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Abstract. Bott, Cattaneo and Rossi defined invariants of long knots
R™ — R"*2 as combinations of configuration space integrals for n odd > 3.
Here, we give a more flexible definition of these invariants. Our definition
allows us to interpret these invariants as counts of diagrams. It extends to
long knots inside more general (n + 2)-manifolds, called asymptotic homology
R”*2 and provides invariants of these knots.

1. Introduction.

In [Bot96], Bott introduced an isotopy invariant Zy of knots S* < R"*2 in odd
dimensional Euclidean spaces. The invariant Zs is defined as a linear combination of
configuration space integrals associated to graphs by integrating forms associated to the
edges, which represent directions in R™ or in R"*2. The involved graphs have four vertices
of two kinds and four edges of two kinds.

This invariant was generalized to a whole family (Zy)ren {0} of isotopy invariants of
long knots R™ < R"*2_ for odd n > 3, by Cattaneo and Rossi in [CR05] and by Rossi
in his thesis [Ros02]. The degree k Bott-Cattaneo—Rossi (BCR for short) invariant Zj,
involves diagrams with 2k vertices.

In [Wat07], Watanabe proved that, when restricted to ribbon long knots, the BCR
invariants are finite type invariants with respect to some operations on ribbon knots, and
he used this property to prove that the invariants Zj are not trivial for even k > 1, and
that they are related to the Alexander polynomial, for long ribbon knots.

In Theorem 2.10, which is the main theorem of this article, we generalize the invari-
ants (Zy)r>2 to long knots in the parallelized asymptotic homology R"*2 of Section 2.1
when n > 3 is odd, using the notion of propagating forms. When the ambient space
is R"*2, our extended definition also provides a more flexible definition for the original
invariants (Zy)g>2. In Theorem 2.13, we equivalently define our generalized BCR invari-
ants as rational combinations of intersection numbers of chains in configuration spaces.
In particular, our generalized invariants are rational. Theorem 2.17 asserts that Zj is
additive under connected sum. In [Let20a], we use our flexible definition to express
our generalized Z5 in terms of linking numbers or of Alexander polynomials for all long
knots in parallelizable asymptotic homology R"*2, when n = 1 mod 4. In [Let20b],
we extend the BCR invariants Zj, to 1-dimensional long knots in (rational) asymptotic
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homology R?, and the results of [Let20a] express these extended invariants and the usual
Alexander polynomial in terms of each other.

Our invariants 7, are precisely defined in Section 2, where the three forementioned
theorems are stated. Their proofs are given in the following sections.

Our definition of Zj involves a parallelization of the ambient space, which is a trivi-
alization of its tangent bundle that is standard outside a compact as precisely explained
in Definition 2.1. In Section 6, we prove that Zj does not depend on the parallelization
when it exists. In order to prove this result, we prove Theorem 6.2, which asserts that,
up to homotopy, any two parallelizations of a parallelizable asymptotic homology R™*2
that are standard outside a compact coincide outside an (arbitrarily small) ball.

The author does not know whether any asymptotic homology R"*? admits a par-
allelization in the sense of Definition 2.1. However, using the fact that the connected
sum of any odd-dimensional asymptotic homology R"*2 with itself is parallelizable in
the sense of Definition 2.1 (Proposition 2.18) and that Zj is additive (Theorem 2.17),
we extend our invariants to long knots in any (possibly non-parallelizable) asymptotic
homology R"*2 with n odd > 3 in Definition 2.19.

ACKNOWLEDGEMENTS. The author thank his advisor Christine Lescop for her help
with the redaction of this article. He also thank the referee for her/his helpful comments.

2. Definition of the BCR invariants.

2.1. Parallelized asymptotic homology R™**2 and long knots.

In this article, we fix an odd integer n > 3, and M denotes an (n + 2)-dimensional
closed smooth oriented manifold, such that H,(M;Z) = H,(S""2;7Z). Such a manifold
is called a homology (n + 2)-sphere.

In such a homology sphere, choose a point co and a closed ball By (M) around
this point. Fix an identification of this ball Bo (M) with the complement B, of the
open unit ball of R"*2 in §"+2 = R"*2 U {oo}. Let M° denote the manifold M \ {co}
and let B3 (M) denote the punctured ball By, (M) \ {oco}. In all the following, this
punctured ball BS (M) is identified with the complement BS, of the open unit ball in
R"*2. Let B(M) denote the closure of M°\ BS, . Then, the manifold M° can be seen
as M° = B(M)U B2, where BS, C R"*2 (see Figure 1). Note that such a manifold M°
has the same homology as R"*2. The manifold M° equipped with the decomposition
M° = B(M) U BS, is called an asymptotic homology R"*2.

o Boo (M) B (M) = Bg,
M Q)B(M) Me° Q(M)
Figure 1.

Long knots of such a space M° are smooth embeddings 1 : R™ < M?®° such that
P(x) = (0,0,2) € B, when ||z|| > 1, and ¢(z) € B(M) when [|z|| < 1.
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Two long knots ¢ and ¢’ are isotopic if there exists a family (¢;)o<i<1 of long knots,
such that the map (¢,z) € [0,1] x R™ — ¢4(x) € M® is smooth, and that ¢y = ¢ and
1 =1, Such a family is called an isotopy (between 1) and v’).

DEFINITION 2.1. A parallelization of an asymptotic homology R"*2 is a bundle
isomorphism 7: M° x R**2 — TM® that coincides with the canonical trivialization of
TR"2 on BS, x R"*2. An asymptotic homology R"*2 equipped with such a paralleliza-
tion is called a parallelized asymptotic homology R™12.

Two parallelizations 7 and 7" are homotopic if there exists a smooth family (7;)o<s<1
of parallelizations such that 7o = 7 and 73 = 7/. Given a parallelization 7 and x € M?°,
7, denotes the isomorphism 7(x,-): R"™2 — T, M°.

2.2. BCR diagrams.
The definition of the BCR invariants involves the following graphs, called BCR
diagrams.

DEFINITION 2.2. A BCR diagram is an oriented connected graph I', defined by a
set V(T') of vertices, decomposed into V(T") = V;(T") U V.(T'), and a set E(T') of ordered
pairs of distinct vertices, decomposed into E(I') = E;(I") U E.(I'), whose elements are
called edges!, where the elements of V;(I') are called internal vertices, those of V. (T'),
external vertices, those of E;(T"), internal edges, and those of E.(T'), external edges, and
such that, for any vertex v, one of the five following properties holds:

1. v is external and trivalent, with two incoming external edges and one outgoing
external edge, and one of the incoming edges comes from a univalent vertex.

2. v is internal and trivalent, with one incoming internal edge, one outgoing internal
edge, and one incoming external edge, which comes from a univalent vertex.

3. v is internal and univalent, with one outgoing external edge.

4. v is internal and bivalent, with one incoming external edge and one outgoing inter-
nal edge.

5. v is internal and bivalent, with one incoming internal edge and one outgoing exter-
nal edge.

The external edges that come from a (necessarily internal) univalent vertex are called the
legs of I'. The subgraph of I' made of all the other edges, and the non univalent vertices
is called the cycle of T'.

Define the degree of a BCR diagram T" as deg(T") = (1/2)Card(V(T")), and let G
denote the set of all BCR diagrams of degree k.

In the following, internal edges are depicted by solid arrows, external edges by dashed
arrows, internal vertices by black dots, and external vertices by white dots (circles).
This is the same convention as in [Wat07], but it is the opposite of what was done in

INote that this implies that our graphs have neither loops nor multiple edges with same orientation.
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[CRO5], where the internal edges are dashed, and the external ones are solid. With these
conventions, the five behaviors of Definition 2.2 are depicted in Figure 2.
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Figure 2.
Definition 2.2 implies that any BCR diagram consists of one cycle with some legs

attached to it, which is a cyclic sequence of pieces as in Figure 3 with as many pieces of
the first type as those of the second type. In particular, the degree of a BCR diagram is

an integer.
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Figure 3.

For example, Figure 4 depicts the five degree 2 BCR diagrams, which respectively
have two, two, one, one, and no legs.
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Figure 4. The degree 2 BCR diagrams.

Since any vertex has exactly one outgoing edge, every BCR diagram of degree k has
exactly 2k edges. A numbering of a degree k BCR, diagram T is a bijection o: E(I") —
{1,...,2k}, and G, denotes the set of all degree k numbered BCR diagrams (T, o) (up

to numbered graph isomorphisms).

2.3. Two-point configuration spaces.
If P is a submanifold of a manifold ) such that P is transverse to the boundary 0@

of @ and OP = P N 0Q, its normal bundle NP is the bundle over P whose fibers are
N, P=T,Q/T,.P. A fiber UN, P of the unit normal bundle UNP of P is the quotient of
M, P\ {0} by dilations?. The differential blow-up of Q along P is the manifold obtained
by replacing P with its unit normal bundle UNMP. It is diffeomorphic to the complement
in @ of an open tubular neighborhood of P. The boundary of the obtained manifold is
canonically identified with (0Q \ OP) U UMNP, and its interior is @ \ (P U 0Q).

