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PICARD CONSTANTS OF n-SHEETED ALGEBROID SURFACES

Kazunari Sawada

Abstract

In this paper we construct all the surfaces defined by n-valued entire algebroid

functions having at least nþ 1 exceptional values. And we investigate the number of

exceptional values of entire functions on the surfaces. Furthermore we determine the

Picard constants of the surfaces under certain conditions.

1. Introduction

Let MðRÞ be the family of non-constant meromorphic functions on a Riemann
surface R. We call a value, which is not taken by f A MðRÞ, an exceptional value
of f . And let pð f Þ be the cardinal number of exceptional values of f A MðRÞ.
Then we put

PðRÞ ¼ sup
f AMðRÞ

pð f Þ;

which is called the Picard constant of R. We can prove that PðRÞb 2 if R
is open and PðRÞ ¼ 0 if R is compact. The Picard constant plays a very
important role in the theory of analytic mappings of Riemann surfaces. Indeed
Ozawa [7] proved that there exists no non-trivial analytic mapping of R into X
if PðRÞ < PðXÞ.

An n-sheeted algebroid surface is the proper existence domain of an n-valued
algebroid function, which is defined by the following irreducible equation:

S0ðzÞyn � S1ðzÞyn�1 þ � � � þ ð�1Þn�1
Sn�1ðzÞyþ ð�1ÞnSnðzÞ ¼ 0;

where SiðzÞ ði ¼ 0; 1; . . . ; nÞ are entire functions with no common zero. An
algebroid function y is called transcendental if at least one of SiðzÞ=S0ðzÞ
ði ¼ 1; 2; . . . ; nÞ is transcendental and y is called entire if all the SiðzÞ=S0ðzÞ
ði ¼ 1; 2; . . . ; nÞ are entire. If R is an n-sheeted algebroid surface, then PðRÞa 2n
by Selberg’s theory of algebroid functions [14]. However it is very di‰cult in
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general to calculate PðRÞ of a given open Riemann surface R, even an algebroid
surface.

In the case of 3-sheeted surfaces we have the following

Theorem A (Ozawa-Sawada [8]). Let R be a 3-sheeted algebroid surface
defined by

y3 � S1ðzÞy2 þ S2ðzÞy� S3ðzÞ ¼ 0:

If pðyÞ ¼ 5, then we have

y3 � y1y
2 þ ðy0eHðzÞ þ y2Þy� y3 ¼ 0;

where y0 ð00Þ; y1; y2; y3 ð00Þ are constants and HðzÞ is a non-constant entire
function with Hð0Þ ¼ 0. And its discriminant is

D ¼ 4y30e
3H þ z2y

2
0e

2H þ z1y0e
H þ z0;

where z0 ð00Þ; z1; z2 are suitable constants.

Theorem B (Ozawa-Sawada [8], Sawada-Tohge [13]).1 Let R be the surface
described in Theorem A. If ðz1; z2Þ0 ð0; 0Þ, then PðRÞ ¼ 5.

Furthermore in the case of 4-sheeted surfaces we have the following

Theorem C (Ozawa-Sawada [9]). Let R be a 4-sheeted algebroid surface
defined by

y4 � S1ðzÞy3 þ S2ðzÞy2 � S3ðzÞyþ S4ðzÞ ¼ 0:

If pðyÞ ¼ 7, then we have

y4 � y1y
3 þ ðy0eHðzÞ þ y2Þy2 � ðay0eHðzÞ þ y3Þyþ y4 ¼ 0;

where y0 ð00Þ; y1; y2; y3; y4 ð00Þ, a ð00Þ are constants and HðzÞ is a non-
constant entire function with Hð0Þ ¼ 0. And its discriminant is

D ¼ h5y
5
0e

5H þ h4y
4
0e

4H þ h3y
3
0e

3H þ h2y
2
0e

2H þ h1y0e
H þ h0;

where hi ði ¼ 0; . . . ; 5Þ are suitable constants with h0h5 0 0.

Theorem D (Ozawa-Sawada [9], Niino-Tohge [6]).2 Let R be the surface
described in Theorem C. If ðh1; h2; h3; h4Þ0 ð0; 0; 0; 0Þ, then PðRÞ ¼ 7.

In this paper we extend the above results for n-sheeted algebroid surfaces and
consider the following problems:

1Ozawa-Sawada [8] proved the above result under the condition that R is of finite order and

Sawada-Tohge [13] proved that the result remains valid without the order condition.

2Ozawa-Sawada [9] proved the above result under the condition that R is of finite order and

Niino-Tohge [6] proved that the result remains valid without the order condition.
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1. How many kinds of exponential functions are there in the defining
equation of an n-sheeted algebroid surface R? In other words, when does
there exist only one kind of exponential function in the defining equation
of R?

In Section 3 we construct all the surfaces defined by n-valued entire algebroid
functions y with pðyÞb nþ 1 and give an estimation for the number of expo-
nential functions appearing in the defining equation (Theorem 1 and Corollary 1,
2 and 3).

2. Determine the discriminant of R.
In Section 4 we prove that the factor of all zeros of the discriminant of

R, the defining equation of which has only one kind of exponential function, is
representable as a polynomial with respect to the exponential function of degree
pðyÞ � 2 (Theorem 2).

3. Find a representation of an entire function on R.
In Section 5 we give a representation for every entire function on R by

means of the defining function of R and some meromorphic functions on C .
Further we investigate the counting functions of poles of the meromorphic func-
tions (Theorem 3).

4. Is PðRÞ decidable?
In Section 7 we show a relation between the number of exceptional values of

an arbitrary entire function on R and a covering property of R (Theorem 4 and
Corollary 4). Further we calculate PðRÞ under certain conditions (Theorem 5).

We assume that the reader is familiar with the Nevanlinna-Selberg theory
of meromorphic and algebroid functions and the notations: Tðr; f Þ, mðr; f Þ,
Nðr; 0; f Þ, Nðr;y; f Þ and Sðr; f Þ etc. (See [3], [4] and [14]).

2. Some lemmas

In this section we introduce some lemmas used in the following sections.
Let y be an n-valued algebroid function defined by the following equation:

Fðz; yÞ :¼ yn � S1ðzÞyn�1 þ � � � þ ð�1Þn�1
Sn�1ðzÞyþ ð�1ÞnSnðzÞ ¼ 0;

where Si ði ¼ 1; 2; . . . ; nÞ are entire functions. Then a ðACÞ is not taken by y, if
and only if, the following entire function:

F ðz; aÞ ¼ an � S1ðzÞan�1 þ � � � þ ð�1Þn�1
Sn�1ðzÞaþ ð�1ÞnSnðzÞ

has no zero. In this case we call a a finite exceptional value of y. Furthermore
a is called an exceptional value of the ‘first kind’ if F ðz; aÞ1 const:0 0 and a is
called an exceptional value of the ‘second kind’ if F ðz; aÞ1 exp HðzÞ, where HðzÞ
is a non-constant entire function. We have the following

Lemma 1 (Rémoundos [11]). An n-valued transcendental entire algebroid
function has at most n� 1 exceptional values of the first kind and at most n
exceptional values of the second kind.
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For our construction of n-sheeted surfaces, the following result plays an
important role.

Lemma 2 (Niino-Ozawa [5]). Let aj ð j ¼ 1; 2; . . . ;mÞ be a set of non-zero
constants and gj ð j ¼ 1; 2; . . . ;mÞ a set of entire functions satisfying

Xm
j¼1

ajgj ¼ 1:

Then we have

Xm
j¼1

dð0; gjÞam� 1;

where dð0; gjÞ denotes the Nevanlinna-deficiency.

