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Abstract. Let X C R” be a compact semialgebraic set and let f : X —
R be a nonzero Nash function. We give a Solerné and D’Acunto-Kurdyka type
estimation of the exponent ¢ € [0,1) in the Lojasiewicz gradient inequality
[Vf(z)] > Clf(x)|@ for € X, |f(z)| < € for some constants C,e > 0, in
terms of the degree of a polynomial P such that P(z, f(z)) =0,z € X. As a
corollary we obtain an estimation of the degree of sufficiency of non-isolated
Nash function singularities.

1. Introduction.

Lojasiewicz inequalities are important tools in various branches of mathematics:
differential equations, singularity theory and optimization (for more detailed references,
see for example [16], [18], [19], [22] and [34]). Quantitative aspects, like estimates (or
exact computation), of these exponents are subject of intensive study in real and complex
algebraic geometry (see for instance [18], [19], [20] and [33]). The main results of this
paper are effective estimations of the exponent in the Lojasiewicz gradient inequality for
Nash functions (Theorems 2.1 and 2.2). As a corollary we obtain an effective estimation
of the degree of sufficiency of non-isolated Nash functions singularities and a sufficient
condition for Nash function germs at zero to be isotopical and topologically trivial along
[0,1] (Corollary 1.3).

Determinacy of jets of functions with isolated singularity at zero was investigated
by many authors, including Kuiper [14], Kuo [15], Bochnak and Lojasiewicz [2] for real
functions and Chang and Lu [5], Teissier [40] and Bochnak and Kucharz [1] for complex
functions. Similar investigations were also carried out for functions in a neighbourhood
of infinity by Cassou-Nogues and Vui [4] (see also [35], [37]). The case of real jets with
non-isolated singularities was studied among others by Grandjean [11] and Xu [41], and
for complex functions by Siersma [36] and Pellikaan [30]. In the case of nondegenerate
analytic functions f, g, a condition for topological triviality of deformations f + tg,
t € [0, 1] in terms of Newton polyhedra was obtained by Damon and Gaffney [8], and for
blow analytic triviality by Fukui and Yoshinaga [9]. Some algebraic conditions for finite
determinacy of a smooth function jet were obtained by Kushner [21].
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1.1. Lojasiewicz gradient inequality.

Let U C R™ be an open semialgebraic set and let a« € U. Let f,F : U — R be
continuous semialgebraic functions such that a € F~1(0) Cc f~!'(0) € U. Then the
following Lojasiewicz inequality holds:

|F(z)] > C|f(z)|]" in a neighbourhood of @ € R™ for some constant C' > 0.  (1.1)

The lower bound of the exponents 7 in (1.1) is called the Lojasiewicz exponent of the
pair (F, f) at a and is denoted by L,(F, f). It is known that L,(F, f) is a rational
number (see [3]) and the inequality (1.1) holds actually with = L,(F, f) on some
neighbourhood of the point a for some positive constant C' (see for instance [39]). An
asymptotic estimate for L,(F, f) was obtained by Solerné [38]:

Lo(F,f) < DM (S)

where D is a bound for the degrees of the polynomials involved in a description of F',
f and U; M is the number of variables in these formulas; ¢ is the maximum number
of alternating blocks of quantifiers in these formulas; and c¢ is an unspecified universal
constant.

In this paper, we consider the case when F is equal to the gradient Vf :=
(0f/0xy,...,0f/0x,) : U — R™ of a Nash function f in z = (x1,...,2,). Recall
that semialgebraic and analytic functions are called Nash functions.

Our main goal is to obtain an effective estimate for the exponent o € [0,1) in the
following Lojasiewicz gradient inequality (see [23] or [24], cf. [40]):

[V f(x)] > C|f(x)|? in a neighbourhood of a € R™ for some constant C >0 (L)

for an arbitrary Nash function f : U — R, where f(a) = 0, in terms of the degree of a
polynomial P € Rz, y] describing the graph of f. We denote by |V f(x)| the Euclidean
norm of Vf(z), i.e. [Vf(2)|? = ((0f/0x1)(x))% + -+ + ((Of /0xn)(x))%.

The smallest exponent g in (L), denoted by g, (f), is called the Lojasiewicz exponent
in the gradient inequality at a. It is known that (L) holds with o = g, (f).

In the case of a polynomial function f : R® — R of degree d > 0 such that 0 is an
isolated point of f~1(0), Gwozdziewicz [12] (cf. [13]) proved that

1

Qo(f)ﬁlfm7

(G2)
and in the general case of an arbitrary polynomial f, D’Acunto and Kurdyka [6] (cf. [7],
[10] and [31]) showed that

1

Qo(f)ﬁl—ma

provided d > 2. (DK)
If f is a rational function of the form f = p/q, where p, ¢ € R[z], p(0) = 0 and ¢(0) # 0,
then go(f) = 00(p), so (G2) and (DK) hold with d = degp.

The aim of this paper is to show generalizations of the above estimates for Nash
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functions. The main results are Theorems 2.1 and 2.2 in Section 2. More precisely, let
U C R"™ be a neighbourhood of a € R™ and let f : U — R be a nonzero Nash function.
We give a Solerné and D’Acunto—Kurdyka type estimation of the exponent g € [0,1) in
the Lojasiewicz gradient inequality (L) in terms of the degree d of a nonzero polynomial
P such that P(x, f(z)) =0, x € U. Namely, in Theorem 2.2 we obtain

1
Qa(f)Slfm-

If additionally n > 2 and (0P/0y)(a, f(a)) # 0, then in Theorem 2.1 we obtain

1
W(f) <1l ——r— ided d>2.
The above estimates are comparable with the Solerné estimate (S), but our estimates
are explicit.
As a corollary, we obtain the following inequality (see Corollary 3.6):

3n+l_q

|V f(x)| > Cdist(z, f71(0))22dD in a neighbourhood of a. (1.2)

If additionally n > 2 and (0P/0y)(a, f(a)) # 0, then
|V f(x)| > Cdist(z, £71(0))*34=2" in a neighbourhood of a. (1.3)

The inequalities (1.2), (1.3) are essential points in the effective estimate of the degree of
sufficiency of non-isolated Nash function singularities given in the next section. The proof
of these inequalities is based on Theorem 2.2 and estimates of the length of trajectories
of the vector field Vf in U \ f71(0) (see Theorem 3.4).