2Dilations are homotheties with positive ratio.
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Let X be a d-dimensional closed smooth oriented manifold, let oo be a point of X,
and set X° = X \ {co}. Here, we give a short overview of the compactification Ca(X°)
of the two-point configuration space defined in [Les15, Section 2.2]. Let C3(X°) be the
space defined from X?2 by blowing up the point (0o, 00), and next the closures of the sets
0o x X°, X°xooand Axe = {(z,2) | z € X°}.

The manifold Cy(X°) is compact and comes with a canonical map p,: Co(X°) — X2.
This map induces a diffeomorphism from the interior of C3(X°) to the open configuration
space C(X°) = {(z,y) € (X°)? | z # y}, and Co(X°) has the same homotopy type as
C9(X°). The manifold Co(X°) is called the two-point configuration space of X°.

Let T X denote the tangent bundle to X at co. Identify a punctured neighborhood
of co in X with BS,. Identify T, X \ {0} with R?\ {0} so that v € R¢\ {0} is the
tangent vector at 0 of the path 7 such that v(0) = oo and for any ¢ €]0, 1/||ul|], v(t) =
tu/||tu]|* € BS, C X°. Use this identification to see the unit tangent space Uso X to X
at oo as ST, so that we have the following description of 9Cs(X°).

NOTATION 2.3.  The boundary of C3(X?) is the union of:

e the closed face Da,00C2(X°) = p, '({(00,00)}), whose interior® is the set of all
classes of pairs (u,v) € (RY\ {0})? & (TX \ {0})? such that u # v, up to
dilations.

e the unit normal bundles to X° x {oo} and {oco} x X°, which are Jxo -C2(X°) =
X° X Use X 22 X° x S and 0o xo C2(X°) = Uno X x X° = Se1 x X°,

e the face InC2(X°) = p, '(Ax-), which is identified with the unit normal bundle
to the diagonal Axo., which is diffeomorphic to the unit tangent bundle UX° via
the map [(u,v)](z,0) € UN(z,0)Axo = [V — ulp € Up X°.

The following lemma can be proved as [Les15, Lemma 2.2].

LEMMA 2.4. When X° =R?, the Gauss map

C3(RY) — s
y—x

(r,y) = ——
lly — ]

extends to a map G: Cy(R?) — §4-1,
Furthermore, G reads as follows on the faces* of codimension 1 of Co(R?):

v/l[o]1* — u/[ul®
[[o/1v]12 = w/[[ull?
Gc)={ ~Uu if c=(u,y) € 8007R402(Rd) =S%1 x R?,
u if c = (z,u) € Oga noCa(RY) = R4 x §I71,

u if ¢ = [u]y € UpR% € UR? 22 97 Cy(RY).

if ¢ = [u,v] is in the interior of Ouo,00C2(RY),

1

3The boundary of this closed face contains the three codimension 2 faces of Ca(X°), which we do not
describe here.

4Here, we do not give the expression of G on the three codimension 2 faces. It can be found inside
the proof of [Les15, Lemma 2.2].
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This map G exists only when X° = R? but, if (M°,7) is a parallelized asymptotic
homology R"*2, it is possible to define an analogue G, of G on the boundary of Co(M?®),
as in [Les15, Proposition 2.3].

DEFINITION 2.5. Let (M°,7) be a parallelized asymptotic homology R"™2. Note
that the face Duo 0oCa(M°) is canonically identified with Ds oo Co(R™T2).
Then, we can define a smooth map G, : 9Co(M°) — S"*! by the following formula:

(o) if ¢ € Do Ca( M) = Do oo Ca(R™2),
—u if ¢ = (u,y) € Ooo,poCo(M°) = S™ T x M°,
Gr(c)=1R u if ¢ = (z,u) € Orro 0oCa(M®) = M° x SPHL,
-1
TIT(“) if ¢ = [u], € Uy M° C UM® = 95Co(M®).
7z~ (w)l|

One can think of this map as a limit of the Gauss map when one or both points
approach infinity (where everything is standard), or when they are close to each other.
In the latter case, the limit is defined by the parallelization.

2.4. Configuration spaces.
Let I' be a BCR diagram, let (M°, ) be a parallelized asymptotic homology R"+2,
and let ¥: R™ < M° be a long knot. Let C’; (1) denote the open configuration space

Cl(i(z/)) = {c: V(I') = M?® | there exists ¢;: Vi(I') — R"™ satisfying ¢y, ) = 1 o ¢;}.

An element ¢ of C;(z/)) is called a configuration. By definition, the images of the
vertices under a configuration are distinct, and the images of internal vertices are on the
knot.

This configuration space is a non-compact smooth manifold. It admits a compacti-
fication C(¢), which is defined in [Ros02, Section 2.4], and which is the closure of the
image of the map ¢ € C’E(d)) ¢ € Cyryug«y (M), where ¢*|y () = ¢ and ¢* () = oo,
and where Cy (ryuq«} (M) is the compact configuration space defined in [Sin04].

THEOREM 2.6 (Rossi, Sinha).  The manifold C(¢) is a compact manifold with
corners, such that:

e The interior of C () is canonically diffeomorphic to C’;(w).

e For any two internal vertices v and w, the map ¢ € CE(@/}) = (c;i(v),¢(w)) €
Co(R™) extends to a smooth map p47,: Cp(¢) — Co(R™).

e For any two vertices v and w, the map ¢ € Clcl (1) = (c(v), c(w)) € Co(M°) extends
to a smooth map pY.,: Cp.(¢) — Co(M°).

DEFINITION 2.7.  The manifold C.(¢) is called the (compact) configuration space
associated to I' and 1. For any edge e of I' going from a vertex v to a vertex w, C,
denotes the configuration space Ca(R™) if e is internal, and Cy(M?°) if e is external, and
p?: Cr(¢) — C. denotes the map pffﬂ if e is internal, and the map p}f”w if e is external.
When there is no ambiguity on the knot v, p? is simply denoted by p,.
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Orient C2(v)) as follows.

Let dY;¥ denote the i-th coordinate form of the internal vertex v (parametrized by
R™) and let dX? denote the i-th coordinate form of the external vertex v (in an oriented
chart of M?).

Split each external edge e in two halves: the tail e_ and the head ey . Define a form
Q. for these external half-edges as follows:

e for the head e of a leg going to an external vertex v, Q., = dx},

e for the head e of an edge that is not a leg, going to an external vertex v, Q., =
dX2,

e for the tail e_ of an edge coming from an external vertex v, Q. = dX2A---AdX 2,

e for any (external) half-edge e+ adjacent to an internal vertex v, Q.. = dY,} A+ A
dy,.

Note that this distributes the coordinates of each vertex on the half-edges that are adja-
cent to it, as in Figure 5.

. i x
AV A-ndye s f- sy,
dX; “wgp dAXB A AAXPT?
A
e+ ide
e 1 Qe

Figure 5. The forms associated to some external half-edges.

Let N7 ,;(I') denote the number of internal trivalent vertices, and define the sign of
a BCR diagram as ¢(T') = (—1)Nm:(I+Card(Ec() " The orientation of C2(1) is given by
the form Q(I') = e(I') A.cp, (1) e, Where Q¢ = Qe A€, for any external edge e.

2.5. Propagating forms.

Here we define the notion of propagating forms, which allows us to extend the
definition of the BCR invariants to all parallelizable asymptotic homology R™*2.

For any even integer d, an antisymmetric form on S? is a form w such that
(—Idge)*(w) = —w, where —Idga is the antipodal map of the sphere.

DEFINITION 2.8.  An internal propagating form (or internal propagator) is a closed
(n —1)-form a on C3(R™) such that ajsc,rn) = (Glac,wn))* (Wa) for an antisymmetric
(n—1)-form w, on S"~! with fgn,l We = 1, where G': C3(R™) — S"~ 1 is the map defined
in Lemma 2.4.

An external propagating form (or external propagator) of (M°,7) is a closed (n+1)-
form 8 on Cy(M®°) such that B, (ame) = G- (wp) for some antisymmetric (n + 1)-form
wg on "1 with [, wg =1, where G is the map of Definition 2.5.
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For a given integer k, a family F = (o, 8i)1<i<2k of propagating forms of (M°, ) is
the data of 2k internal propagating forms (o;)1<;<2xr and 2k external propagating forms
(Bi)i<i<ar of (M°, 7).

Given such a family and a degree k numbered BCR, diagram (T', o), for each edge e
of I', set

r [ pe(ag(e) if eis internal,
“7 P (Boey) if e is external.

For any edge e, n(e) denotes the integer n — 1 if e is internal, and n + 1 if e is
external, so that w!, is an n(e)-form on Cp(¢0). We will see in Corollary 3.4 that
families of propagating forms exist.

e,o

2.6. Definition and properties of generalized BCR invariants of long
knots.

Fix an integer & > 2, and a family F' = (ay, 8i)1<i<2r of propagating forms of
(M°, 7).

Let ¢ be a long knot.

For any numbered BCR diagram (T, 0) of degree k, define® the form wi(T, 0,%)
on Cp(¢) as w"(T,0,9) = A.cpry Weo, and set I7(T,0,9) = fc F(T,0,4). This
integral is a real number because of the following lemma.

