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Abstract. Let M be a non-doubling parabolic manifold with ends and
L a non-negative self-adjoint operator on L?(M) which satisfies a suitable
heat kernel upper bound named the upper bound of Gaussian type. These
operators include the Schrédinger operators L = A4V where A is the Laplace—
Beltrami operator and V' is an arbitrary non-negative potential. This paper
will investigate the behaviour of the Poisson semi-group kernels of L together
with its time derivatives and then apply them to obtain the weak type (1,1)
estimate of the functional calculus of Laplace transform type of v/L which is
defined by M(VL) f(z) := [5° [\/Ze*tﬁf(a:)]m(t)dt where m(t) is a bounded
function on [0, 00). In the setting of our study, both doubling condition of the
measure on M and the smoothness of the operators’ kernels are missing. The
purely imaginary power L**, s € R, is a special case of our result and an
example of weak type (1,1) estimates of a singular integral with non-smooth
kernels on non-doubling spaces.

1. Introduction.

Let (X,d, ) be a metric space equipped with a metric d and a measure p. We
assume that T is a bounded linear operator on L?(X) with an associated kernel k(z,y)
in the sense

Tf(z) = /X k(e 9) £ (0)du(y) (1.1)

for all continuous functions f with compact support and for almost all  not in the
support of f.

In the standard Calderén—Zygmund theory, sufficient conditions named doubling
condition and Hérmander condition were established to get the LP boundedness of sin-
gular integral T on LP(X) for p # 2. Let us recall that

e A measure p on the space X is said to be doubling if there exists some positive
constant C' such that for all balls B(z,r) = {y € X : d(z,y) < r},

0 < u(B(x,2r)) < Cu(B(z,r)) < oo

forall z € X and r > 0.
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e The associated kernel k(x,y) satisfies the Hormander condition if there exist posi-
tive constants ¢ and C such that

/ |k(x,y1) — k(z,y2) |du(z) < C
d(,y1) > cd(y1,2)

uniformly of y1, yo.

Under these conditions, we can show that the operator T is of weak type (1,1). Then by
Marcinkiewicz interpolation and duality, T' is bounded on LP(X) for all 1 < p < oo.

Although the Calderén—Zygmund theory is well established, there are many prob-
lems in which the assumptions of this theory are not fully satisfied. For more than
twenty years, a lot of research has been done to develop this theory. Those studies can
be classified into two main directions.

In the first direction, ones have studied singular integrals on non-homogeneous spaces
(i.e., spaces do not satisfy the doubling condition). Authors that have made significant
contributions to this direction are Nazarov, Treil, Volberg, Tolsa and others. However, to
obtain the boundedness of singular integrals, a certain strong regularity on the associated
kernels is needed as a compensation for the lack of the doubling condition, i.e., the Hélder
continuity on the space variables of the kernels (see [16], [17], [18], [20]).

In the other direction, many scholars have focused on singular integrals with non-
smooth kernels (i.e., kernels do not satisfy the Hérmander condition). Substantial
progress of this direction has been made by Auscher, Coulhon, Duong, Martell, McIntosh
and others. Their studies showed that the weak type (1,1) estimates can be obtained
when the Hérmander condition is replaced by a weaker one (see [1], [3], [12], [11]).
However, the achievements in this direction are mostly obtained for operators acting on
doubling spaces.

Recently, a great number of researchers have investigated singular integrals with non-
smooth kernels acting on non-doubling spaces. The interesting and challenging thing of
this approach is that both key conditions of the standard Calderén—Zygmund theory
are missing. Notable improvements are of [2], [5], [10], [15] and others. Those authors
achieved weak type (1, 1) estimates and then the LP boundedness for some certain singular
integrals with non-smooth kernels on non-doubling spaces.

In [14], Grigor'yan, Ishiwata and Saloff-Coste achieved the sharp estimates for heat
kernels of the semi-group e~ *® where A is the Laplace-Beltrami operator on parabolic
manifolds with ends. Motivated by the work in [2] where authors obtained weak type
(1,1) estimate for the holomorphic functional calculus of Laplace transform type on non-
doubling Riemannian manifolds with ends R™#R" for m > n > 3, we aim to study the
boundedness of such operator on a new setting space, i.e., the parabolic manifolds with
ends (see [14]). Although the method used in [2] is powerful, it cannot be directly applied
to our setting. The difficulty originates from the heavy dependence on the position of
x, y on manifolds and the occurrence of log terms in the estimates of the heat kernels
gi(x, ) of the heat semi-group e~**. For example (see [14] for details)
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2 .
efb(d (z,y)/t) if |J;| > ﬁ,

|z| \/%> :
1+ = log 7~ if |z], ]yl < V1,
< vt Yl

t
1og|*y[eb<d2<w>y>/“ if J2| > Vi lyl,

gi(x,y) ~

S| = k| = | =

for t > 1,z € R' and y € R2. Therefore, we have to carry out a number of subtle
decomposition and employ particular treatments for log terms.

We first recall some basic facts about the parabolic manifolds with ends studied
in [14]. Let M be a complete non-compact Riemannian manifold and K C M be a
connected compact subset of M with non-empty interior and smooth boundary such
that M\ K has k non-compact connected components Fi, Es, ..., Ex. We refer to each
E; (i=1,...,k) as an end of M and K as its central part. We also assume that each F;
is isometric to the exterior of a compact set in another manifold M;; therefore, M can
be written as follows:

M = MygMof - - - M.

For a fixed integer N > 0, take an arbitrary integer m € [1, N]. The manifold R™ is
defined by

R =Ry x SV and R™ =R™ x SN=™ for all m > 2.
Thus, we can construct a finite connected sum of the R™’s:

M = R™ER™4 .- fR™,

where my, ma,...,my € [1, N].
We note that a manifold is called parabolic if any positive super-harmonic function
on M is constant. This implies that mq,ma,...,mr < 2. We refer the readers to [13,

p.164] and [14, p.5] for more details.

For the sake of simplicity, we restrict ourselves by setting M = R'#R?. The assump-
tion of our main result is the so-called upper bound of Gaussian type which is originated
in [2].