1.2. Sufficiency of non-isolated Nash function singularities.

Let € (n) denote the set of €% real functions defined in neighbourhoods of a € R™.

By a k-jet at a € R™ in the class ¢ we mean a family of functions w C €*(n),
called €*-realizations of this jet, possessing the same Taylor polynomial of degree k at
a. We also say that f determines a k-jet at a in €* if f is a €’-realization of this jet.
For a function f € €*(n), we denote by j*f(a) the k-jet at a (in €*) determined by f.

Let Z C R™ be a set such that 0 € Z and let kK € Z, k > 0. By a k-Z-jet in
the class €%, or briefly a k-Z-jet, we mean an equivalence class w C %5 (n) of the
following equivalence relation: f ~ g iff for some neighbourhood U C R™ of the origin,
§*f(a) = j*g(a) for a € ZNU (cf. [27], [41]). The functions f € w are called €*-Z-
realizations of the jet w and we write w = j% f. The set of all jets j& f is denoted by

The k-Z-jet w € JE(n) is said to be €"-Z-sufficient (resp. Z-v-sufficient) in the
class €* if for every pair of its €*-Z-realizations f and g there exist sufficiently small
neighbourhoods Uy, Us C R™ of 0, and a %" diffeomorphism ¢ : Uy — Us, such that
fop=gin U (resp. there exists a homeomorphism ¢ : [f~1(0) U Z] N U; — [g~(0) U
ZlNUsz with ¢(0) =0 and o(ZNUy) = ZNUy).

The classical and significant result on sufficiency of jets is the following:
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THEOREM 1.1 (Kuiper, Kuo, Bochnak-Lojasiewicz). Let w be a k-jet at 0 € R™
and let f be its €*-realization. If f(0) = 0 then the following conditions are equivalent:

(a) w is €O-sufficient in €*,
(b) w is v-sufficient in €*,
(¢) |Vf(z)] > Clz[k~t in a neighbourhood of the origin for some C > 0.

The implication (¢)=-(a) was proved by Kuiper [14] and Kuo [15], (b)=(c) by
Bochnak and Lojasiewicz [2], and (a)=-(b) is obvious (cf. [29]).

Let us recall the notions of isotopy and topological triviality. Let € C R™ be a
neighbourhood of 0 € R™ and let Z C R™ with 0 € Z.

A continuous mapping H: Q x [0,1] — R" is called an isotopy near Z at zero if:
(a) Ho(x) = x for x € Q and Hy(z) =z for t € [0,1] and x € QN Z,
(b) for any ¢ the mapping H; : Q@ — R™ is a homeomorphism onto H;((2),
where Hy(z) = H(z,t) for x € , ¢t € [0,1].

Functions f : Q1 — R, g : Q3 — R, where Q1,0 C R” are neighbourhoods of
0 € R", are called isotopical near Z at zero if there exists an isotopy near Z at zero,
H:Qx[0,1] - R", with Q C Q1 Ny, such that f(H(x)) = g(z), z € Q.

A deformation f + tg is called topologically trivial near Z along [0, 1] if there exists
an isotopy near Z at zero, H : Q x [0,1] — R", with Q C Q1 NQy, such that f(H(t,x)) +
tg(H(t,z)) does not depend on t.

Theorem 1.1 concerns the case of an isolated singularity of f at 0, i.e. 0 is an isolated
zero of Vf. In the case of a non-isolated singularity of f at 0, from [27, Theorems 1.3
and 1.4] (cf. [41]) we have the following criterion for sufficiency of jets.

THEOREM 1.2. Let f € 6F(n) be a €*-Z-realization of a k-Z-jet w € J5(n),
where k > 1 and Z = f~1(0), 0 € Z, and suppose (Vf)~1(0) C Z. Then the following
conditions are equivalent:

(a) The k-Z-jet w is €°-Z-sufficient in €*.

(b) For any €*-Z-realizations fi, f» of w, the deformation fi +t(fo — f1), t € R, is
topologically trivial along [0, 1].

(c) Any two €*-Z-realizations of w are isotopical at zero.
(d) The k-Z-jet w is Z-v-sufficient in €*.
(e) There exists a positive constant C such that

|V f(z)| > Cdist(z, Z)*"1 in a neighbourhood of the origin.

Let f : U — R be a Nash function, where U C R” is a neighbourhood of the origin,
let Z = f~1(0), and suppose 0 € Z.
As a consequence of Theorem 1.2 and inequality (1.2) we obtain

COROLLARY 1.3.  Let k = 2(2d — 1)*"*! where d = deg f, and let w € JE(n) be
the k-Z-jet for which f is a €%-Z-realization. Then the following conditions hold:
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(a) The k-Z-jet w is €°-Z-sufficient in €*.

(b) For any €*-Z-realizations f1, fo of w, the deformation fi +t(fo — f1), t € R, is
topologically trivial along [0, 1].

(c) Any two €*-Z-realizations of w are isotopical at zero.
(d) The k-Z-jet w is Z-v-sufficient in €*.
Under additional assumption on f, from Theorem 1.2 and inequality (1.3), we obtain

COROLLARY 1.4.  Assume that there exists a nonzero polynomial P € Rz, y| such
that P(z, f(x)) = 0 for x € U and (OP/0y)(a, f(a)) # 0. Then the assertion of Corol-
lary 1.3 holds with k = d(3d — 2)™ + 1, where d = deg P.

REMARK 1.5. If f is a polynomial of degree d > 1 or a rational function f = p/q,
where p(0) = 0, ¢(0) # 0 and d = degp, then from Theorem 1.2 and by (DK), the
assertion of Corollary 1.3 holds with k = d(3d — 3)"~!. If additionally the origin is an
isolated zero of f, then by (G2) the assertion of Corollary 1.3 holds with k = (d—1)"+1.

