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Estimates of the renewal measure
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Abstract. We prove sharp estimates for the renewal measure of a
strongly nonlattice probability measure on the real line. In particular we
consider the case where the measure has finite moments between 1 and 2. The
proof uses Fourier analysis of tempered distributions.

1. Introduction.

Let u be a nonlattice probability measure on R. The renewal measure v is defined

by
oo
n=0
where p™* is n-fold convolution of p with itself and u%* = § is the Dirac measure at 0.

This paper considers the asymptotic behavior of v at infinity. This study has a
long history. Our starting point is Blackwell’s renewal theorem from the middle of the
twentieth century, see [1], [2].

THEOREM B. If i is a nonlattice probability measure on the real line with a positive
first moment py > 0, then

]

V(x+[)—u——>0, T — 00. (1.1)
1

Here I is a fixed interval and || its length.

Since then many authors have studied the rate of this convergence using different
techniques, see for instance [10], [5], [9] and [8]. The inspiration for this paper comes
mostly from [10] and [8] that uses Fourier methods. [5] uses Banach algebra methods
and [9] coupling methods.

We will use Fourier transforms of tempered distributions to prove the following
theorem.

THEOREM 1.1.  Assume that u is a strongly nonlattice probability measure on the
real line with finite moments of order a > 1 and positive first moment py. Then, its
renewal measure v satisfies

(a) ifa>2,
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v(z+1) = |1 (fiff) + :%Rl(x)) to (log '“”'), 2| = +o00, (1.2)

||

and
(b) if l<a<?,

H(z) 1 1 1 )
Vx+I:I( 4+ —Ri(x)+ =Ro(x)+ -+ R, (z
( ) =[] o ufl()u‘fQ() P (z)
1
ro(ME). fal o 4o 13)

where m = [1/(a —1)] + 1.

As in Theorem B I is a fixed interval and |I| its length. H is the Heaviside function.
That 1 has finite moments of order a means that [, [|*du(z) < oo and py = [ zdu(z)
is its first moment. 4 is a strongly nonlattice measure if lim inf|¢|_, o [1— f(£)| > 0, where
(as throughout this paper) f denotes the Fourier transform of p, i.e. f(£) = [; e "*du(z).

The functions R,, (or rather their Fourier transforms) appear naturally in our proof.
For their definition see (3.2) and (3.3) in Section 3. For now we only state the following
lemma that is proved in Section 4.

LEMMA 1.2.  Assume that p has finite moments of order o > 1. Then the functions

R,, are bounded.
Also,

1

|x|o¢—1

Ri(z) =0 ( > 2| — oo, (1.4)

and if n > 2,

1
o(a), |z] = o0, if a>2,
||

Ry (x) = (1.5)

0<|$|2(1a_1)), |z] = 00, if 1<a<2.

Note that if @ > 2 and n > 2, then R, (z) decays more rapidly than the remainder
in Theorem 1.1, and hence, although they simplify the proof, they do not appear in (1.2).
Also note that when 1 < o < 2, 2(av — 1) < o and the estimate of R, (x) is weaker than
the remainder and thus R,, are needed in (1.3).

We are mostly interested in the case 1 < a < 2 in Theorem 1.1. The case when
a > 2 is an integer was proved already by Stone, see [10, Theorem 3]. We include a
proof of (1.2), since the techniques developed to prove (1.3) give a simple proof also of
this case.

The function R was introduced by Isozaki [8] and he proved a version of (1.3)
when 3/2 < a < 2 (and also suggested generalizations to all 1 < a < 2). However he
was interested in the density of the renewal measure and assumed a strong regularity
assumption of the measure u, namely that its Fourier transform is in some LP(R), p €
[1,00).
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We are interested in less regular measures and only need the weak regularity condi-
tion “strongly non-lattice”. This condition guarantees that 1/(1 — f(£)) is bounded at
infinity. To see that some regularity condition of y is needed, we refer to [4].

1.1. Notation.

Our proof uses Fourier transforms of tempered distributions. For the necessary
background and the standard notation of distributions we refer to Hormander’s book [7].

In order not to have to write too many absolute value signs, we let A(§) < B(&)
mean that |A(£)| < C|B(§)], also when A(§) and B(&) are complex valued.

A(€) ~ B(€) means that A(€) S B(€) and B(€) S A(©).

f(€) is always the Fourier transform of the measure p.

2. Sketch of proof.

Assume that m is a positive integer. The general idea of our proof is that in order
to prove that

x™r(z) = 0, |z| = oo, (2.1)
it is enough to show that
7 (¢) € LY(R). (2.2)

This follows from the Riemann-Lebesgue lemma, and that multiplying a function by x
corresponds to differentiation of its Fourier transform.