DEFINITION 1.1. Let A be the Laplace-Beltrami operator and L a non-negative
self-adjoint operator on L?(R'#R?). We say that the heat kernel g;(z,y) of the operator
e~*L has an upper bound of Gaussian type if g¢(, %) satisfies the following estimate

’gt(xay” S Cgat(xay)v (12)

for some positive constants C' and «, where g,¢(,y) is the kernel of the heat semi-group
—atA

e

We notice that operators whose heat kernels satisfying Definition 1.1 include the
Schrodinger operators L = A 4+ V where V is a non-negative potential. Moreover, by
using the inequality (1.2), we can deduce the upper bounds of the heat kernels of the



706 H. C. DoAN
operator e~ Y from the upper bounds of the heat kernels of the operator e *4.

From now on, we always assume that L is a non-negative self-adjoint operator whose
kernel has an upper bound of Gaussian type. The following theorem is our main result.

THEOREM 1.1.  Let L be a non-negative self-adjoint operator on L?(R'4R?) whose
heat kernels have upper bounds of Gaussian type. Let zm(ﬁ) be the holomorphic func-
tional calculus of Laplace transform type of V'L defined by

ML) f(z) := /O h [\FLe*tﬁ f(a:)] m(t)dt (1.3)

where m(t) is a bounded function on [0, 00).
Then the operator M(V'L) is of weak type (1,1) and is bounded on LP(R'4R?) for
alll < p < oo.

REMARK 1.1.

(i) Theorem 1.1 covers the purely imaginary power L, s € R, which is an example of
singular integrals acting on non-doubling spaces whose kernels do not satisfy the
Hormander condition.

(ii) The subordination formula was employed to overcome the lack of estimates of the
time derivatives of the Poisson kernel based on the estimates of the heat kernel
of the operator e *4 obtained by [14]. We then use this result to estimate the
holomorphic functional calculus of Laplace transform type Sm(ﬁ)

(iii) The approach of our study can be adapted to other manifolds, e.g., M = RUYR'HR2,
to obtain the weak type (1,1) estimate of M(v/L).

The paper is organized as follows. In Section 2, we investigate the estimates of the
time derivatives of the Poisson semi-group kernels based on the upper bounds of the heat
kernel obtained by Grigor’yan, Ishiwata and Saloff-Coste (see [14]). In the last section,
we then use these estimates to achieve the boundedness of the holomorphic functional
calculus of Laplace transform type 9t(v/L).

2. Time derivatives of Poisson semi-group kernels.

We recall here the parabolic manifold with two ends R'#R? as well as the behaviour
of the heat kernel g;(z,y) of the operator e~*» obtained by Grigor’yan, Ishiwata and
Saloff-Coste (see [14]) where A is a Laplace-Beltrami operator on R'R?.

For each € R'R?, the modulus of x is defined by |z| := d(x, K)+ 1 where d is the
geodesic distance on R'#R? and d(x, K) = infyex d(x,y). The geodesic ball with center
x and radius r > 0 is defined by B(x,r) := {y € R*R?: d(z,y) < r}.

We denote by V(z,r) the measure of the ball B(x,r) on R*R?. Then we have

(i) V(x,7) ~r? for all x € R'R?, when r < 1;
(ii) V(z,r) ~r for B(x,r) C R', when r > 1; and

(iii) V(z,r) ~7r? for v € RN\K, r > 2|z| or x € R%, 7 > 1.
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Based on these properties, it can be verified that the doubling property does not hold
for the manifold R'4R2.
The following theorem is the result obtained in [14].

THEOREM 2.1 ([14]). Let A be the Laplace-Beltrami operator acting on the man-
ifold RMR?. The heat kernel gi(z,y) associated with the heat semi-group e *» satisfies
the following estimates:

1. Ift <1, then

o~ b(d(2.9) /1)

for all x,y € RYR?;
2. Ift > 1, then
(i) Forx,y € K

C vd?(a
ge(z,y) = ?e b(d*(z,y)/t)

i

(i) Forz € RA\K andy € K

(i) |2| > VA,
ge(x,y) = %e*b(dQ(zay)/t);
(ii2) |z < V4,
C
gt(xay) ~

t
(iii) Forxz € RN\K andy € K
(iiiy) |z| > V¢,

ge(z,y) =~ Cbit e b(d (z.y)/1).
) t 3

(iii2) |2 < V72,
C z - €T,
gt(xay) ~ ? (1 =+ \/i 10gt> e b(d2(~7J)/t);
(iv) For z € R"\K andy € R*\K
(iv1) |yl > V2,

C

_ 2 z
gt(fail/) ~ 76 b(d™( ,y)/t);

(iva) |2],lyl < V2,
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(ivs) |z > vVt > yl,

C N .
ge(z,y) = ?logme b(d*( »y)/t);

(v) For x,y € R\K

(vi) |z]Jyl < V2,
ez, y) ~ % (1 N |x\%, N |x|;i|y| 1ogt) A ),
(va) |z >Vt >yl
ge(z,y) ~ % (ly| + logt) e~ b @)/b),
(v3) ly| > vVt > |zl
ge(x,y) ~ % (|z] + logt) e*b(dQ(w,y)/t);
(va) [z Jyl > V2,
gila,y) ~ % UL )/,
(vi) For z,y € R®\K
gi(z,y) ~ ¢ e (@ (zy)/t)

4
Following is a result in [9].

THEOREM 2.2 ([9]). Let Ma be the mazimal operator defined by Maf(z) =
sup,~o le 2 f(x)]. Then Ma is of weak type (1,1) and is bounded on LP(R'R?) for all
1<p< oo, e,

IMallzr(r1sr2) < Cll fllLr(r14R2)-
REMARK 2.1. Due to the inequality (1.2) in Definition 1.1,

(i) Theorem 2.2 still holds if A is replaced by L. More specifically, the maximal
function M, f(x) := sup,~¢ le 7t f(z)| where f € LP(R'R?) is of weak type (1,1)
and is bounded on LP(R'R?) for all 1 < p < oco.

(ii) The upper bounds of the heat kernel g;(x,y) of the semi-group e~ have the same
form as those of the heat kernel g;(x,y) of the heat semi-group e~*4.