LEMMA 2.9.  For any BCR diagram T, dim(Cp(¢)) = deg(w! (T, 0,v)).

PROOF.  Split any edge e of T" in two halves e_ (the tail) and e (the head), and
let v(e ) denote the vertex adjacent to the half-edge e,. Assign an integer d(ey) to each
half-edge as follows:

. oono 1
e If ¢ is external, d(e4+) =1 and d(e_) =n as in R
- +
e If ¢ is internal, d(e;) =0 and d(e—) =n—1 as in I
- +

Note that, with these notations:
e for any edge e € E(I'), d(ey) +d(e—) = n(e).

e for any vertex v € V(I'), as it can be checked in Figure 6,

Z d(es) = n if v is internal,
7 \n + 2 if v is external.
et,v(et)=v

5The order of the forms inside the wedge product is not important since they have even degrees.
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Then,
deg(w” (o)) = Y (d(es) +d(e-)) = Y Y dles)
ecE(T) veV (') et,v(et)=v
= > n+ Y (n+2) =dim(Cp(¥)). O
veV; () veVe(T)
THEOREM 2.10.  Set
1
Zi (y) = @0 > 17T, 0,9).
(F,U)Eé;

The following properties hold:

1. The value of Z{ (1) does not depend on the choice of the family F of propagating
forms of (M°, ).

2. The value of Zy (1) = ZE (1) does not depend on the choice of the parallelization T
of the ambient manifold M°.

3. For any ¢ € Diffeo™ (M°) that fizes B2, pointwise, and for any long knot 1 of M®,
7y (V) = Zi(p o). In particular, Zy is a long knot isotopy invariant.

4. The invariant Zy, takes only rational values.
5. If k is odd, Zj, is always zero.
The obtained invariant Zy, is called the generalized BCR invariant of degree k.

When M° = R"*2, and when all the propagators are pullbacks of the homogeneous
unit volume forms on S~ and S”*! with total volume one, our definition matches the
definition of the invariants® (Oy)r>2 of [CRO5, Section 6] and of the invariants 2z of
[Wat07, Section 2.4] (we have Zj, = O) = 2z;). Our definition allows more flexibility
on the choice of the forms. It extends the invariant to an invariant for long knots in any
parallelized asymptotic homology R"*2. In [Wat07, Theorem 4.1], Watanabe proved
that z;, is not trivial when k is even and M° = R"*2  and he related zj, to Alexander
polynomial for long ribbon knots.

60nly ©2 and O3 are explicitly defined in [CRO5], but the definition for higher & is mentioned.
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2.7. Propagating chains.
Let us first fix some notations on the chains used in this article.

DEFINITION 2.11. A rational k-chain A of a manifold X is a finite rational combi-
nation 21:1 ¢;Y; of compact oriented k-submanifolds with corners (Y;)1<i<, of X. The
boundary OA of A is the rational (k—1)-chain 9A = Y "!_, ¢;0Y;, up to the usual algebraic
cancellations”.

If the (Y;)1<i<r have pairwise disjoint interiors, A is called an embedded rational
k-chain.® If A is an embedded rational k-chain, Supp(A) = [J;_, V; denotes the support
of A, A®=D = JI_, 0Y; denotes its (k — 1)-skeleton, and Int(A) = Supp(A) \ A®~1 its
mnterior.

Let us now define the notion of propagating chains, which will give us another way of
computing the invariant Z, and help us to prove the fourth assertion of Theorem 2.10.

DEFINITION 2.12.  An internal propagating chain (or internal propaga-
tor) is an embedded rational (n + 1)-chain A of C%(R™) such that 04 =
(1/2)(Glacy®n)) "t ({—za,24}) for some z4 € S*71.

An external propagating chain (or external propagator) of (M°,7) is an embedded
rational (n + 3)-chain B of Co(M?°) such that 0B = (1/2)G; '({—zp,zp}) for some
rp € Sl

A family F. = (A;, Bi)1<i<2r of propagating chains of (M°,7) is the data of 2k
internal propagating chains (A4;)1<i<2r and 2k external propagating chains (B;)1<;<2k
of (M°,1).

Consider a family F, = (A4;, B;)1<i<2r of propagating chains of (M°,7). For any
BCR diagram I', set

Pr: o) — ][ ce@®Mx J[ cxm)= ] C
ecE; (") ecE. (") ecE(T)

¢ = (Pe(C))ecr(r)-

The family F. is in general position if, for any numbered BCR diagram
(I'yo) € Gk, and for any ¢ € Cp(¢) such that Pr(c) € ([[.cp,r) Supp(Ao(e))) X
(HeeEe(F) Supp (B (e))):

e For any internal edge e of I, pc(c) € Int(A,(c)).
e For any external edge e of T', p.(c) € Int(By ().

e We have the transversality property

"These cancellations allow us to write 1.(—=Y) = (—1).Y for a submanifold Y, where —Y denotes the
manifold Y with the opposite orientation, and 1.(Y U Z) = 1.Y + 1.Z for disjoint submanifolds Y and
Z, for example.

8Note that any rational chain is homologous to an embedded one.
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TPF(C) H Ce
ecE(T)

:TCPF(TCOF(’(/)))—F H Tpe(c)Int(Aa(e)) X H Tpe(c)Int(Ba(e))
ecE;(T) e€E.(T)

In the following, D[ denotes the chain p;'(A,)) if e is internal, and the chain
pe ' (Bo(e)) if e is external. This is a chain of codimension n(e) of Cp.(¥).

2.8. Computation of Z; in terms of propagating chains.
We can now give a discrete definition of our generalized BCR invariants.

THEOREM 2.13. Let F. = (A;, Bi)i<i<or be a family of propagating chains of
(M°, 1) in general position.

The algebraic intersection number Ip, (I, 0,1) of the chains (D )ccpr) inside
Cr(¢) makes sense and

2 = G X In(Cow)

(I,0)€0k

This theorem is proved in Section 4.1, where a more precise definition of this in-
tersection number is given. The existence of families of propagating chains in general
position is proved in Section 3.5.

2.9. Additivity of Z; under connected sum.

Let My and Mg be two asymptotic homology R"™2. Let us define the connected
sum MPE{Ms. Let B§C71/4 be the complement in R"*2 of the two open balls B; and B, of
radius 1/4 and with respective centers ; = (0,0,...,0,—1/2) and Qs = (0,0,...,0,1/2).
For i € {1,2} and = in B(M;) C R"2, define the map ¢;(z) = (1/4)z + Q;, which is a
diffeomorphism from dB(M;) to OB;.

Set MyyMy = BS U B(M1) U B(Ms), where B(M;) is glued to BY, ,/, along
0B; using the map ¢;, and set B(M7Y4Ms) = (MPEMS) \ BS,, where B, is defined in
Section 2.1. The manifold M7§Ms with the decomposition MM = B(M7EMs) U B,
is called the connected sum of M7 and M.

PROPOSITION 2.14.  The obtained manifold M7Y4Ms is an asymptotic homology
R"™*2 with two canonical injections v;: B(M;) — B(M{EMS) C MPgMS fori € {1,2}.

If MY and M3 are parallelized, MYEMS inherits a natural parallelization, up to
homotopy.

PrROOF. This is immediate. O

DEFINITION 2.15.  Let My and M5 be two asymptotic homology R"*2.
Let 91 : R® — M7 and ¢3: R™ — M3 be two long knots. The formula
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L2(¢2(4.Z‘1, e 74"17”—1; 43771 — 2)) lf

1 1
—(0,...,0,2 )| <=
x (7 ,72>H_4,
0.0 <2
T yeees Uy B _4,

(0,0,z) € BZ, 1/4 otherwise,

(’(/}ﬂi’t/}g)((ﬂ) = L1(¢1 (4.1}1, e ,4.-’171171; 4xn + 2)) if

defines a long knot 1§12 — M7 tMs, which is called the connected sum of ¢ and ..
Let us assert the following immediate result about connected sum.

LEMMA 2.16.  Set 45,0 @ € R™ = (0,0,7) € R"2. The embedding 1, is called
the trivial knot.

For any parallelizable asymptotic homology R™"T2 M° and for any long knot 1 in M°,
there exist two diffeomorphisms T(lc?’w: R 24M° — M° and 7'1620)#}: MP#R™ 2 & MPe
such that Typ) o (Yerinf) = ¥ = To12 0 (Vtrin).

Similarly, the connected sum is associative and commutative up to ambient diffeo-
morphisms.

In Section 9, we prove the following theorem.

THEOREM 2.17.  Let M7 and M be two parallelizable asymptotic homology R™*2
and let 1 : R" <= M7y and 1y: R™ — M3 be two long knots. Then, for any k > 2,

Zp(1fie) = Zi (1) + Zr(2).

2.10. Extension of Z;, to any asymptotic homology R"12,
We prove the following proposition at the end of Section 8.

PROPOSITION 2.18.  For any odd n > 1, the connected sum of any asymptotic
homology R™2 with itself is parallelizable in the sense of Definition 2.1.

Theorem 2.10, Proposition 2.18 and the additivity of Zj under connected sum of
Theorem 2.17 show that the following definition is consistent.