We also have to generalize this to fractional powers «, see Section 5.

We start by discussing the Fourier transform of v. It is not a priori clear that v
exists but it is of course well-known. v is also a tempered distribution and hence has a
well-defined Fourier transform. Formally,

> 1
v =) ") =—"~-
21O =1 g

This formula is not correct due to the singularity at the origin. But we have

LEMMA 2.1.  Assume that p has finite moments of order a > 1. Then

1 \" 1 1 ,
(”‘MH> O=1T=F@ e ™7 ®

For a discussion of this see Section 3.
If £ # 0, we have

11 f@O-1+imE 1
L—f(&) imé i1 1—f(&)’
or
1 1 f&) —1+imé 1

1= (@) ime i€ 1- f(&) (2.3)
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By the moment assumption, we have

f&) —1+im€ = / (77 — 1+ iw€) du(x) S |, € 0.
R
Hence, for some v > 0,

FO Z1HUIE o minte2-1 _ e ¢ Sy 0. (2.4)
1§ ~ 7

and

f&) —1+im& 1
i1 € L—f(§)

From this we make two observations.

One is that 1/(1 — f(§)) — 1/ipu1€ is locally integrable and hence a well-defined
distribution.

The other is that (f(£) — 1 + iu1€)/ip1€ is an improving factor; ((f(€) — 1 +

1) /ipr &) (1/(1 — £(€))) is less singular than 1/(1 — f(&)) near the origin.
To be able to differentiate, we want to improve the estimate (2.5). This can be

obtained by the following bootstrapping argument. By replacing the last occurence of
1/(1 = f(&)) in (2.3) with the whole formula we get

11 +f(§)—1+iu1§ 1
L= f(§) imé i€ 1—f(&)
_ 1 +f(f)—1+w1§x< 1 +f(§)—1+2ﬂ1§ 1 )
11§ 1€ 11§ 11§ 1—£(&)
L O -1+img (f(ﬁ) 1+z‘uls)2 1
i€ (ip1€)? i€ 1—f(6)

Thus we gain one more factor (f(£) — 1+ iu1€)/ip €.
This can be repeated any number of times and we get

SlEPTh g—o. (2.5)

o
1= f(&)  img
CfO) —14ime  (F©) -1+ ime)” @ -1+imy”
(ZM1€)2 (Z/.ng)?’ (iulg)nz-&-l
FO-1+img\™" 1
* ( i€ > 1— [ (2.6)

This is a pointwise identity for £ # 0. But both sides of the equality are locally integrable
functions and (2.6) is also an identity between tempered distributions.
By Fourier inversion we obtain

V=W + rm(x),

where the main term w,, is
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H(x) 1 1 1
() = #f‘" R IORE ORI WRW(@«), (2.7)
with
= (F(§) = 14ips€)" B
Ry (§) = GRS ,n=1,23,..., (2.8)
and the remainder r,,, satisfies
o (f©-1 +w1£)’"+1 1
m(§) = (imE T (2.9)

Let us prove that 7, ™ (¢) € L{ .(R) if p has finite moment of integer order m > 2.

(This is the main difficulty in proving (1.2) for integer «.)
By the moment condition f("™) exists and is continuous. Since v = 1, we have

FE) -1+ wlf)m“ 1
i€ 1- f(€)

ZGH|

S €™, € —0.
Also, as

(F(€) — 1+ ime) = / iz (e~ — 1) dp(x) < €], €0,

R

successive derivatives of 7, introduces at worst a multiplicative factor of size 1/£. Thus
) ST =1, €0,

—(m)
SO T is even bounded.

This simple argument can be compared with the delicate estimates needed to prove
that /1™ € LL (R) in Stone [10].

loc

2.1. A truncation argument.

To prove Theorem 1.1 we want rAm(m) (and a generalization of this to non-integer «)
to be integrable. As Fn\@(m) (&) do not decay at infinity, this is clearly not true. However
there is a standard truncation argument to remedy this problem.

Let ¢, be a smooth approximative identity, i.e. ¢.(z) = (1/€)p(x/€), where 0 < ¢ €
C3°(R), [z ¢(x)dr =1 and (say) supp ¢ C [-1/2,1/2] and 0 < e < 1/2. We also let x,
denote the characteristic function of I, = [—s, s]. Then ¢¢ * Xs—e < Xs < Pe * Xste-

Since v is a positive measure we get

Pe * Xs—e x V() < X5 *V(2) = V(L + ) < Pe * Xote xv(T).
By Lemma 1.2, w,, is bounded. Hence
|wm(Is + .Z‘) — Pe * Xste * Wm(x)| ,S €.