Next, we will study the behaviours of the kernel of the Poisson semi-group e t*

and its time derivatives. Let k € N, we denote by p; r(z,y) the kernel of the operator
(t\@)ke_tﬁ which includes the Poisson semi-group e VL, To simplify notation, we
write pi(z,y) instead of p;o(z,y). The following is the estimates of p; x(z,y) on the
manifold R'R2.
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THEOREM 2.3. Fork € N, we set kV 1 =max{k,1}. Then the kernel p, ;(z,y) of
the operator (t\/f)keftﬁ acting on the manifold R*R? satisfies the following estimates:

1. For z,y € R?,

e )|<€ _t
pt,k Z,Y)| = t2 d(l’,y)+t

)

:l kVv1+42

2. Forx e R\K,y € K orx,y € R"\K,

¢ kV1+42 CQ ¢ kVv14+1
PSP SN <Y S
’ t2 |d(z,y) +t t |d(z,y)+t
3. Forz € R\K,y € R?\K,
kV1+2 kV141
t C t
ISP SN - 1 S
’ t2 |d(z,y) +t tlyl Ld(z,y) +1

LEMMA 2.1. Fork € N and for all x,y € R'{R?,

k k+2
(0 /oo YV L @eyrynds (Ot T
0 \/g § s t2 d(xv y) +1 ,

k k+1
(i) /“ BN L @@aprtynds SOt T
v \Vs/) Vs s — t |dzy)+t

PROOF. (i) One has,

o k
/ (t) le—b((cﬁ(w;y)”?)/s)@
0o \Vs/ s s
d?(z,y)+t> oo F
_ / (z,y) +/ <t> le—b((dZ(x,y)-i-t?)/S)ﬁ
0 d?(z,y)+t2 Vs) s ’

= F+ F.

Noting that e=?(@*@n+*)/9) < € [s/(d?(z,y) + t2)]* for all a > 0; therefore, by

choosing some suitable a > 0,

bec h /dz(w,y)+t"‘ 1 ds . C " k+2
+t2]* J, sk/2Hl—a g = 2 | d(z,y) +1 ’

[ (2 y)
and
T [@2(@,y) 27 Sy SHFI s T 82 [ d(x,y) +t '

This follows (i).
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(ii) Using the same arguments as those in (i),

oo k o0 k? «
/ 2V L @ em+eyn S o C/ Lty Ly s |ds
0o \Vs/) Vs s = Jo \Vs/) Vs |d(zy)+t2] s

< tk /°° 1 ds
=@y oT Jy sEEE

|: t :| k+1
d(z,y) +t]
for some suitable « > 0. O

PrOOF OF THEOREM 2.3. Though the kernel’s behaviours of the heat semigroup
were obtained in [14], there is no further information about the estimates of the time
derivatives of the Poisson semigroup e~tVL. To achieve the estimates of the kernel upper
bounds of the operator (t\/f)ke_tﬁ (k € N), we employed the technique in [2, Theo-
rem 2.2]. The main idea is to use the subordination formula to obtain those estimates via
the known heat kernel upper bounds in [14]. However, unlike those in [2] where the heat
kernel upper bounds are sharper than the Gaussian upper bounds, the heat kernel in our
setting does not satisfy the Gaussian upper bounds due to the occurrence of logarithmic
terms (e.g., the terms (1/s) log(y/s/[yl)e (@ @0/ and (1/s)(1+ (jal//5) log(v/3/Iy]))
in the heat kernel upper bounds).

Therefore, treatments for the heat kernel which does not satisfy the Gaussian upper
bounds need to be modified to obtain good estimates which ensure the weak type (1,1)
property of the operator sm(ﬁ) in Theorem 1.1.

The first part of our proof is quite standard, see [2], [4]; however, for the sake of
completeness, we provide it here.

Note that, by the subordination formula,

LB L [Tt ds
27 Jo Vs s

Then, taking its k*" derivative, we get that

e

T tk 2 ds
L k_—tVL —(—1 k k —t%/4s\ ,—sL
(tVL)*e (-1 37 ), o (te Je o

_ (71)](3#»1 i > 85—0—1 (67t2/4s)est£

VT Jo Vs
This implies that

k
k1 U ds

pt,k(xvy) = (_1) ﬁ Ooo aéﬁ_l (67t2/4s)gs('x’y>$7 (21)

where g (z,y) is the kernel of e™5~.

Let v > 0 and k € N. By Faa di Bruno’s formula, we can write

s (e—tz/u) _ Z (=1)mtm2(k 4 1)12m™ otV (t)ml (1)m2

mqlmo! v v
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where the sum is taken over all pairs (mq, m2) of non-negative integers satisfying m +
2mgy = k + 1. For such a pair (mq,ms), there exists a constant C' > 0 such that

_tz/y ¢ mi 1 mo _t2/,, ¢ mq 1 mi1+2meo
e — — = e R — JR—
v v N N
) 1 \Ft1 £ \FH
S C’Biit /v <\/;) max 1, <\/17> .
Combining all the above estimates, we get

k+1
< Ce P/ (1> . (2.2)

‘8f+1(6—t2/y) N

From (2.1) and (2.2) we deduce that

t

|p (1- y)| < L/Oo e_tz/Ss k |g (1. y)|@
t,k 9 = 4ﬁ o \/g s 5 s .

Note that the upper bounds of the heat kernel gs(z,y) are analogous as those in The-
orem 2.1 due to Remark 2.1(ii). To get the estimates of p; x(z,y), we split the above
integral into two parts:

@)= g /0 et (})k 0| 2

and

o C o0 —12/8s t k ds
J(2,y) = m/l e % |gs(m7y)|?‘
Applying Theorem 2.1(1), and then Lemma 2.1(i), we have
C ! 2 t k 1 2 ds
T < = —t*/8s [ ) Z o—b(d(zy)/s) 22
(x,y)_4ﬁ/0 ¢ (\/§> s ¢ s

o0 k
< 0/ <t> 1 (@ (@a)+t2)/s) 3
0 Vs) s S
C '

IN

k+2
t {d(x,y) + t] '
For the latter part, J(x,y), we have some observations as follows:

(a) If z,y € R?, by Theorem 2.1(2), the heat kernel g,(x,y) has the Gaussian upper
bound; hence, by Lemma 2.1(i),

C t k+2
j(xay) < 72 [d(%y)—l—t:| .
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(b) In other cases, the heat kernel upper bounds vary depending on the positions of
the variables x,y on the manifolds and the modulus of these variables against the
value of the time scaling s. Further, most of them no longer satisfy the Gaussian
upper bound due to the influence of logarithmic terms. Therefore, we will apply
particular analyses for each case.

Case 1: z € R"\K,y € K.