DEFINITION 2.19. Let ¢ be a long knot in a (possibly non-parallelizable) asymp-
totic homology R™"™2 with n odd > 3. Define Zj(v)) as (1/2)Zx(vt)).

By construction, Zj still satisfies the three last points of Theorem 2.10: it is in-
variant under ambient diffeomorphisms, takes rational values, and is trivial when & is
even. The associativity and commutativity of connected sum up to ambient diffeomor-
phisms of Lemma 2.16 and Theorem 2.17 show the following proposition, which extends
Theorem 2.17.

PROPOSITION 2.20.  Let MY and M3 be two asymptotic homology R"*2 and let
Y1 R" = M?P and y: R" — M3 be two long knots. Then, for any k > 2,

Zi(V1ive) = Zi (Y1) + Zy(2).



Generalized Bott—Cattaneo—Rosst invariants of high-dimensional long knots 827

3. Independence of the propagating forms.

In this section, we study the effect on Zj of a change in the family of propagating
forms. Without loss of generality, it suffices to study how Z; changes when «y and (;
change.

3.1. Expression of the dependence in terms of boundary integrals.

For later purposes, we allow a more general context: as previously, we suppose
that a family F = (ay,0i)1<i<2r of propagating forms is given, but we allow the
forms f; to be compatible with different parallelizations 7; of M° (which means that
(Bi)jacs(vey = G5, (wg,)). This will allow us to use the results of this section in the

proof of the independence of the parallelization in Section 6.2. For simplicity, we set
n—1 n+1
i i

w = Wq, and w = wg,.

Let 71 be a parallelization of M°. Let F' = (o, 8])1<i<2k be a family of propagating

79

forms such that for any i > 2, (o, 5/) = (s, 5i), that 5] is an external propagating form

for 7{, and that o} — a; and ) — B; are exact forms. We set (w] ') = Wey and
(@Y = wg.
1

Let ¢/% be an (n — 2)-form on Co(R™) and let £ be an n-form on Cy(M°®) such
that o = ay +d¢P 2 and £ = B + dép.

We say that (o) —aq, 37 — 1) has the sphere factorization property if we can choose
the forms (¢]'"2,£}) such that G%QWCQ(RH) = G|3(;2(Rn)*(77?72) for some antisymmetric
(n — 2)-form 1?2 on S"~! and that &l jocy (o) = Gr " (07) for some antisymmetric n-
form 67 on S"*1. In the following, when this property is assumed, we always choose such
primitives.

For any (T',0) € Gr, and for any edge e of T, define the form

wly if o(e) # 1,
Qeo = PE(C?) if o(e) =1 and e is internal,

i (&T) if o(e) =1 and e is external,

and set W(I',0,9) = A cp(r) @e,o, where the order of the forms is not important since
all of them except one have even degrees.

LemMA 3.1.  With these notations,

ZE W) - ZE W) = = Y &(T, 0,4).
(2Rt (r.0)eGy 2

PrOOF. From the Stokes formula, it directly follows that

IF'(F,U,¢)—1F(F,0,¢):/

(T, 0, )) = / (T, 0,1). 0
Cr(v)

9CL(¥)
3.2. Codimension 1 faces of C.(v).

The codimension 1 open faces of C.(¢) are in bijection with the subsets S of car-
dinality at least two of V*(I') = V(T") U {*}. Let 0sC(¢) denote the face associated to
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such an S and let F(T") denote the set of the codimension 1 faces. There are four types
of faces in F(T'):

e If S contains *, dsC (1)) is called an infinite face, and its elements are configurations
of Cp.(¢) that map the vertices of S\ {*} to infinity, and all the other vertices to
pairwise distinct points of M°.

o If S =V(I'), 0sCr(v) is called the anomalous face. Its elements are configurations
that map all the vertices to one point, which is necessarily on the knot.

e If S has exactly two points, which are connected by exactly one edge, dsC(v) is
called a principal face and its elements are configurations that map the two vertices
of S to one point xg and all the other ones to pairwise distinct vertices of M°\{xs}.

e Otherwise, dsCp (1) is called a hidden face, and its elements are configurations that
map all the vertices of S to one point zg, and all the other ones to pairwise distinct
points of M° \ {zgs}.

One can find precise descriptions of these faces in Section 7 or in [Ros02, pp.61-62].

A numbered (codimension 1) face of Cp(v) is a face dsCL(¢) as above, together
with a numbering o of T'.

For any numbered face (0sCr(v),0), set dsI(T,0,v) = fé?st(w) @(T,0,1), so that

ZEW -2 =g XY sl

(T,0)eG, SEFT)

3.3. Vanishing lemma for the face contributions.
LEmMmA 3.2. If S ¢ V(I'), I's denotes the subgraph of T' whose vertices are the
elements of S and whose edges are the edges of I' that connect two vertices of S.

e For any numbered infinite face (9sCrp(v),0), such that no end of c=*(1) is in S,
3sI(T,0,4) = 0.

e The set of hidden faces splits into two sets H1(I') and H2(T), such that:

— For any hidden face dsCr.(v) of H1(T') and any numbering o, 6sI(T',0,7) = 0.

— For any hidden face OsCr(v¢) of Ha(T'), we have an involution o — o* of the
numberings of T such that 6sI(T,0*,40) = —=dsI(T, 0,1).

e Represent the principal faces by pairs (T',e) where I' € G and e € E(T'). For any
numbering o, let 0.1(I",0,1) denote the integral 6sI(I',0,1)) where S is the set of
the two ends of e. Let Nx1(I',e) denote the set of the numberings of I' such that
o(e) #1, and let N(I') denote the set of all the numberings of I'. Then:

— There exists an involution s: (T',e) — (I'*,e*) of the set of principal faces
such that, for any (T',e), there exists a canonical map sp: o € Ny (I',e) —
o* € Ny (I*,e*), such that 6e-I(T*,0*,¢) = —0.1(I',0,1) and such that
ST,¢ O 8T ¢+ = 1d.
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— If o is a numbering of T such that o(e) = 1, and, if e is internal, or if e is
external with at least one external end, then §.I(T',o,1) = 0.

Furthermore, if (o) — axq, 8] — B1) has the sphere factorization property:

e For any infinite face dsCr (1) such that S contains an end of o~1(1), 51 (T, 0,1)) =
0.

e The anomalous faces do not contribute: for any (I',o) € @Z, dymyI(T,0,9) = 0.

e For the principal faces (T, e) associated to an edge e where e is external with internal
ends, the map sp. above can be extended to a map N(I') — N(I'*) such that
de-I(T*,0%,¢) = =0.I(T,0,v¢) and sp o sp= o+ = Id.

The proof of this lemma is given in Section 7.

3.4. Cohomology groups of two-point configuration spaces.

In this section, we study the cohomology of configuration spaces. This allows us to
prove the existence of families of propagating forms and the independence of Z,f of the
propagating forms (first point of Theorem 2.10) up to Lemma 3.2 in the next subsection.

LEMMA 3.3.  Let (M°,7) be a parallelized asymptotic homology R"*2. The relative
cohomology of Co(M°®) is

R ifx=n+3orx=2n+4,
H* (Ca(M®), 0C,(M° ) ) = { g

0  otherwise.
PROOF. Since Co(M?) is a compact oriented (2n + 4)-manifold,
H*™4(Cy(M°),0Co(M°); R) = R.
Fix 0 < ¢ < 2n + 3. The Poincaré—Lefschetz duality yields
H'(C3(M?),0C5(M°)) = Hanra—e(Ca(M®)) = Hapia—e(C5(M?)).
Furthermore, we have a long exact sequence
Honis—e((M®)?) = Hanys—o((M®)?,C3(M®)) = Hapya—e(C3(M®)) = Hapia—e((M°)?)

where H,((M°)?) = H,(pt) by the Kiinneth formula. Then, we have an isomorphism
Hopia—o(CY(M®)) 22 Hypi5o((M©°)%,C9(M°®)). The excision theorem yields

Haonis5-0((M°)?,C(M°)) = Hapyso(N(Anre), N(Anre) \ Anse)
= Honys_o(Ape x D2 Apre x (D20 {0})),

where N (A o) is a tubular neighborhood of Ao, which can be identified with Ao x
D" *2 using the parallelization. By Kiinneth’s formula,

Hopyso(Ane x D™ Ape x D"\ {0})) = €D Hi(Aweo) @ Hy(D"H2,8")
i+j=2n+5—1
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= n+37Z(MO) ® R.
Therefore, H*(Co(M®),0C5(M°®)) = H,y3_¢(M°). O

3.5. Existence of propagating forms. Independence of Z,f of a choice of
propagating forms.
The results of this section are applications of Lemma 3.3.

COROLLARY 3.4.  For any parallelized asymptotic homology R"*2 (M°, 1), there
exist external propagating forms for (M°, ).