2. Lojasiewicz gradient inequality.

Let f: U — R, where U C R" is a connected neighbourhood of a € R™, be a Nash
function. Let P € R[z,y] be the unique irreducible real polynomial such that

Pz, f(z)) =0 for x €U, (2.1)
and let
d = deg P.

We will call this number d the degree of the Nash function f at a and denote it by deg, f.
Obviously d = deg, f > 0 is uniquely determined. For d = 1, the function f is linear and
(L) holds with ¢ = 0, so we will assume that d > 1. We will also assume that V f(a) = 0,
because in the opposite case (L) holds with o = 0.

Put

R(n,d) = max{2d(2d — 1),d(3d —2)"} + 1.
The main result of this section is the following theorem.

THEOREM 2.1.  Let f : U — R be a nonzero Nash function such that f(a) =0 and
Vf(a) =0. Assume that for the unique polynomial P satisfying (2.1) we have

oP
oy (@ f@) 0. (2.2)

Then 0.(f) < 1 —1/R(n,d). Moreover, for o = 1 — 1/R(n,d) and some constants
C,e >0,
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IVi(@)| = Clf(@)]¢ for |z—al <e, [f(z)]<e (2.3)

Without the assumption (2.2), we have a somewhat weaker estimation of the expo-
nent g,(f) than that in Theorem 2.1. Namely, let

S(n,d) = 2(2d — 1)3"1.

THEOREM 2.2. Let f : U — R be a nonzero Nash function such that f(a) = 0
and Vf(a) = 0 and let P be the unique polynomial satisfying (2.1). Then o.(f) <
1—1/8(n,d). Moreover, (2.3) holds actually with o =1 —1/S(n,d).

Theorems 2.1 and 2.2 are generalizations for Nash functions of the above mentioned
results by Gwozdziewicz, D’Acunto and Kurdyka in the polynomial function case. They
are also comparable with Solernd’s estimate (S), but our estimates are explicit. In the
case of Nash functions with isolated singularity at zero, a similar result was obtained in
[17].

We give the proofs of Theorems 2.1 and 2.2 in Section 5.

3. Lojasiewicz inequality.

Let X C R™ be a compact semialgebraic set and let f : X — R be a Nash function.
Then f is defined in a neighbourhood of X. So, there exists a compact semialgebraic set
Y C R™ such that X C IntY and f is defined on Y.

The degree of f is defined to be sup{deg, f : a € X} and is denoted by degy f. In
fact, degy f = max{deg, f : a € X}. Moreover, one can assume that ¥ was chosen in
such a manner that degy f = degy f.

Let dist(x, V') denote the distance of a point € R™ to a set V' C R™ in the Euclidean
norm (with dist(z, V) =1if V = ).

3.1. Global Lojasiewicz gradient inequality.
Theorems 2.1 and 2.2 have a local character. From these theorems we obtain a global
Lojasiewicz gradient inequality.

COROLLARY 3.1.  Letd =degy f. If (Vf)~1(0) C f71(0) then for some positive
constant C,

IVf(@)| = Clf(@)¢ for zeX (3.1)

with o = 1 —1/8(n,d). If additionally there exists a polynomial P € Rlz,y| such that
P(z, f(z)) = 0 and (OP/0y)(z, f(x)) # 0 for x € X and dy = deg P, then (3.1) holds
with 0=1—1/R(n,d1).

Denote by ox(f) the smallest exponent p for which (3.1) holds. We call it the
Lojasiewicz exponent in the gradient inequality on X. It is known that the inequality
(3.1) holds with ¢ = ox(f). So, from Corollary 3.1 we obtain

COROLLARY 3.2. ox(f) <1-1/8(n,d).
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3.2. Length of trajectory.

Let f : X — R be a nonzero Nash function such that (Vf)=1(0) < f~1(0), let
0 € (0,1) and C > 0 be such that the global inequality (3.1) in Corollary 3.1 holds in X,
and let V = f~1(0). Then Vf(z) #0 forz € X \ V.

Let p(t) = |t|'7¢ for t € R. By the same argument as in the proof of [18, Proposi-
tion 1] we obtain (cf. [16])

ProprosiTION 3.3 (Kurdyka—Lojasiewicz inequality).  Under the above notations,
V(go f)@)] = (1=-0C for zeX\V.

We will also assume that Int X \ V' = X. Let

Ux, :{melntX:fx =0 < dist(x, R X}.
! C’(l—g)‘ ()] ( \ X)
Then Uy y C X is a neighbourhood of (Int X) N V.

Take a global trajectory 7 : [0,s) = Ux s \ V of the vector field

Vf(x)
IV f(2)|
Then the function f o~ is monotonic, so the limit lim;_, 4 f o y(¢) exists.

Let length v denote the length of 4. Since |7/(t)| = 1, we have lengthvy = s.
The following generalization of [18, Theorem 1] has a similar proof.

H(z) = —sign f(z) for x €e Ux s\ V.

THEOREM 3.4.  The limit lim;_,; y(t) exists and belongs to V. Moreover,

dist(y(0), V) < lengthy < ﬁlf(v(()))p_e.

From Theorem 3.4 we have
COROLLARY 3.5. Under the assumptions and notations of Theorem 3.4,
F@) > (€1 =)™ dist(x, V)70, w e Uxy,
and
IVf(z)] = (C(1— )" "9 dist(z, V)99, & e Uy

Similarly to [18], we obtain a version of the above corollary in the complex case with
the same formulation.
From Corollaries 3.1, 3.5 and Theorem 2.2, we immediately obtain

COROLLARY 3.6. Let d = degx f. Then there exists a positive constant C such
that

|f(z)| > C dist(z, V)2(2d_1)3"+1, reX,
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and

3n+1_q

|V f(z)| > C dist(z, V)21 , reX.

If additionally n > 2 and there exists a polynomial P € Rlz,y] such that
P(z, f(z)) =0 and (OP/0y)(x, f(x)) # 0 for x € X, and d = deg P, then

|f(x)| > Cdist(z, V)4CI=2"+1 g e X,
and
IV f(x)| > Cdist(z, V)¥CI=2" 2 e X.