Then we show that
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~ .sins&__
F(ge * xs * (v — wm))(§) = ¢(€€) ¢ m (§)
has m derivatives in L'(R) with norm < log 1/e. Using a uniform version of the Riemann—
Lebesgue lemma we obtain

(60 xa (0= 0)) (0) =0 (1 ) 0w 7. fal =400,
and
(V= wm)(Is +2) S (e * Xste * (V —wi)) (x) + €

1 1
<o (|x|m> log; +e, |z| = 400,
where o(1/]z|™) is independent of e. Letting e = 1/|z|™, we obtain Theorem 1.1 for
integer m.

The details of this argument for general o are presented in Section 6.

3. Calculation of Fourier and inverse Fourier transforms.

Lemma 2.1 was proved in [3] under the assumption of a finite second moment.
However it holds for measures with finite moments of order o > 1. The moment condition
was used to prove that

, 1 1 o
A}gﬂoofN(ﬁ) <1—f(€) - Zlﬂf) =0 in Z'(R),

but that argument works provided 1/(1 — f(£)) — 1/iu1€ € L, .(R). By (2.5) this holds
also under our weaker moment condition.

REMARK 3.1.  As is well-known H (&) = pv(1/i€) + 76, and by Lemma 2.1 we get

v#—i-ié
P L—f) m

i/\:

Next we compute R,, the inverse Fourier transform of }/E; We write (2.8) as

_ f<£>—1+zu15<f<e>—}+zu1€> —R(OR (9,

8 =" g i€

where

Ro(€) =

Thus we have R,, = Ry * Rénil)*.
If F(z) = [ du(y) is the distribution function of y, then (F — H)' = p— 6 in
2'(R). Thus
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iﬂF—HV@w=ﬂa—1mm<F—HV@w=“2gl+ca

for some constant C. But

f(i)f_l € L'(R) + L*(R) and lim (F — H)(z) =0.
Thus C' = 0.
This implies that (F — H)"(§) = (f(§) — 1) /i€ and

R():F*H‘F,Ltlts.

For later use we note that

+oo
_/ d,u(y)7 x> 07
(F — H)(x) = e
/ du(y), =z <0.

— 00

REMARK 3.2.  When we consider integrals, such as F(z) = [*__dpu(y) with respect
to measures that may have pointmasses, there is a choice to include the point = or not.
The standard choice is to include z, ie. F(z) = f(—oo,m] du(y) (and thus 1 — F(z) =
f(:c,oo) du(y)). However the choice does not matter as f(foo’m] du(y) and f(ioo’w] du(y)

are equal almost everywhere and thus equal as distributions.

REMARK 3.3. The Fourier transform of F' — H can be computed with classical
means (the Fubini theorem) as F — H € L'(R) when y has a finite first moment. Our
proof is valid if some positive moment of y is finite since this makes (f(£) —1)/i£ locally
integrable.

Next we consider R;. Let R; be that primitive of Ry = F — H 4 u16 that is given
by

Rﬂ@z/I&@MM (3.1)

—0o0

REMARK 3.4. Here and in the sequel we use the convention ffoo 0 dy = H(z) so
that

mmzﬁfw—m@@+mmm

Note also that by Fubini’s theorem, [, (F — H)(x)dx = —p;, and hence

+oo
Ri(@)= [ 1= Flay

if z > 0.
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We have i§7/€\1 = ]/%\0(5) By divison, this implies

Ri(6) = LR _ SO -1 +img
Note that since p has a finite moment greater than 1, (f(&) — 1 +iu1€)/(i€)? € Li . (R),

and is a well-defined distribution. Arguing as above we get that C =0 and Ry = R;.

+ C6.

To sum up,
“+oo
—/ du(y), = >0,
Ry=F—H+ 110 =ud+ :cr
du(y), = <0,
+oo
Ri(z) =4 "7, (3.2)
| Fwd e <o
and if n > 2,

R, = Ry » R{"™ V" (3.3)

4. Estimates of R,,.

Proor oF LEMMA 1.2.  We only consider the case x — 400, the case z — —o0
is similar.
The proof of (1.4) is simple. By Fubini’s theorem we have

e = [T P s [T ( / " autt)) ay

e3¢} t 0
=/ </ y“‘ldy> du(t)s/ t*du(t) — 0,  — +oo.