For our investigation of exceptional values of entire functions on n-sheeted
surfaces, we need the following

Lemma 3 (Niino-Tohge [6]). Let H and L be non-constant entire
functions with Hð0Þ ¼ Lð0Þ ¼ 0, am ¼ bn ¼ 1, am ðm ¼ 0; 1; . . . ;m� 1Þ and bn
ðn ¼ 0; 1; . . . ; n� 1Þ meromorphic functions with a0 2 0, b0 2 0 and g a mero-
morphic function. Further suppose that

Tðr; amÞ ¼ Sðr; eHÞ m ¼ 0; 1; . . . ;m� 1;

Tðr; bnÞ ¼ Sðr; eLÞ n ¼ 0; 1; . . . ; n� 1;

and

Nðr; 0; gÞ þNðr;y; gÞ ¼ oðmðr; eHÞ þmðr; eLÞÞ r ! y

outside a set of finite measure. If nbmb 1, d ¼ ðm; nÞ, m ¼ pd, n ¼ qd and the
identity

Xn

n¼0

bnðzÞ expðnLðzÞÞ ¼ gðzÞ
Xm
m¼0

amðzÞ expðmHðzÞÞ

holds, then we have one of the following two cases:
(I) expðnLðzÞ þmHðzÞÞ ¼ b0ðzÞa0ðzÞ, gðzÞ ¼ b0ðzÞ expð�mHðzÞÞ,

bjqðzÞ ¼ b0ðzÞaðd�jÞpðzÞ exp � j

d
ðnLðzÞ þmHðzÞÞ

� �
for j ¼ 0; 1; 2; . . . ; d,

amðzÞ1 0 for m0 0; 1p; 2p; . . . ; dp ¼ m;
bnðzÞ1 0 for n0 0; 1q; 2q; . . . ; dq ¼ n;

(II) expðnLðzÞ �mHðzÞÞ ¼ b0ðzÞ=a0ðzÞ, gðzÞ ¼ expðnLðzÞ �mHðzÞÞ,

bjqðzÞ ¼ ajpðzÞ exp
d � j

d
ðnLðzÞ �mHðzÞÞ

� �
for j ¼ 0; 1; 2; . . . ; d,
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amðzÞ1 0 for m0 0; 1p; 2p; . . . ; dp ¼ m,
bnðzÞ1 0 for n0 0; 1q; 2q; . . . ; dq ¼ n.

3. Construction of n-sheeted surfaces

In this section we construct n-sheeted algebroid surfaces defined by the fol-
lowing irreducible equation:

Fðz; yÞ :¼ yn � S1ðzÞyn�1 þ � � � þ ð�1Þn�1
Sn�1yþ ð�1ÞnSnðzÞ ¼ 0;ð1Þ

where Si ði ¼ 1; 2; . . . ; nÞ are entire. Let us assume that the function y defined
by (1) has p finite exceptional values and pb n. In this case we have pðyÞ ¼
pþ 1 ðbnþ 1Þ, since y has no pole. Let bj ð j ¼ 1; 2; . . . ;mÞ be the set of
exceptional values of the second kind of y and ak ðk ¼ 1; 2; . . . ; p�mÞ be the set
of exceptional values of the first kind of y, where ak ðk ¼ 1; 2; . . . ; p�mÞ and
bj ð j ¼ 1; 2; . . . ;mÞ are di¤erent from each other. By Lemma 1 we have 1a
ma n and 0a p�ma n� 1. From (1) we have

F ðz; b1Þ ¼ bn
1 � S1b

n�1
1 þ � � � þ ð�1ÞnSn ¼ b1e

H1ðzÞ;

� � �
F ðz; bmÞ ¼ bn

m � S1b
n�1
m þ � � � þ ð�1ÞnSn ¼ bme

HmðzÞ;

F ðz; a1Þ ¼ an
1 � S1a

n�1
1 þ � � � þ ð�1ÞnSn ¼ a1;

� � �
F ðz; ap�mÞ ¼ an

p�m � S1a
n�1
p�m þ � � � þ ð�1ÞnSn ¼ ap�m;

8>>>>>>>><
>>>>>>>>:

ð2Þ

where bj ð j ¼ 1; 2; . . . ;mÞ and ak ðk ¼ 1; 2; . . . ; p�mÞ are non-zero constants
and Hj ð j ¼ 1; 2; . . . ;mÞ are non-constant entire functions with Hjð0Þ ¼ 0.

First of all let us consider the case p ¼ n. In this case, from (2), each
of SiðzÞ ði ¼ 1; 2; . . . ; nÞ is representable as a linear combination of 1 and eHj

ð j ¼ 1; 2; . . . ;mÞ. Without loss of generality we may assume that

H1 1H2 1 � � � 1Hm1
¼: H �

1 ;

Hm1þ1 1Hm1þ2 1 � � � 1Hm1þm2
¼: H �

2 ;

� � �
Hm1þ���þml�1þ1 1Hm1þ���þml�1þ2 1 � � � 1Hm1þ���þml

¼: H �
l ;

8>>><
>>>:

where l is an integer with 1a lam, H �
i 2H �

j ði0 jÞ and mj ð j ¼ 1; 2; . . . ; lÞ
are integers with 1amj am and m1 þm2 þ � � � þml ¼ m. Hence (1) is reduced
to

F ðz; yÞ ¼ PðyÞ þQ1ðyÞeH
�
1
ðzÞ þ � � � þQlðyÞeH

�
l
ðzÞ ¼ 0;

where PðyÞ is a monic polynomial of y of degree n and QjðyÞ ð j ¼ 1; 2; . . . ; lÞ
are polynomials of y with

deg Qj a n� 1 and Qj 2 0 ð j ¼ 1; 2; . . . ; lÞ:
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Next let us consider the case pb nþ 1. From the first nþ 1 equations of
(2) we have

2
66666666666664

bn
1 � b1e

H1 bn�1
1 bn�2

1 � � � 1

bn
2 � b2e

H2 bn�1
2 bn�2

2 � � � 1

..

. ..
. . .

. ..
.

bn
m � bme

Hm bn�1
m bn�2

m � � � 1

an
1 � a1 an�1

1 an�2
1 � � � 1

..

. ..
. . .

. ..
.

an
nþ1�m � anþ1�m an�1

nþ1�m an�2
nþ1�m � � � 1

3
77777777777775
�

1

�S1

S2

�S3

..

.

ð�1ÞnSn

2
66666666666664

3
77777777777775
¼

0

0

0

0

..

.

0

2
66666666666664

3
77777777777775
:

The above equation has a non-trivial solution t½1;�S1;S2; . . . ; ð�1ÞnSn�. Hence
we have

det

2
66666666666664

bn
1 � b1e

H1 bn�1
1 bn�2

1 � � � 1

bn
2 � b2e

H2 bn�1
2 bn�2

2 � � � 1

..

. ..
. . .

. ..
.

bn
m � bme

Hm bn�1
m bn�2

m � � � 1

an
1 � a1 an�1

1 an�2
1 � � � 1

..

. ..
. . .

. ..
.

an
nþ1�m � anþ1�m an�1

nþ1�m an�2
nþ1�m � � � 1

3
77777777777775
¼ 0;

and

Xm
i¼1

ð�1Þ ibiAie
Hi þ A0 1 0;ð3Þ

where

A0 ¼ det

2
66666666666664

bn
1 bn�1

1 bn�2
1 � � � 1

bn
2 bn�1

2 bn�2
2 � � � 1

..

. ..
. . .

. ..
.

bn
m bn�1

m bn�2
m � � � 1

an
1 � a1 an�1

1 an�2
1 � � � 1

..

. ..
. . .

. ..
.

an
nþ1�m � anþ1�m an�1

nþ1�m an�2
nþ1�m � � � 1

3
77777777777775
;
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Ai ¼ det

2
66666666666666666664

bn�1
1 bn�2

1 � � � � � � � � � 1

..

. ..
. . .

. ..
.

bn�1
i�1 bn�2

i�1 � � � � � � � � � 1

bn�1
iþ1 bn�2

iþ1 � � � � � � � � � 1

..

. ..
. . .

. ..
.

bn�1
m bn�2

m � � � � � � � � � 1

an�1
1 an�2

1 � � � � � � � � � 1

..

. ..
. . .

. ..
.

an�1
nþ1�m an�2

nþ1�m � � � � � � � � � 1

3
77777777777777777775

0 0 ði ¼ 1; 2; . . . ;mÞ:

If A0 0 0, we have

Xm
i¼1

dð0; eHiÞem� 1;

by (3) and Lemma 2. On the other hand we have dð0; eHiÞ ¼ 1 ði ¼ 1; . . . ;mÞ.
This is absurd. Therefore we have A0 ¼ 0. In this case, dividing (3) by eH1 , we
have

�b1A1 þ
Xm
i¼2

ð�1Þ ibiAie
Hi�H1 1 0:

If Hi 2H1 for any i ¼ 2; 3; . . . ;m, then we have b1A1 ¼ 0 by Lemma 2. This
contradicts b1A1 0 0. Therefore, without loss of generality, we may assume that

bm1 : integer ð2em1 emÞ s:t:
Hi 1H1 ði ¼ 2; 3; . . . ;m1Þ;
Hi 2H1 ði ¼ m1 þ 1; . . . ;mÞ:

�

Then we have

Xm1

i¼1

ð�1Þ ibiAi þ
Xm

i¼m1þ1

ð�1Þ ibiAie
Hi�H1 1 0:

In this case we have
Pm1

i¼1ð�1Þ ibiAi ¼ 0 by the similar way of above.