J(@,y) N </lx| /|x|2> o () 8s(@9) ’ds

=T+ Ja.

As for J7, by Theorem 2.1,2.(ii; ), we have

|| k
T < C/x ot?/ss (L) 1085 pa(an)/s) 35
B \/g S S

<C/ < )logs —b((d? () +17)/5) 45
S

t\" 1 b 2y /4 ds . log s
<C — ] —= 2T/ since <C.
- \/s s s’ N

Then, by Lemma 2.1(ii),

IN

k+1
Ao P
t |d(z,y)+t

As for J5, by Theorem 2.1,2.(iiz), we have

o) k
Jo<C | et (t) 1 <1 g s) b () /) 95
a2 s

Vs Vs s
k
<o [T (LY 1wy ds
- |x\2 \/g S S

fe'e) k
Lo (t> 1lzllogs _b((@(ay)+e2)/s) 3
|z‘2 \/E S \/g S
=: J21 + Jo2.

Note that, by Lemma 2.1(i),

C ¢ k+2
< = |— .
T = {d(x,y) +t]

As for Jo,

o 1 |z| logs 2 2y 70y A
_c t (A () +47) ) 05
ez (f) s Vs s

|2
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00 k
t 1 2 2 ds
<C L) @ @+ o) 48
- <\/§> NG ¢ s’

|2

since |z| < /s and log s/+/s < C.
Then, by Lemma 2.1(ii),

C ¢ k+1
< | :
T =g [d(fmy)ﬂ}

Hence,

Ch t e Co t o
j($7y)<,g2[cl(az,z/)4ﬂf] +t{d(x,y)+t} '

Case 2: x € RN\K,y € R*\K.

e e ([ ) () i

= T3+ Js.

The estimate of J3 is omitted since the heat kernel gs(x,y) has the Gaussian upper
bound.
As for Jy, we consider the two following cases.

(iv1) If |z| < |y| then, by Theorem 2.1,2.(ive), we have

|gs(z,9)| < ¢ (1+ 136['1 ‘j) .

Therefore,

k
< e t\ 1 [z, Vs ds
Az [ () S0 )
! ly2 Vs) s Vs oyl

k
<[t 1 || NZANE Y
<C <> <1—|—log ) t7/8s 22
|yl Vs Vs lyl S

k
o t 1 2 ds
< C/ () 76715 /8s “°
ly|2 \/g S

»

V2]

0o k
+C (t) lmlogﬁe—tz/% ds
ly|2 Vs) s/ |yl s

=T + Ju2.

It should be noted that |z|, |y| < v/s and d(z,y) =~ |x| + |y|; therefore,

o=t /85 < Ceb(d (@) +)/3).

where C' is a positive constant.
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So,

o0 k
Tu<C LY L e@ ey /) 95
— S \VE/) s s

o]

00 k
Ja2 < C/ <t> 1ys et /8s ds
\

<

DI Q

As for Jy2, we have

. C °°<t>k 1 emeds
Tyl Sy \Vs/) Vs s

By using similar arguments as those for J;1,

oo k
¢ ( t ) L (@ @a)+tt)/s) 3

Jaz < — — | —=
|yl ly|?

VEVARE 5

k+1
< {t } .
tlyl Ld(z,y) +1t

(ive) If |z| > |y| then we have

o Y A Y ds
=1 </| +/$|z> () ol
= Tuz + Ju4.

As for Ju3, by Theorem 2.1,2.(ivs), we have

’Els(l’, y)| < ¢ log ﬁ e b(d*(z.y)/5)
& Y

Hence,

jaf? k
Tu<c [ et (’5> Liog V& e/ 95

2 NZYA |yl 5
P k

<c[” <t> 1V ey 9
e \Vs/ syl ’

k
Q/oo <t) L @@y 88
lyl J1 Vs Vs §
C

¢ k+1
oot ]
tlyl Ld(z,y) +1

As for Ju4, by Theorem 2.1,2.(ivy), we have
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k
9 t 1 || Vs\ ds
Juu <C et/85<> <1+1g> .
“ || Vs) s Vs lyl

Arguing similarly to the estimate of J4 in the case (ivy), we have

C + k+2 C ¢ k+1
12 |d(x,y) +t tlyl Ld(z,y) +t

Case 3: z,y € RI\K.
Due to the symmetry of the heat kernel upper bounds in this case, we only need to
consider the case |z| < |y|. We now decompose

e ([ ) ()

=I5+ Js + J7.

As for Js5, by Theorem 2.1,2.(v4), we have

z|? k

/ s (YL @ anss 45
o k

/ ) L @@ty 35

1 Vs) s s

R
IA
Q

As for Js, by Theorem 2.1,2.(v3), we have

C i
a5, y)| < = (] +logs) e /),

Then,

| /\

k
/ —t /ss( i > 1(|z| Jrlogs)efb(dz(m’y)/S)@
|z|? Vs/) s

S

\ /\

( > = (|z| +log s) e —b(( () +2)/5) 95

/I|2 ’
k
/y o b(d(@y)+t7) /) ds
N s
+C

ly|?
(t> 1085 (@@ +)/9%  Gice o] < V3
S

o2 \V3/) s
e[ ()

+C/ ( ) 1985 —b((a?(e.0)+7) /) 95

S

\ /\

k
L @@+ 8
S
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C n k+1
<= |l .
~t |d(z,y) +t

As for J7, by Theorem 2.1,2.(vy), we have

¢ x x|+ (e /s
g5 ()l < — (1 + ] + =] + 1yl log S) o —b(d2(@y)/5)

Vs Vs
Hence,
k
< e t\ 1 |zllyl |l + ] —b(d? ds
7 < C/ o—t2/8s () 1 (1 N N log s | e—b(@(@w)/s) 45
oE Vs) s Vs Vs s
k
VL |zllyl [z + Iyl —b((d? 2)/s) 48
<C ~ ) = (1 1 ((d*(z,y)+t*)/s) 22
- |y2(\/§> 5( MV IR R s
k
<o (LY (L) @ eneysds
B EANEV AR IRE s’
since |z|, ly| < /s and logs//s < C
By Lemma 2.1(i) and (ii), we have
< o . k:+2+ G . k+1
"= d(n,y) +t t ldlzy)+t]
The proof is complete. O

3. The Holomorphic functional calculus.

We now present the proof of our main result, Theorem 1.1. The method of proof
here is based on the Calderén—Zygmund decomposition and the method of Duong and
MclIntosh [11]. We make use of the technique in [2] in order to deal with the blowing
up of non-doubling volumes of balls on the non-doubling manifolds with ends to get the
weak type (1,1) estimate.