3.3. Lojasiewicz exponent.
Corollary 3.5 implies the known fact that the exponents « > 0 in the inequality

|f(x)] > Cdist(z, V), =z € X, (3.2)

for some positive constant C, are bounded below. The inequality (3.2) is called the
Lojasiewicz inequality for f on X and the lower bound of the exponents o > 0 is the
Lojasiewicz exponent of f on X, denoted by Lx(f). It is known that (3.2) holds with
a = Lx(f) and some positive constant C.

From Theorem 3.4 we obtain

1

COROLLARY 3.7. Lx(f) < Tx(f)'

Corollary 3.5 implies
COROLLARY 3.8. Ifd=degy f, then Lx(f) <2(2d — 1)3"+1.

For n > 4 the above estimate is sharper than the one given in [20] for continuous
semialgebraic functions: Lx(f) < d(6d — 3)"*"~1, where r < n(n + 1)/2 is the degree
of complexity of f, equal to the number of inequalities necessary to define the graph of
f, and d is the maximal degree of polynomials describing the graph of f. Consequently,
this gives the estimate £x(f) < d(6d — 3)*T(»+1)/2=1 in terms of the degree only. So,
the estimate in Corollary 3.8 is more exact than the one above for n > 4.

4. Total degree of algebraic sets.

Let C[z] denote the ring of complex polynomials in z = (z1,...,2,).

Let f = (f1,...,fr) : C* — C" be a polynomial mapping with deg f; > 0 for
i=1,...,r. Let V= f~1(0) c C".

The total degree of V' is the number

§(V)=degVy + -+ deg Vs,

where V = V; U--- UV is the decomposition into irreducible components (see [25]).
We have the following useful fact (see [25]).
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Facr 4.1. IfV,W C C" are algebraic sets, then
S(VNW) <§(V)s(W).

From Fact 4.1 and the definition of total degree of algebraic sets we have the following
two facts (cf. [25]).

Fact 4.2. 6(V) < deg f1---deg fr. In particular, for any irreducible component
V; of V we have

degVj < deg f1---deg f;.

FacT 4.3.  Let L : C" — CF* be a linear mapping. Then

S(L(V)) <o(V).
We will need the following lemma (see [17, Lemma 3.20]).

LEMMA 4.4.  Let V; be an irreducible component of the set V, and suppose dim V; > 1.
Then for a generic linear mapping L = (L1,...,Ly,_1) : C" — C""1 the set V; is an
irreducible component of the set of common zeros of the system of equations

Liof=0, i=1,...,n—1.
In particular,
degV; < deg(Lyo f)---deg(Ly—_10 f).

Moreover, we can take Li(y1,...,yr) = y1.

5. Proofs of Theorems 2.1 and 2.2.

The idea of the proofs is similar to that in [17, Proof of Theorem 1.2].

Without loss of generality, we may assume that a = 0. Let f : U — R be a nonzero
Nash function defined in an open neighbourhood U C R™ of the origin such that f(0) =0
and Vf(0) = 0. Let P € R[x,y] be the unique irreducible polynomial satisfying (2.1)
and let d = deg P.

Since the set of critical values of a differentiable semialgebraic function is finite, we
have

Fact 5.1.  There exists € > 0 such that f has no critical values in the interval
(—¢,€) except 0.

Let € > 0 be as in Fact 5.1. Take r > 0. Denote by 2 the closed ball
Q:={zeR":|z|<r}

and by 0 the sphere {x € R™ : |z| = r}. Suppose that 2 C U. Define a semialgebraic
set I' C O by
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Ii={z€Q:Yea fx) = f(Q) = Vi) < IVFOI}.
Then by the definition of I' we have

FacT 5.2. Let o € R and let C > 0. If |V f(x)| > C|f(x)|¢ for x € T such that
[f(@)] <&, then [V f(z)| = C|f(x)|® for z € Q, [f(x)] <e.

Let 00 = 0o(f). Then, decreasing r if necessary, we can assume that
IVf(z)| > Clf(z)|®° for z € Q and some constant C > 0. (5.1)

Let us fix such an r.
Consider the case n = 1. Denote by ordg f the order of f at zero. Then f has an
isolated zero and singularity at zero, ordg f > 0 and the inequality (2.3) holds with

ordg f—1 1

ordg f  ordg f (5.2)

o0(f) =

Let the polynomial P be of the form P(zy,y) = po(z1)y? + p1(x1)y?t + - + pa(z1),
where po, ...,pq € Rlz1]. As P is irreducible, pg # 0 and ordg pg < d. Since

—pa(z1) = f(21) (po(z1)(f(21))* " + pr(a1) (f (@) + - + pa—1(z1)),

we have ordg f < ordgpg < d. Together with (5.2) this gives (2.3) with go(f) =1—-1/d
and the assertions of Theorems 2.1 and 2.2 in the case n = 1.

In the remainder of this article we will assume that n > 1.

By (5.1) and the curve selection lemma, there exists an analytic curve ¢ : [0,1) — Q
for which f(¢(0)) =0, f(p(£)) # 0 for £ € (0,1) and for some constant Cy > 0,

Clfe@)* < Vel < Cilf (€)1, £€[0,1) (5:3)

(cf. [39]). By Fact 5.2 we may assume that ¢(]0,1)) C I'. Then we have two cases:

L ¢((0,1)) CcIntQ,

1. ¢([0,1)) C 9.

We will use the Lagrange multipliers theorem to describe the relation between the
values y = f(x) and u = |V f(x)]? for € T, so we put

Iy ={z€Q: e V|VF(2)]? - AVf(z) =0},
Iip={z€dQ:|f(z)] <e A In per VIVI(@)]? = MV f(z) — 20z =0}.

To fulfill the assumptions of the Lagrange theorem we will need

LEMMA 5.3.  There exists € > 0 such that for every x € 02 and every y € R such
that 0 < |y| < ¢ and y = f(x), the vectors V(|z|*> —r%) and Vf(z) (that is, 2z and
Vf(x)) are linearly independent.

