) with
constant scalar curvature p. Assume the normalized mean curvature vector is
parallel with respect to the normal connection and p >n(n—1)c. If S and H
satisfied (1.1), then either

(1) S=nH? and M is totally umbilic.
or

(2) The equality holds in (1.1), H is a constant and one of the following cases
oceurs:

() H#0, p=1 and M"=S""'(r)) xS (rn), where r}+r;=c"!,
r? < (n—1)/nc.

(b) H#0, p=2 and M is a minimal Clifford hypersurface in a hypersphere,

1/2 _ 1/2

(c) H#0, p=2 and for all 0 < Hy < H, M is an H,-torus,
M" = S""(r) x S'(ry) = S" (e + H}) — S"(c),
where H} + H} = H?, r— 12+ 15 = (c—|—H22)_l, 1P < (n—1)/n(c+ H}).
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Remark 1. When p =1, n= 3,4, our assumption condition (1.1), i.e

S—nR < niz{nzc—kan— (n—2)\/[S+n(n— 1)R][S — nR]}

is equivalent to
(n—2)*[S + n(n — VR[S — nR] < {n’c+2n(n— )R — (n—2)S}>. (1.1)
On the other hand, (1.1’) is equivalent to

L
(n—=2)(nR+2)

so Theorem | improve Theorem 2 of [1].

[n(n — 1)R> +4(n — 1)R + n],

Remark 2. In Theorem 2, when the equality holds in (1.1), we have that
H #0 by p=n(n—1)c and the Guass equation.

2. Priliminaries

We choose local field of orthonormal frame {ey, .. e,,ﬂ,} in such way that
es1 is the normalized mean curvature vector and A;" = Z0;. We need the
following Lemma:

LemMa 1. If 2<n<4, then

J Z { ljk ;hlfky} > 0.

ljka

Proof.

Z hy hkkl] < hkkz) Z h;jhzkz

ijk,o i, j, k.o

io

< j(h/i(kt> uz Z (Z ]]z) ’ (21)
ik,o io ioo \Jj#i
Z (hzj/(k)z = Z m + 3 Z //1 Z (hjk) . (22)

i,j ko i#j,o i,j,k#o

) 3(e)

For n <4 and Vi, we have
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33 () = (n=1)) (k) (Z jﬂ>,

J#i J#i J#i
so we have
3 Z(h;'i) = Z(Z ]J’) ) (2.3)
J#io i0 VE
y (2.1), (2.2), (2.3) and the compactness of M, the Lemma 1 is true.

LemMmA 2 [1].  Assume the scalar curvature p = constant and p > n(n — 1l)c,
then

> {( )’ = mef}z 0.

i,j ko i

LemMa 3 [2]. M" is a compact submanifold of S™7(c) with parallel nor-
malized mean curvature vector if and only if H'""'H* = H*H"!.

LemmA 4 [3]. Let A,B:R"— R" be symmetric linear maps such that
[4,B] =0 and tr A=tr B=0, then

n—2 n—2
(At B) P <tr A’ B ———
n(n—l)( ) ) Vnn—1)
and the equality holds on the right hand (resp. the left hand) side if and only if
n— 1 of the eigenvalues x; of A and the corresponding eigenvalues y; of B satisfy

42 1/2
o A
nn—1)

(tr B2)!/? (tr BY)!/?
Vi=—F—. resp. yi= —————

(tr 4%)(tr B>)'2,

,  XiXj = 0,

nn—1) n(n—1)

Lemma 5 [4]. Let Auyi,...,Anyp be symmetric (n x n)-matrices. Denote
Sup = tr(A,Ag), Sy =S =N(4y), S=>_,S,, then

1
> N(Aydp — ApAy) +st<(1+§sgn( —1)>52

Ly

3. The of Theorem
We define a self-adjoint operator [J by [1]

Of = _(nHoy — hi™) fy.
i.j
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we have [2]

Z (i) +Zhhkk,,+22tr H*HP)? ZZtr 2(HFY?
Jiok,o

-2 _lu

“f

o |

i,j,k,o
(H*H")? +) tr Hﬂ[tr(H“) HY] + enS — en*H>.
o f

By the Guass equation and the scalar curvature p = constant, we get

AnH)? = " (nH;)? — Z(nH)ﬁ/li

N —

O(nH) =

= Z ) —ZnH) +2Z r(H*H")? 22&}1“ )2(H?)?

i,j ko o, ff

—Ztr H*HP)| —i-z:trH/j 2 HP) + enS — en>H?.

From Lemma 3 and Lemma 5, we have, p > 2,

2Ztr H*HP)? 2Ztr 2= lu(HHD)?