Proor. We first note that the LP boundedness of M(v/L) for 1 < p < oo can be
obtained by the Littlewood—Paley theory [19] or transference method [7]. Therefore, we
just need to prove that the operator 9(v/L) is of weak type (1, 1), i.e., there is a positive
constant C' such that for all functions f € L(R'#R?) and for every A > 0,

{o e R4R | VD) ()| > M| < Sl roareny (3.1)

Then, by the Marcinkiewicz interpolation and duality, 9%(v/L) is bounded on
LP(RYR?) for all 1 < p < oo.
Let us consider the following inequalities:

Hx € RA\K : Em(ﬁ)f(x)‘ > )\H < %

Il (rrgR2)s (3.2a)
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{o e rE | WD) 1) > 0] < Sl crecns,

{oe [ mD) 7@ > A} < Sl romen

We now set fi(z) = f(z)xr2\k, fo(®) = f(2)xru\x and f3(z) = f(z)xx

write

f=fi+fo+ f3.

ey

(3.2b)

(3.2¢)

. Then we can

Since 9M(V/L) is a linear operator, the estimates of (3.2a), (3.2b) and (3.2¢) can be

obtained by exploring the three estimates below:

erRQ\K: S)Jt(\fL)f(x)’>)\H<erR2\K ]zm L)fi(x )\

+er722\K ]sm D) folz )‘ 3}’

+

= I + 1+ I,

Hx e RI\K : fm(\fL)f(x)’ > )\H

IN

erRl\K ’93? L) fi(= )‘

+er721\K ]sm L) fola )‘

{xeRQ\K ]sm ) fs(a )‘ 3}’

3

A

A

3
A
3

+H:ceR1\K ]sm D) fa(z )‘ ;}’

=: IIl —|—IIQ —|-113,

and
erK:‘Sm(\FL)f(:r)’>>\H<Hx€K | ML) fi(2)] >
+Hx€K ‘E)JT L) fa(x )’
+H:ceK ‘93? L)fs(x )’

= II1L + 111, + III;.

To get the desired estimate (3.1), we aim to prove that each of the terms above is
dominated by (C/A)||fllz1(r14r2). To do this, we will investigate the following terms:
Iy,I5, 111 and II5. The rest can be handled by an analogous approach with some adjust-

ments.
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3.1. Estimate of I;.

Observing that, in this case, z € R?\K and function f; is supported on R?*\K
which is a homogeneous space (in the sense of Coifman and Weiss, [6]); therefore, we can

construct a sequence of disjoint dyadic cubes {Q1,;} on R? (for reference, see [2]) and
then employ the Calderén—Zygmund decomposition to decompose function

fi@) =gi(@) +bi(z) = gi(x +Zbu

such that
(a) |g1(x)| < OX for almost all x € R?\K;

(b) the support of each function b; ; is contained in @)1 ; and

/ b1,i(z)]|dz < ONQ14;
1,4

C
c) Z Q1] < X /R?\K |f1()|dz;
ZXQ“ <

where xq, , is the characteristic function of Q1 ;.
Hence, we have

I < Hx € RA\K : ‘sm(ﬁ)gl(x)! > QH

{ Rz\K \USQl i - ‘ L)Zbl’l(iﬂ)

=:I11 + Lo + L1s.

+

S 2
6

Using the facts that 9%(v/L) is bounded on L?(R?) and |g1(2)| < C), it is easy to verify
that

+ Ung,i

2 C C
I < *Hfm L)g1[[ 2oy < p”gl\\%z(nz\m < S ller(rrgr2)-

Since (c) and the doubling property of R?, we have
Iz < CZ Q| < Hfl”L1 (R14R2)-

The estimate of the bad part I;2 was based on the method of Duong and McIntosh (see
[11]). In addition, we employ a particular refined classification of the dyadic cubes {Q1;}
in [2] to deal with the lack of power of the time scaling ¢ in the kernels’ upper bounds,

ie., (C/tly)[t/(d(x,y) + 1)]*.

Hence, we split all the cubes ()1 ;’s into two groups:
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Jp = {z : none of the corners of @); ; is the origin}7
and
Jg = {z : one of the corners of @)1 ; is the origin}.

We then write

\/E)Zbu me L)byi(x +Z9ﬁ L)byi(x

1€J1 i€T2

For each ¢ € 71, we further decompose

m(\/Z)bl)l(J}) = Dﬁ(\/f)e_“ﬁbl,i(x) + gﬁ(\/z) (I — e_tiﬁ) bLi(.’L‘),

719

where {e_t‘/z}t>0 is the Poisson semi-group of L studied in Section 2, and for each i, t;

is the size length of the cube Q1 ;.
Hence, we have

{ RQ\K\USQ“:

Iis <

VL) ( > fb) (@)

€T,

+ {I c (R2\K)\U8Q171 : |9ﬁ(\/Z) ( Z bl,i) (.’,E)
) 1€J2

=: I1o1 + I1o2 + I123.

It can be verified that we can get the estimate

C
Iip; < X”leLl(’thiRz)’

if the following estimates

Z e*tiﬁblﬂ,

< ORI 11174

Ll(RlﬁRQ)?
€T L2(R2\K)
> eIy < O fu i,
€71

L2 (R'N\K)

and

< ON2 |l Ry

Z eftiﬁblﬂ,

€7,

L*(K)

are held.