Furthermore, dividing (3) by eHm1þ1�H1 , we have

ð�1Þm1þ1bm1þ1Am1þ1 þ
Xm

i¼m1þ2

ð�1Þ ibiAie
Hi�Hm1þ1 1 0:

By the similar way of above, we may assume that

bm2 : integer ð2em2 em�m1Þ s:t:
Hi 1Hm1þ1 ði ¼ m1 þ 2; . . . ;m1 þm2Þ;
Hi 2Hm1þ1 ði ¼ m1 þm2 þ 1; . . . ;mÞ;

�
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because of bm1þ1Am1þ1 0 0. Therefore, repeating this process, we may put

H1 1H2 1 � � � 1Hm1
¼: H �

1 ;

Hm1þ1 1Hm1þ2 1 � � � 1Hm1þm2
¼: H �

2 ;

� � �
Hm1þ���þml�1þ1 1Hm1þ���þml�1þ2 1 � � � 1Hm1þ���þml

¼: H �
l ;

8>>><
>>>:

where l is an integer with 1a la ½m=2�, H �
i 2H �

j ði0 jÞ and mj ð j ¼ 1; 2; . . . ; lÞ
are integers with 2amj am and m1 þm2 þ � � � þml ¼ m. In this case each
of SiðzÞ ði ¼ 1; 2; . . . ; nÞ is representable as a linear combination of 1 and eH

�
j

ð j ¼ 1; 2; . . . ; lÞ by (2). Hence (1) is reduced to

F ðz; yÞ ¼ PðyÞ þQ1ðyÞeH
�
1
ðzÞ þ � � � þQlðyÞeH

�
l
ðzÞ ¼ 0;ð4Þ

where PðyÞ is a monic polynomial of y of degree n and QjðyÞ ð j ¼ 1; 2; . . . ; lÞ
are polynomials of y with

deg Qj a n� 1 and Qj 2 0 ð j ¼ 1; 2; . . . ; lÞ:

In particular, in the case l ¼ 1, we have

Fðz; yÞ ¼ PðyÞ þQðyÞeHðzÞ ¼ 0;

where

PðyÞ ¼
Ym
i¼1

ðy� biÞni ; n1 þ n2 þ � � � þ nm ¼ n;

QðyÞ ¼ a
Yp�m

k¼1

ðy� akÞlk ; l1 þ l2 þ � � � þ lp�m a n� 1;

8>>>><
>>>>:

with a non-zero constant a, because that bj ð j ¼ 1; 2; . . . ;mÞ are the exceptional
values of the second kind of y and ak ðk ¼ 1; 2; . . . ; p�mÞ are the exceptional
values of the first kind of y.

Now let us consider the case l > 1 and investigate both of the sets of zeros
of PðyÞ and QjðyÞ, respectively. Firstly, substituting y ¼ ak ð1a ka p�mÞ
into (4), we have

Fðz; akÞ ¼ PðakÞ þQ1ðakÞeH
�
1 þ � � � þQlðakÞeH

�
l 1 ak ð00Þ:

By Lemma 2 and H �
i 2H �

j ði0 jÞ, we have

QjðakÞ ¼ 0 for Ej ð1e je lÞ;
PðakÞ ¼ ak;

�
ð5Þ

for Ek ð1a ka p�mÞ. Let us substitute y ¼ bk ð1a kamÞ into (4). For
every k ð1a kamÞ there exists only one i ð1a ia lÞ such that m1 þ � � � þ
mi�1 þ 1e kem1 þ � � � þmi. And we have

kazunari sawada120



Fðz; bkÞ ¼ PðbkÞ þQ1ðbkÞeH
�
1 þ � � � þQlðbkÞeH

�
l 1 bke

H �
i 0 0:

By Lemma 2 and H �
i 2H �

j ði0 jÞ, we have

PðbkÞ ¼ 0;

QjðbkÞ ¼ 0 for j ¼ 1; 2; . . . ; i � 1; i þ 1; . . . ; l;

QiðbkÞ ¼ bk;

8<
:ð6Þ

for Ek ð1a kamÞ. For the monic polynomial PðyÞ we have

PðbkÞ ¼ 0 for k ¼ 1; 2; . . . ;m;

PðakÞ ¼ ak for k ¼ 1; 2; . . . ; p�m;

�

by (5) and (6). From the first n equations we can determine PðyÞ and the
remaining p� n constants are decided by the following manner:

ak ¼ PðakÞ ðk ¼ n�mþ 1; . . . ; p�mÞ:

Next for QjðyÞ we have

QjðakÞ ¼ 0 k ¼ 1; 2; . . . ; p�m;

QjðbkÞ ¼ 0 k ¼ 1; 2; . . . ;m1 þ � � � þmj�1;m1 þ � � � þmj þ 1; . . . ;m;

QjðbkÞ ¼ bk k ¼ m1 þ � � � þmj�1 þ 1; . . . ;m1 þ � � � þmj;

deg Qj a n� 1;

8>>><
>>>:

by (5) and (6). If the condition deg Qj þ 1e p�mj holds, then we have
QjðyÞ1 0 by the first p�mj equations. This is absurd. Hence we may assume
that deg Qj þ 1 > p�mj . In this case from the first deg QjðyÞ þ 1 equations we
can determine QjðyÞ and the remaining p� deg Qj � 1 constants are decided by
the following manner:

bk ¼ QjðbkÞ;

for m1 þ � � � þmj�1 þ ðdeg Qj þ 1�ðp�mjÞÞþ1a Ekam1 þ � � � þmj . Further-
more if there exists a set of l polynomials from P and Qj ð j ¼ 1; 2; . . . ; lÞ,
which has a common zero, say c, with c0 ak ðk ¼ 1; 2; . . . ; p�mÞ and c0 bi
ði ¼ 1; 2; . . . ;mÞ, then c is a finite exceptional value of y, which is di¤erent from
ak and bi. This is absurd. Hence every set of l polynomials among the lþ 1
polynomials P and Qj has no common zero, which is di¤erent from ak and bi.

Consequently we have the following result, which is a characterization of the
n-sheeted algebroid surfaces R with PðRÞb nþ 1

Theorem 1. Let y be an algebroid function defined by

Fðz; yÞ ¼ yn � S1ðzÞyn�1 þ � � � þ ð�1Þn�1
Sn�1yþ ð�1ÞnSnðzÞ ¼ 0:
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If the entire algebroid function y has p ðbnÞ finite exceptional values, that is
pðyÞ ¼ pþ 1b nþ 1, then F ðz; yÞ ¼ 0 coincides with

F ðz; yÞ ¼ PðyÞ þQ1ðyÞeH
�
1
ðzÞ þ � � � þQlðyÞeH

�
l
ðzÞ ¼ 0;

with non-constant entire functions H �
j ðzÞ of H �

j ð0Þ ¼ 0 ð j ¼ 1; 2; . . . ; lÞ and

PðyÞ ¼
Ym
i¼1

ðy� biÞni ~PPðyÞ;

QjðyÞ ¼
Yp�m

k¼1

ðy� akÞnj; k
Qm

i¼1ðy� biÞlj; iQm1þ���þmj

i¼m1þ���þmj�1þ1ðy� biÞlj; i
~QQjðyÞ ð j ¼ 1; 2; . . . ; lÞ;

8>>>>><
>>>>>:

where ak ðk ¼ 1; 2; . . . ; p�mÞ and bi ði ¼ 1; 2; . . . ;mÞ are di¤erent constants, m
is a positive integer with ma n, l is a positive integer such that lam if
pðyÞ ¼ nþ 1 and la ½m=2� if pðyÞb nþ 2, ni ði ¼ 1; . . . ;mÞ, mj ð j ¼ 1; . . . ; lÞ,
nj;k ð j ¼ 1; . . . ; l; k ¼ 1; . . . ; p�mÞ and lj; i ð j ¼ 1; . . . ; l; i ¼ 1; . . . ;mÞ are positive
integers with

Pm
i¼1 ni a n,

Pl
j¼1 mj ¼ m and

Xp�m

k¼1

nj;k þ
Xm
i¼1

lj; i �
Xm1þ���þmj

i¼m1þ���þmj�1þ1

lj; i a n� 1 ð j ¼ 1; . . . ; lÞ;ð7Þ

~PPðyÞ is a monic polynomial of degree n� ðn1 þ � � � þ nmÞ with ~PPðakÞ0 0 and
~PPðbiÞ0 0, ~QQjðyÞ ð j ¼ 1; . . . ; lÞ are polynomials of degree deg ~QQj a n� 1�
ð
Pp�m

k¼1 nj;k þ
Pm

i¼1 lj; i �
Pm1þ���þmj

i¼m1þ���þmj�1þ1 lj; iÞ with ~QQjðakÞ0 0 and ~QQjðbiÞ0 0 and

every set of l polynomials among the lþ 1 polynomials ~PPðyÞ and ~QQjðyÞ
ð j ¼ 1; . . . ; lÞ has no common zero.