PROOF. 1If f|spq is a constant function then the assertion is obvious. Assume that
f is not constant on dQ. Then, by Fact 5.1, there exists € > 0 such that Vf(z) # 0 for
x €N 0<|f(z) <e.
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Suppose to the contrary that for any € > 0 there exist € 002 and y. € R with 0 <
lye| < e such that y. = f(z) and V f(z) = £ 2z for some € € R\ {0}. Then by the curve
selection lemma there exist analytic curves 7 : [0,1) — 992 with v((0,1)) € Q\ f~1(0)
and f(v(0)) =0, and «: [0,1) — R, such that for ¢ € (0,1),

V() = a(t) - 2y(t).

Then

(f o) () = (VF(v(1),7 (1)) = a(t){7(1),7' (1)) = O,
since |y(t)|? = 1, and consequently fo~ is a constant function equal to 0. This contradicts
the choice of v and ends the proof. a

By the Lagrange multipliers theorem, Fact 5.1 and Lemma 5.3 we obtain

Fact 5.4. Let e > 0 fulfill Fact 5.1 and Lemma 5.3. Take a point xzy € Q such
that 0 < |f(zo)| < €.

(a) If 1o € T NInt Q then xq is a critical point of the function Q > z + [V f(z)]? € R
on the set f=1(f(x0)) N Q. In particular, T NIntQ C T';.

(b) If n > 3, xzg € T'NIN then xy is a critical point of the function 0 > x —
|VF(z)]* € R on the set f~1(f(x0)) NIQ. In particular, T NOQ C Tyy.

Let M=C" x Cx Cx C" x C", and let X C M be the Zariski closure of the set

{(o. f@), IV F@)P, V() VIV(@)P) €M -z € 0}

We will determine polynomials describing a certain algebraic set Y C M containing X
as an irreducible component. Let G € Clx, y, u], where u is a variable, be the polynomial
defined by

o =3 (Len) - (Law) u 6.4

=1

It is easy to observe that G(z, f(z), |V f(x)|?) = 0 for € Q. In particular, the polynomial
G vanishes on X.

Take systems of variables ¢t = (¢1,...,ts), 2 = (21,..., %), and let G1,G2,,G3,; €
Clz,y,u,t, z] be defined by

Gi(u,t) =u—t3 — - — 12,
oP oP
. _or oz . 1<i<n,
Ga,i(z,y,1) axi(m,y)Jray(x,y)t i<n
oG oG oP 2
7 y I at7 = a3 R a IR tlf a_ ) 79 1< <
Gaslot2) = oo (w50 gt = (G () oz 1<i<n

Let Y C M be the closure of the constructible set
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YO = {wz (2,01, 2) € M: Pla,y) = 0, Z—jw,y) £0, Gr(w,you) =0,

G2,i(xay7t) = 0) G3,i(w) = 07 1 S i S n}

Obviously X C Y, and locally Y is the graph of a complex Nash mapping (i.e. a holomor-
phic mapping whose graph is contained in a complex algebraic set of the same dimension).
Moreover, we have

LEMMA 5.5. The set X is an irreducible component of Y. Moreover, Y° is a
Zariski open and dense subset of Y, and any point w = (xo, %Yo, o, to,20) € Y° has a
neighbourhood B C M such that YN B =Y° N B and

YN B = {w = (z,9(z),h(z),Vg(z), Vh(z)) e M:z € A}

for some holomorphic function g : A — C, where A C C™ is a neighbourhood of xg, and

h(z) = ((0g/0x1)(2))? + -+ + ((9g/0zn) (2))?.

PROOF. Since P is an irreducible polynomial, 0P/0y does not vanish on X. So,
by the implicit function theorem, {w = (z,y,u,t,2) € X: (OP/9y)(z,y) # 0} is an open
and dense subset of X, and moreover it is a smooth and connected submanifold of Y°.
Consequently, X is an irreducible component of Y. The “moreover” part of the assertion
follows immediately from the implicit function theorem. g

Define Gy, G4)i7j, G14:71"j’/C S C[.’L‘, Y, u,t, Z] by

Go(z) =22 4+ -+ + a2 —r?

t; ; . .
Guj(t,z) =det | “ , 1<i<j<n,
’ ti  zj

G4’i7j7k(£t,t,2’) = det ty zj x|, 1<i<j<k<n,
ly 2z xp

where the polynomials G4 ; j 1 are defined if n > 3. Put

Xy = {w:(m,y,u,t,z) €X: Gy, (t,z)=0, 1§i<j§n},

Xir ={w=(z,y,u,t,2) € X: Go(x) =0, Gy j(x,t,2)=0,1<i<j<k<n},
L; = {(w,\) = (z,y,u,t,2,\) € X x C: z = \t},

L= {(w,/\l,)\g) = (z,y,u,t,2,A\1,A2) € XX C x C: Go(z) =0, z:)\ltJr)\Q:c},
Y = {w:(x,y,u,t,z) €Y:Gu;(t,z)=0, 1§i<j§n},

Y= {w = (z,y,u,t,2) € Y:Go(z) =0, Gasjk(x,t,2) =0, 1 <i<j<k< n}7
ZI:{wz(mym,t,z)éX:xEFI},
Zir={w=( )eX
y:{w:(x,y,u,t,z)ex

X e FII},
rx € ¢((0,1))},

$7y7 u’ t)z



Effective Lojasiewicz gradient inequality 289

where the sets X7, Ly and Y7 are defined for n > 3.

Obviously X; C Y; and X;; C Y. Moreover, any irreducible component of X; is
an irreducible component of Y;. The same holds for X;; and Y;;. Additionally, by the
Lagrange multiplier theorem and Facts 5.1, 5.4 we immediately obtain

FACT 5.6. (a) Let
Ar = {w eX: EI)\EC (w,)\) S ]L[}.

If ((0,1)) € IntQ then F C Zr C Ar C Xy C Y and there exists an irreducible
component Xr . of A; which contains F and is an irreducible component of X;.

(b) Let
A = {w € X: 3\ nec (w, A1, A2) € Lyr )

If ((0,1)) C OQ then F C Z;; C Ay C Xip C Yy and there exists an irreducible
component Xy « of Ay which contains F and is an irreducible component of Xyy.