With a = 1, the argument shows that R; is bounded.
We will prove (1.5) by induction using that, by (3.3), we have

Rpp1 = Ry * R = Ry « R\ " « Ry = Ry,  Ry.
We first observe that if Q = F — H, then Ry = Q + 16 and
*Q(z) = —w“/ du(y) 5/ y“du(y) = 0, x — +oo,

i.e.
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In particular Q € L*(R) since a > 1. As R,41 = R, * Q + 1 Ry, the boundedness of R,

follows by induction.
Also, since [, Q(z)dxz = —p1, we have

Rusa(2) = [ (Ral =) = Ra() QUu)dy. (4.2
R
We first prove (1.5) when o > 2. This case is somewhat simpler as then R; € L*(R)

(and by induction also R,, € L*(R)) and zQ(z) € L*(R).
For Ry, we have

Ra(z) = / (Ri(x — y) — R (2)) Q) dy.

We divide the range of integration into two parts, y < /2 and y > z/2.
By (3.1) (recall that Ry = Ry), we have Ry(z) = [* _ Ro(t)dt. Thus if y < 2/2,
and hence x —y > x/2,

Ru(z —y) — Ru(x) = /Iy Qb)dt < /xy 0 (;a) it <o (;) g (43)

Thus,

/ e )~ Ri@)Q)y

o(5) [meula=o (5 ). o+

For the part where y > x/2 we have

/ (Ra(z — y) — Ra(2))Q(y)dy
y>x/2

1 1
So( ) [ ime-lan+o( ) [ @l
%) Jy>a/2 ' ) Jysay
a 1\ /1
=0 xioé + o0 m =0 xioz , X — +OO,
as o > 2.

For n > 2, we have R, 11 = R, * Q + 11 R,, and since by induction

z
1 1
—|—0<a> / R,L(x—y)|cly=0<a>,:ﬂ—>—|—oo7
T y>x/2 T
(1.5) follows.

When « = 2, the same argument basically holds. In the proof above, we used that
Ry € LY(R) and 2Q(z) € L*(R). This do not follow from our decay estimates (4.1)

Ro Q@) = [ Rale— 1)@y S o (1) / _Jewldy
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and Q(z) = o(1/z%),x — 400. However, by Fubini’s theorem it is not hard to see that

R; € LY(R) (and by induction also R,, € L'(R)), and zQ(x) € L*(R) also when a = 2.
We omit the details.

When 1 < a < 2, we let @« = 1+ 3 and first consider Ry. Now we divide the integral
in (4.2) into four parts.

When y < —z/2, x — y > z, and hence

—x/2
/ (Ri(z — y) — R1 (2))Q(y)dy

o —x/2
:O<xlﬂ)/_ |Q(y)|dy:o(xlﬁ>, xr — +o00.

If —z/2 <y < x/2, then by (4.3),

z/2
[ -9 - me)awy

—z/2

1 /2 1
=o() [ mawia=o(5;). « -+

When z/2 < y < 3z/2, we have

3z/2
/ (Ri(z — y) — Ry (2))Q(y)dy

/2
(1)/3I/2|R< )jd (1) " ol
=o(—= z—y)ldy+o(— / y)|dy
o x/2 ' P z/2

1y [*/? 1\ z 1

For the last part, we have

/ T (Rile - y) — Ra(@))QUu)dy

x/2

1 > 1
=0 <xﬁ> /390/2 |Q(y)|dy = o <x2ﬁ>’ T — +o00.

For the induction step it is enough to show that for n > 2,

1
/RRn(fE —y)Qy)dy S o (W) x — +00.

We have

x/2
/_ Ro(z — 1)Q)dy

x/2
:0(1'12[5> /_OC |Q(y)|dy:0<xiﬁ), x — 400.
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Next,

3z /2 1 3z/2
/ Rn(x—y)Q(y)dy=0<>/ |Rn(x —y)|dy
z/2 z/2

1 z/2 p 1
- — Rn = 53 | .
<w)//| ()ldy (xﬁ) z > +o0

(Note that R, (y) = o(1/y?),y — oo, is enough for the last estimate.)
Finally,

o0

Ry(z —y)Q(y)dy = o (;/@> /oo 1Q(y)|dy = o <:v;5) T — +o0. O

3z /2 3z/2

We conclude this section with the following simple lemma.

LEMMA 4.1.

/erI Rn(y)dy = Rn(z)|I] + 0 <1>, |x| = oo.

||

PrOOF. When n =1 this follows directly from (4.3). If y € x + I, we get

:L.Ot

Rl(y)—Rl(I)SIO< : ) :O<m1a>’ T — +00.