PROOF.  The triviality of the cohomology group H"2(Cq(M°),dC3(M®)) follows
from the lemma. The restriction map H"TY(Co(M°)) — H"T1(OCy(M°®)) is there-
fore surjective. Thus, given an antisymmetric closed (n + 1)-form w™*! on S"*1 there
exists a closed form 85+ on Co(M°) such that [(B57")ac,(vey] = [G-*(w™)] in
H"™1(9C5(M®)). Then, there exists a form p§ on dCs(M°) such that (85%") 0, (are) =
G, (W) 4+ dpl. Extend p to a form p™ on Co(M®), and set g7+ = gt —dp™. The
form A" is closed, and (8"11) 90, ey = G- (W™ ). The corollary is proved. O

Let us now prove the first point of Theorem 2.10, i.e. that Z,f does not depend on
the choice of the family F' of propagating forms of (M°, 7). Fix (M°,7), and choose two
families F' = (o, Bi)1<i<2r and F' = (af, 8])1<i<2r of propagating forms of (A°, ).

As previously said, it suffices to show that Zf does not change if a; and $3; change.

Therefore, we assume that for any i > 2, (af, 8)) = (a4, 5i), without loss of generality,

3
and we use the notations of Section 3.1.

LEMMA 3.5.  The pair (oy — a1, 8] — 1) has the sphere factorization property.

PROOF. By construction, (8] — B1)jac,(wey = GrE((wi™) — wi™h).  Since
fSnH(w{‘“)' = fsnﬂw{”’l, there exists an n-form 67 on S"*! such that df} =
(Wit — Wit Since W™ and (W'Y are antisymmetric, 67 can be assumed

to be antisymmetric. Extend the form G,*(6}) to a form p7 on Cy(M°). Then,
B1 — B1 —dp? is a closed form on Cy(M?), whose restriction to dC2(M®) vanishes. Since
H™ 1 (Cy(M°),0Co(M®)) = 0, there exists an n-form p4 on Ce(M°), which vanishes on
0C5(M?®), such that 5] — 1 — dpl = dpb. Set & = p¥ + p4, so that 5] — 51 = d&T,
& jocs(mey = G- (07) and 67 is antisymmetric.

The same argument on o — a;y concludes the proof of Lemma 3.5. O

From the previous lemma and Lemma 3.2, it follows that Z ,f -z ,f = 0. This proves
the independence of Z{ (1) of the family F of propagating forms of (M°, 7). This is the
first point of Theorem 2.10.

4. Rationality of Zj.

4.1. Proof of Theorem 2.13.
Fix a family F, = (A;, B;)1<i<2x of propagating chains of (A °, 7) in general position.
In order to prove that Zj can be computed with these propagators, we are going to



Generalized Bott—Cattaneo—Rosst invariants of high-dimensional long knots 831

define forms dual to them, and use the definition of Z;. Fix Riemannian metrics on the
configuration spaces C2(M°), Co(R™), and Cp(¢), and denote by N.(X) = {c | d(¢, X) <
e} the closed e-neighborhood of a subset X of any of these spaces. Define

(pe( eeE( E H Supp o H Supp a(e))}

ecE;(T) e€E.(T)

DT, o) = {c e Cr(v)
N DI,

ecE(T)

Let € > 0 be such that for any internal edge e, p.(D(I', o)) C Supp(Ay())\Ne(A 0_(6))

and such that for any external edge e, p.(D(T', o)) C Supp(B,(e)) \ Ne (B((;(L:f))

Set A9 = A; \ N.(A"™), N.(4;) = N-(Supp(A4;)), B® = B; \ N.(B"™), and
N.(B;) = N.(Supp(B;)). For e small enough, for any z in AY, there exists an open
neighborhood V,, C N (A;) of z in C3(R™), which can be thought of as a tubular neigh-
borhood of an open neighborhood W, of = in A?, so that there is a local (orientation-
preserving) trivialization V, — W, x D"~!. This induces a local fiber projection map
ps: Vi — D"~ This construction can be made so that if V, NV, # (), there exists a
rotation 7, ,» € SO(R"™!) such that (P2)vonv,, = (a2 © Par)v,Av,, - For any x € BY,
similarly define an open neighborhood V, C N.(B;) of z in Co(M?®), and a local fiber
projection map p,: V, — DL,

Some use of linear algebra and inverse function theorem proves the following lemma.

LEMMA 4.1.  For any ¢ € D(T',0), there exists a neighborhood U, of ¢ in Cp(¢)
such that for any e € E(T'), pe(Uc:) C Vp (o) and

Ye: U — H D™
ecE(T)

y = (Do) (Pe(¥))ecr(m)
s a diffeomorphism onto its image.

Lemma 4.1 implies that D(I',0) is discrete in the compact space C(¢), so it is a
finite set.

Since n(e) is even for any edge, HeeE(F) D™€) is naturally oriented, and we can
define sgn(det(dy.)) as the sign of the Jacobian det(dy.). For ¢ € D(T',0), set
i(c) = sgn(det(dec)) [Ieep(r) 4(pe(c)), where q(pe(c)) is the coefficient ¢; of the sub-
manifold Y; in which pe(c) lies in the rational chain A, (if e is internal) or By, (if e
is external), which reads ", ¢;Y;. Then, the intersection number Ip, (I',0,%) is defined
as Ip, (F7 g, w) = EceD(F,o) Z(C)

The following lemma, which can be obtained as in [Les20, Section 11.4,
Lemma 11.13] connects this intersection number to a configuration space integral, thus
to the Z; invariant.

LEMMA 4.2.  There exists a family F = (o, Bi)1<i<or of propagating forms of
(M°,7) such that for any (T',o0) € Gi:
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e The support of wt'(T,0,v) is a disjoint union of some neighborhoods U, of ¢ €
D, o) as in Lemma 4.1.

e For any c € D(T,0), fUC wi(T,0,v) = i(c).

SKETCH OF PROOF. The main idea is to define the form «; supported on N.(A;),
such that for any 2 € A? (o;)v, = q(z).pi(w™™") where w™ ! is a volume form of total
volume one on D"~! supported in the interior of D"~ and ¢(x) is the coefficient of the
submanifold Y; in which x lies in A; = >, qxY%. The proof of [Les20, Section 11.4,
Lemma 11.13] explains how these forms can be “glued” along Ne(A?L)) in order to get a
closed form and how they can be defined on a collar of the boundary to get an internal
propagating form. The construction of 3; is similar. U

Lemma 4.2 implies Theorem 2.13. Indeed, with the family I’ of propagating forms
of the lemma, the integrals I (T, o, %) of the definition of Zj in Theorem 2.10 are exactly
the rational numbers Iy, (I", 0, 1) of Theorem 2.13.

4.2. Existence of propagating chains in general position.

Lemma 3.3 and the Poincaré-Lefschetz duality imply that H,(C3(R™)) and
H, 12(Co(M?®)) are trivial groups. Therefore, propagating chains exist.

As stated in the following theorem, these propagating chains can also be assumed
to be in general position.

THEOREM 4.3.  For any family (A;, Bi)1<i<ak of propagating chains of (M°,T), and
any € > 0, there exists a family (A}, B})1<i<ar of propagating chains of (M°, ) in general
position such that for any 1 <1i < 2k, Supp(A4}) C N.(4;) and Supp(B;) C N.(B;).

SKETCH OF PROOF. This theorem could be proved as in [Les20, Section 11.3,
Lemma 11.11]. The main idea is to look at families of diffeomorphisms (¢;, ¢}) isotopic
to the identity of the tubular neighborhoods N.(A4;), Nc(B;) that act only fiberwise. In
the space of such diffeomorphisms, the condition of general position on (¢;(4;), ¢5(B;))
can be proved to correspond to an open dense (so non empty) subset. Therefore, there
exist some diffeomorphisms such that these perturbed chains are in general position. [J

In particular, Z; can be computed with such propagating chains. By construction,
this gives a rational number. This proves the fourth assertion of Theorem 2.10.

5. Nullity of Z, when k is odd.

In this section, we prove the fifth assertion of Theorem 2.10. The method is the same
as in [Wat07, Section 2.5], but we have to deal with some more general propagating
forms, and our orientations are not the same®.

Let (M°,7) be a parallelized asymptotic homology R"*2.

Let us fix an integer k& > 1, a long knot ¢, and a family F' = (ay, 8;)1<i<2r of
propagating forms of (M°, 7).

9The orientation of our configuration spaces is wy, (I').Qpyq: (I') with the notations of [Wat07].
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Let T,: Co(R™) — C2(R™) denote the extension of the map (z,y) € CI(R")
(y,x) € C2(R™) to Co(R™). Similarly define Tp: Co(M°) — Ca(M°).

Set F' = (ol Ahrsicar = ((1/2)(0s — T2(a)), (1/2) (B — T5(80))1<icap. Since
the forms w,, and wg, are antisymmetric for any 1 < ¢ < 2k, F’ is again a family of
propagating forms of (M°, 7). For any 1 <i <2k, T3 (o) = —aj and T3 (5;) = —5;.

PROPOSITION 5.1.  For any (I',o) € Gr, let (T'*,0*) denote the numbered BCR
diagram obtained from (I', o) by reversing all the edges of the cycle. Then,

IF,(F*7O-*7¢J) = (_l)kIF/ (F’ 0'7¢)'

PROOF. Since the vertices and their natures are the same for I' and I'*, we have
a canonical diffeomorphism Cr () = Cr« (1), but it may change the orientation.

