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SUBMANIFOLDS WITH CONSTANT SCALAR CURVATURE

Jintang Li

Abstract

Let Mn be a compact submanifold of SnþpðcÞ with constant scalar curvature. In this

paper, we prove that if the squared norm S of the second fundamental form satisfies a

certain inequality, then Mn is a totally umbilic or eqality holds and we described all Mn

that satisfy this equality.

1. Introduction

Let SnþpðcÞ be a sphere of constant sectional curvature c and let Mn be
a compact submanifold of SnþpðcÞ with constant scalar curvature. Let S ¼P

i; j;aðha
ijÞ

2 and x be the square norm of the second fundamental form and the
mean curvature vector of M respectively. We set H ¼ kxk, Sa ¼

P
i; jðha

ijÞ
2 and

H a ¼ ðha
ijÞn�n. In [1], Li Haizhong studied some properties for p ¼ 1. The

purpose of this paper is to extend the result of [1] to higher codimensions. In
other words, we shall prove the following:

Theorem 1. Let Mn (2a na 4, when n ¼ 2, p0 1; 2) be a compact sub-
manifold of SnþpðcÞ with constant scalar curvature r. Assume the normalized
mean curvature vector is parallel with respect to the normal connection. If

S � nRa
Bp

n� 1 � Bp

�
n2cþ n2R

� n� 2ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½S þ nðn� 1ÞR�½nSn�1 � S � nðn� 1ÞR�

q �
; ð1:1Þ

where

Bp ¼
1; p ¼ 1; 2
2

3
; pb 3

8<
:

and R ¼ r=nðn� 1Þ � c, then either
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(1) S ¼ nH 2 and M is totally umbilic.
or

(2) The equality holds in (1.1), H is a constant and one of the following cases
occurs:

(a) H ¼ 0, p ¼ 1 and M is a minimal Cli¤ord hypersurface,

Mn ¼ Sm m

nc

� �1=2
 !

� Sn�m n�m

nc

� �1=2
 !

,! SnþpðcÞ:

(b) H0 0, p ¼ 1 and Mn ¼ Sn�1ðr1Þ � S1ðr2Þ, where r2
1 þ r2

2 ¼ c�1,
r2

1 < ðn� 1Þ=nc.
(c) H0 0, p ¼ 2 and M is a minimal Cli¤ord hypersurface in a hypersphere,

Mn ¼ Sm m

nðcþH 2Þ

� �1=2
 !

�Sn�m n�m

nðcþH 2Þ

� �1=2
 !

HSnþ1ðcþH 2Þ ,! Snþ2ðcÞ:

(d) H0 0, p ¼ 2 and for all 0 < H2 aH, M is an H1-torus,

Mn ¼ Sn�1ðr1Þ � S1ðr2ÞHSnþ1ðcþH 2
2 Þ ,! Snþ2ðcÞ;

where H 2
1 þH 2

2 ¼ H 2, r� 12 þ r2
2 ¼ ðcþH 2

2 Þ
�1, r2

1 < ðn� 1Þ=nðcþH 2
1 Þ, and an

H1-torus is defined by Walcy Santos (see [3]).
(e) H0 0, n ¼ 2, p ¼ 3 and M 2 is a Veronese surface in a hypersphere,

M 2 HS4ðcþH 2Þ ,! S5ðcÞ:
for nb 5, we have

Theorem 2. Let Mn ðnb 5Þ be a compact submanifold of SnþpðcÞ with
constant scalar curvature r. Assume the normalized mean curvature vector is
parallel with respect to the normal connection and rb nðn� 1Þc. If S and H
satisfied (1.1), then either

(1) S ¼ nH 2 and M is totally umbilic.
or

(2) The equality holds in (1.1), H is a constant and one of the following cases
occurs:

(a) H0 0, p ¼ 1 and Mn ¼ Sn�1ðr1Þ � S1ðr2Þ, where r2
1 þ r2

2 ¼ c�1,
r2

1 < ðn� 1Þ=nc.
(b) H0 0, p ¼ 2 and M is a minimal Cli¤ord hypersurface in a hypersphere,

Mn ¼ Sm m

nðcþH 2Þ

� �1=2
 !

