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Abstract. A multiobjective optimization problem is C" simplicial if the
Pareto set and the Pareto front are C” diffeomorphic to a simplex and, under
the C" diffeomorphisms, each face of the simplex corresponds to the Pareto set
and the Pareto front of a subproblem, where 0 < r < co. In the paper titled
“Topology of Pareto sets of strongly convex problems”, it has been shown that
a strongly convex C” problem is C"~1 simplicial under a mild assumption
on the ranks of the differentials of the mapping for 2 < r < oco. On the
other hand, in this paper, we show that a strongly convex C! problem is C°
simplicial under the same assumption. Moreover, we establish a specialized
transversality theorem on generic linear perturbations of a strongly convex C"
mapping (r > 2). By the transversality theorem, we also give an application
of singularity theory to a strongly convex C" problem for 2 < r < co.

1. Introduction.

In this paper, m and n are positive integers, and we denote the index set {1,...,m}
by M.

We consider the problem of optimizing several functions simultaneously. More pre-
cisely, let f: X — R™ be a mapping, where X is a given arbitrary set. A point x € X
is called a Pareto optimum of f if there does not exist another point y € X such that
fi(y) < fi(z) for all ¢ € M and f;(y) < f;(x) for at least one index j € M. We denote
the set consisting of all Pareto optimums of f by X*(f), which is called the Pareto set of
f- The set f(X*(f)) is called the Pareto front of f. The problem of determining X*(f)
is called the problem of minimizing f.

Let f = (f1,..., fm): X = R™ be a mapping, where X is a given arbitrary set. For
a non-empty subset I = {iq,...,i;} of M such that i; < --- < iy, set

fr=(fir,- s fir):

The problem of determining X*(f7) is called a subproblem of the problem of minimizing

f. Set

m
A = (wy, .., wy) €R™ Zwizl, w; >0

i=1
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We also denote a face of A™~! for a non-empty subset I of M by
Ar={(w,...,wy) €A™ w; =0 (i ¢ I)}.

For a C" manifold N (possibly with corners) and a subset V of R, a mapping
g: N — Vis called a C" mapping (resp., a C diffeomorphism) if g : N — R’ is of class
C" (resp., g : N — R’ is a C" immersion and g : N — V is a homeomorphism), where
r > 1. In this paper, C° mappings and C° diffeomorphisms are continuous mappings
and homeomorphisms, respectively.

By referring to [2], we give the definition of (weakly) simplicial problems in this

paper.

DEFINITION 1. Let f = (f1,...,fm) : X — R™ be a mapping, where X is a
subset of R™. The problem of minimizing f is C” simplicial if there exists a C” mapping
@ : A™~1 — X*(f) such that both the mappings ®|a, : Ay — X*(f1) and f|x-(s,) :
X*(fr) = f(X*(fr)) are C" diffeomorphisms for any non-empty subset I of M, where
0 < r < 0o. The problem of minimizing f is C” weakly simplicial® if there exists a C"
mapping ¢ : A™~t — X*(f) such that ¢(A;) = X*(fr) for any non-empty subset I of
M, where 0 < r < 0.

As described in [2], simpliciality is an important property, which can be seen in
several practical problems ranging from facility location studied half a century ago [7]
to sparse modeling actively developed today [2]. If a problem is simplicial, then we can
efficiently compute a parametric-surface approximation of the entire Pareto set with few
sample points [6].

A subset X of R™ is convex if tx + (1 —t)y € X for all x,y € X and all t € [0, 1].
Let X be a convex set in R™. A function f : X — R is strongly convez if there exists
a > 0 such that

fltz + (1= 0)y) < 17(2) + (L= 1)7(y) — 5at(1~ 1) |z ~ |’

forall z,y € X and all ¢ € [0, 1], where ||z|| is the Euclidean norm of z € R™. The constant
a is called a convezity parameter of the function f. A mapping f = (f1,..., fm): X —
R™ is strongly convez if f; is strongly convex for any ¢ € M. The problem of minimizing
a strongly convex C" mapping is called the strongly convex C" problem.

In [2], we have the following result for the simpliciality of strongly convex C" prob-
lems, where 2 < r < oo.

THEOREM 1 ([2]). Let f : R® — R™ be a strongly convex C" mapping, where
2 < r < 0o. Then, the problem of minimizing f is C"' simplicial if the rank of the
differential df, is equal to m — 1 for any x € X*(f).

We give the following remark on Theorem 1.

n [2], the problem of minimizing f : X — R™ is said to be C" weakly simplicial if there exists a C"
mapping ¢ : AL — f(X*(f)) satisfying ¢(A7) = F(X*(fr)) for any non-empty subset I of M. On
the other hand, a surjective mapping of A™~! into X*(f) is important to describe X*(f). Hence, the
definition of weak simpliciality in this paper is updated from that in [2].
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REMARK 1. It is shown that if we remove the assumption on the rank of df, in
Theorem 1, then the problem becomes C"~! weakly simplicial in the sense of [2] (for the
definition of weak simpliciality in the sense of [2], see also Footnote 1 in this paper). In
this paper, we show that the problem becomes C™~! weakly simplicial in the sense of
Definition 1 (for the result, see Theorem 5 in Section 7.1).