In particular if l ¼ 1, then F ðz; yÞ ¼ 0 coincides with

Fðz; yÞ ¼ PðyÞ þQðyÞeHðzÞ ¼ 0;ðEÞ

where HðzÞ is a non-constant entire function with Hð0Þ ¼ 0 and

PðyÞ ¼
Ym
i¼1

ðy� biÞni ; n1 þ n2 þ � � � þ nm ¼ n;

QðyÞ ¼ a
Yp�m

k¼1

ðy� akÞlk ; l1 þ l2 þ � � � þ lp�m a n� 1;

8>>>><
>>>>:

with a non-zero constant a.

In order to complete our result we prove the following

Lemma 4. Let

F ðz; yÞ ¼ yn � S1ðzÞyn�1 þ � � � þ ð�1Þn�1
Sn�1ðzÞyþ ð�1ÞnSnðzÞ;
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be a polynomial of y of degree n with entire coe‰cients Si ði ¼ 1; 2; . . . ; nÞ. If
there exist di¤erent n constants aj ð j ¼ 1; 2; . . . ; nÞ such that

Fðz; ajÞ0 0;

then F ðz; yÞ is irreducible.

Proof. Let us suppose that F ðz; yÞ is not irreducible. Then we may put

F ðz; yÞ ¼
Ym
k¼1

Fkðz; yÞ;

where Fkðz; yÞ ðk ¼ 1; 2; . . . ;mÞ are m irreducible polynomials of y. Further-
more we may put

Fkðz; yÞ ¼
Ynk
j¼1

ðy� fk; jÞ ðk ¼ 1; 2; . . . ;mÞ;

where nk ðk ¼ 1; 2; . . . ;mÞ are positive integers with
Pm

k¼1 nk ¼ n and fk; j
ð j ¼ 1; 2; . . . ; nkÞ are determinations of the algebroid function defined by
Fkðz; yÞ ¼ 0. In this case Fðz; yÞ ¼

Qm
k¼1

Qnk
j¼1ðy� fk; jÞ is the factorization of

F ðz; yÞ over the field of algebroid functions. Hence every fk; j has no pole
because that all coe‰cients of Fðz; yÞ are entire and the coe‰cient of yn of
F ðz; yÞ has no zero. Therefore all coe‰cients of Fkðz; yÞ are entire because that
every coe‰cient of Fkðz; yÞ is a symmetric expression of fk; j ð j ¼ 1; 2; . . . ; nkÞ.
Furthermore let yk be the algebroid function defined by Fkðz; yÞ ¼ 0
ðk ¼ 1; 2; . . . ;mÞ, then yk ðk ¼ 1; 2; . . . ;mÞ are entire, that is, every yk has no
pole. Now substituting y ¼ aj we have

Fðz; ajÞ ¼
Ym
k¼1

Fkðz; ajÞ:

Then we have Fkðz; ajÞ0 0 ðk ¼ 1; 2; . . . ;mÞ because of Fðz; ajÞ0 0. Hence we
have

nþ 1a min
1akam

pðykÞa 2 min
1akam

nk a n:

This is absurd. Q.E.D.

Every equation Fðz; yÞ ¼ 0, satisfying the conditions described in Theorem 1,
is irreducible by Lemma 4.

An estimation for l, which is the number of exponential functions appearing
in the defining equation of the surface described in Theorem 1, is given by the
following

Corollary 1. Let pðyÞ be the number of exceptional values of an n-valued
entire algebroid function y and m be the number of exceptional values of the second
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kind of y. Then we have

la
m

pðyÞ � n
:ð8Þ

Proof. From (7), we have

n� 1b
Xp�m

k¼1

nj;k þ
Xm
i¼1

lj; i �
Xm1þ���þmj

i¼m1þ���þmj�1þ1

lj; i

b p�mþm�mj ¼ p�mj ð j ¼ 1; 2; . . . ; lÞ:

Therefore we have

lðn� 1Þb lp�
Xl
j¼1

mj ¼ lp�m;

and the desired result because of p ¼ pðyÞ � 1. Q.E.D.

The following two results give us some su‰cient conditions for l ¼ 1, where
l is the number of exponential functions appearing in the defining equation of the
surface described in Theorem 1.

Corollary 2. Let pðyÞ be the number of exceptional values of an n-valued
entire algebroid function y and m be the number of exceptional values of the second
kind of y. If m < minð2ðpðyÞ � nÞ; nþ 1Þ, then we have l ¼ 1.

Proof. By Lemma 1 we have m < nþ 1. And by (8) and the assumption,
we have lam=ðpðyÞ � nÞ < 2 and l ¼ 1. Q.E.D.

Corollary 3. Let pðyÞ be the number of exceptional values of an n-valued
entire algebroid function y. If pðyÞ > 3n=2, then we have l ¼ 1.

Proof. By (8), Lemma 1 and the assumption, we have

la
m

pðyÞ � n
<

n

3n=2� n
¼ 2:

Hence we have l ¼ 1. Q.E.D.

In 1944 Dufresnoy [2] gave the su‰cient condition for l ¼ 1, described in
Corollary 3, by the di¤erent way from that given above. The following examples
show us the sharpness of these corollaries.

Example 1. Firstly let us consider the case n ¼ 4. If pðyÞb 7 ð>3n=2Þ,
then we have l ¼ 1 by Corollary 3. In the case pðyÞ ¼ 6, if ma 3 ð<2ð6� 4ÞÞ,
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then we have l ¼ 1 by Corollary 2. If m ¼ 4, then we have la 4=ð6� 4Þ ¼ 2
and the following example:

F ðz; yÞ1
Y4
j¼1

ðy� bjÞ þ A1ðy� b1Þðy� b2Þðy� aÞeH1ðzÞ

þ A2ðy� b3Þðy� b4Þðy� aÞeH2ðzÞ ¼ 0;

where a; bj ð j ¼ 1; 2; 3; 4Þ are di¤erent constants and A1;A2 are non-zero con-
stants.

Example 2. Next let us consider the case n ¼ 5. If pðyÞb 8 ð>3n=2Þ, then
we have l ¼ 1 by Corollary 3. In the case pðyÞ ¼ 7, if ma 3 ð<2ð7� 5ÞÞ, then
we have l ¼ 1 by Corollary 2. If m ¼ 4, then we have la 4=ð7� 5Þ ¼ 2 and
the following example:

F ðz; yÞ1 ðy� b1Þ2
Y4
j¼2

ðy� bjÞ þ A1ðy� b1Þðy� b2Þðy� a1Þðy� a2ÞeH1ðzÞ

þ A2ðy� b3Þðy� b4Þðy� a1Þðy� a2ÞeH2ðzÞ ¼ 0;

where bj ð j ¼ 1; 2; 3; 4Þ and ak ðk ¼ 1; 2Þ are di¤erent constants and A1 and A2

are non-zero constants.

Example 3. Lastly we consider the case n ¼ 6. If pðyÞb 10 ð>3n=2Þ, then
we have l ¼ 1 by Corollary 3. In the case pðyÞ ¼ 9, if ma 5 ð<2ð9� 6ÞÞ, then
we have l ¼ 1 by Corollary 2. If m ¼ 6, then we have la 6=ð9� 6Þ ¼ 2 and
the following example:

Fðz; yÞ1
Y6
j¼1

ðy� bjÞ þ A1

Y3
j¼1

ðy� bjÞðy� a1Þðy� a2ÞeH1ðzÞ

þ A2

Y6
j¼4

ðy� bjÞðy� a1Þðy� a2ÞeH2ðzÞ ¼ 0;

where bj ð j ¼ 1; . . . ; 6Þ, a1 and a2 are di¤erent constants and A1 and A2 are non-
zero constants.

4. Discriminants of n-sheeted surfaces

In this section we confine our attention to the surface defined by the fol-
lowing irreducible equation:

Fðz; yÞ ¼ PðyÞ þQðyÞeHðzÞ ¼ 0;ðEÞ
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where HðzÞ is a non-constant entire function with Hð0Þ ¼ 0, PðyÞ is a monic
polynomial of y of degree n and QðyÞ is a polynomial of y of degree at most

n� 1. Let us put Y :¼ y, Z :¼ eHðzÞ, then (E) is reduced to

PðYÞ þQðYÞZ ¼ 0:ð9Þ

Hence the algebroid function y defined by (E) is the composite function of the

algebraic function Y ¼ Y ðZÞ defined by (9) and Z ¼ eHðzÞ. Therefore the dis-
criminant of (E) is the composite function of the discriminant of (9) and
Z ¼ eHðzÞ. Furthermore each of branch points of y is a pre-image of a branch
point of YðZÞ under Z ¼ eHðzÞ.