+ {x € (RQ\K)\USQM : ‘im(\/f) lz (I— e_t“/z) b1
i i€

(3.5)
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To estimate (3.3), let us consider the function e_t'i‘/fbl’i(:v) for z € R?\K. Since
@) = [ e b,
R2\K
applying Theorem 2.3(1), we obtain that
e*“ﬁbu(ﬂﬁ)’ S/ e, (2, 9)] [b1,:(y)|dy
R2\K

1 t: 3
<C Ity )ldy = F
T Jrak ] {d(x,y)ﬂi] [b1,i ()| dy

It should be noted that in this case * € R*\ K and Q;,; C R?\K is the dyadic cube with
none of its corners being the origin; therefore,

Sp < nf
220, [, 2) 1P T e [d(w2) + 4
Hence,

F; <C sup til?)/ |b1,i(y) |dy

2€Q1,i [d(.T,Z) + ti] R2A\K

. t;
<C inf — MO,
- z€1rQ111 [d(:v,z) +ti]3 |Q1’ |

t,
< C)\/ ————x0,,(2)dz,
r2\k [d(z,2) + ;] @1:(7)

where x(, , is the characteristic function of Q1 ;.
For any function h € L*(R*\K) with ||h[|2(r2\ k) = 1, we get that

[(F3, b)) :C/\/RQ\K AQ\KMM(@MWQM@)@

where My is the Hardy-Littlewood maximal function on R*\ K.
As a consequence, we obtain that

|<Z Fh> < CA <M2<h>, > XQM> :
1€J1

i€J1
S

i€7,

which yields

<CA
L?(R?\K)

Z XQu,

1€,

R2\K
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1/2
< COA (Z |Q1,i|>

1€7,

||f1 ||L1(R1u1z2
2\1/2

< CAl/Q ||f1||L1 (R14R2)"

So

< ON/? | All it sy
L2(R?\K)

2 F

€71

Z 67tiﬁb1,¢

1€TJ1

L2(R2\K)

To estimate (3.4), we consider the function e‘tiﬁbu(m) for x € R'\K. Since
6_“@1)1,1‘(30) :/ pe.(z,y)b1,i(y)dy,
R2\K
applying Theorem 2.3(3), we obtain that

@< [ )] )l
R2\K

Cy t; S, { t, r
= 2 bii(y)|d
B /722\1( (t? {d(fﬂ,y)thJ Tl L@y 1 |b1,i(y)|dy

Ch t; 3
< —= —_— b1 d
Tt Jrak [d(ﬂf,y) +t1} [o14(4)]dy

Co [ ti ]2

— — | |b1i(y)|dy

tilyl Jrak Ld(@,y) + 1 [b1(v)]
=: Gy, + Gai.

The first term G ; could be estimated similarly to F;. To handle the second term Go ;,
we observe that the distance of Q);; to the central part K is comparable to the side
length of Q1 ; for all i € J;, since none of the corners of )1 ; is the origin. Therefore,

sup |z|~ inf |z|. 3.6
S |~ nt e (3.6)

Taking (3.6) into account, we then have

1 t;
GQ’i S C 4]2 ‘bl,z(y)‘dy

revie [yl [d(z,y) +
1 t;
< C sup —71/ b1,i(y)|dy
2€Q1,; Z‘ [d(a:,z) + ti]Z RQ\K| |

1 t:
<C ot L b (g
~ 261%1,1' Z‘ [d(er’Z)-i—tz]Q »/7?,2\K| 1,l(y)| Y
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1 t:
<CA el (2\da.
- /7z2\K 2| [d(, 2) + t;]? X (2)d

So for any h € L*(R'\K) with [|h||z2r1\x) = 1,

1 t;
ih A — 3 _|h(z)|d (z)d
(Gl SO [ PTG TR Mo 1
<CA T(h)(z)Xle(Z)dZa

R2\K
where the operator T is defined as follows
1 t;
T(h)(2) ::/ — —————|h(z)|dx.
o Fl ) 7P ")

We will show that 7 is a bounded operator on L?(R?\K). In fact, since d(x, z) ~ |z|+|z|
for all z € R'\K and z € R?\K, we get that

1 t?
2 2
||T(h)||L2(R2\K) < Hh||L2(R1\K) /R?\K /RI\K W(d(m,z)z—kti)‘* dxdz
<Ol [ [ e
- PR Jravie Jrvge 122 (|2 + [2] + t)*
2

1
< Ol / / T dedz
1Al Z2(m0\ k) revie Jriv 1212 (2] + )3 2]

1 o\ 1
( > da:—?)dz
ro\K Jrivk B \|z] + 1 |2

< ClA1 ok
< CllhlFs (ra ey

As a consequence, we obtain that

1/2
> Ga <COMD . xau. < CA (Z IQuI)
i€ L2(R\K) €71 L2(R\K) i€J1

< O IA A

LY(R'#R2)"

Combining the estimates of G ; and Gz ;, we get the estimate (3.4).
The last estimate (3.5) can be done similarly to F; since the upper bound of the

operator e*tiﬁbu(x) has the same form as that in the estimate (3.3).
Next, we observe that

{ € (R2\K) \U8Q1 i ‘ Vi)Y (I - e_t“/z) byi(z)
1€T1
C
= /\;/(SQM)C .

VL) (I - e*t"ﬁ) blﬁi(x)‘ dx.

Ipe <




Functional calculus on non-doubling parabolic manifolds with ends 723
For each 7, we get that

H:=

(8Q1.: (VD) <I 7t.f) ’i(x)‘d‘r

/ / |kt T,y ||b11 |dyd:c
(8Q1,4)° 1,i

:/ / ke, (2, )| dae|ba i (y) | dy, (3.7)
1, 4 (8Q1,:)°

where ky, (x,y) is the kernel of the operator 9M(v/L)(I — e~#VL).
By definition of the holomorphic functional calculus 9%(v/L), we have

oo ti
M(V'L) (I - e_t“/f) :/ ﬁe‘sﬁm(s)ds/ —ie_tﬁdt
o0 ti
:/ \Eeﬂﬁm(s)ds/ VLe VIt
0 0

. /t /OO(\FL)Qe_(S”)ﬁm(s)dsdt

/ / (s+1)*(VI)%e <S+t>f(sm+( ))2 dsdt.