As in [2], the assumption r > 2 is essentially used in the proof of Theorem 1. It is
difficult to apply the same method as in the proof of Theorem 1 to strongly convex C*
mappings. Hence, as the first purpose of this paper, we give a theorem in the case r = 1
as follows:

THEOREM 2. Let f : R® = R™ be a strongly convex C' mapping. Then, the
problem of minimizing f is C° weakly simplicial. Moreover, this problem is C° simplicial
if the rank of the differential df, is equal to m — 1 for any v € X*(f).

In [2], as an application of singularity theory to a strongly convex problem, we have
the following result (Theorem 3) on generic linear perturbations of a strongly convex
C" mapping (2 < r < o0). Here, note that strong convexity is preserved under linear
perturbations (see Lemma 14 in Section 5). Let L£(R™,R™) be the space consisting of
all linear mappings of R™ into R™. In what follows we will regard L(R™ R™) as the
Euclidean space (R™)™ in the obvious way.

THEOREM 3 ([2]). Let f:R™ — R™ (n > m) be a strongly convex C™ mapping,
where 2 < r < oco. Ifn —2m+4 > 0, then there exists a Lebesque measure zero
subset ¥ of L(R™,R™) such that for any m € L(R™,R™) — X, the problem of minimizing
fH+m:R* = R™ is C! simplicial.

In Theorem 3, in order to make a given strongly convex C" problem simplicial,
linear perturbations of all functions f1,..., fi, are considered, where f1,..., f,, are the
components of f. On the other hand, as the second purpose of this paper, we show that
it is sufficient to consider linear perturbations of only m — 1 functions (see Theorem 4).

Let s be an arbitrary integer satisfying 1 < s < m. Set

LR R™)s = {(m1,...,mm) € LIR®R™) |7rS = 0}.

THEOREM 4. Let f : R™ — R™ (n > m) be a strongly convex C" mapping, where
2 <r < oo. Lets be an arbitrary integer satisfying 1 < s < m. Ifn—2m+4 > 0,
then there exists a Lebesque measure zero subset ¥ of L(R™,R™)s such that for any
7w € L(R™,R™), — X, the problem of minimizing f + 7 : R™ — R™ is C"~' simplicial.

In this paper, in order to prove Theorem 4, we also give a specialized transversality
theorem on generic linear perturbations of a strongly convex mapping (see Proposition 2
in Section 5). Hence, Theorem 4 is also an application of singularity theory to a strongly
convex problem.

The remainder of this paper is organized as follows. In Section 2, some examples
of (weakly) simplicial problems and remarks on Theorems 2 and 4 are presented. By
lemmas prepared in Section 3, we prove Theorem 2 in Section 4. Moreover, in Section 5,
preliminaries for the proof of Theorem 4 are given, where the specialized transversality
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theorem (Proposition 2) is shown. By the transversality theorem, we show Theorem 4
in Section 6. Section 7 is an appendix for Remark 1 and Lemma 1 (for Lemma 1, see
Section 2).

2. Examples of (weakly) simplicial problems and remarks on Theorems 2
and 4.

First, we give some examples of (weakly) simplicial problems. In order to show given
mappings are strongly convex, we prepare Lemma 1, which is a well-known result. For
the sake of readers’ convenience, the proof of Lemma 1 is given in Section 7.2.

Let X be a convex subset of R”. A function f: X — R is said to be convez if

fltz+ (1 —t)y) <tf(z)+ (1 —t)f(y)
for all z,y € X and all ¢ € [0, 1].

LEMMA 1.  Let X be a convex subset of R™. Then, a function f : X — R is strongly
convex with a convexity parameter o > 0 if and only if the function g : X — R defined

by g(x) = f(z) — (a/2)|z|?* is convex.
EXAMPLE 1. Let f = (f1, fo, f3) : R* — R? be the mapping defined by

filzr,22,23) = a(zy — 1)* + 23+ 23 (a>0),
fo(m1, 20, 3) = 27 + (22 — 1)* + a3,

f3(z1, 22, 23) = xf + x% + (z3 — 1)2.

First, we show that f is strongly convex.

Let f : R — R be the mapping defined by f(m = ZZ L ¢i(zi — pi)?, where ¢; > 0
for any i = 1,2,3, * = (21,72,73) and (p1,p2,p3) € R®. Set a = min{cy, c2,c3} and
g(z) = f(z) — (/2)||z||>. Then, we have

3
g(z) = Z ((cl - %) x? — 2¢;ipix; + cipf) .

=1

Since ¢; — a/2 > 0 for all i = 1,2, 3, the function g is convex. Therefore, fis a strongly
convex function with a convexity parameter o by Lemma 1.

Since fis strongly convex, f is also strongly convex for all @ > 0. Since rank df, > 2
for any x € R3 and a > 0, the problem of minimizing f is C° simplicial for any a > 0 by
Theorem 1 (see Figure 1). With the parameter a, the shapes of the Pareto set and the
Pareto front change while the simpliciality is maintained. If @ = 1, the Pareto set is a
triangle as shown in Figure 1 (b). If a = 4 or a = 1/4, the Pareto set is a curved triangle
as shown in Figures 1 (c¢) and 1 (d). For the precise description of X*(f), see Remark 7
in Section 4.

In Example 2, we give a simple example of a strongly convex C'' mapping which is
not of class C?.
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(d) Pareto set (left) and Pareto front (right) of f with a =1/4.

Figure 1. Example 1 with a = 1,4,1/4.
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EXAMPLE 2. Let f = (f1, f2) : R — R? be the mapping defined by
file) = (z —2)%,

x? if x<1,
folz) =1, . .
¥+ (x—1)* if 2> 1.