For n > 1, the argument is the same after we have shown that
Rofe) = [ By W)y (1.4

Since by (3.1), Ry = Ry, we have R, = (R, * R{""V*) = Rz* in 2'(R). Also the
distributional derivative of | foo Ry*(y)dy is R§* and thus the integral differ from R,, by
at most a constant. But both R, (z) and [*_ R§*(y)dy tends to zero as x — —oo and
the constant vanishes. (In fact the value of the constant is irrelevant.) O

5. Fractional derivatives.

In this section we generalise (2.1) and (2.2) to non integers. We first define the
fractional derivative D?, when 0 < # < 1. Then if 1 < a = m + 8, with m an integer
and 0 < 3 < 1, we let D*g = D?(g(™)) where g™ is the classical derivative of order m.

The fact that multiplying a function by = corresponds to differentiation of its Fourier
transform is a consequence of that the Fourier transform of 2™ is a constant times 6(").
Here §(™) is the m order derivative of the Dirac measure. Also 6(™ g = g(™). So
multiplication with 2™ corresponds to convolution with (™).

When 0 < 8 < 1 is natural to replace ™ with |z|? in this argument. It is well-
known, see for instance [6, p.173], that if 0 < 8 < 1, CBW = fp(1/]¢]**+P), for some (non-
vanishing) constant cg. Thus the Fourier transform of cg|z|?g(z) is fp(1/|¢|*7) * § and
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we can think of convolution with fp(1/|£|'T#) as a fractional derivative. The distribution
fp(1/]£]* ) is defined by

1 [ &) —¢(0)
(ore) = [ 2 e v e o

For technical reasons we replace the integral over R with that over [—1,1] and put

1 [—

The difference between ug and fp(1/]¢[1*#) is a distribution defined by an integrable
function and a constant times the Dirac measure. The inverse Fourier transform of this
difference is bounded. Thus, if Us is the inverse Fourier transform of ug, Ug(x) differ
from cglz|? by a bounded function. So Ug(z) ~ |z|?, |z| — +oo0.

We now define the fractional derivative as convolution with ug.

DEFINITION 5.1.  If 0 < 8 < 1, the fractional derivative D”g is
DPg=wugxg,g€ P'(R).

Thus the inverse Fourier transform of DAg is Us(x)g(z) and Ug(z) ~ |z|?, || — .
As ug has compact support, D?g is a well-defined distribution for any g € 2'(R).
However, we want a more concrete representation for D?g for certain g.

DEFINITION 5.2.  Assume that 0 < 5 < 1 and that g is a measurable function. If

ID|Pg(¢) = /_1 lg(¢ —trl);ﬁ g(£)|dt < o0,

we say that g has a finite (fractional) derivative of order S at &.

LEMMA 5.3.  Assume that 0 < 8 < 1 and g is a locally integrable function such
that |D|Pg(€) is finite almost everywhere and locally integrable. Then

Digle) =ua=g(e) = [ LI (1)

Proor. If g € Z(R), (5.1) follows from the definition of convolution. As ug has
compact support it holds also for ¢ € C*°(R), i.e.

DP(e) = /_1 (& _|t|t1)+_ﬁ o(£) dt.

The convolution D?g = ug * g is characterized by associativity,
DPgxp=ugx*(g*), ¢ € 2(R).

Now g * p € C*°(R), and we get



Renewal theory 693

Lgrp(€—1t) —gxp(E)
Dﬁg*w(f):[1 NEE dt.

Using (ug, ) = ug @ (0), where P (&) = p(—¢&), we obtain

\

(DPg, ) = (ug * g) * ¥ (0) = ug + (g* sva) (0) = ug * (g *(p)v (0)
— <uﬂ7§ *<p> = /_11 g *(p(ﬁ;é,w(o) dt.

v
But g xp(t fR ©(€)d¢, and by Fubini’s theorem we obtain

(D9, ) = / 1 ( /R (9(6 = 1) = 9(O))w (5)d5> et

-1

_ /R </_11 9(& _|tt1)+_ﬂg(§)dt> o(€)de
as desired.

We may change the order of integration since |D|%g € LIOC (R). g

We need a couple of results about fractional derivatives. The first is

LEMMA 5.4. If u has finite moments of order 3,0 < 8 < 1, then DP f is a bounded
uniformly continuous function.

PrOOF. We first show that

|D|ﬁf(g):/ HE=D = JO gy ¢ poo(m).