Hence, we obtain that

ki, (x,y) = //ps+t2(xy)( th))ddt

We will show that there exists a positive constant C' such that
/ |k, (@,y)|dz < C. (3.8)
(8Q1,:)°

To justify it, applying the kernel expression of ki, (z,y) and Theorem 2.3(1), we will
estimate the above integral as follows.

t; e}
l [m(s)]
ke, (z,y)|dx < / / / Pore2(,y) dsdtdx
‘/(SQl,i)C| ' ’ (8Q1,:)¢ J0 0 | o | (3 + t)2

ti o0 4
gc/ / / 1 2{ st ] L dsdtax
Q1) Jo Jo (s+1)? [dz,y) +s+t] (s+1)
== E

Note that

ti oo 1 4
E< C/ / / {] dxdsdt
o Jo Ja@ysor, Ld@,y) +s+t



724 H. C. Doan

ti  pti 1 4
SC/// [:| dxdsdt
d(zy)>2t, LT, Y) +s+1
4
+C’/// [ s+l }d S——"

t; t;
< C’/ / / — rdrdsdt + C’/ / ——— dsdt
(s+ t

where in the last inequality, we used polar coordinates for estimating the first term and
the following fact

4
1 t
/ 3 [ ot } dzx < C,
d(wy)>2t: (5 +1)% [d(x,y) +s+1

for the second term.
Hence, (3.8) holds. As a consequence, from (3.7), we obtain that for each i,

/(8621,1')C

which implies that

C
Lo < & / MV
A ; (8Q1,i)°

We now consider the term I;23. Note that for each i € Ty we have t; > 1/2. Fix i € Ts.
Denote by ko /7 (2,y) the associated kernel of M(VL). For x € (R*\K)\8Q;; and
any y € Q1,;, by Theorem 2.3(1), we have

M) (1) byt de < C [ty < CAQU,

) ([ _ e—tiﬁ) bl,i(x)‘ dz < CZ |Q1,z =3 ||fl||L1 (RUR2)-

o dt ] t S dt

Since d(z,y) ~ d(x,zq, ), we have

3
) <
K@) C/ { $$Q1)+t] a

c/(”%) L _avc[  La
< — _dt+ / 3 at
0 d(xale,i)g d(z,leyi) £
¢
o d(x7xQ1,i)2.

From the estimate of K (z,y) for each i € Z and x € (R*\K)\8Q1,; we have

sup |k (z,y)| < <<
YEQ1,i ML) - d(x xQu) '
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Moreover, observing that since i € Zy and z € (R?\K)\8Q1,;, we have

11
d(z,2q,,)* " |2[*

As a consequence, for each i € 7, and z € (R?\K)\8Q1,; we have
bup ‘kgm(f)xy’_‘ 7

This implies that for each = € (R?\K)\8Q1 ,

ZE)JI blz < ‘ |2 (Z ||b1 z”L1 (RMR2) > .

i€L1s 1€L1y

Hence,

I3 < { RQ\K\USQ“. > MVI)by ()| >
i€Zo

{ € (R:\K) \USQU Tl (Z [01,ill 21 (R1¢R2) )

1€Z.
X Z [[b1,:ll L1 (R14R2)
i€Zo
C
< XHleLl(RluRz)-

IN

I /\

18

)

Combining all cases of 11, I13, I121, 120 and I123 we get the desired estimate

C
I < *||f1||L1 (R14R2)-

3.2. Estimate of I,.

725

The difficulties in this case come from the non-doubling of the measure and the lack
of information about the exact location of Calderén—Zygmund cubes on the manifold.
This implies that the standard Calderén—Zygmund decomposition on non-homogeneous
space such as in [16] and [20] is not applicable. To overcome those issues, a Whitney type
decomposition combined with a clever use of the Poisson kernel upper bound is employed
to achieve the weak type (1,1) estimate. The idea of this approach is an adaptation of

the techniques used in [2] and [16].
First, we split R'\ K into two parts according to fa. Define

= {JJ S Rl\K M1f2 < )\}
and

Q:={z € RI\K : My fa(z) > A},
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where M is the Hardy-Littlewood maximal function defined on R*\ K.
Then we define

fax(x) = fo(x)xr(z) and f3'(z) = fa(z)xa(2).

So we have
, A
I <[{zeRA\K : ‘sm L) for(z )‘ .

_|_

{xeRQ\K ‘zm fg()‘ 2}'

=: 121 —+ 122.

As for Ir;, by using the L? boundedness of 9t(v/L) combined with Chebycheff’s inequal-
ity,

A C C
Iy = Hx S RQ\KZ m(\/Z)fZ/\(l')‘ > 6}‘ < FHva\HZLQ(Rl\K) XHfHLl(RlﬂRQ)

where we use the fact that |f2x(2)] = |f2(2)|xF(x) < My fa(z)|xr(x) < A

As for Iz, we consider the function f;. We now apply a covering lemma in [6] (see
also [8], Lemma 5.5) for the set  in the homogeneous space R! to obtain a collection
of balls {Q; := B(x;,r;) 1 x; € Q,r; = d(x,2°)/2,i=1,...} so that

) o=Ja;
(ii) {B(zi,7i/5)}2, are disjoint;

(iii) there exists a universal constant C' so that )", xq, (z) < C for all x € Q.

Hence, we can further decompose
A
= Z I 21(35)
i

where f2; = (xq. (2)/ 2g x@u (2)) f5' (2).
Next, note that for € R?\K,

MVL) f3,(2)| = LeVE 3 (aym(t) S

0
S/O /Qj\pt,l(x,y)\ |m(t)]‘f2’\’i(y)’dy%_

Applying Theorem 2.3(3), we obtain that

M) il <C/ |, [awwr * mawrem Awwg. 09

Note that d(z,y) ~ |z| + |y| for all x € R*\K and y € R'\K,

dt‘
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| lawr * paree)  <)) e pwmeel T =

Spliting U into two integrals as below, we have

USC(AW+Aj>hmiwf+Quﬂiw}?

lzl * 11
gc/44m+/ R
o |z3 2 || 2

Substituting the above estimate into (3.9), we have
’m f21 ’_l |2/|f2z ‘d%
which implies that
ML ’ Z‘fm L)f2i(x ‘_ P Z/ |£2:(y)|dy < iz |2Hf2||L1 (R1§R2)-
Thus,

z e RAK : ‘sm(ﬁ)f;(x)\ > 2}'

IN

C A
T € Rz\K : Wllfg"Ll(RlﬁRZ) > 6}‘

C
T € RQ\K : |x|2 < )\||f2|L1(R1ﬂR2)}’

IN

Il f2llr (r1gm2)

IN |

IN

Il fllL(r1gm2)-

3.3. Estimate of II;.

We point out that this case can be handled by using the same way as those in the
estimate of Iy with some adjustments since x and y are at different ends of the manifold.
We sketch the proof as follows.