Let g; : R — R be the function defined by g;(z) = fi(x) — (2/2)2?, where i = 1,2.
Since ¢g; and g9 are convex, f; and fy are strongly convex functions with a convexity
parameter 2 by Lemma 1, respectively. Hence, f is strongly convex. Since fs is not
of class C2, we cannot apply Theorem 1 to f. However, since f is of class C!, we can
apply Theorem 2. Since rank df, = 1 for any = € R, the problem of minimizing f is C°
simplicial by Theorem 2.

REMARK 2. We give the following remarks on Theorem 2.

1. Note that (strict) convexity of a mapping does not necessarily imply that the prob-
lem is CY simplicial. For example, the problem of minimizing f : R — R defined
by f(z) = e® does not have a Pareto optimum (i.e. a minimizer). Thus, it is not
C° simplicial although f is strictly convex.

2. We give an example such that Theorem 2 does not hold without the rank assump-
tion. Let f = (f1,f2) : R — R? be the mapping defined by f(z) = (22,2%). By
Lemma 1, the mapping f is strongly convex. Since 0 € R is a Pareto optimum and
rank dfy = 0, the mapping f does not satisfy the rank assumption in Theorem 2.
Since X*(f) = {0}, the problem of minimizing f is not C° simplicial.

REMARK 3. We give a remark on Theorem 4. Let f = (fi, fo, f3) : R® — R3 be
the mapping defined by f;(z) = ||z||* for any integer i (1 <4 < 3). By Lemma 1, the
mapping f is strongly convex. In order to make the problem of minimizing f simplicial
by generic linear perturbations, it is necessary to perturb at least two components of f.

First, we consider the case without linear perturbations. Since f1, fo and f3 have
the unique minimizer 0 € R?, we have X*(f) = {0}. Hence, the problem of minimizing
f is not CY simplicial.

Next, we linearly perturb only one component f, of f, where s;, s3 and s3 are three
elements satisfying {s1, s2, s3} = {1,2,3}. Set

E(RB,RS)(”’SS) = {(m1,m2, m3) € LR R?) |71'S2 =7y, =0}.
Let m = (1,2, m3) be an arbitrary element of L(R3,R3),, ;). Since

(f82 +7TS2)('T) = (fss +7T53)(I) = ”x”z’

the origin 0 € R? is the unique minimizer of f,, + 7, and fss + sy Since fs, + 75, is a
distance-squared function, f,, + s, has a unique minimizer. Let p € R? be the unique
minimizer. Then, it is not hard to see that

X*(f+m) ={tpeR®|te0,1]}.
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Therefore, the problem of minimizing f + 7 is not C° simplicial.

Finally, we consider linear perturbations of two components of f. Let s be an
arbitrary integer satisfying 1 < s < 3. By Theorem 4, there exists a Lebesgue measure
zero subset ¥ of L£(R3 R3), such that for any 7 € L(R3 R3); — 3, the problem of
minimizing f + 7 : R3 — R3 is C°° simplicial.

3. Preliminaries for the proof of Theorem 2.

In this section, we prepare some lemmas for the proof of Theorem 2.

Let f : U — R™ be a C' mapping, where U is a non-empty open subset of R". A
point x € U is called a critical point of f if rank df, < m. We denote the set consisting
of all critical points of f by C(f). The following lemma gives a relationship between
critical points and Pareto optimums.

LEMMA 2. Let f:U — R™ be a C' mapping, where U is a non-empty open subset
of R™. Then, X*(f) C C(f).

PROOF OF LEMMA 2. In the case n < m, since C(f) = U, Lemma 2 clearly
holds. Next, we consider the case n > m. Suppose that there exists © € X*(f) such that
x & C(f). Since z ¢ C(f), there exists an open neighborhood U, of = such that f(U,)
is an open neighborhood of f(x) by the implicit function theorem. This contradicts
x € X*(f). O

We give the following two lemmas (Lemmas 3 and 4) in [8].

LEMMA 3 ([8, Theorem 3.1.3 in Part I (p.79)]). Let f = (f1,...,fm) : R" = R™
be a (not necessarily continuous) mapping and let (w1, ..., wy,) € A™7L. If x € R™ is
the unique minimizer of the function Y .- w;fi, then x € X*(f).

The following is a special case of the Karush—Kuhn-Tucker necessary condition for
Pareto optimality.

LEMMA 4 ([8, Theorem 3.1.5 in Part I (p.39)]). Let f = (f1,..., fm) : R* = R™
be a C' mapping. If v € X*(f), then there exists an element (w1, ..., w,) € A™!

satisfying 2111 w;(dfi)z = 0.

Now, we prepare the following four lemmas (Lemmas 5 to 8) on strongly convex
mappings.

LEMMA 5 ([9, Theorem 2.2.6 (p.85)]). A strongly convex C* function f:R™ — R
has a unique minimizer.

LEMMA 6 ([9, Theorem 2.1.9 (p.64)]). A C' function f : R" — R is strongly
convex with a convexity parameter o > 0 if and only if

@)+ dfs (g —a)+ 5y - l” < F(v)

for any x,y € R™.
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LEMMA 7 ([9, Lemma 2.1.4 (p.64)]). Let f; : R® — R be a strongly conver C*
function with a convezity parameter a; > 0, where i is a positive integer (1 < i < m).
Then, for any w = (w1, ..., wy) € A™ 1 the function Y - w; f; : R* — R is a strongly
convexr C! function with a converity parameter Z:il Wi .