� Sn�m n�m

nðcþH 2Þ

� �1=2
 !

HSnþ1ðcþH 2Þ ,! Snþ2ðcÞ:

(c) H0 0, p ¼ 2 and for all 0 < H2 aH, M is an H1-torus,

Mn ¼ Sn�1ðr1Þ � S1ðr2ÞHSnþ1ðcþH 2
2 Þ ,! Snþ2ðcÞ;

where H 2
1 þH 2

2 ¼ H 2, r� 12 þ r2
2 ¼ ðcþH 2

2 Þ
�1, r2

1 < ðn� 1Þ=nðcþH 2
1 Þ.
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Remark 1. When p ¼ 1, n ¼ 3; 4, our assumption condition (1.1), i.e.

S � nRa
1

n� 2
fn2cþ n2R� ðn� 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½S þ nðn� 1ÞR�½S � nR�

q
g

is equivalent to

ðn� 2Þ2½S þ nðn� 1ÞR�½S � nR�a fn2cþ 2nðn� 1ÞR� ðn� 2ÞSg2: ð1:1 0Þ

On the other hand, (1.1 0) is equivalent to

Sa
n

ðn� 2ÞðnRþ 2Þ
½nðn� 1ÞR2 þ 4ðn� 1ÞRþ n�;

so Theorem 1 improve Theorem 2 of [1].

Remark 2. In Theorem 2, when the equality holds in (1.1), we have that
H0 0 by rb nðn� 1Þc and the Guass equation.

2. Priliminaries

We choose local field of orthonormal frame fe1; . . . ; enþpg in such way that
enþ1 is the normalized mean curvature vector and hnþ1

ij ¼ lidij. We need the
following Lemma:

Lemma 1. If 2a na 4, thenð
M

X
i; j;k;a

fðha
ijkÞ

2 þ ha
ijh

a
kkijgb 0:

Proof.

X
i; j;k;a

ha
ijh

a
kkij ¼

X
j

‘ej

X
i;k;a

ha
ijh

a
kki

 !
�
X
i; j;k;a

ha
ijjh

a
kki

¼
X
j

‘ej

X
i;k;a

ha
ijh

a
kki

 !
�
X
i;a

X
j

ha
jji

 !2

¼
X
j

‘ej

X
i;k;a

ha
ijh

a
kki

 !
�
X
i;a

ðha
iiiÞ

2 �
X
i;a

X
j0i

ha
jji

 !2

; ð2:1Þ

X
i; j;k;a

ðha
ijkÞ

2 ¼
X
i;a

ðha
iiiÞ

2 þ 3
X
i0j;a

ðha
jjiÞ

2 þ
X

i; j;k0a

ðha
ijkÞ

2: ð2:2Þ

For na 4 and Ei, we have

jintang li208



3
X
j0i

ðha
jjiÞ

2
b ðn� 1Þ

X
j0i

ðha
jjiÞ

2
b

X
j0i

ha
jji

 !2

;

so we have

3
X
j0i;a

ðha
jjiÞ

2
b
X
i;a

X
j0i

ha
jji

 !2

: ð2:3Þ

By (2.1), (2.2), (2.3) and the compactness of M, the Lemma 1 is true.

Lemma 2 [1]. Assume the scalar curvature r ¼ constant and rb nðn� 1Þc,
then X

i; j;k;a

ðha
ijkÞ

2 �
X
i

ðnHiÞ2

( )
b 0:

Lemma 3 [2]. Mn is a compact submanifold of SnþpðcÞ with parallel nor-
malized mean curvature vector if and only if H nþ1H a ¼ H aHnþ1.

Lemma 4 [3]. Let A;B : Rn ! Rn be symmetric linear maps such that
½A;B� ¼ 0 and tr A ¼ tr B ¼ 0, then

� n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p ðtr A2Þðtr B2Þ1=2
a tr A2Ba

n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p ðtr A2Þðtr B2Þ1=2;

and the equality holds on the right hand (resp. the left hand) side if and only if
n� 1 of the eigenvalues xi of A and the corresponding eigenvalues yi of B satisfy

jxij ¼
ðtr A2Þ1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p ; xixj b o;

yi ¼
ðtr B2Þ1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p : resp: yi ¼ � ðtr B2Þ1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p
 !