Now let Z ¼ Z0 ð0yÞ be a zero of the discriminant of (9). In this case
the equation (9) with respect to Y has a multiple roots. Hence we have

PðYÞ þQðYÞZ0 ¼ 0;

P 0ðY Þ þQ 0ðY ÞZ0 ¼ 0:

�

Therefore Z ¼ Z0 is a multiple value of the following fractional function:

Z ¼ � PðYÞ
QðYÞ :ð10Þ

Conversely every finite multiple value of (10) is a zero of the discriminant of (9).
Now let Y ¼ Y0 be a multiple Z0-point of order n0. Then the function

(10) is representable as

Z ¼ Z0 þ Zn0ðY � Y0Þn0 þ � � � ðZn0 0 0Þ;

at Y ¼ Y0 and hence the function Y ¼ YðZÞ has the following form:

Y ¼ Y0 þ Y1ðZ � Z0Þ1=n0 þ � � � ðY1 0 0Þ;

at Z ¼ Z0. Therefore Z ¼ Z0 is a branch point of the algebraic function Y
of multiplicity n0. Hence the function Y takes di¤erent two values at di¤er-
ent two points on the proper existence domain of Y, lying over a point
Z0y. Furthermore in this case the discriminant D of (9) has the following
form:

D ¼ ½fðZ � Z0Þ1=n0gn0ðn0�1Þ=2�2 � ~DD ¼ ðZ � Z0Þn0�1 ~DD:

This expression shows us that the order of zero Z ¼ Z0 of D coincides with
the sum of orders of zeros of ðd=dY Þð�P=QÞ at all the multiple Z0-points of
the function (10). Therefore the degree of D coincides with the degree of the
numerator of ðd=dYÞð�P=QÞ

Next we calculate ðd=dY ÞðP=QÞ. Let us put

PðYÞ ¼ ðY � b1Þn1ðY � b2Þn2 � � � ðY � bmÞnm ;
QðY Þ ¼ aðY � a1Þl1ðY � a2Þl2 � � � ðY � ap�mÞlp�m ;

�
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where n1 þ n2 þ � � � þ nm ¼ n, l1 þ l2 þ � � � þ lp�m ¼ la n� 1, a is a non-zero
constant and bi ði ¼ 1; 2; . . . ;mÞ and ak ðk ¼ 1; 2; . . . ; p�mÞ are di¤erent con-
stants. In this case we have

d

dY

PðY Þ
QðYÞ ¼

Qm
j¼1ðY � bjÞnj�1fðn� lÞaY p�1 þ � � �gQp�m

i¼1 ðY � aiÞliþ1
:

Consequently, because of
Pm

j¼1ðnj � 1Þ ¼ n�m, we have

D ¼ Zn�mðAp�1Z
p�1 þ � � � þ A0Þ;

where A0; . . . ;Ap�1 are constants. Therefore we have the following

Theorem 2. Let

Fðz; yÞ ¼ PðyÞ þQðyÞeHðzÞ ¼ 0;ðEÞ

be an irreducible equation with respect to y, where HðzÞ is a non-constant entire
function with Hð0Þ ¼ 0, PðyÞ is a monic polynomial of y of degree n and QðyÞ is
a polynomial of y of degree at most n� 1. Then the discriminant of (E) has the
following form:

D ¼ eðn�mÞHðzÞfApðyÞ�2 expððpðyÞ � 2ÞHðzÞÞ þ � � � þ A0g;

where pðyÞ is the number of exceptional values of the entire algebroid function y
defined by (E) and m is the number of exceptional values of the second kind of
y. Further Ai ði ¼ 0; 1; . . . ; pðyÞ � 2Þ are polynomials with respect to the finite
exceptional values of y with A0ApðyÞ�2 0 0.

Proof. We have already shown that the factor of the discriminant D of (E),
which gives all the zeros of D, is a polynomial with respect to eH of degree at
most p� 1 ð¼pðyÞ � 2Þ, where p is the number of finite exceptional values of
y. Let us assume that A0Apð yÞ�2 ¼ 0. Firstly we have

nTðr; yÞ ¼ Tðr; eHÞ þOð1Þ;ð11Þ

by (E). Secondly, by A0ApðyÞ�2 ¼ 0, we have

nNðr;RÞaNðr; 0;DÞa ðpðyÞ � 3þ oð1ÞÞTðr; eHÞ;ð12Þ

where

Nðr;RÞ ¼ 1

n

ð r

0

nðt;RÞ � nð0;RÞ
t

dtþ nð0;RÞ
n

log r;

with nðr;RÞ ¼
P

RðrÞðl� 1Þ, where the summation
P

runs through all the branch

points in RðrÞ, which is the part of R lying over jzj < r, and l indicates the
multiplicity of the branch point. By (11) and (12) we have
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Nðr;RÞa ðpðyÞ � 3þ oð1ÞÞTðr; yÞ;
and

lim inf
r!y

Nðr;RÞ
Tðr; yÞ ¼ ea pðyÞ � 3:

Therefore Selberg’s deficiency relation [14] givesX
n

dðwnÞa 2þ ea pðyÞ � 1;

where dðwnÞ is Nevanlinna-Selberg’s deficiency at wn of y. On the other hand we
have

P
dðwnÞb pðyÞ. This is a contradiction.

In general the discriminant of the algebraic equation (E) is given as a
polynomial of the coe‰cients of (E). On the other hand each coe‰cient of
(E) is a polynomial of eH and the finite exceptional values of y. Therefore
Aj ð j ¼ 0; 1; . . . ; pðyÞ � 2Þ are polynomials of the finite exceptional values of
y. Q.E.D.

5. Entire functions on R

In this section we confine our attention to the family of non-constant entire
functions on the n-sheeted algebroid surface defined by the following irreducible
equation:

Fðz; yÞ ¼ PðyÞ þQðyÞeHðzÞ ¼ 0;ðEÞ

where HðzÞ is a non-constant entire function with Hð0Þ ¼ 0, PðyÞ is a monic
polynomial of y of degree n and QðyÞ is a polynomial of y of degree at most
n� 1. We prove the following

Theorem 3. Let R be the n-sheeted algebroid surface defined by (E). Let f
be an entire function on R. Then f is representable as

f ¼ f0 þ f1yþ f2y
2 þ � � � þ fn�1y

n�1;ð13Þ

where fi ði ¼ 1; 2; . . . ; n� 1Þ are meromorphic functions on C , all of which are
regular at any points z satisfying H 0ðzÞ0 0.

Proof. Let z0 be a point satisfying H 0ðz0Þ0 0. And let us assume that at
least one of the functions fi appearing in the right hand side of (13) has a pole
at z ¼ z0 of order pi. Putting ~pp ¼ max0aian�1 pi, we may put

fiðzÞ ¼
ai;�~pp

ðz� z0Þ ~pp
þ � � � ði ¼ 0; 1; . . . ; n� 1Þ;ð14Þ

where ai;�~pp ði ¼ 0; 1; . . . ; n� 1Þ are constants with

ða0;�~pp; . . . ; an�1;�~ppÞ0 ð0; . . . ; 0Þ:
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Case 1. We assume that there exists no branch point of R over z0. In this
case the algebroid function y defined by (E) has the following n determinations:

yj ¼ aj;0 þ aj;1ðz� z0Þ þ � � � þ aj;kðz� z0Þk þ � � � ð j ¼ 1; 2; . . . ; nÞ;

where aj;k are constants and ai;0 0 aj;0 ði0 jÞ, because that the function y is
the composite function of the algebraic function Y ¼ Y ðZÞ defined by PðY Þ þ
QðYÞZ ¼ 0 and Z ¼ eHðzÞ, the function Y takes di¤erent two values at di¤erent
two points on the proper existence domain of Y ¼ Y ðZÞ over each point Z ð0yÞ
and H 0ðzÞ0 0 (see Section 4).