LEMMA 8 ([3]). Let f: X — R™ be a strongly convex (not necessarily continuous)
mapping, where X is a convex subset of R™. Then, f|x«r) : X*(f) = R™ is injective.

In order to give the last lemma (Lemma 12) in this section, which is essentially used
in the proof of Theorem 2, we prepare the following three lemmas (Lemmas 9 to 11).

Let f: X — R™ be a mapping, where X is a given arbitrary set. A point z € X
is called a weakly Pareto optimum of f if there does not exist another point y € X such
that f;(y) < fi(z) for all ¢ € M. Then, by XV (f), we denote the set consisting of all
weakly Pareto optimums of f.

LEMMA 9 ([3]). Let f : R™ — R™ be a strongly convex (not necessarily continuous)
mapping. Then, we have X*(f) = XV (f).

LeEmMMA 10. Let f: X — R™ be a continuous mapping, where X is a topological
space. Then, XV (f) is a closed set of X.

PrOOF OF LEMMA 10. For the proof, it is sufficient to show that X — XV(f) is
open. Let zp € X — XV (f) be an arbitrary element. Then, there exists Zop € X such
that f;(Zo) < fi(zo) for any ¢ € M, where f = (f1,..., fm). Set

O:{(yl,...,ym) ER’"‘ fi(xo) —e; <y; for any iEM}7

where

e — fi(wo) — fi(Zo)
3 2 N
Since f is continuous and O is an open neighborhood of f(x), the set f~1(0) is an open

neighborhood of zg. Since f~1(0) € X — XV (f), the set X — XV (f) is open in X. O

LEMMA 11. Let f: R™ — R™ be a strongly conver C' mapping. Then, X*(f) is
compact.

PrROOF OF LEMMA 11. By Lemmas 9 and 10, it follows that X*(f) is closed.
Thus, for the proof, it is sufficient to show that X*(f) is bounded. Let «; > 0 be a
convexity parameter of f;, where f = (f1,..., fin) and ¢ € M. By Lemma 5, the function
fi has a unique minimizer for any ¢ € M. Let z; € R™ be the unique minimizer of f;.
Set

Qi:{xeR”

filz) + G e —2ill? < fila) } -

Since every €; is compact, Q = [J;~, €; is also compact. Hence, in order to show that
X*(f) is bounded, it is sufficient to show that X*(f) C . Suppose that there exists an
element ' € X*(f) such that ' ¢ Q. Then, it follows that
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Qi / 2
filzi) + 5 lle" = zil|” > filz1) (3.1)
for any ¢ € M. Since (df;),, = 0 for any ¢ € M, by Lemma 6, we have
g
filw:) + = [l = @il* < fila). (3.2)

From (3.1) and (3.2), it follows that f;(z') > fi(x1) for any ¢ € M. This contradicts
' e X*(f). O

Now, we give a mapping from A™~! into X*(f), which is introduced in [2].

Let w = (wy,...,wy) € A™ L Since > w;fi : R® — R is a strongly convex
C* function by Lemma 7, the function > /", w; f; has a unique minimizer by Lemma 5.
By Lemma 3, this minimizer is contained in X*(f). Hence, we can define a mapping
x*: AmTL 5 X*(f) as follows:

¥ (w) = arg Helgvll (Z wlfl(x)> , (3.3)

where arg mingegn (31, w; fi(x)) is the minimizer of .~ w; fi.

LEMMA 12.  Let f = (fi,..., fm) : R® — R™ be a strongly convexr C' mapping.
Let a; > 0 be a convexity parameter of f; and K; be the maximal value of F; : X*(f) x
X*(f) — R defined by Fi(x,y) = |fi(z) — fi(y)| for any i € M. Then, for any w =

(Wi, ey W), W = (W, ..., W) €A™ we have that
* * [~ KO " ~
2% (w) — 2 (@)|| < [ =D |wi — @i,
o =
where ag = min{ay, ..., } and Ko = max{Ky,..., Ky}

REMARK 4. In Lemma 12, the Pareto set X*(f) is compact by Lemma 11. Hence,
for any i € M, the function F; has the maximal value K.

PROOF OF LEMMA 12. Let w,w € A™ ! be arbitrary elements. By Lemma 7, the
function >0, w; f; : R™ — R (resp., Y v, w;fi : R” = R) is a strongly convex function
with a convexity parameter >\, w;q; (resp., > .o, W;a;). Since z*(w) (resp., z*(w)) is
the minimizer of the function ;" w; fi (resp., >_i; Wi fi), we get d(3°1" 1 wifi)ax(w) = 0
(vesp., d(3°7" 1 Wi fi)w(w) = 0). Thus, by Lemma 6, we obtain

(Zwm> (x*(w))+wnx*<w>—x P < (Zm) @), (34)
(Zaifi> () + =T o () — (@) < (Zm) w).  (35)

By (3.4) and (3.5), we get
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MH (@) — ||2<Z“’Z filz — filz* (w))),

M |z* (@) — z*(w)]|* < Z@z'(fi(x*(w)) - filz* (@),
i=1

respectively. By (3.6) and (3.7), we have

2

Py (wi + W) |2 (@) — o (w)]]2 < Z (@) — fi(a* (w

By the inequality above and >\, (w; + @;) = 2, we obtain

aollx*(iﬁ)*x*(w)IIQSZ( = W) (fi(a™ (@) = fila™ (w))).