PROOF. From Fact 5.4(a) we have .# C {(z,y,u,t,2) € X: 2z € I';} C As. Since
all the polynomials G4 ; ; vanish on Xy, the vectors ¢, z are linearly dependent provided
(x,y,u,t,z) € Xy for some z,y,u. So X; = X1 U Ay, where

Xy ={w=(2,y,u,t,2) € Xy : t =0}.

Obviously, the set X7 is contained in the hyperplane H defined by ¢ = 0, and by Fact 5.1
we have .# \ H # (), so A7 has an irreducible component containing .# which is an
irreducible component of X;. This gives assertion (a).

Analogously, from Fact 5.4(b) we obtain & C Aj;. Moreover, the vectors z,t, z are
linearly dependent provided (z,y,u,t,2) € Xy for some y,u, so X7 = Xp U Apy, where

X = {w = (z,y,u,t,2) € X7 : Go(z) =0, Gui(z,t)=0,1<i<j< n}

Obviously, &7y is contained in the set W defined by G4, ;(x,t) =0,1 <i < j <n. By
Lemma 5.3 we have .Z \ W # (), so as above, the set Ay has an irreducible component
satisfying (b). O

From Fact 5.6 and Lemmas 4.4 and 5.5 and the definition of Y we have
FACT 5.7, 6(X7.) < 6(Yy) < 22d— 1%+ and §(Xpr.) < 5(Y 1) < 2(2d— 1)+,

The proofs of Theorems 2.1 and 2.2 consist in showing that the projections of the
sets X7 . and X7 . onto the space of (y,u) € C? are proper algebraic subsets of C?, since
we have

LEMMA 5.8.  If Q € Cly, u] is a nonzero polynomial of degree D such that

Q(f (), IVf(e)?) =0 for t €[0,1),

where @ is the curve fulfilling (5.3), then
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(a) oo(f) <1-— % if D is even,

(b) 0o(f) <1 if D is odd.

" D+1
PROOF. Let ordg(f o) = M and ordg |V f o p|?> = K. Then M, K > 0 and

ordg(f o ) = ordy |V f o ¢|*M,

ie. |foK/2M ~ |V f o | near zero!, so by (5.3) we have

K

- (5.5)

00(f)

Then, by definitions of M and K there exists a pair of different monomials auYy® and
BuN1y51 of the polynomial @ such that

N+S<D and N;+5 <D,
and
NK+SM =N, K + S5, M.

Hence N — N1 #0, 51 — S # 0, and

K _ Si-8
2M  2(N — Np)’

Since M > 0, we have ordg [Vfoyp| < M —1, and so K < 2M — 2, and K/2M < 1.
On the other hand, |S; — S|,|N — Ni1| € {1,...,D}, so by (5.5), 0o(f) is estimated
from above by the maximal possible rational number less than 1 with numerator from
the set {1,..., D} and denominator from {2,4,...,2D}. Consequently, we obtain the
assertion. O

5.1. Proof of Theorem 2.1 in case I when ¢((0,1)) C Int Q.
By the assumption (2.2), in the definition of Y one can take the polynomials

Ko u,) = o0 (o) G (00) = G2 ) 5o (@)
3
~(Swn) = (5:5)
instead of G3;, 1 <7 < n; also in the definitions of X; and Y; one can take
OP oG oP oG
Kyij(z,y,u) = afﬁ(x,y)gj(x,y,u) - %j(ﬂy)%(ﬂy,m

instead of G444, 1 <i<j<n.

1That is, there are C1,Ca > 0 such that Cy|f o p|5/2M < |V f o ¢| < Ca|f o ¢|5/2M near zero.



Effective Lojasiewicz gradient inequality 291

From the above and Fact 5.6 we obtain the following fact.

FACT 5.9. Forz €Ty and v = (x,y,u) = (x, f(z), |V f(2)|?) we have

Let Y7o C M, where M = C" x C x C, be an algebraic set defined by the system
of equations (5.7)—(5.9), and let

P
Y(I): {(x,y,u,t,z) EY{I : %(xvy) 7&0}’

opP
Y}) = {(1.7:(/7”) S YI,O . 87(:1"7y) 7é 0}7
Y
Y; =Y?.
We have the following fact (cf. [17, Fact 2.11]).
Fact 5.10.  The mapping
Y9 s (z,y,u,t,2) = (z,y,u) € Y}
s a bijection.

PROOF.  Taking any (z,y,u,t,z) € Y (respectively (z,y,u) € Y7), by the implicit
function theorem there are a neighbourhood A C C™ of z, a holomorphic function g :
A — C and neighbourhoods U3 € € x C x C* x C™ and Us C C x C of (y,u,t, z) and
(y, u) respectively such that

Y9 (A x U1) = {(¢,9(¢),h(¢), Vg(¢), VA(C) eM: ( € ANV},
Y7 N (A xUp) ={(¢,9(¢), k() e M : (e ANV,

where h(¢) = ((0g/0x1)(¢))? + -+ -+ ((8g/0z,)(¢))?, and
V={CeA: Kiij((g(0),h(() =0, 1<i<j<n}.

In particular, g(z) = y, u = h(z), t = Vg(x) and z = Vh(z). Thus, we obtain the
assertion. O

Let L; C M x C be the Zariski closure of the set
L;y= {(m,y,u7/\) EAXRXxRxR:y=f(z), u=|Vf(2)? VIVF()?= )\Vf(x)}.

From Fact 5.6(a) we obtain
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Fact 5.11.  There exists an irreducible component Ly . of L which contains a
Zariski open and dense subset U such that for any (x,y,u,\) € U there exist t,z € C"
such that (z,y,u,t, z) € X1 . and in particular z = \t.

PROOF. The set Ly is the projection of the union of some irreducible components
of Ly onto (z,y,u,\) € M x C. So by Fact 5.6(a) we obtain the assertion. O

Let
7: M xC>3 (x,y,u,A\) = (x,y,u) € M,

let Ly, be an irreducible component of L; as in Fact 5.11 and let

X] = 7T(L]7*).

LEMMA 5.12.  The set X is an irreducible component of the algebraic set Y.
Moreover, X contains a Zariski open and dense subset Ur such that U; C Y}) Nm(Lr.),
and any point (o, Yo, uo) € Ur has a neighbourhood B C M such that Y; N B =U; N B

and
UrnNB= {(m,g(x), (;i(x)f +-F (;i(x)f) HE S AﬂV} (5.10)

for some analytic set V.C A with xg € V and a holomorphic function g : A — C, where
A C C™ is a neighbourhood of xg.