Substituting (14) into (13), we have

f ¼ f0 þ f1yj þ f2y
2
j þ � � � þ fn�1y

n�1
j

¼ ða0;�~pp þ a1;�~ppaj;0 þ � � � þ an�1;�~ppa
n�1
j;0 Þ 1

ðz� z0Þ ~pp
þ � � � :

The function f has no pole. Hence we have

a0;�~pp þ a1;�~ppaj;0 þ � � � þ an�1;�~ppa
n�1
j;0 ¼ 0 ð j ¼ 1; 2; . . . ; nÞ;

and 2
666664

1 a1;0 a21;0 � � � an�1
1;0

1 a2;0 a22;0 � � � an�1
2;0

..

. ..
. ..

.
� � � ..

.

1 an;0 a2n;0 � � � an�1
n;0

3
777775 �

a0;�~pp

a1;�~pp

..

.

an�1;�~pp

2
666664

3
777775 ¼

0

0

..

.

0

2
666664

3
777775:

The determinant of the coe‰cient matrix of the above equation does not vanish
because of ai;0 0 aj;0 ði0 jÞ. Therefore we have ða0;�~pp; . . . ; an�1;�~ppÞ ¼ ð0; . . . ; 0Þ,
which is absurd.

Case 2. We assume that there exists at least one branch point over z0. In
this case the function y defined by (E) has the following determinations:

y�
i ¼ a�

i;0 þ a�
i;1ðz� z0Þ1=ni þ � � � þ a�

i;ni�1ðz� z0Þðni�1Þ=ni þ � � � ði ¼ 1; 2; . . . ; lÞ;
yj ¼ aj;0 þ aj;1ðz� z0Þ þ � � � þ aj;kðz� z0Þk þ � � � ð j ¼ 1; 2; . . . ; nlþ1Þ;

(

where n1 þ � � � þ nl þ nlþ1 ¼ n and a�
i;0 ði ¼ 1; 2; . . . ; lÞ and aj;0 ð j ¼ 1; 2; . . . ;

nlþ1Þ are di¤erent constants by the same reason as the above Case 1. Fur-
thermore a�

i;1 0 0 ði ¼ 1; 2; . . . ; lÞ because that the function y is the com-
posite function of Z ¼ eHðzÞ and Y ¼ YðZÞ defined by PðY Þ þQðY ÞZ ¼ 0,
Y¼YðZÞ has the form: Y¼Y0 þY1ðZ�Z0Þ1=n0 þ � � � ðY1 0 0Þ at every branch
point of Y (see Section 4) and H 0ðz0Þ0 0 by our assumption. By the similar way
of above, from (13) and (14), we have
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f ¼ f0 þ f1y
�
i þ f2y

�2
i þ � � � þ fn�1y

�n�1
i

¼ a0;�~pp

ðz� z0Þ ~pp
þ � � � þ a1;�~pp

ðz� z0Þ ~pp
þ � � �

( )
fa�

i;0 þ a�
i;1ðz� z0Þ1=ni þ � � �g

þ a2;�~pp

ðz� z0Þ ~pp
þ � � �

( )
fa�

i;0 þ a�
i;1ðz� z0Þ1=ni þ a�

i;2ðz� z0Þ2=ni þ � � �g2

� � �

þ an�1;�~pp

ðz� z0Þ ~pp
þ � � �

( )
fa�

i;0 þ a�
i;1ðz� z0Þ1=ni þ a�

i;2ðz� z0Þ2=ni þ � � �gn�1

¼ C0
1

ðz� z0Þ ~pp
þ a�

i;1C1
1

ðz� z0Þ ~pp�1=ni
þ ða�

i;1
2C2 þ a�

i;2C1Þ
1

ðz� z0Þ ~pp�2=ni

þ ða�
i;1

3C3 þ 2a�
i;1a

�
i;2C2 þ a�

i;3C1Þ
1

ðz� z0Þ ~pp�3=ni

� � �

þ ða�
i;1

ni�1Cni�1 þ � � � þ a�
i;ni�1C1Þ

1

ðz� z0Þ ~pp�ðni�1Þ=ni
þ � � � ;

where

C0 ¼ a0;�~pp þ � � � þ ak;�~ppa
�
i;0

k þ � � � þ an�1;�~ppa
�
i;0

n�1;

C1 ¼ a1;�~pp þ � � � þ ak;�~pp
k
1

� �
a�
i;0

k�1 þ � � � þ an�1;�~pp
n�1
1

� �
a�
i;0

n�2;

C2 ¼ a2;�~pp þ � � � þ ak;�~pp
k
2

� �
a�
i;0

k�2 þ � � � þ an�1;�~pp
n�1
2

� �
a�
i;0

n�3;

� � �
Cni�1 ¼ ani�1;�~pp þ � � � þ ak;�~pp

k
ni�1

� �
a�
i;0

k�niþ1 þ � � � þ an�1;�~pp
n�1
ni�1

� �
a�
i;0

n�ni :

8>>>>>>><
>>>>>>>:

The function f has no pole. Therefore, by a�
i;1 0 0, we see that all the Ck

should vanish at once, that is,

a0;�~pp þ � � � þ ak;�~ppa
�
i;0

k þ � � � þ an�1;�~ppa
�
i;0

n�1 ¼ 0;

a1;�~pp þ � � � þ ak;�~pp
k
1

� �
a�
i;0

k�1 þ � � � þ an�1;�~pp
n�1
1

� �
a�
i;0

n�2 ¼ 0;

a2;�~pp þ � � � þ ak;�~pp
k
2

� �
a�
i;0

k�2 þ � � � þ an�1;�~pp
n�1
2

� �
a�
i;0

n�3 ¼ 0;

� � �
ani�1;�~pp þ � � � þ ak;�~pp

k
ni�1

� �
a�
i;0

k�niþ1 þ � � � þ an�1;�~pp
n�1
ni�1

� �
a�
i;0

n�ni ¼ 0;

8>>>>>>><
>>>>>>>:

and we have

t½a0;�~pp a1;�~pp a2;�~pp a3;�~pp � � � an�1;�~pp� � tA ¼ t½0 0 0 0 � � � 0�;
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where

A ¼

2
666666666666666666666666666666664

1 a�
1;0 a�

1;0
2 a�

1;0
3 � � � a�

1;0
k � � � a�

1;0
n�1

0 1 2
1

� �
a�
1;0

3
1

� �
a�
1;0

2 � � � k
1

� �
a�
1;0

k�1 � � � n�1
1

� �
a�
1;0

n�2

..

. . .
. . .

.
� � � � � � � � �

0 � � � 0 1 � � � k
n1�1

� �
a�
1;0

k�n1þ1 � � � n�1
n1�1

� �
a�
1;0

n�n1

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
1 a�

l;0 a�
l;0

2 a�
l;0

3 � � � a�
l;0

k � � � a�
l;0

n�1

0 1 2
1

� �
a�
l;0

3
1

� �
a�
l;0

2 � � � k
1

� �
a�
l;0

k�1 � � � n�1
1

� �
a�
l;0

n�2

..

. . .
. . .

.
� � � � � � ..

.

0 � � � 0 1 � � � k
nl�1

� �
a�
l;0

k�nlþ1 � � � n�1
nl�1

� �
a�
l;0

n�nl

1 a1;0 a21;0 a31;0 � � � ak
1;0 � � � an�1

1;0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
1 anlþ1;0 a2nlþ1;0

a3nlþ1;0
� � � ak

nlþ1;0
� � � an�1

nlþ1;0

3
777777777777777777777777777777775

:

It is easy to prove that det A0 0 because that a�
i;0 ði ¼ 1; 2; . . . ; lÞ and

aj;0 ð j ¼ 1; 2; . . . ; nlþ1Þ are di¤erent constants. Therefore we have
ða0;�~pp; . . . ; an�1;�~ppÞ ¼ ð0; . . . ; 0Þ, which is absurd. Q.E.D.

Example 4. Let R be the n-sheeted algebroid surface, which is defined by
the n-valued entire algebroid function y defined by

yn ¼ ez
n � 1:

Then y has the following n branches:

yj ¼ x jzð1þ c1zþ c2z
2 þ � � �Þ j ¼ 0; 1; 2; . . . ; n� 1;

at z ¼ 0, where x ¼ e2pi=n and ck ðk ¼ 1; 2; . . .Þ are constants. Furthermore let
us put

f :¼ f0 þ f1yþ � � � þ fn�1y
n�1

and

fk :¼ FkðzÞ
zk

k ¼ 0; 1; 2; . . . ; n� 1;

where FkðzÞ ðk ¼ 0; 1; 2; . . . ; n� 1Þ are single-valued entire functions. Then we
have
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fky
k
j ¼ FkðzÞ

zk
x jkzkð1þ c1zþ c2z

2 þ � � �Þk

¼ x jkFkðzÞð1þ c1zþ c2z
2 þ � � �Þk j ¼ 0; 1; . . . ; n� 1:

Therefore f is an entire function on R. Here we should notice that z ¼ 0 is a
zero of ðznÞ0 and also a pole of fj ð j ¼ 1; 2; . . . ; n� 1Þ.