Lemma 5 [4]. Let Anþ1; . . . ;Anþp be symmetric ðn� nÞ-matrices. Denote
Sab ¼ trðAaAbÞ, Sa ¼ Saa ¼ NðAaÞ, S ¼

P
a Sa, thenX

a;b

NðAaAb � AbAaÞ þ
X
a;b

S2
ab a 1 þ 1

2
sgnðp� 1Þ

� �
S2:

3. The of Theorem

We define a self-adjoint operator r by [1]

r f ¼
X
i; j

ðnHdij � hnþ1
ij Þ fij:
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we have [2]

1

2
sS ¼

X
i; j;k;a

ðha
ijkÞ

2 þ
X
i; j;k;a

ha
ijh

a
kkij þ 2

X
a;b

trðH aH bÞ2 � 2
X
a;b

trðH aÞ2ðH bÞ2

�
X
a;b

½trðH aH bÞ�2 þ
X
a;b

tr H b½trðH aÞ2
H b� þ cnS � cn2H 2: ð3:1Þ

By the Guass equation and the scalar curvature r ¼ constant, we get

rðnHÞ ¼ 1

2
sðnHÞ2 �

X
i

ðnHiÞ2 �
X
i

ðnHÞiili

¼ 1

2
sS �

X
i

ðnHiÞ2 �
X
i

ðnHÞiili

¼
X
i; j;k;a

ðha
ijkÞ

2 �
X
i

ðnHiÞ2 þ 2
X
a;b

trðH aH bÞ2 � 2
X
a;b

trðH aÞ2ðH bÞ2

�
X
a;b

½trðH aH bÞ�2 þ
X
a;b

tr H b½trðH aÞ2
H b� þ cnS � cn2H 2: ð3:2Þ

From Lemma 3 and Lemma 5, we have, pb 2,

2
X
a;b

trðH aH bÞ2 � 2
X
a;b

trðH aÞ2ðH bÞ2 �
X
a;b

½trðH aH bÞ�2

¼ 2
X

a0b0nþ1

trðH aH bÞ2 � 2
X

a0b0nþ1

trðH aÞ2ðH bÞ2

�
X

a0nþ1;b0nþ1

½trðH aH bÞ�2 � S2
nþ1 � 2

X
a0nþ1

½trðH aHnþ1Þ�2

¼ �Na0b0nþ1ðH aH b �H bH aÞ �
X

a0nþ1;b0nþ1

S2
ab

� S2
nþ1 � 2

X
a0nþ1

½trðH aH bÞ�2

b� 1 þ 1

2
sgnðp� 2Þ

� � X
a0nþ1

Sa

 !2

� S2
nþ1 � 2

X
a0nþ1

X
i; j

ðhnþ1
ij �HdijÞha

ij

" #2

b� 1

Bp

ðS � Snþ1Þ2 � S2
nþ1 � 2

X
i; j

ðhnþ1
ij �HdijÞ2

X
i; j;a0nþ1

ðha
ijÞ

2

b� 1

Bp

ðS � Snþ1Þ2 � S2
nþ1 � 2ðSnþ1 � nH 2ÞðS � Snþ1Þ: ð3:3Þ

Obviously, the inequality (3.3) holds for p ¼ 1.
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By Lemma 4, we takeX
a;b

tr H b tr½ðH aÞ2
H b�

¼ nH
X
i

l3
i þ nH

X
a0nþ1

tr½ðH aÞ2
Hnþ1�

¼ 3nH 2Snþ1 � 2n2H 4 � nH
X
i

ðH � liÞ3

þ nH
X

a0nþ1

tr½ðH aÞ2ðHnþ1 �HIn�nÞ� þ nH
X

a0nþ1

tr½ðH aÞ2
HIn�n�

b 3nH 2Snþ1 � 2n2H 4 � nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HðSnþ1nH
2Þ3=2

� nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HðS � Snþ1ÞðSnþ1 � nH 2Þ1=2 þ nH 2ðS � Snþ1Þ

¼ 2nH 2Snþ1 � 2n2H 4 þ nH 2S � nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HðS � nH 2ÞðSnþ1 � nH 2Þ1=2;