We also have

D (wp = @) (fila™ (@) = filz*(w)) <D Jws — @] | fila* (@) = fula®
i=1 i=1
Sz‘wz_{ﬁiu(z
SKOZ|/LU’L_@Z|

By the inequality above and (3.8), we obtain
o2 (w) — 2" (@) < Ko 3 fuws — .
i=1

Hence, it follows that

~ Ko _
2" (w) — 2™ (@) < | =D wi — @l.
@0

4. Proof of Theorem 2.

(3.6)

(3.7)

First, we give an essential result for the proof of Theorem 2 as follows (for the

definition of z* : A™~! — X*(f) in Proposition 1, see (3.3)).

PROPOSITION 1. Let f : R® — R™ be a strongly conver C* mapping. Then, the

following properties hold.

(1) The mapping z* : A™™Y — X*(f) is surjective and continuous. Moreover, if

rank df, =m — 1 for any x € X*(f), then z* is a homeomorphism.
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(2) The mapping f|x-p) : X*(f) = R™ is a homeomorphism into the image.

Thus, Theorem 2 follows from Proposition 1 as follows: let I = {i1,...,ix} (i1 <
.-+ < i}) be an arbitrary non-empty subset of M as in Section 1. Since f; : R® — R
is a strongly convex C' mapping, 7*|a, : A; — X*(fr) is surjective and continuous by
Proposition 1 (1). Hence, the problem of minimizing f is C° weakly simplicial. Next,
suppose that rank df, = m — 1 for any € X*(f). Since

X*(fr) =2 (Ap) C o (A1) = X*(f),

it follows that rank(dfr), > k — 1 for any x € X*(fr). By Lemma 2, it follows that
rank(dfr), = k — 1 for any © € X*(fr). Therefore, by Proposition 1 (1), the map-
ping z*|a, : A — X*(fr) is a homeomorphism. Since X*(f;) C X*(f), the mapping
flx=ry + X*(fr) — R™ is a homeomorphism into the image. Thus, the problem of
minimizing f is C° simplicial.

By the argument above, in order to complete the proof of Theorem 2, it is sufficient
to show Proposition 1.

PROOF OF PROPOSITION 1 (1). Note that the bijectivity of z* is shown by the
same method as in the proof of [2]. For the sake of readers’ convenience, we give the
proof in this paper.

First, we show that z* is surjective. Let € X*(f) be an arbitrary point. By
Lemma 4, there exists w = (w1, ..., wy,) € A™ ! such that ;" w;(df;), = 0. Namely,
we get d(}_.", wif;)s = 0. Since the function Y /", w; f; is strongly convex, the point =
is the unique minimizer of Y ;- w;f; by Lemma 6. This implies z*(w) = x. Hence, z*
is surjective.

Second, we show that z* is continuous. Let w = (w1,...,%W,) € A™ ! be an
arbitrary element. For the proof, it is sufficient to show that z* is continuous at w. Let
€ be an arbitrary positive real number. Then, there exists an open neighborhood V' of w
in A™~! satisfying

K m
702|U)1—ﬁ)i1| <e€
Qo 5

for any w € V, where Ky and «q are defined in Lemma 12. From Lemma 12, it follows
that

2" (w) — 2™ (w)]| <€

for any w € V.

Finally, we show that z* is a homeomorphism if rank df,, = m —1 for any x € X*(f).
Since x* is surjective and continuous from a compact space A™~! into a Hausdorff space,
for this proof, it is sufficient to show that x* is injective.

Suppose that z*(w) = x*(w), where w = (w1, ..., wy) and © = (W1, ..., Ws,). Since
x*(w) € X*(f) is the unique minimizer of Y7, w; f;, we have d(}"; w; fi)z+(w) = 0.
Namely, we get
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(w1, ... ,’wm)dfﬂ(w) = (0,...,0).

By the above argument, we also have (wq, ..., W )dfz@@) = (0,...,0). Since x*(w) =
x*(w), we obtain

(W1 -y Wen ) df g () = (0,...,0).

Since m = dim Ker df,« () + rank df,-(,) and rankdf,-,) = m — 1, it follows that
dim Ker df,«(,) = 1. Since w,w € Ker df =« () N A™1 we obtain w = . g

PROOF OF PROPOSITION 1 (2). By Proposition 1 (1), X*(f) (= a*(A™™Y)) is
compact. By Lemma 8, f[x-s) : X*(f) — R™ is injective. Since f[x-(s) : X*(f) —
F(X*(f)) is a bijective and continuous mapping from a compact space into a Hausdorff
space, the mapping f|x-(s) is a homeomorphism onto the image. g

Finally, as supplements to this section, we give the following two remarks.

REMARK 5. In Proposition 1 (1), the assumption that rankdf, = m — 1 for any
x € X*(f) yields m — 1 < n. On the other hand, when m — 1 > n, it is impossible that
x* : A™m71 — X*(f)(C R") is a homeomorphism by the invariance of domain theorem.
For the invariance of domain theorem, see [4].

REMARK 6. The mapping * in Proposition 1 (1) is not necessarily differentiable
as follows. Let f = (fi, f2) : R — R? be the mapping defined in Example 2 of Section 2.
Let ¢ : [0,1] — A! be the diffeomorphism defined by ¢(w;) = (w1,1 — wy). Since if
x* (w1, wq) = x then d(ws f1 + waf2), = 0, we can easily obtain the following:

1
2wy if 0<w; < 3
P opw) =4
1+1 1
f =< <1.
w2 2= tr=
Since
i &7 o@)(1/2+h) — (2" op)(1/2) _ 4
im = -,
h—+0 h 3
o @ OO/24) = (@00 (1/2) _,
h——0 h

the mapping z* o ¢ is not differentiable at w; = 1/2.