%,

2 ¥ tr(H"‘Hﬂ) —2 > w(H)(HP)

a#f#n+1 o#f#n+1

- Y (w@EHAP -8, -2 ) [w(HH")?
a#n+1,f#n+1 oa#n+l

= a#ﬂvﬁnH(HaHﬁ_HﬁHa)_ Z So%ﬁ

a#n+l,f#n+1
S, 25 [tr(H*H")]?
a#n+1

(3.1)

2
<1+;sgnp 2)(2 S) Sia—2> [Z hn+1H5!-,»)h;]

a#n+1 a#n+l
1
2 (S- Spi1)t — Zh"“ Hoy)? > (h))?
P i,j,a#n+1

(S Sui1) — S = 2(Sup1 — nH?)(S — Sup1).

3’\

Obviously, the inequality (3.3) holds for p = 1.
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By Lemma 4, we take
Z tr H tr[(H*)*H"]

7nHZ/13+nH Z tr[(H*)2H™)

oa#n+l

= 3nHS,, — 2n*H* — nH Z(H — )}

+nH Y t[(H)(H"™ = Hly) +nH > tr[(H*) Hlyy
a#ntl a#n+l
> 3nH2S, | — 2n2H* — MH(SHWHZ)M
nn—1)
nn—2
- ¥H(S = Sui1)(Sps1 — nHY)'? 4 nH*(S = 1)
nn—1)
= 2nHSys1 — 202H* + nH>S — %H(s — nH?) (S — nH?)'?,
n(n —
(3.4)
and the equation holds in (3.4) if and only if
Slﬁ
H-—}i=——w—, (i=1,...,n-1). (3.5)
nn—1)
It follows from (3.1), (3.2), (3.3) and (3.4) that
1 1
FA8 2 (hi)* + > Wil —— (F_ 1)5,3+1
ijk,o ijk,o p
1
+2(=—— 1) SS,.1 + 3nH>S — 2n*H*
P
-2
_ M 22 (s aH?) Syt — nH?) Y2 4 ne(S — nH?)
vnn—1)
= > (' + D hihiy
i, j ko ij ko
1 2 2
+ - — 1 (Sn+1 - nH )(2S - S;H,l - nH )
/4
1
——(S—nH»?+ (nH* + nc)(S — nH?)
P
n(n—2)

— 2 H(S — nH*)(Spy1 — nH?)'?
nn—1)
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SIS AR SR

ik, ij ko

+(SnH2){B;(SnH2) +nH? + nc
»

— = H(Sp — nH2)1/2}, (3.6)

and

+ (S—nHZ){—B;(S—nH% + nH?* + ne

n(n—2)
nn—1)
When 2 <n <4, it follows from (3.6) and Lemma 1 that

H(Sy1 — nH2)1/2}. (3.7)

J lASduzJ (S—nHz){—i(S—nH2)+nH2+nc
M2 M Bp
- MH(S,M - nHz)l/z} dv.  (3.8)
nn—1)

When n > 5, it follows from (3.7) and Lemma 2 that

O(nH) > (S—nHz){—B;(S—nHz) + nH? + nc
/4

_ _ 2\1/2
No 1)H(Sn+1 nH?) } (3.9)

By R=(p—n(n—1)c)/n(n—1)= (n*H?> - S)/n(n— 1), it can be seen that our
assumption condition (1.1), i.e.

_ B _
S—nR< —" _n*c+n’R
n—1-B5B,

n—2

n—

i

[S+n(n—1)R|[nS,-1 — S —n(n— 1)1_2}}
is equivalent to

nS — n*H? B,
<
n—1 ~n-1-B,

(S —nH?)

{nzc—i-nsz _
n—1

P H(S — nH2>”2},
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so it is also equivalent to
1 -2
——(S—nH?) +nH?+ nc — MH(S,M —nH)'? >0,
Bp n(n — 1)

therefore the right hand side of (3.8), (3.9) is non-negative. Since M is compact,
we have that either S =nH? M is a totally umbilic or

_ B _
S—nR=—"__2n’c+n’R
n—1-1B,

n—2

- ﬁ\/[ﬁ n(n — VR[S, — S — n(n — 1)1?}}. (3.10)

In the latter case, by (3.5), we have

stz Y n—ns\
sn+1=(n_1><H+7)) 4 (H— 7> (3.11)

nn—1 n
By the Guass equation, we get
S=n*H*+n(n—1)c—p. (3.12)

By (3.10), (3.11), (3.12) and R = p/n(n — 1) — ¢ = constant, we take that H is a
constant, thus we complete the proof of Theorem 1, 2 by Theorem 1.6 of [3].
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