PRrROOF. By Facts 5.6, 5.10 and 5.11 we have m(L;o) C Yy, s0 X; C Yy and X
is an algebraic subset of Y. Since any irreducible component of X; is an irreducible
component of Yy, the same holds for w(L;) and Y7, because these sets are projections
onto the space M of some collections of irreducible components of X; and Yj, respec-
tively. In particular, this holds for X ; and Y;. This gives the first part of the assertion.
We prove the “moreover” part analogously to Fact 5.10. O

Let

my: Xrov=(z,y,u) »yeC,
Ty X1 2ov=(z,y,u) —uecC.

We have the following lemma (cf. [17, Lemma 2.12 and Lemma 2.14]):

LEMMA 5.13.  For generic yo € C, i.e. for any yo € C off a finite set, the function
Ty is constant on each connected component of (m,) " (yo).

ProOOF. If dim X; = 0 or dim(m,) ! (y) < 0 for generic y € C, then the assertion
holds. Assume that dim X; > 0 and dim(m,)"!(y) > 0 for generic y € C. Then by
Lemma 5.12, and under the notations of this lemma, we have 7, (U;) = 7, (X ) = C and
(my)"*(y) NU; # 0 for generic y € C.
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Take any yo € C such that (m,) " *(yo) NU; # 0. Take any xp € C" and uy € C
such that (xo,yo,u0) € U;. By Lemma 5.12 there exist a neighbourhood B € M of
(0, Yo, ug) and a holomorphic function g : A — C, where A C C" is a neighbourhood of
xg, such that (5.10) holds for some analytic set V' C A.

Take any smooth curve v : [0,1] — ANV such that g(y(t)) = yo for ¢t € [0,1]. Let
h(z) = ((0g/0x1)(x))*+- -+ ((8g/0z,)(x))? for z € A and take a function u : [0,1] — C
defined by

u(t) = ho~(t).

Observe that the function w is constant. Indeed, by definition of U we see that for any
z € ANV there exists A\, € C such that

Vh(z) = A Vg(x).
So,

u'(t) = Ay (Va(r(2)), /() for t € [0,1],

where (-,-) denotes the standard Hermitian product in C™. Since g(y(t)) = yo for ¢t €
[0,1], we have (Vg(v(t)),7'(t)) = 0, and consequently u'(¢) = 0 for t € [0,1] and wu is
constant. Summing up, the function m, is constant on each connected component of
()~ (yo) N Us.

Since U is a Zariski open and dense subset of X, any irreducible component of
X7\ U has dimension smaller than the dimension of X, and for generic y € C any
irreducible component A of the fibre 7, 1(y) has a dense subset of the form A NU; (see
[28, Chapter 3]). Then by the above we obtain the assertion. O

Since I is an infinite set, it follows that dim L; ¢ > 1, so by Fact 5.10, dimL; > 1,
and since d = deg P > 2, Lemma 4.4 and the definition of Y7 yield §(X ) < d(3d —2)™,
where §(X ;) is the total degree of X ;. So, from Lemma 5.13, the closure of the projection
of X7, W= {(y,u) € C2: J,ccn (z,y,u) € X1}, is a proper algebraic subset of C? and
by Fact 4.3, §(W) < 6(X ). Then there exists a nonzero polynomial @ € C[y, u] such
that

deg @ < d(3d —2)" <R(n,d)—1

and Q(y,u) = 0 for (z,y,u) € X7 In particular, Q(f(o(t), [VA(p()2) = 0 for
t €10,1). Since D = d(3d — 2)" may be odd, by Lemma 5.8(b) we obtain the assertion
of Theorem 2.1 in case I.

5.2. Proof of Theorem 2.1 in case II when ¢([0,1)) C 6.

For any x € 99\ f~1(0) sufficiently close to f~1(0) the tangent spaces to 9§ and
f7Y(f(z)) are transversal, as shown in Lemma 5.3.

We will prove Theorem 2.1 in two dimensions and in the multidimensional case
separately.
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PROOF OF THEOREM 2.1 IN CASE IT FOR n =2. Take a polynomial G € Clz, y, u],
where © = (z1,22) and y, u are single variables, defined by (5.4), i.e. G(x,y,u) =

2 ((OP/0x)(z,y))* — (9P/dy)(z,y))? - u. Let

Yio0={(z,y,u) €C*xCxC:P(z,y) =0, Go(z) =0, G(z,y,u) =0},
oP
YIOI = {(‘Tayvu) € YII,O : aiy(xay) 7& 0}7

Y=Y}
Then for any z € I' N 9Q we have (z, f(x), |V f(x)|?) € Y. Consequently,

(), f(e(t) IV f(o())) € Yo for t € [0,1).

In particular, dim Y ; > 1 and by Fact 4.2 we have §(Y ) < 2d(2d — 1).

Since P is an irreducible polynomial of positive degree with respect to y, for any
y € C\ {0} sufficiently close to 0 the set {z € C?: P(x,y) = 0, Go(x) = 0} is finite, so
the set {(z,u) € C2x C: (x,y,u) € Yy} is also finite. Then the projection

W = {(y,u) S (C2 : 3m€C2($7y7U) c YII}

is contained in a proper algebraic subset of C2. By Fact 4.3,

§(W) < 2d(2d — 1) < R(n, d).

Then there exists a nonzero polynomial @ € Cly, u] of degree deg@ < §(W) < R(n,d)
which vanishes on W. Since 2d(2d — 1) is even, by Lemma 5.8(a) we obtain the assertion
of Theorem 2.1 in case II for n = 2. O

Let us consider the case n > 3. Let € > 0 be as in Lemma 5.3.