REMARK 7. The mapping z* in Proposition 1 (1) is useful for describing a Pareto
set as follows.

Let f: R3 — R3 be the mapping defined by Example 1. Let w = (wy, we, w3) € A2
Since z*(w) is a minimizer of Z?:l w;f; by the definition of z*, we have
d(2§=1 W; fi)g*(w) = 0. Thus, by simple calculations, z* : A% — X*(f) can be described
as follows:

« awq
ﬂf(wwa,ws): m;w%ws .



Simpliciality of strongly convex problems 977

Since 2*(A?) = X*(f), the Pareto set X*(f) can be described as follows:

X*(f) = {(““’1),@02,103> € R ‘ (w1, wa, w3) € A2}.

awy + (1 —wq

5. Preliminaries for the proof of Theorem 4.

In this section, unless otherwise stated, all manifolds are without boundary and
assumed to have countable bases.

The purpose of this section is to establish the specialized transversality theorem
(Proposition 2) for generically linearly perturbed strongly convex mappings, which is an
essential tool for the proof of Theorem 4. First, we prepare the following two lemmas.

LEMMA 13 ([9, Theorem 2.1.11 (p.65)]). Let U be a convex open subset of R™
(U #0). A C? function f: U — R is strongly convex with a converity parameter o > 0
if and only if m(f). > « for any x € U, where m(f), is the minimal eigenvalue of the
Hessian matriz of f at x.

LEMMA 14 ([2]). Let f:R™ — R™ be a strongly convex mapping. Then, for any
m € L(R™",R™), the mapping f + 7 : R™ — R™ is also strongly conver.

For the statement and the proof of Proposition 2, we prepare some definitions. Let
U be a non-empty open set of R™ and J!(U,R™) be the space of 1-jets of mappings of
U into R™. Then, note that J'(U,R™) is a C° manifold. For a given C" mapping
f:U—=R™ (r>2), the mapping j'f : U — JY(U,R™) is defined by z + j!f(x). Then,
notice that j1f : U — JY(U,R™) is of class C"~!. Further, set

¥F = {j'f(0) € J'(n,m) | corank Jf(0) = k},

where J1(n,m) = {j1f(0) | f : (R*,0) — (R™,0)}, corank Jf(0) = min{n,m} —
rank Jf(0) and k = 1,...,min{n, m}. Set

YEU,R™) =U x R™ x ¥,
Then, the set ©*(U,R™) is a submanifold of J*(U,R™) satisfying
codim X*(U, R™) = dim J* (U, R™) — dim ©*(U,R™)
=n—-v+k)(m—-—v+k),

where v = min{n, m}. For details on j'f : U — J*(U,R™), ¥ and ¥*(U,R™), see [1].
Now, we recall the definition of transversality.

DEFINITION 2. Let X and Y be C" manifolds, and Z be a C" submanifold of Y
(r>1). Let f: X — Y be a C! mapping.
1. We say that f : X — Y is transverse to Z at © € X if f(x) ¢ Z or in the case
f(x) € Z, the following holds:

dfz (TIX) + Tf(x)Z = Tf(x)Y.
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2. We say that f : X — Y is transverse to Z if for any z € X, the mapping f is
transverse to Z at x.

The following is the basic transversality result, which is a key lemma for the proof
of Proposition 2.

LeEMmMA 15 ([1], [5]). Let X, A andY be C™ manifolds, Z be a C" submanifold of Y
andT : Xx A =Y be a C" mapping. If r > max{dim X —codim Z,0} and T is transverse
to Z, then there exists a Lebesgue measure zero subset ¥ of A such that for any a € A—X,
the C™ mapping I'y : X — Y is transverse to Z, where codimZ = dimY — dim Z and
Ty(x) =T(x,a), z € X.

In [1], Lemma 15 is shown in the case that all manifolds and mappings are of class
C*. By the same method, Lemma 15 can be shown (cf. [5]).

PROPOSITION 2.  Let f: U — R™ be a strongly convex C" mapping, where U is a
convex open subset of R™ (U # 0). Let s be an arbitrary integer satisfying 1 < s < m,
and k be an arbitrary integer satisfying 1 < k < min{n,m}. If

> max{n — codim X*(U,R™), O} +1,

then there exists a Lebesgue measure zero subset ¥ of L(R™ R™)s such that for any
7 € L(R",R™),—%, the mapping j*(f+7) : U — JY(U,R™) is transverse to L% (U, R™).

REMARK 8. We give an example such that Proposition 2 does not hold without
the hypothesis of strong convexity. Let f = (fi, f2) : R> — R? be the mapping defined
by fi(x1,72) = 0 and fo(z1,22) = 2% + 2. Note that f; is not strongly convex by
Lemma 1. Let 7 = (71, m2) € L(R? R?); be an arbitrary element. Then, it follows that
JUf +m)(p) € £%(R?, R?) and rank d(j'(f + 7)), < 2, where p is the unique minimizer
of fo + ma. Since codim X?(R?,R?) = 4, the mapping j(f + m) is not transverse to
$2(R?, R?).

PROOF OF PROPOSITION 2. In the case m = 1, Proposition 2 clearly holds by
Lemma 13.