6. Transformation formula of discriminants

Let y be the algebroid function defined by

Fðz; yÞ ¼ PðyÞ þQðyÞeHðzÞ ¼ 0;ðEÞ

where HðzÞ is a non-constant entire function with Hð0Þ ¼ 0, PðyÞ is a monic
polynomial of y of degree n and QðyÞ is a polynomial of y of degree at most
n� 1. Let us assume that pðyÞb nþ 1, where pðyÞ is the number of excep-
tional values of y. In this case (E) is irreducible by Lemma 4. Let R be the
algebroid surface of y. Furthermore let us assume that there exists an entire
function f on R such that pð f Þb nþ 1. Then f is representable as

f ¼ F0;1 þ F1;1yþ F2;1y
2 þ � � � þ Fn�1;1y

n�1;ð15Þ

where Fj;1 ð j ¼ 0; 1; . . . ; n� 1Þ are meromorphic functions on C , all of which are
regular at any points z satisfying H 0ðzÞ0 0 by Theorem 3. Eliminating y from
(E) and (15), we have a suitable polynomial with respect to f of degree n.
Hence f is at most n-valued. Furthermore the defining equation of f is ir-
reducible by pð f Þb nþ 1 and Lemma 4. Therefore f is just an n-valued al-
gebroid function. So let X be the n-sheeted algebroid surface of f . Now let
yk ðk ¼ 1; 2; . . . ; nÞ be the n determinations of y. And let us put

fk ¼ F0;1 þ F1;1yk þ F2;1y
2
k þ � � � þ Fn�1;1y

n�1
k ðk ¼ 1; 2; . . . ; nÞ;

then fk ðk ¼ 1; 2; . . . ; nÞ are n determinations of f . In fact for any determi-

nation ~ff of f , there exists a curve C0 such that ~ff is the analytic contin-
uation of f1 along C0. If yi is the analytic continuation of y1 along C0, then

we have ~ff ¼ F0;1 þ F1;1yi þ F2;1y
2
i þ � � � þ Fn�1;1y

n�1
i from f1 ¼ F0;1 þ F1;1y1 þ

F2;1y
2
1 þ � � � þ Fn�1;1y

n�1
1 . This shows ~ff ¼ fi.

From (E) and (15), we have

f j ¼ F0; j þ F1; jyþ F2; jy
2 þ � � � þ Fn�1; jy

n�1 ð j ¼ 1; 2; . . . ; n� 1Þ;

and

f
j
k ¼ F0; j þ F1; jyk þ F2; jy

2
k þ � � � þ Fn�1; jy

n�1
k

ð j ¼ 1; 2; . . . ; n� 1; k ¼ 1; 2; . . . ; nÞ;
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where Fl; j ðl ¼ 0; 1; . . . ; n� 1; j > 1Þ are suitable polynomials with Fi;1

ði ¼ 0; 1; . . . ; n� 1Þ and eH . Hence we have

1 f1 f 2
1 � � � f n�1

1

1 f2 f 2
2 � � � f n�1

2

..

. ..
. ..

. . .
. ..

.

1 fn f 2
n � � � f n�1

n

2
66664

3
77775ð16Þ

¼

1 y1 y21 � � � yn�1
1

1 y2 y22 � � � yn�1
2

..

. ..
. ..

. . .
. ..

.

1 yn y2n � � � yn�1
n

2
66664

3
77775

1 F0;1 F0;2 � � � F0;n�1

0 F1;1 F1;2 � � � F1;n�1

..

. ..
. ..

. . .
. ..

.

0 Fn�1;1 Fn�1;2 � � � Fn�1;n�1

2
66664

3
77775:

The discriminants DR and DX of R and X are defined by

DR ¼

1 y1 y21 � � � yn�1
1

1 y2 y22 � � � yn�1
2

..

. ..
. ..

. . .
. ..

.

1 yn y2n � � � yn�1
n

����������

����������

2

; DX ¼

1 f1 f 21 � � � f n�1
1

1 f2 f 22 � � � f n�1
2

..

. ..
. ..

. . .
. ..

.

1 fn f 2n � � � f n�1
n

����������

����������

2

;

respectively. Therefore from (16) we have

DX ¼ DR � G2;ð17Þ
where

G ¼ det

1 F0;1 F0;2 � � � F0;n�1

0 F1;1 F1;2 � � � F1;n�1

..

. ..
. ..

. . .
. ..

.

0 Fn�1;1 Fn�1;2 � � � Fn�1;n�1

2
66664

3
77775:

This expression shows that G is meromorphic on C which is regular at any points
z satisfying H 0ðzÞ0 0. Therefore we have

Nðr;y;GÞaNðr; 0;H 0Þ:
Let z0 be a pole of G of order p0. Then, from (17), z0 is a zero of DR because
that DX is entire. Let m0 be the order of zero z0 of H 0. Then from (17) we
have

2p0 a ðpðyÞ � 2Þðm0 þ 1Þa 2ðpðyÞ � 2Þm0 a 2ð2n� 2Þm0;

by Theorem 2. Hence we have

Nðr;y;GÞa ð2n� 2ÞNðr; 0;H 0Þ ¼ Sðr; eHÞ:ð18Þ
Here let us assume that X is defined by
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X : ~FF ðz; f Þ ¼ ~PPð f Þ þ ~QQð f ÞeLðzÞ ¼ 0;

where LðzÞ is a non-constant entire function with Lð0Þ ¼ 0, ~PPð f Þ is a monic
polynomial of f of degree n and ~QQð f Þ is a polynomial of f of degreea
n� 1. By DR 2 0 and DX 2 0, (16) shows us that the function y is a function
on X . And by the similar way of constructing (16), we have

1 y1 y21 � � � yn�1
1

1 y2 y22 � � � yn�1
2

..

. ..
. ..

. . .
. ..

.

1 yn y2n � � � yn�1
n

2
66664

3
77775ð19Þ

¼

1 f1 f 2
1 � � � f n�1

1

1 f2 f 2
2 � � � f n�1

2

..

. ..
. ..

. . .
. ..

.

1 fn f 2
n � � � f n�1

n

2
66664

3
77775

1 G0;1 G0;2 � � � G0;n�1

0 G1;1 G1;2 � � � G1;n�1

..

. ..
. ..

. . .
. ..

.

0 Gn�1;1 Gn�1;2 � � � Gn�1;n�1

2
66664

3
77775;

where Gi;1 ði ¼ 0; 1; . . . ; n� 1Þ are meromorphic functions all of which are regu-
lar at any points z satisfying L 0ðzÞ0 0 and Gl; j ðl ¼ 0; 1; . . . ; n� 1; j > 1Þ are
suitable polynomials of Gi;1 ði ¼ 0; 1; . . . ; n� 1Þ and eL. From (16) and (19) we
have

1 F0;1 F0;2 � � � F0;n�1

0 F1;1 F1;2 � � � F1;n�1

..

. ..
. ..

. . .
. ..

.

0 Fn�1;1 Fn�1;2 � � � Fn�1;n�1

2
66664

3
77775 �

1 G0;1 G0;2 � � � G0;n�1

0 G1;1 G1;2 � � � G1;n�1

..

. ..
. ..

. . .
. ..

.

0 Gn�1;1 Gn�1;2 � � � Gn�1;n�1

2
66664

3
77775 ¼ In;

where In is the unit matrix of degree n. Putting

~GG ¼ det

1 G0;1 G0;2 � � � G0;n�1

0 G1;1 G1;2 � � � G1;n�1

..

. ..
. ..

. . .
. ..

.

0 Gn�1;1 Gn�1;2 � � � Gn�1;n�1

2
66664

3
77775;

we have G � ~GG ¼ 1. Therefore every zero of G is a pole of ~GG. By the similar
way of proving (18), we have

Nðr; 0;GÞ ¼ Nðr;y; ~GGÞa ð2n� 2ÞNðr; 0;L 0Þ ¼ Sðr; eLÞ:ð20Þ

7. Picard constants of R

By the results of Section 4, 5 and 6 we can prove the following

Theorem 4. Let R be the n-sheeted algebroid surface defined by the following
irreducible equation:
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Fðz; yÞ ¼ PðyÞ þQðyÞeHðzÞ ¼ 0;ðEÞ

where HðzÞ is a non-constant entire function with Hð0Þ ¼ 0, PðyÞ is a monic
polynomial of y of degree n and QðyÞ is a polynomial of y of degree at most n� 1,
D be the set of projections of all branch points of R and k ð<nÞ be a positive
integer. Assume that there exist just k di¤erent points on R over every z A D.