By the assumption (2.2), in the definition of the set Y one can take the polynomials
K3 ; of the form (5.6) instead of G ;; also, in the definitions of X and Y, one can take
the polynomials

oP oG

aTci(x,Z/) T%(x’y’u) Li

oP oG
Kyijr(z,y,u) = %j(x’y) T%(x’yau) Zj|,

oP oG

ail‘k(m,y> %(Ivy7u) Tk

instead of Ga; ;1 for 1 <i < j <k <n, where G is defined in (5.4). Then

X = {w = (z,y,u,t,2) € X: Go(x) =0, Kujr(z,y,u)=0,1<i<j<k< n}7
Y= {w = (z,y,u,t,2) €Y : Go(x) =0, Ky jr(z,y,u)=0,1<i<j<k< n}

Let Y70 C M, where M = C" x C x C, be the algebraic set defined by
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YH,O = {(w,y,u) € M : P(Qj?y) = 07 GO(‘T) = 0) G(x,y,u) = 07
Kyiju(z,y,u) =0, 1<i<j<k<n}

and let

opP
Y(I)I = {(:Z:,y,u,t,z) € YII : ?y(xay) 7& 0}7

vh = { (@) € Vo G o) 20}
Y =YY
By an analogous argument to the proof of Fact 5.10 we obtain
Facr 5.14.  The mapping
YY o (2, y,u,t, 2) = (2,y,u) € YIOI
s a bijection.
Let L;; € M x C? be the Zariski closure of the set

LH,O = {(xayauv (Ala)‘Q)) €N xR XR x RQ Y= f(l'), U = ‘Vf(l‘)‘Q’
VIVI(@)P =MV f(x)+ dox}.
By a similar argument to the proof of Fact 5.11, from Fact 5.6(b) we obtain

Fact 5.15.  There exists an irreducible component Lyt . of Ly which contains a
Zariski open, dense subset U such that for any (x,y,u, A1, A2) € U there exist t,z € C"
such that (z,y,u,t,2) € Xqr .« and in particular z = Mt + Aox.

Let
7' M x C? 3 (x,y,u, (A, X)) = (2,9,u) € M,
and let
Xy =7'(Lys).

By an analogous argument to the proof of Lemma 5.12 we obtain

LEMMA 5.16.  The set X7 is an irreducible component of the algebraic set Yij.
Moreover, X 1 contains a Zariski open and dense subset Ury such that Uy C Y?I N
7' (Lyy ) and any point (xo, Yo, uo) € Urr has a neighbourhood B C M such that Y ;NB =
UH N B and

Uy NB = { <x,g(x), (;i(x)f +o ((jﬂi(@)j cxeAN v} (5.11)



296 B. OsINSKA-ULRYCH, G. SKALSKI and S. SPODZIEJA

for some analytic set V.C A, where xg € V and Gy vanishes on V', and a holomorphic
function g : A — C, where A C C™ is a neighbourhood of x.

Let
Ty Xgp3v=(r,y,u)»yeC, m:Xg>3v=(z,yu) —uecC.
We have the following lemma (cf. Lemma 5.13 and [17, Lemmas 2.12, 2.14]).

LEMMA 5.17.  For generic yg € C the function m, is constant on each connected

component of (1)~ (yo).

PROOF. As in the proof of Lemma 5.13, we may assume that dim X;; > 0 and
dim () "' (y) > 0 for generic y € C. Then by Lemma 5.16, and under the notations of
that lemma, 7, (Uy) = 7, (X 1) = C and (m,) "' (y) NUp # 0 for generic y € C.

Take any yo € C such that (m,) ! (yo) NUs # 0. Take any zo € C" and uy € C such
that (zo,yo,u0) € Urr. By Lemma 5.16 there exist a neighbourhood B € C™ x C x C of
(0, Yo, ug) and a holomorphic function g : A — C, where A C C" is a neighbourhood of
xo, such that (5.11) holds for some analytic set V' C A such that Gy vanishes on V.

Take a smooth curve v = (y1,...,7) : [0,1] = ANV such that g(7y(¢)) = yo. Then

Go(v(#)) =0 for t €]0,1]. (5.12)

Let h(z) = ((0g/0x1)(x))? + - -+ ((0g/0xy)(x))?, z € A. Take a function u : [0,1] — C
defined by

u(t) =hon(t), telo,1].

Observe that the function « is constant. Indeed, by definition of Uy, for any x € ANV
there exist A1 ;, A2 € C such that

Vh(z) = M Vg(z) + Aoz

So

u'(t) = M (Vg(1(1), 7 (1) + Aoy (7(2), 7/ (1)) for ¢ € [0,1].

Since g(y(t)) = yo, we have (Vg(y(t)),7(t)) = 0 for ¢t € [0,1]. Moreover, by (5.12)
we have (v(¢),~'(t)) = 0 for ¢ € [0,1]. Consequently, u'(¢) = 0 for ¢t € [0,1] and w is
constant. Summing up, the function m, is constant on each connected component of
(my) " (yo) NUyr. Since Upr is a dense subset of X j7, we obtain the assertion. O

Since I' is an infinite set, we have dim L;; o > 1, so by Fact 5.14, dim L;; > 1, and
since d = deg P > 2, Lemma 4.4 and the definition of Y, yield 6(X ;) < d(3d — 2)™.
So, from Lemma 5.17, the closure of the projection of Xz,

W= {(%U) € C?: Jpecn (z,y,u) € XU},
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is a proper algebraic subset of C? and §(W) < §(X 7). Then there exists a nonzero
polynomial @ € Cly, u] such that deg@ < 2(3d — 2)" < R(n,d) — 1 and Q(y,u) = 0 for
(z,y,u) € X . Since D = 2(3d — 2)™ is an even number, by Lemma 5.8(a) we obtain
the assertion of Theorem 2.1 in case II.

5.3. Proof of Theorem 2.2.
Analogously to the proof of Lemma 5.13, we prove that the set

W= {(yau) eC?: ElJCE(C" EltEC" ElZE(C" (Iayau7tvz) € Y[}

is a proper algebraic subset of C2. Moreover, by Fact 5.7 we have 6(W) < 6(Y;) <
2d(2d—1) if n =1 and §(W) < §(Y;) < 2(2d—1)3"*! for n > 2. Then by Lemma 5.8(a)
we obtain the assertion of Theorem 2.2 in case I. An analogous argument gives the
assertion in case IIL.
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