-1 [t +7

Since
F(E— 1) = f(6) = / e~ (¢ 1)dp(r) < / win(L, [zt)dp(z),  (5.2)

we get, changing the order of integration,
1 .
min(1, |zt|)
pPr© s [ ([ ) duto) (5.3)
r\Jo1 [t
The inner integral satisfies

1 .
1, |xt 1

%ﬂ;bdtg/ de/ Lt S Jal?,
-1t 1t1<1/|z| Il t1>1/12| |l

and altogether we have

DP(€) < [ el duta)
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as desired.
To prove the uniform continuity, assume that | —n| < §. Since

(FE=0 = 1O) = Tl=1) = 1) = [ (7 =e=n) (e = 1) d(o),
and e~ ¢ — =1 < |24, (5.2) can be sharpened to

(FE—1) — F©) — (fi1—t) — F) < / min(1, at], [28])du(x),

and (5.3) to

pos© - s [ ([ PR ) o

As min(1, |xt|, |z6])/[t|**? < min(1, |xt])/[t|*? € LY(du(z)dt), we get by dominated
convergence that

lim (D7 £(&) — DP f(n)) =0,
uniformly in £ and 7. O

LeEMMA 5.5. If g is bounded and g and h have finite derivatives of order [,
0 < B <1, then so has gh, and

IDI%(gh) (&) < llgllze| DI°h(€) + () 1D]%9(6),
where Ir = [ — 1, + 1].
PROOF.  Since

gh(§ —1t) — gh(§) = g(§ = t)(h(§ — 1) — h(£)) + h(&)(9(§ — 1) — 9(§)),

we have
ID|? (gh)(€) = /_1 |9(€ = t)(h(€ 1) - h(|§|)1)+—; h(E)(g(€ —1) — g(€))] gt
< llgllze|IDI°h(€) + [h(E) DI g(£)- O

LEMMA 5.6. If g is differentiable with a bounded derivative, them g has a finite
(fractional) derivative of order 5,0 < 8 < 1, and

IDIPg(€) < 119/ Iz

Furthermore, DPg is Holder continuous of degree 1 — B3, in particular DPg is uniformly
continuous.

Proor. First, by the mean value theorem,
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1 1
- d
R e Lo e

Secondly, if | — ] < 1,

DPg(€) — DPg(n) = /th_ | (9(€—1) —g(&))ﬂ;(ﬁg(n —t) —g(m) ,,
[ (96 = t) — gl — 1)) — (9(€) — 9(n))
i /|£n|<|t<1 [t[1+5 dt

Ig') I/ llclé ~ 7 ;

< | = i+ 19 eel® =M 4t < ol — "
t1<le—n| [l e-nl<iti<t [t

O

We remark that [|g’||oc can be sharpened to ||g'[|je—2,e12]-
We also need the following sharpening of Lemma 5.6.

LEMMA 5.7.  Assume that —1 < a < 1 and that

1 1
< = d ¢ (&) < .
9(§) < g and g 6= gt

Then, if ,0 < B < 1, we have
IDIP9(6) S s
950 fgavs
Before the proof we note that 1/|¢|* € L _(R), and that 1/|£|*T! — oo, £ — 0.
Also, if B < 1 — a, then |D|?g is locally integrable and D”g is well-defined by (5.1).

PROOF. For notational convenience we assume that ¢ > 0. To estimate |D|?g(¢),
we first consider |t| < £/2. By the mean value theorem ¢(& —t) — g(&) = ¢'(n)t. Since

n~ & we get [g(& —t) —g(&)| S t/€]*H. Thus

—¢/2 [t +7 TElE gy HP I

For the remaining region of integration we estimate g(§ — t) and g(£) separately.
If £/2 <t < 3¢/2, we have

3¢/2 | _ 3¢/2 £/2
g(§ —1)] 1 / 1
dt S l9(§ —t)|dt = —5 lg(s)|ds
/g/z |t[1+5 1115 Je o IE1FP ¢ /o

<! /5/2 gy !
TS S gz [slt (gl

Ift ¢ [£/2,3¢/2], §—t Z £ and both g(§ —t) and g(§) are bounded by 1/|¢|*. Hence,
their contribution to the integral can be estimated by
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1 / dt 1 0
€]® Jigysep2 [EPFE 7 [gath”
We conclude this section with

LEMMA 5.8. Assume that 0 < 3 < 1 and that g, |D|?g, h and |D|Ph are bounded
and g, DPg, h and DPh are uniformly continuous. Then DPgh is uniformly continuous.

ProoF. The proof is elementary but somewhat tedious. Writing gh(z — t) —
gh(z) = h(x — 1) (g(x — 1) — g(x)) + 9(&) (h(x — £) — h(z)), we get

U h(z - z—1)—gw
Dighir) = [ h( t)(g|7(f|1+ﬂt) g(@)
+g(x) /_1 Wdt = 7(2) + g(x) DPh(z).

Since g and DPh are bounded and uniformly continuous so is gD?h.