Then we have

pð f Þ ¼ mf ðn� kÞ þ 2;ð21Þ

for an arbitrary entire function f on R with pð f Þ > 3n=2, where mf is a suitable
positive integer.

Proof. Let X be the n-sheeted algebroid surface defined by f . Then, by
Lemma 4 and the assumption pð f Þ > 3n=2b nþ 1, the defining equation of X is
irreducible and contains only one exponential function, say eLðzÞ, by Corollary 3
and the assumption pð f Þ > 3n=2. And, by (17), (18) and (20) in Section 6, we
have

DX ¼ DR � G2;

where G is a meromorphic function satisfying

Nðr;y;GÞ ¼ Sðr; eHÞ; Nðr; 0;GÞ ¼ Sðr; eLÞ

and DR and DX are the discriminants of R and X , respectively. Then G has no
zero and no pole by Lemma 3. Therefore the factor of zeros of DX coincides
with that of DR.

Now, by Theorem 2, DX is representable as

DX ¼ Apð f Þ�2e
ðn�mÞLðzÞ

Ymf

j¼1

ðeLðzÞ � xjÞnj ;

where m and mf ðb1Þ are non-negative integers, xj ð j ¼ 0; 1; . . . ;mf Þ are non-
zero constants and nj ð j ¼ 1; 2; . . . ;mf Þ are positive integers with

Pmf

j¼1 nj ¼
pð f Þ � 2. By the computations in Section 4, y is representable as

yðzÞ ¼ w0 þ a1ðz� z0Þ1=n0 þ � � � ða1 0 0Þ;

at every branch point z0 satisfying H 0ðz0Þ0 0 and y takes di¤erent two values
at di¤erent two points on R, lying over a point z satisfying H 0ðzÞ0 0. By the
assumption that there are just k di¤erent points on R over every z A D, DR has no
zero other than an infinite number of zeros of order n� k. On the other hand
DX has an infinite number of zeros of order nj ð j ¼ 1; 2; . . . ;mf Þ. Hence we
have nj ¼ n� k ð j ¼ 1; 2; . . . ;mf Þ. And therefore we have

pð f Þ ¼ mf ðn� kÞ þ 2;

which is the desired result. Q.E.D.
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An n-sheeted algebroid surface is called regularly branched if all its branch
points are of order n� 1. As a corollary of Theorem 4 we have the following

Corollary 4. Let R be the n-sheeted algebroid surface defined by the fol-
lowing irreducible equation:

Fðz; yÞ ¼ PðyÞ þQðyÞeHðzÞ ¼ 0;ðEÞ
where HðzÞ is a non-constant entire function with Hð0Þ ¼ 0, PðyÞ is a monic
polynomial of y of degree n and QðyÞ is a polynomial of y of degree at most
n� 1. Assume that R is regularly branched. Then we have pð f Þ ¼ 2n for every
entire function f with pð f Þ > 3n=2.

Proof. By (21) and the assumption that R is regularly branched, for every
entire function f with pð f Þ > 3n=2, there is an integer mf such that pð f Þ ¼
mf ðn� 1Þ þ 2. Since 3n=2 < pð f Þa 2n and nb 2, mf ¼ 2 must hold. Hence
we have pð f Þ ¼ 2n. Q.E.D.

In 1973 Aogai [1] proved that PðRÞ ¼ 2n for every n-sheeted regularly
branched algebroid surface R with PðRÞ > 3n=2. Corollary 4 shows us the ex-
istence of no entire function f on R with 3n=2 < pð f Þ < 2n.

At last we prove the following

Theorem 5. Let R be the n-sheeted algebroid surface defined by

Fðz; yÞ ¼ PðyÞ þQðyÞeHðzÞ ¼ 0;ðEÞ
where HðzÞ is a non-constant entire function with Hð0Þ ¼ 0, PðyÞ is a monic
polynomial of y of degree n and QðyÞ is a polynomial of y of degree at most n� 1.

We assume that pðyÞ > 3n=2� 1, where pðyÞ is the number of exceptional
values of the n-valued entire algebroid function defined by (E). In this case, by
Theorem 2, the discriminant of R is

DR ¼ eðn�mÞHðzÞfApðyÞ�2 expððpðyÞ � 2ÞHðzÞÞ þ � � � þ A0g;
where m is the number of exceptional values of the second kind of y and
A0; . . . ;ApðyÞ�2 are constants with A0ApðyÞ�2 0 0.

Let us put

J ¼ fd : integer j ðpðyÞ � 2; dÞ ¼ d and da 2n� pðyÞg;

J � ¼ pðyÞ � 2

d

���� d A J

� 	

and

NJ � ¼ fkq j k : non-negative integer; q A J � and kqa pðyÞ � 2g:
If there exists at least one coe‰cient Ai of DR such that Ai 0 0 and i B NJ �,

then we have PðRÞ ¼ pðyÞ.
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Proof. First of all we have attention to the result that (E) is irreducible. In
fact we have pðyÞb nþ 1 if pðyÞ > 3n=2� 1. Therefore (E) is irreducible by
Lemma 4.

Let us assume that PðRÞ > pðyÞ. Then there exists a meromorphic function
f on R such that PðRÞb pð f Þ > pðyÞ. Without loss of generality we may
assume that f is entire on R. Let X be the surface defined by f . Then, by
pð f Þ > pðyÞb nþ 1 and Lemma 4, the defining equation of X is irreducible and
has only one kind of exponential function, say eLðzÞ, by Corollary 3 and the
assumption: pð f Þb pðyÞ þ 1 > 3n=2. In this case we have

eðn� ~mmÞLðzÞ
Xpð f Þ�2

j¼0

Bje
jLðzÞ ¼ DX ¼ G2DR ¼ G2eðn�mÞHðzÞ

XpðyÞ�2

i¼0

Aie
iHðzÞ;ð22Þ

where ~mm is the number of exceptional values of the second kind of f , Bj

ð j ¼ 0; . . . ; pð f Þ � 2Þ are constants with B0Bpð f Þ�2 0 0 and G is a meromorphic
function on C satisfying

Nðr;y;GÞ ¼ Sðr; eHðzÞÞ; Nðr; 0;GÞ ¼ Sðr; eLðzÞÞ;
by Theorem 2, (17), (18) and (20). Let us put d :¼ ðpðyÞ � 2; pð f Þ � 2Þ, then we
have d A J. Furthermore let q be the positive integer such that dq ¼ pðyÞ � 2.
In this case we have

Ai ¼ 0 ði0 0; q; 2q; . . . ; dqÞ;
by Lemma 3 and (22). This contradicts the assumption that there exists at least
one Ai such that Ai 0 0 ði B NJ �Þ. Q.E.D.

By Theorem 5 it is easy to verify the following result:

Let R be the n-sheeted algebroid surface defined by (E). If pðyÞ ¼ 2n� 1, then
we have PðRÞ ¼ 2n� 1 without ðA1; . . . ;A2n�4Þ ¼ ð0; . . . ; 0Þ.
This result coincides with Theorem B and D in the case n ¼ 3 and n ¼ 4 re-
spectively.

Some problems

Finally we list some problems:
1. Does Theorem 4 remain valid without the discriminant condition?

In the case of 3-sheeted surfaces the author [12] proved that PðRÞ ¼ 5 for every
surface of pðyÞ ¼ 5.

2. Let R be the surface defined by the following irreducible equation:

F ðz; yÞ ¼ PðyÞ þQðyÞeHðzÞ ¼ 0;

where HðzÞ is a non-constant entire function with Hð0Þ ¼ 0, PðyÞ is a
monic polynomial of y of degree n and QðyÞ is a polynomial of y of
degree at most n� 1. Is PðRÞ decidable in the case pðyÞa 3n=2� 1?
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3. Let R be the surface defined by the following equation:

Fðz; yÞ ¼ PðyÞ þQ1ðyÞeH
�
1
ðzÞ þ � � � þQlðyÞeH

�
l
ðzÞ ¼ 0;

with l > 1 and pðyÞb nþ 1, where H �
j ðzÞ ð j ¼ 1; . . . ; lÞ are non-constant

entire of H �
j ð0Þ ¼ 0, PðyÞ is a monic polynomial of y of degree n and

QjðyÞ ð j ¼ 1; . . . ; lÞ are polynomial of y of degree at most n� 1. In this
case, is PðRÞ decidable?
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