It follows from the definition of the orientation of configuration spaces in Section 2.4
that the orientation Q(I'*) can be obtained from Q(T") as follows: first, exchange the
coordinate forms dX?2 and dX2 A --- A dX72 for any external vertex v; next, for any
external edge e of the cycle, exchange the forms Q,_ and €., .

Set r = 0 if there is no internal edge in I'. In this case, there are k external vertices
and k external edges in the cycle, so Q(I'*) = (—=1)***Q(I") = Q(I'). Otherwise, any
external edge of the cycle is contained in one maximal sequence of consecutive external
edges of the cycle. If such a sequence has d edges, it has d — 1 external vertices. Let

us denote by (di,...,d,) the lengths of the r maximal sequences of consecutive external
edges of the cycle. Then, the previous analysis yields Q(T'*) = (—1)2i=1(&i+(di=D)T) =
(=1 ().

Let L denote the number of edges of the cycle of I'. Since F’ is such that for any 1 <
i < 2k, Tj(of) = —aj and T5(B!) = —f, we have!® w" (T*, 0", ¥) = (—1) ! (T, 0, ).
Then, IF'(I*,0*,¢) = (=1)E+IF (T, 0, 4)).

It remains to check that L 4+ r = k£ mod 2. It is direct when there is no internal
edge.

Otherwise, let u (resp. b, resp. ¢) denote the number of univalent (resp. bivalent,
resp. trivalent) vertices of I'. By definition of the BCR diagrams, v = ¢, and 2k =
u+b+t=>b+2t.

Note that there is a bijection between maximal sequences of consecutive external
edges of the cycle and bivalent vertices with an external outgoing edge. This bijection is
defined by taking the source of the first edge of a sequence. Taking the head of the last
edge of a sequence also gives a bijection between the maximal sequences of consecutive
external edges of the cycle and the bivalent vertices with an internal outgoing edge. Then,
r=>b/2=Fk—t.

The cycle is composed of all the bivalent and trivalent vertices, and has as many
vertices and edges. Then, L = b+t =2k — .

Eventually, L+r = 3k—2t = k mod 2. This concludes the proof of Proposition 5.1.

O

Proposition 5.1 directly implies that Z;(¢) = 0 when k is odd.

10We consider wF/(F*, o*,1) as a form on C(¢) via the canonical identification Cr(v) = Cr=(¢).
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6. Independence of the parallelization, invariance under ambient diffeo-
morphisms.

In this section, we prove the second and third assertions of Theorem 2.10.

6.1. Homotopy classes of parallelizations of M?°.

Let M° be a fixed parallelizable asymptotic homology R"™2. Let Z] denote the
value of the invariant Z; when computed with a family of propagating forms of (M°, 7).

We recall that two parallelizations 7 and 7/ are homotopic if there exists a smooth
family (7¢)o<¢<1 of parallelizations such that 7o = 7 and 7, = 7/, as in Definition 2.1.

Denote by Par(M°) the set of homotopy classes of parallelizations of M°.

LEMMA 6.1. If T and 7" are homotopic, then Z] = Z;/.

PROOF. Let (7¢)o<i<1 be a smooth homotopy of parallelizations. Assume without
loss of generality that there exists e > 0 such that 7» = 7y for any ¢ € [0,¢]. Let (a4, 5;)
be a family of propagating forms of (M°,7y). For any 1 < i < 2k, there exists a form
wg, such that (8;)jac, (o) = Gry " (wg,)-

For any 1 < i < 2k, we define a smooth family (87)o<s<1 of external propagating
forms such that (37)ac,me) = Gr, " (wgs,) as follows.

Let [—1,0]xUM?® be a collar of UM® = 9aC2(M°) such that {0} x UM® corresponds
to OaCo(M?). Let N(0C3(M?)) be a regular neighborhood of dC5(M*®) that contains
[—1,0] x UB(M). Extend G, to a smooth map G, on N(9C(M°®)) such that for any
(t,z) € [-1,0] x UB(M), G+, (t,x) = Gr,(x). Assume that (5;)|nac,(me)) = GTO*(w,gi).
Since (G+,)jouBm) = (Gr)jouB(ar) for any s € [0, 1], the map

ps: (t,x) € [-1,0] x UB(M) — G (z) € S"H

T(14t)s
coincide with G, on ([~1,0] x OUB(M)) U ({—1} x UB(M)). The forms ps*(wg,) and
B; coincide on ([—1,0] x QUB(M))U ({—1} x UB(M)). This allows us to define a closed
form B such that (87)|—1,0xvBm) = s (ws,) and (B5)|c,(me)\ ((=1,0xUB(M)) = Bi-
Therefore, Fs = (v, 87)1<i<2k is a family of propagating forms of (M°, 75), and

- 1
st = (?k‘)' Z /C w’e (Faff,l/f)-
.0y )

By construction, w!* (T, o,v) depends continuously on s, and then, Z;* depends contin-
uously on s. Since it takes only rational values, it is constant, and Z;° = Z;*. g

The following theorem will allow us to obtain the independence of Z of the paral-
lelization in the next subsection. It is proved in Section 8.

THEOREM 6.2.  Let M° be an asymptotic homology R"*2, and let B C B(M) be a
standard (n + 2)-ball. Let [t] and [T'] be two homotopy classes of parallelizations of M°®
as defined in Definition 2.1.

It is possible to choose representatives T and 7' of the classes [7] and [7'], such that
7 and 7' coincide on (M° \ B) x R"+2,
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6.2. Proof of the independence of the parallelization.

Let [r9] and [r1] be two homotopy classes of parallelizations of M°. Let B be a ball
of B(M) such that BN (R™) = (. Theorem 6.2 allows us to pick representatives 1y and
71 that coincide outside B.

Fix a family F' = (a4, fi)1<i<2x of propagating forms of (M°,7y). The following
lemma defines a family of propagating forms of (M°, 7).

LEMMA 6.3.  There exists a family of n-forms (&")1<i<ar on Co(M°) such that:

o The family of forms F' = (v, B})1<i<or obtained by setting 5, = B; + d&I is a
family of propagating forms of (M°,T1).

e For any index 1 < i < 2k, the form €?|602(M°) is supported on UB C UM°® =
OAC(M®) (with the notations of Notation 2.3).

Proor. Fix the index ¢ € {1,...,2k}. First note that G, and G,, coincide
outside UB. The form G% (wg,) — G (wg,) defines a class in H" ™' (UB,dUB) but

H" W (UB,0UB) = H" (D" 2 x §"F §"H x §"H) = H,, 1o (D" T2 x S"T1) = 0.

Therefore, there exists an n-form (£)? on UB, which vanishes on OUB, and satisfies that
(Gry — Gry)*(wp,) = d(€7)°. Tt remains to extend this form (£)°. Since (£)° is zero on
the boundary of UB, we can extend it by 0 to a form (£7')! on 9C3(M°). Then, pull this
form (€)' back on a collar N of Co(M®), and multiply it by a smooth function, which
sends 0C3(M°) to 1 and the other component of N to 0. Eventually, extend this last
form to C3(M°) by 0 outside N. This gives an n-form £ as in the statement. O

Let F; denote the family of propagating forms with internal forms (o;)i<i<2r and

external forms (B1,..., 5}, Bj+1,- .., Pax), so that Fo = F' and Fy, = F’. For any 1 <
< 2k, set A Zi (V) = (Z17 () — Z (), so that

ZDW) =2 W) =2 W) = ZE W) = > A Zi(w).

1<5<2k

Let us prove that A1 Z;(¢)) = 0. Since j = 1, with the notations of Section 3.2,
Lemma 3.1 reads A1 Z;(¢) = (1/(2k)!)) Z(F’U)G@ > serm) 0sI(I',0,¢). Since the in-
ternal forms are the same for Fy and Fh, the numbered faces such that eg = o~ 1(1)
is internal do not contribute. According to Lemma 3.2, the only possibly contributing
codimension 1 numbered faces are:

e numbered infinite faces (0sCr(¢), o), such that S contains at least one end of eg,
where e is external,

e numbered principal faces (0sCp(¢), o), such that S is composed of the ends of ey,
and such that eq is external with internal ends,

e all the numbered anomalous faces (Jy (r)Cp(¢), o) such that eg is external.
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In these three cases, the map p., maps the face to 0Co(M°). Infinite faces are sent
to configurations with at least one of the two points at infinity. Anomalous and principal
faces are sent to configurations where points of S coincide, but since there exists at
least one internal vertex, these points are necessarily on the knot, which does not meet
B. Then, p., maps the face outside the support of £;, and the restriction of the form
@(T, 0,1) to the face vanishes.

This proves that Ay Z (1) = 0. Similarly A;Z(¢) = 0 for any 2 < i < 2k. The
independence of Zj, of the parallelization follows.

6.3. Invariance of Z; under ambient diffeomorphisms.

In this section, we prove the third assertion of Theorem 2.10.

Fix a knot 1)y inside a parallelized asymptotic homology R"*2? denoted by (M°, 1),
and fix a family ' = («, 8;)1<i<2r of propagating forms of (M°, 1) .