It remains to consider .#(z). Let € > 0. By assumption we can choose 0 so that
if |z —y| < 9, then |g(z) — g(y)| < ¢, |[D7g(x) — Dg(y)| < ¢ |h(z) — h(y)| < € and
|DBh(x) — DPh(y)| < e. We have

" h(z —t)(g(z —t) — g(x) — h(y — t)(gly — t) — g(y))d

NBE t.

s -5 = [

Writing
9y —1) = 9(v) = (9(z = 1) = g(2)) + ((9ly = ) — 9(x = ) = (9v) — 9()) ),
we get

h(z —t)(g(x —t) — g(z)) — h(y = t)(g(y —t) — 9(y))
= (h(z—t) = h(y — 1)) (9(x — t) — g(x))

—nly =) ( (9l — 1) = gz = 1)) = (9(y) — 9(x)))
= JZ{(JC,y) - ﬁ(x,y)

As h is uniformly continuous, we get |7 (z,y)| < €|g(z —t) — g(x)| and

1 1
| (, )| lg(z —t) — g()]
[ ase [ st Ha < dioral, <«

if |x —y| < 4.
Finally, to deal with £, we write

B(w,y) = h(w) (9 =) = 9(v) — (9 — 1) — g(2)) )
+ (h(y —t) = h(y)) ((g(y —t)—glz—1)) — (9(y) — g(%)))
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If |z — y| < 6 this implies, as ¢ is uniformly continuous,

| i £ n) (09(0) - Dg(w) + DI 5 ¢

In last estimate the boundedness of h and |D|?h, and the uniform continuity of D?g is
used. O

6. The proof.

To prove Theorem 1.1 it is enough to prove that

izé o [ 7 o Sin s ~
[ e (3™ 50 ) de =0l +o g 1/e s . (61
where O(1) and o(1) do not depend on € and s in bounded sets. Here m = [1/(av—1)] +1
if 1 <« < 2 and m is sufficiently large if &« > 2 (m = [a] 4+ 1 is enough).

By the truncation argument in Section 2.1, (6.1) implies

(| +(|) f-i-e |z| = +o0.

(V - WM)(IS + 33)

Letting € = 1/|z|%*, we obtain

log ||

[

V(Is—i—x):wm(ls—l—x)—i—o( ), |z| — 400,
and Theorem 1.1 follows by Lemma 4.1.
To prove (6.1), we divide the integral into three parts, |¢] < 10, 10 < |[¢] < 1/e and
€] > 1/e.
By the discussion in the previous section it follows that the function
D~ (gg(ef)(sin s€/€)Tm(€)) is bounded and uniformly continuous when [¢| > 10.
Furthermore the strongly non-lattice condition and the rapid decrease of g(e«f ) and
its derivatives implies

D ($<e£) et ﬁ;(@) < wfgf),

for some 3 € #(R). Thus

izt po (e smsf,\ > d¢ g _
/§>1/e b (d)( ¢) 3 m(8) Jd S /|£|>1/e’l/)( )\€| /|§|>1¢(€)|§| .

When 10 < |¢| < 1/e, we have Da(a(ef)(sinsg/g)ﬁ\n(f)) < 1//€| and hence its L!-
norm is bounded by log1/e. By the following uniform Riemann-Lebesgue lemma, we
get

sin s€ ~

/ "¢ D* (%(e&) <§)) de=o()log L, x = co.
0<|€|<1 /e § €
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LEMMA 6.1.  Assume that (€) are uniformly bounded and uniformly equicontin-
uous functions on R. Then

/ e”gMdg =o0(1)log N, |z| = oo,
10<[¢|<N 3

where o (1) is uniform in N and .

SKETCH OF PROOF. Let € > 0. Let ¢5, 0 < § < 1 be a C*° approximation of the
identity and 1§ = ¢s *1x. Note that, since (¥3)" = (¢s) * by = (1/8)(¢')s * 9, we have
(#2) |l < 1/6. Also, if § is small enough, [ty — % || < €. Write

mgd’)\(g)d _ mg@h(f) *7/}§\(§)d zz§¢§(§)d
/10<|5|<Ne § ¢ /10<§<N6 £ €+/10<|£|<Ne § ¢

The first integrand is bounded by €/|£|, and thus the integral by elog N. An integration
by parts shows that the second integral is bounded by (1/6|z|)log N. So if |z| > 1/de,

/ eir&Mdf < elog N. O
10<[¢[<N 3

The hardest part to estimate is when |£| < 10. This is the content of the next
proposition.

E’ROPOSITION 6.2. Assume that p has a finite moment of order a. Then
D (p(e€)(sin s&/€)Tm (€)) is locally integrable.

Proor. We will only prove the case 1 < a < 2.