ð3:4Þ
and the equation holds in (3.4) if and only if

H � li ¼ � S1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p ; ði ¼ 1; . . . ; n� 1Þ: ð3:5Þ

It follows from (3.1), (3.2), (3.3) and (3.4) that

1

2
sSb

X
i; j;k;a

ðha
ijkÞ

2 þ
X
i; j;k;a

ha
ijh

a
kkij �

1

Bp

S2 � 1

Bp

� 1

� �
S2
nþ1

þ 2
1

Bp

� 1

� �
SSnþ1 þ 3nH 2S � 2n2H 4

� nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HðS � nH 2ÞðSnþ1 � nH 2Þ1=2 þ ncðS � nH 2Þ

¼
X
i; j;k;a

ðha
ijkÞ

2 þ
X
i; j;k;a

ha
ijh

a
kkij

þ 1

Bp

� 1

� �
ðSnþ1 � nH 2Þð2S � Snþ1 � nH 2Þ

� 1

Bp

ðS � nH 2Þ2 þ ðnH 2 þ ncÞðS � nH 2Þ

� nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HðS � nH 2ÞðSnþ1 � nH 2Þ1=2
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b
X
i; j;k;a

ðha
ijkÞ

2 þ
X
i; j;k;a

ha
ijh

a
kkij

þ ðS � nH 2Þ
�
� 1

Bp

ðS � nH 2Þ þ nH 2 þ nc

� nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HðSnþ1 � nH 2Þ1=2

�
; ð3:6Þ

and

rðnHÞb
X
i; j;k;a

ðha
ijkÞ

2 �
X
i

ðnHiÞ2

þ ðS � nH 2Þ
�
� 1

Bp

ðS � nH 2Þ þ nH 2 þ nc

� nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HðSnþ1 � nH 2Þ1=2

�
: ð3:7Þ

When 2a na 4, it follows from (3.6) and Lemma 1 thatð
M

1

2
sS dvb

ð
M

ðS � nH 2Þ
�
� 1

Bp

ðS � nH 2Þ þ nH 2 þ nc

� nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HðSnþ1 � nH 2Þ1=2

�
dv: ð3:8Þ

When nb 5, it follows from (3.7) and Lemma 2 that

rðnHÞb ðS � nH 2Þ
�
� 1

Bp

ðS � nH 2Þ þ nH 2 þ nc

� nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HðSnþ1 � nH 2Þ1=2

�
: ð3:9Þ

By R ¼ ðr� nðn� 1ÞcÞ=nðn� 1Þ ¼ ðn2H 2 � SÞ=nðn� 1Þ, it can be seen that our
assumption condition (1.1), i.e.

S � nRa
Bp

n� 1 � Bp

�
n2cþ n2R

� n� 2ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½S þ nðn� 1ÞR�½nSn�1 � S � nðn� 1ÞR�

q �
is equivalent to

nS � n2H 2

n� 1
a

Bp

n� 1 � Bp

(
n2cþ n2H 2 � n

n� 1
ðS � nH 2Þ

� n2ðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HðSnþ1 � nH 2Þ1=2

)
;
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so it is also equivalent to

� 1

Bp

ðS � nH 2Þ þ nH 2 þ nc� nðn� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p HðSnþ1 � nH 2Þ1=2
b 0;

therefore the right hand side of (3.8), (3.9) is non-negative. Since M is compact,
we have that either S ¼ nH 2, M is a totally umbilic or

S � nR ¼ Bp

n� 1 � Bp

�
n2cþ n2R

� n� 2ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½S þ nðn� 1ÞR�½nSn�1 � S � nðn� 1ÞR�

q �
: ð3:10Þ

In the latter case, by (3.5), we have

Snþ1 ¼ ðn� 1Þ H þ S1=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p
 !2

þ H �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 1ÞS

n

r !2

: ð3:11Þ

By the Guass equation, we get

S ¼ n2H 2 þ nðn� 1Þc� r: ð3:12Þ
By (3.10), (3.11), (3.12) and R ¼ r=nðn� 1Þ � c ¼ constant, we take that H is a
constant, thus we complete the proof of Theorem 1, 2 by Theorem 1.6 of [3].
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