Let ¢ € Diffeo(M?) be a diffeomorphism that fixes BS pointwise, and let ¥); denote
the knot ¢ o 1)y. In this section, for any i € {0,1} and for any edge e of a BCR diagram
T, pe; denotes the map p¥i: Cr(v;) — S™(€) of Definition 2.7.

With these notations, ¢ induces a diffeomorphism ®: Cr(¢y) — Cr(¢1), and a
diffeomorphism ®g: Co(M°) — Co(M°). These diffeomorphisms extend the maps given
by the formula ¢+ ¢ o ¢ on the interiors of these configuration spaces. Then,

Zw =g X [ W)

(ro)eg Criv)

Z / WP (T, 0,60))
(F <G Cr(wo)

Z [N wermon)
(F o)ECn Cr (o) ecE(T)

G0 2 LN DA A G

( )G Cr(%0) ey () e€E. ()

Note that, by construction, if e € E;(T"), we have p.1 0 ® = p., and if e € E.(T),
we have p.1 0 ® = ®g0p. . Define the family F' = (o, @E(ﬁi))lgigzk of propagating
forms of (M°,7'), where 7’ is the parallelization defined for any = by the formula 7/ =
T¢(m)cp_1 © Ty(z)- Lhe previous equation becomes

Z;Z(wl)=ﬁ 3 / A wF (T, o,00) = 2] ().

(r.o)egr . o) cep(r)

Since Zj does not depend on the parallelization, this reads Zx(y o 1y) = Zx(¢o).
This proves the third assertion of Theorem 2.10.
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7. Proof of Lemma 3.2.

In this section, we analyse the variations of the integral I”(I', o, 1)) under a change
of the forms (ay,01). These variations can be expressed as the sum of the integrals
dsI(T',0,7) over the numbered codimension 1 faces (9sCr(¢), o) of CL(¢) described in
Section 3.2. Here, we study all these integrals in order to obtain the face cancellations
precisely described in Lemma 3.2.

Recall that for any edge e, n(e) = n—1 if e is internal, and n(e) = n+1 if e is external.
In all this section, for any edge e that has at least one end in S, let Ge,s: OsCp(¢)) — sn(e)
be the map Go(pe)|asc,. () if € is internal, and the map G, . o(pe)jasc,. (v) if € is external.

7.1. Infinite faces.

In this section, we prove that the infinite face contributions vanish. As in Section 3.2,
V*T) =V () U{*}. When S C V*(T'), our proof is inspired from the proof of [Ros02,
Lemma 6.5.9]. Let S" = S\ {x}, so that S = 5" U {oco} C V*(I).

For infinite faces, the open face 9sCp(¢) is diffeomorphic to the product C2
Cs/ ~ where:

V(s
e The manifold CIQW . is the set of configurations c: V/(I') \ S < M?® such that
c(Vi(T)\ (8" N Vi(I))) € (R™).

e The manifold Cs/ o is the quotient set of maps ug/: S < R™™2\ {0} such that
ug (S"NV;(T)) C {0}? x R™ by dilations.

Denote by (¢, [us’]) a generic element of the infinite face dsCp(1)). Such a configuration
can be seen as the limit of the map

c(v) ifvegs,
cx:veV(l)— , c M°
A (I) Aug: (v) _ ifues,

[ Aus: (V)|

when A approaches zero (cy is well-defined for A sufficiently close to 0).

First case: S = V*(I') and (o) — a1, 5] — 1) has the sphere factorization property.
In this case, dy-r)Cp(¢) is diffeomorphic to Cy (). The following lemma directly
implies that oy I(I',0,%) = 0.

LEmMMA 7.1.  The form (o(T, o, u]))lav*(l“)cr(w) 18 zero.

PROOF.  Define the equivalence relation on Cy (ry,o such that [uy ()] and [u'y ()]
are equivalent if and only if there exist representatives uy () and u’v(r), and a vector
x € {0}2 x R", such that, for any v € V(I),

“?/(r)(”) wy () (v)

= —+ x.
Nl I Muy @y (v)[?

Let ¢: Oy+)Cr(¥) = Cy(r),00 — Q denote the induced quotient map. Then, for
any e € E(I"), the map G, v«(r) factors through ¢. Since (o — a1, ] — 1) has the sphere
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factorization property, (JJE’(,)| By (1) Cpa () is the pullback of a form on the sphere by the
map G v+ (r), for any edge e, including o~ 1(1). Then, (@e,a)mwmcr(w) = ¢*(be,,) where
fc, is a form on @, and “N)(F’U’wl@v*(mc‘p(w) therefore reads @(F"T’w\@v*(mc’p(w) =
©*(0,) where 0, = A.cpr)beo. Since deg(fy) = deg(w(T',0,v)) = dim(0Cr(¥)) >
dim(Q), we have 6, = 0, so (&(I', 0, 9)) |9y py0p. (1) = 0. O

Second case: S C V*(I') and either o=1(1) has no end in S’, or 0~1(1) has at least
one end in S’ and () — aq, 8] — B1) has the sphere factorization property. In this case,
let ES'(I') (resp. ES'(T)) denote the set of internal (resp. external) edges with at least
one end in §', and set ES'(I') = ES'(T) U ES'(T).

LEMMA 7.2.  For any S = S"U{x} C V*(I),
n.Card (S’ N V;(T)) + (n + 2).Card(S' N V.(T))
< (n—1).Card(EY () + (n + 1).Card(ES'(I)).

PROOF.  Split any edge e of T" in two halves e_ (the tail) and ey (the head), and
let v(e+) denote the vertex adjacent to the half-edge ey, as in the proof of Lemma 2.9.
Recall the definition of the integers d(e) from the proof of Lemma 2.9:

e If e is external, d(ey) =1 and d(e_) =n as in - é@ - *i* -
- +
- .on—=1: 0
e If e is internal, d(e;) =0 and d(e_) =n—1 as in I
- +

As in the proof of Lemma 2.9 and Figure 6, these integers satisfy:

n if v is internal,
o for any vertex v € V(I), Zeiﬂl(@i):v dlex) = {n + 2 if v is external.
e for any edge e € E(I'), d(ey) +d(e—) = n(e).
Since S C V*(I'), 8" C V(I'), and one of the following behaviors happens:

e S’ contains only univalent vertices, and there exists an external edge going from S’
to V(T') \ 5.

e S’ contains at least one vertex of the cycle of I', and there exists an edge going
from V(I') \ S’ to S’.

In both cases, there exists a half-edge ex such that v(ex) € S, v(es) ¢ S’, and
d(es) # 0 (n — 1 is indeed positive since n # 1). Therefore:

n.Card(S’ N V;(I")) + (n + 2).Card(S" N V,(I'))

= > dles)

et,v(etr)ES’
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< Y (e +de)

ec ES'(I')

= (n—1).Card(E? () + (n + 1).Card(ES" (). O

Since the edges of ES’ (T') have at least one vertex at infinity, their directions do not
depend on the position of the points that are not at infinity, and we have the following.

LEMMA 7.3. For any edge e € ES’ (I), the map G. g factors through ¢: OsCp (1) —
05/700.

From this lemma, and since either (of — aq, 37 — 81) has the sphere factorization
property, or o~ 1(1) ¢ ES' (T), we can write @e,, = ¢*(f,») for any e € ES' (T"), where

[ n(e) if o(e) # 1,
deg(fe,o) = {n(e) —1 ifo(e) =1.

Then, deg(A.cps () Oe.s) = (ZeeES/(F) n(e)) — 1.

Since dim(Css o) = n.Card(S’ N Vi(T)) + (n + 2).Card(S" N V. (T")) — 1, Lemma 7.2
implies that (3 ,cps () n(e)) —1 > dim(Cy o), and deg(A e ps' () be,0) > dim(Csr o).
Therefore, /\eeES’(F) fe,» and @(F,a,zp)wscr(w) are zero. Then, 6gI(T',0,v) = 0, as
expected.

7.2. Finite faces.

In this section, we study the contribution of the anomalous, hidden and principal
faces. Our analysis resembles the analysis in [Wat07, Appendix A], but we have to take
care of the fact that the propagating forms are not the same on each edge, and that they
may not be pullbacks of forms on the spheres.

7.2.1. Description and restriction to the connected case.

Let S be a subset of V(T') of cardinality at least two, and let dgT" be the graph
obtained from I' by collapsing all the vertices in S to a unique vertex *g, internal if at
least one of the vertices of S is, external otherwise. Let Z(R", R"*2) denote the space of
linear injections of R™ in R"*2. Define the following spaces:

e The space Cgsr is composed of the injective maps ¢: V(0gI') < M®° such that
Cv,(ssT) = ¥ o ¢; for some ¢;: Vi(dsI') — R™.

e If S contains internal vertices, the space ag is the quotient of the set 6’;0 of pairs
(u,t) where ¢ is a linear injection of R™ inside R"*2? and u is an injective map
u: S < R™"*2 such that u(S N V;(T)) C «(R"), by dilations and by translations of
u along ¢(R™).