The case a@ > 2 is easier as we may take m sufficiently large and prove that
Daq/b\(ef) (sin s£/&)7m (€) is bounded. By (1.4), we may then discard the terms containing
Ry, with k > 2.

So assume that o < 2 and consider first 3/2 < o < 2. Let  =a—1and § = a—3/2.
When 3/2 < a < 2, we have m = 2 and by (2.9) and (2.4)

—_ ) 3 . b
7:\2(5) _ (f(g) iullz Z,Uf15> : _]‘-f(g) ,S |§|3ﬁ71 _ |€|36+1/27 |€| 0.

Let p(&) = ¢(e€)(sin s&/€)72(§), and consider p’. By Leibniz formula it consists of several
terms, two of which contain f’. One of these appears when we differentiate 1/(1 — f(£))
and one when we differentiate (f(£) — 1 +iu1€)3. We write

p'(&) = p1(8) + p2(&) f'(€) + p3(€)A(S),

where h(§) = f'(§) + ipu1. The functions p;, p2 and ps has one more classical derivative
if £ # 0. Since a derivative of p, not acting on (f(£) —1+iu1€)3, introduces a singularity
at most 1/£, we get

pi(€) SIEFH2 and pi(€) S €72, j=1,2.
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By Lemma 5.7, this implies

IDIPpi(€) S 1P H27P = g2t i =1,2.

)

In particular D?p; € L (R).

loc

By Lemma 5.4, |D|?f’ is bounded. Hence, by Lemma 5.5,

IDI?(p2.£")(€) < p2(O[DIPF'(€) + 1Nl 1D p2(€)
5 |€|35—1/2 + |§|26—1 S |£|26—1.

Thus also D?(paf’) € Li (R).

loc
The last term is slightly different as p3 is more singular (pj is not locally integrable).

By Lemma 5.7,

p3(€) SIEP, ph(6) S1E1*72 and [D|ps(€) < [¢*° 7.

On the other hand,

W) = f'(€) + iy = / iz (e 1) dp(z) < [€]°

R

is small at the origin.
Arguing as in the proof of Lemma 5.5, we have

PP < [ e = 0 HESAZ Otk 1) 1D pa(e)
As
) 1D ps(€) S €17+25717 = |51 € L} (R),

it remains to estimate the integral. The argument is similar to the proof of Lemma 5.7.

We have
(€ — 1) — h(©) , 1
IS T T BSI gr < e Py
/t e o€ DI 5 e /M<E/2|p3<f Dt

e / Ips(t)]dt < J¢] ! / 425 1de < ¢ € L1 (R).
[t]<€/2 [t]<€/2

When [€ — t| > £/2, we get

/ Il — )
[t]<1,]E—t[>€/2

5/ - t|26—1wdt
[t]<1,l6—t[>¢/2 [t]

[h(§ —t) — h(&)]

SIEPTHDITR(E) SIEP T € Lige(R).
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The proof for arbitrary «, 1 < o < 2 is basically the same. Assume that 1+ 1/m <
a <14 1/(m —1), and consider for instance the term pof’ above, but now with 73
replaced with

1) - 1+w1£)m“ 1
]_ _

Fm(8) = ( Y G}

Ifa=1+pFand f=1/m+ 4, py satisfies

pa(€) S [g|m N/ mETE — gt g (6) S g/t me

and
DI pa(€) < [/ ot momind = ot
Thus
DI (p2/")(€) < p2(E) DI /(&) + 111 1 DI p2(€) S €™,
which is locally integrable. O

7. Concluding remarks.

A slightly different way to prove Theorem 1.1, also when 1 < a < 2, is to include
more terms in (1.3). If M is (much) larger than m, 737 satisfies a better estimate than
7m and it is easier to prove Proposition 6.2 for this M. Then one needs to prove that
Ry (x) decays rapidly when k& > m so that they can be discarded in (1.3).

Since R/m: and 7, have the same singularity at the origin, using the Fourier meth-
ods in Section 6, we can prove this. Namely, we have R, (z) = o(1/|x|%), || — oo when
n > [1/(a —1)] + 1. The logarithmic factor is not needed due to the decay of R, at
infinity. However the proof of these estimate of R, is almost as hard as that of r,, so
altogether this approach is not a simplification of the proof of Theorem 1.1.

If on the other hand, by sharpening the arguments in Section 4, we could prove the
necessary estimates of R,, directly, this could simplify the proof. But I have not been
able to do this.

We can also prove R, (x) = o(1/|z|"?), |z| — oo, when n < [1/(a — 1)] + 1 except
possibly when f=1/kand n =k + 1, k =2,3,4,.... Note that n8 = « in this case.
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