Define

={z € RO\K : Mafi(z) <A} and Q:={z € R}\K : Mafi(z) > A},
where My is the Hardy-Littlewood maximal function defined on R*\ K. Then let

fia(z) = filx)xr(@) and f(z) = fi(z)xe(@).
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Then we have

ngerRl\K ‘zm L) fi(z )‘ 2}‘

A
+erR1\K MV ()| > 6}‘
= IIll+IIlQ.
Similarly to I, we have
C
Il < XHf”Ll(RlﬁR?)-

As for I15, by using the Whitney decomposition as those in Subsection 3.2, we obtain
Q =, Q; such that Y. |Q;| = ||, which gives

= Z fﬁi(“f)

where [ = (xq. (€)/ X5 x@i () [ (2).
Next, for # € R'\K,

dt
D@ < [ [ el lm] 2wl G

Applying Theorem 2.3(3), we have

w0 [ [ et wae e Aol 610

Similarly to the estimate of U in Subsection 3.2, we get

D] < gy [ 1Rl

This implies

‘ Z‘Z)ﬁ D)fii ‘—mZ/ [fily ’dy—ﬂllfluLl(RlﬁR2

Thus

A
IIis < |dz e R\K : ‘zm ‘>6}
A
6

IN

IN

T € Rl\K |l‘| < 7||f1||L1(R1ﬁ722)

N

| fllzr (rrgm2)-

{xeRNK wﬁhuwmﬂ>
¢
A
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3.4. Estimate of II,.

Since f, is supported on R'\ K which is a homogeneous space, we again use the
Calderén—Zygmund decomposition as in the estimate of I (see [2] and [11] for references)
to get the weak type (1, 1) estimate of I1s.

We now have a sequence of disjoint dyadic cubes {Q2;} on R! and a decomposition

f2(z) = g2(z) + Zb2,z‘(ﬂ?)

such that
(a') |g2(z)| < CA for almost all z € R} K;

(b’) the support of each function bs ; is contained in Q2 ; and

/ |b2,i(2)|dz < CAQ2,l;
Q?,i

© T 1Quil < 3 L ol

(d/) ZXQM <C,

where xgq,, is the characteristic function of Q2 ;.
We then get

L < Hx e RI\K : ]sm(ﬁ)gz(x)’ > 2}‘

+ {LL’ S (RI\K)\U8Q2,7, : ‘W(\E)Zbg’z(x)

=: 11y + Iy + Ils3.

S
6

Similarly to the estimates of I;; and I3, we get that Ils; < (C/N)||fllz1(r1gr2) and
Iy < (C/NfllLr(r1sm2)-
-
12

For the term 1155, we have
{x € (Rl\K)\ 8@z ’ MVL) Y e Vb i(x)
)Z (I — €7tiﬁ) b27i(5€)

{ Rl\K\U8QQZ:

=: [y + 11322

Iy <

_|_

where t; is the side length of the cube Q) ; for each ¢.
As for the term 11599 we have
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{xe (R'\K) \Us@zlzl )Z(I—e—tiﬁ) bai()
< f;/@@z’m ML) (Ife*tiﬁ) bQ,i(x)‘dx.

For each 1, let

11595 <

H =

M(VIL) (I - e_t"'ﬁ) bu(x)‘ dz.
(8Q2,:)°

We then get

H< / / ke, (2, )| e[ b2.s () |y,
2,i J(8Q2,i)¢

where &y, (z,v) is the kernel of the operator M(v/L)(I — e_t“/z).
Using the definition of M(v/L), we can get the expression of the kernel &y, (z,y) as

follows
noe m(s)
ke, - . , dsdt.
t; (:L'vy) /) -/0 p +t,2($ y) (S+t)2 S

Applying Theorem 2.3(2), we have

ti [e%e]
‘ [m(s)|
ke, (z,y dwﬁ/ / / Psre2(x,y dsdtdx
/<8Qi)c| w(@ ) #QeJo Jo peseal )‘(SJ”/)Q
ti o0 4
gc/ / / ! 2[ ot } L dsdtdx
oo Jo Jo (s+t)? [d(z,y) +s+t] (s+1)

+C/ // [ il }  dsdtda
s@oeJo Jo s+t ld@y)+s+t] (s+1)
= E1 + Es.

It should be noted that the technique used in the estimate of I;20 can be applied for F;
and Fs; therefore, we omit details.
As for 11591, we now split all the Q2 ;’s into two groups:

J1 = {z : none of the corners of Q) ; is the origin}
and

o = {z : one of the corners of ()2 is the origin}.
Similarly to I, we need to verify the estimate

Z 67“@1)2,1'

i€J1

< OA/? ||f2||2/12wm2) (3.11)

L2(M)
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To see this claim, it suffices to show the following cases:

ST et Ve, < ON2 | | R1gmey: (3.12)
1€T1 L2(R2\K)
ST eV, < ON\/? ||f2H2/f(R1W), (3.13)
1€T1 L2(R\K)
and
ST et Vb, < ON2 | fal| i rrgmay- (3.14)
1€J1 L2(K)

We now point out that (3.12) and (3.14) can be obtained by using a similar approach to
those for (3.3) and (3.5), respectively.
As for (3.13), applying Theorem 2.3(2) for p, (z,y), we obtain that

eftiﬁbm(x)’ = /721\K|pti (x,y)} |b2vi(y)|dy

t; t;
+
RINK [(d(l", y)+t)?  (d(z,y) +t
=: F1i + Fa,i

<C )2} |b2,i (y) |dy

For the term F3;, by using the sup-inf technique similarly to those for F; in Subsec-
tion 3.1,

<Z .7:2,1', h> S C)\ <M1(h), ZXQ2J'>

for any function h with ||h||f2(r1\ k) = 1, which yields that

Z Fai

i€J1

1/2
< OA? ||f2HL/1(R1ﬁR2)‘

L2 (R?\K)

For the term Fj;, we consider the position of Q)2 ;, the support of by ;, as follows: if
one of the corners of Q2 ; is origin, then ¢; > 1/2, since otherwise the function f» on
(Q2,; is zero, which yields that this ()2 ; cannot be chosen from the Calderén-Zygmund
decomposition; if none of the corners of Q2 ; is origin, then if ¢; < 1,d(0,Q2,;) > 1/2.
Combining all these cases, we get

t; <C t;
(d(z,y) + ) = (d(z,y) + ;)%

which shows that
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Z F1i <C Z Fa,i < ON? Hf2||1L/12(R1ﬁR2)' -
i€ L2(R2\K) i€J1 L2(R2\K)
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