Hence, we will consider the case m > 2. For a positive integer £, we denote the £ x £
unit matrix by Fy. For simplicity, set

A= L(R",R™),.

In order to show Proposition 2, it is sufficient to give the proof in the case s = 1.
Let I': U x A — JYU,R™) be the C"~! mapping defined by

D(z,m) = j'(f +m)().

Note that 7 — 1 > max{n — codim X*(U,R™),0}. If I is transverse to ¥*(U, R™), then
there exists a Lebesgue measure zero subset ¥ of A such that for any 7 € A — X,
the mapping 'y : U — JY(U,R™) is transverse to X*(U,R™) by Lemma 15, where
I'z(z) =T(z,7), x € U. Thus, in order to finish the proof, it is sufficient to show that
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I' is transverse to X¥(U,R™). Let (7,7) € U x A be an arbitrary element satisfying
['(z,7) € X*(U,R™). Then, it is sufficient to show that

dim (T ) (Tiz. (U X 4)) + Tz S5 UR™) ) = 0+ m -+ nm. (5.1)

Let (aij)1<i<m,1<j<n be a representing matrix of a linear mapping = € A. Since
s =1, note that a;; = 0 for any j (1 < j <n). Thus, f+7: U — R™ is given as follows:

(f+m)(z) = <f1($)> fao@) 4> azjay, ..., fn(2) + Zamg‘wa) ;
j=1 j=1

where f = (fla'-'afm)7 r = (x17"'7$n) and (a21a-~-7a'2n;---aam17~-~7a7rm) €
(Rn)m—l.
Hence, the mapping I is given by
I(x, )
_ of1 df1
~ (s 0@, 2w P ),
0 0 0 0
Tﬁ(x)+a217...,£($)+&2n, ...... ,%(m)—!—aml, , 8J;7:(x)—|—amn)
The Jacobian matrix of I' at (Z,7) is as follows:
E,
* 0
H(f1)z
Jliz7 =
(z,7) % En 0 )
* FE,

where H(f1)z is the Hessian matrix of f; at Z. Notice that there are m — 1 copies of
E,, in the lower right partition of the above description of JI'(z 7. Since YF(U,R™) is a
sub-bundle of J*(U,R™) with the fiber ¥*, in order to show (5.1), it is sufficient to show
that the matrix R has rank n +m + nm:

En-Hn * O
0 |H(f1)z 0

R= * FE, 0
0 . .

* E,

Notice that there are m — 1 copies of E,, in the above description of R. Note that for any
i (1 <4 < mm), the (n + m + )-th column vector of R coincides with the i-th column
vector of JT'(z 7). Since f1 is a strongly convex C? function, we have rank H(f1)z = n by
Lemma 13. Hence, it follows that rank R = n + m + nm. Therefore, we obtain (5.1). O
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6. Proof of Theorem 4.

Since Theorem 4 clearly holds by combining the following result (Corollary 1) and
Theorem 1, in order to show Theorem 4, it is sufficient to prove Corollary 1.

COROLLARY 1. Let f : R®™ — R™ (n > m) be a strongly convex C" mapping
(r > 2). Let s be an arbitrary integer satisfying 1 < s < m. Ifn—2m+4 > 0,
then there exists a Lebesque measure zero subset ¥ of L(R™,R™)s such that for any
7 e LR",R™); — X and any x € R™, we have rankd(f + )y > m — 1.

PrROOF OF COROLLARY 1. In the case m = 1, Corollary 1 clearly holds.
Hence, we consider the case m > 2. Since n > m, we have

codim X2(R",R™) = 2(n — m + 2).

Since n — 2m + 4 > 0, we also have codim X?(R",R™) > n.
Let k be an arbitrary integer satisfying 2 < k < m. It follows that

n — codim L¥(R™,R™) < n — codim £?(R™,R™) < 0. (6.1)
Furthermore, we have
r>2> max{n — codimZk(R”,Rm),O} + 1.

By Proposition 2, there exists a Lebesgue measure zero subset Xj of L(R™ R™) such
that for any 7 € L(R",R™), — ¥}, the mapping j'(f + ) is transverse to X*(R", R™).
Set ¥ = [J;—, Zk. Then, ¥ has Lebesgue measure zero in L(R",R™);.

Let m € L(R™,R™);—X and € R™ be arbitrary elements. Suppose rank d(f+m), <
m—2. Then, there exists an integer k (2 < k < m) satisfying j1(f+7)(z) € ZF(R",R™).
Since the mapping j!(f + 7) is transverse to X*(R",R™), we obtain

d(jl(f + F))I(TmRn) =+ le(f+ﬂ.)(x)2k(Rn, Rm) = Tj1(f+ﬂ.)(x)J1 (Rn7Rm>
This equation implies that
dimd(j1(f + 7))2(T,R™) > codim XF(R™, R™).

This contradicts (6.1). O

7. Appendix.

7.1. On Remark 1.

As described in Remark 1, we show that the problem of minimizing a strongly convex
C" mapping f : R* — R™ (2 <7 < 00) becomes C"~! weakly simplicial in the sense of
Definition 1 as follows.

THEOREM 5. Let f : R” — R™ be a strongly convex C™ mapping, where2 < r < oo.
Then, the problem of minimizing f is C"~ weakly simplicial.
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In order to show Theorem 5, we prepare the following result in [2].

ProproSITION 3 ([2]). Let f = (f1,..., fm) : R" = R™ be a strongly convex C”
mapping (2 <r < 00). Then, x* : A™~t — X*(f) is a surjective mapping of class C" 1.

PROOF OF THEOREM 5. Let I = {i1,...,i;} (i1 <--- < i) be an arbitrary non-
empty subset of M as in Section 1. Since f; : R® — RF is a strongly convex C” mapping,
x*|a, + A — X*(f7) is a surjective mapping of class C™~! by Proposition 3, where
2 < r < oco. Hence, the problem of minimizing f is C"~! weakly simplicial. U

7.2. Proof of Lemma 1.
In order to show Lemma 1, we prepare the following lemma.

LEMMA 16. For anyt € R and any =,y € R™, we have
2 2 2 2
™+ A =) llyll” = itz + 1 = )y[|” = (1 = 1) [z — /"
Proor or LEMMA 16. We have

2 2 2
tl]” + (L =6) [yl = [tz + 1 = )yl
_tzx F1-1) zy, S (b + (1= ty)?
i=1

t(1—t Z (x? +y? — 22,)
i=1

= t(1—t) |z —y|*,
where z = (z1,...,z,) and y = (y1,. .., Yn)- O

Now, we will prove Lemma 1. A mapping f : X — R is strongly convex with a
convexity parameter o > 0 if and only if for all ¢ € [0, 1] and all z,y € X, we have

flz+ (1 =t)y) <tf(z)+ A -1)f(y) - %at(l — 1) e -yl (7.1)

By Lemma 16, the inequality (7.1) holds for all ¢ € [0,1] and all 2,y € X if and only if
we have

Pt 4+ (1= 1)y) < 5@) + (=05 ) — ga (¢l + (0 =) ol = i+ (1 - 0)l?),
(7.2)

for all t € [0,1] and all z,y € X. The inequality (7.2) holds for all ¢ € [0,1] and all
xz,y € X if and only if we have

e+ (1= 0w) - galta+ (1= 00 < ¢ (1) - galal?) + 0= 0706 - 3alvl?)
(7.3)
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for all ¢t € [0,1] and all z,y € X. The inequality (7.3) holds for all ¢t € [0,1] and all
2,y € X if and only if the function g : X — R defined by g(z) = f(z) — (a/2)||z|? is
convex. ]

ACKNOWLEDGEMENTS. The authors are most grateful to the anonymous reviewer
for his/her careful reading of the first manuscript of this paper and invaluable suggestions.
They are grateful to Kenta Hayano, Yutaro Kabata and Hiroshi Teramoto for their kind
comments. This work is based on the discussions at 2018 IMI Joint Use Research Pro-
gram, Short-term Joint Research “Multiobjective optimization and singularity theory:
Classification of Pareto point singularities” in Kyushu University. This work was also
supported by the Research Institute for Mathematical Sciences, a Joint Usage/Research
Center located in Kyoto University.

References

[1] M. Golubitsky and V. Guillemin, Stable Mappings and Their Singularities, Grad. Texts in Math.,
14, Springer, New York, 1973.
[2] N.Hamada, K. Hayano, S. Ichiki, Y. Kabata and H. Teramoto, Topology of Pareto sets of strongly
convex problems, SIAM J. Optim., 30 (2020), 2659-2686.
[3] N. Hamada and S. Ichiki, Characterization of the equality of weak efficiency and efficiency on
convex free disposal hulls, preprint, (2019), arXiv:1910.02867.
[4] A. Hatcher, Algebraic Topology, Cambridge Univ. Press, 2002.
S. Ichiki, Characterization of generic transversality, Bull. Lond. Math. Soc., 51 (2019), 978-988.
K. Kobayashi, N. Hamada, A. Sannai, A. Tanaka, K. Bannai and M. Sugiyama, Bézier simplex
fitting: Describing Pareto fronts of simplicial problems with small samples in multi-objective
optimization, In: Proceedings of the Thirty-Third AAAI Conference on Artificial Intelligence,
AAAI-19, 2019, 2304-2313.
] H. W. Kuhn, On a pair of dual nonlinear programs, In: Nonlinear Programming, 1967, 37-54.
| K. Miettinen, Nonlinear Multiobjective Optimization, Internat. Ser. Oper. Res. Management Sci.,
12, Springer-Verlag, 1999.
[9] Y. Nesterov, Introductory Lectures on Convex Optimization: A Basic Course, Appl. Optim., 87,
Kluwer Acad. Publ., 2004.

Naoki HAMADA Shunsuke ICHIKI

Engineering Management Group Department of Mathematical and Computing Science
KLab Inc. School of Computing

Tokyo 106-6122, Japan Tokyo Institute of Technology

RIKEN AIP-Fujitsu Collaboration Center Tokyo 152-8552, Japan

RIKEN E-mail: ichiki@c.titech.ac.jp

Tokyo 103-0027, Japan
E-mail: hamada-n@klab.com


https://doi.org/10.1007/978-1-4615-7904-5
https://doi.org/10.1007/978-1-4615-7904-5
https://doi.org/10.1137/19M1271439
https://doi.org/10.1112/blms.12296
https://doi.org/10.1609/aaai.v33i01.33012304
https://doi.org/10.1609/aaai.v33i01.33012304
https://doi.org/10.1007/978-1-4615-5563-6
https://doi.org/10.1007/978-1-4615-5563-6
https://doi.org/10.1007/978-1-4419-8853-9
https://doi.org/10.1007/978-1-4419-8853-9