If S contains only external vertices, C/’;w is the quotient of the set of injective maps
u: S < R"*2 by dilations and translations along R"*2.

Then:

e If S contains an internal vertex,
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0sCr(¥) = C3,p Xz(@nprr2) Cs = {(c [u1]) € Cp x Cs | 1= 7! 0 Tobe,u0) }-

e If S contains only external vertices, dsCp(¢) = C’gsr x Cl.

Keep the notation dsCp(y) = C[?SF X Z(Rn Rn+2) Cs in both cases. In the following, an
element of dsCp(¢) will be represented by (¢, [u]) since ¢ can be deduced from ¢ when

SNV;(T) # 0.

LEMMA 7.4. Let I'g be the graph defined in Lemma 3.2. If I's is not connected,
then 0gI(I,0,1) = 0.

PROOF. Suppose that I'g is not connected. Then, there exists a partition S =
S1 .55 such that no edge connects S; and S3, and where S7 and S are non-empty sets.

Suppose that S contains at least one internal vertex, and set ¢(c) = Tc?is) oT"e, ()
Define the equivalence relation on dsCr. (1) such that (c, [u]) and (¢, [u']) are equivalent
if and only if ¢ = ¢’ and there exist representatives u and v’ and a vector z € R™ such
that, for any v € 5,

1mm_{mm+4@u)ﬁue&,

u(v) if v e Sy.

Let ¢: 0sCr(¢) — Q denote the quotient map. With these notations, for any edge
e, the map p. factors through ¢. We conclude as in the proof of Lemma 7.1, since
deg(w(T, 0,9)) > dim(Q).

If S contains only external vertices, we proceed similarly with the equivalence re-
lation such that (¢, [u]) and (¢, [u']) are equivalent if and only if ¢ = ¢ and there exist
representatives u and v’ and a vector z € R"*2 such that, for any v € S,

, ulv)+z ifvesS,
u'(v) =
u(v) if v e S,. O

7.2.2. Anomalous face.
In this section, according to the hypotheses of Lemma 3.2, assume that (o) —aq, 51—
[1) has the sphere factorization property.

LEMMA 7.5. There exists an orientation-reversing diffeomorphism of the anoma-
lous face T': Oy ryCp () = Oy ryCr(¥), such that, for any edge e € E(T),

Ge7g ol = (_Idsn(e)) o Ge7s,
where —Idgn() s the antipodal map.

PrOOF. Here, since 0y " is a graph with only one internal vertex xy (r), the

face is diffeomorphic to ¢ (R™) X z(gn gn+2) C{VB . Choose an internal vertex v of I'. For
V()

[u] € Cy(ry, define [u'] € C/’V-B as the class of the map u' such that, for any vertex w,
u/(w) = 2u(v) — u(w). Then the map T': (c, [u]) € Oy )Cr(¥) = (¢, [v']) € Oy ryCr(v)
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is a diffeomorphism. The sign of its Jacobian determinant is (—1)(2k_1)("+2) = —1, since
n is odd. It is easy to check that G g 0T = (—Idgn()) 0 G g for any edge e. O

Since (o} — a1, 8] — 1) has the sphere factorization property, (&670)\%@)6}(#}) reads
Ge,s™(0.), where, for any edge e, 0, is an antisymmetric form on the sphere. Then,

Lemma 7.5 yields T™((@e,0) |0y O () = Ge,s™ ((—1dgni)*(0e)) = —(@e,0) 0y 1y Cp(4)-
Then,

Syl (L'0,9) = /

6V(l") CF (¢)

= - T (Q(Fa a, w) o C
/iav(r)cp(w) [Ov (1) p(ﬂ’))

= — (71)Card(E(F))w(F70”¢))
/SV(F)CFW’) [Ov (r)Cr(¥)

= —0y)yI(T,0,7) since Card(E(T")) = 2k.

(0,919, 0 ()

Eventually, this implies that dy I (I',0,7) = 0.

7.2.3. Hidden faces.
LEMMA 7.6. Let H1(T') be the set of hidden faces such that at least one of the
following properties hold:

e ['s is non connected.

e I's has at least three vertices, I's has a univalent vertex vy, and, if this vertex is
internal, then its only adjacent edge ey in I'g is internal (as in Figure 7).

For any face 0sCy(¥) in H(T), 6sI(T,0,1) = 0.

Figure 7. The second property in the definition of #H(T").

Proor. If I'g is not connected, this is Lemma 7.4.
If I's is connected, we have a univalent vertex vy as in Figure 7. There is a natural
map JsCr(¢) — C(?SF X (R Rn+2) XCS\{’UQ}' Let

¢: 95Cr (1) = Q = (CFr Xz(@n mrr2) XCos\(up}) X S

denote the product of this map and the Gauss map G, s. As in the similar lemmas of
the previous subsection, for any edge whose ends are both in S, G, s factors through
¢, and for any other edge, p. factors through . Then, all the forms @, , are pullbacks



842 D. LETURCQ

of forms on @ by ¢, and &(T',0,4) also is. The hypotheses of the lemma imply that
dim(Q) < dim(9sCr(v)), so dsI(T',0,1¢) = 0. O

LEMMA 7.7.  Let HS(T) denote the set of hidden faces that are not in H1(T') and
such that there exists a vertex v that satisfies the following properties:

e the vertex v is trivalent in I, and is bivalent as a vertex of I'g,
e the vertex v has one incoming and one outgoing edge in I'g,
e if v is internal, these two edges are both internal.

For any face OsCr(v) in HG(T), dsI(T',0,v) = —dgI(I',o 0 p,v), where p denotes the
transposition of e and f.

S S
40[) )
v/ f g/f"
——«»O\ R =
\\6 ‘K
°q a

Figure 8. Hypotheses of Lemma 7.7.

PROOF. Let e and f denote the incoming and the outgoing edge of v in I'g, and
let @ and b denote the other ends of e and £, as in Figure 8.!!

Let T be the orientation-reversing diffeomorphism of dsCp () defined as follows: if
(c,[u]) € OsCr(¥), let u': S — R™2 be the map such that, for any w € S,

o () — u(w) if w# v,
(w) {u(b)+u(a)—u(v) if w=w,

and set T'(c, [u]) = (e, [u']).
For any g € E[), pg o T = pyg, so T*((T,o, 1/1))|3SCF(¢)) =
(@(I00p,¥)) 1950y (v), and thus dsI(I', 0,1)) = =65 I(I', 00 p,9h). O

LEMMA 7.8. Let H5(T') be the set of hidden faces that are neither in Hy (') nor in
HE(T). For any face OsCp(v) in H5(T), we have the following properties:

e If S contains the head of an external edge, then it contains its tail.
e IfS contains a univalent vertez, then it contains its only adjacent vertex.

In particular, S necessarily contains at least one vertex of the cycle, but cannot contain
all of them, since it would imply S =V (T').

1 Note that we may have a = b.



Generalized Bott—Cattaneo—Rosst invariants of high-dimensional long knots 843

PrOOF. Let dsCp (1)) be a face in H5(I'). The second point directly follows from
the connectedness of I's. Let us prove the first point. Let e = (v, w) be an external edge
with w in S.

e If e is a leg, we have three possible cases:

— If the two neighbors of w in the cycle are in S, then v is in S. Indeed, otherwise
S would contain a piece as in Figure 8.

— If S contains one of the neighbors of w in the cycle, then v € S. Indeed,
otherwise S would contain a piece such as in the two first pieces of Figure 7.

— If none of the neighbors of w in the cycle are in .S, then I'g is not connected,
which is impossible.

e Otherwise, e is an external edge of the cycle, and we have two possible cases:

— If w is bivalent, then it has two neighbors v and w’.

x If w € 5, then v € S: otherwise, we would have a piece as the third one
of Figure 7.

x If w' &S, then v € S because of the connectedness of I'g.
— Otherwise w is trivalent, and external.

x If its two other neighbors than v are in S, v is in S: otherwise, we would
have a piece as the first one of Figure 8.

x If S contains one of these two neighbors, v is in S: otherwise, we would
have a piece as the first one of Figure 7.

*x Eventually, if none of these two neighbors are in S, v is in S because of
the connectedness of I'g. O

LEMMA 7.9.  Suppose that dsCp (1) is a face of H5(T) and that S contains at least
one external vertex.
Then, there exists a transposition p of two edges such that

0sI(T,0,¢) = —05I(T,00p,1).

PrROOF. Choose an external vertex of S and follow the cycle backwards until get-
ting out of S. Let d be the last met vertex in S. It follows from the previous lemma
that d is an internal vertex, with an incoming internal edge coming from V(I')\ S. From
d, move forward along the cycle, and let vy be the first seen external vertex. There are
two incoming edges in vy, one coming from a univalent vertex b, denoted by f, and one
coming from a bivalent vertex a, denoted by e (we may have a = d). Let Sy be the
set of vertices of the cycle between d and a, with their univalent adjacent vertices. The
obtained situation is like in Figure 9.
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ob

. o -

1 I I 0

! | 1 %
| f | | g
Y : Y vyd
+--0<¢-—-0+—@<+— —e -
Vo e

Figure 9. Notations for the proof of Lemma 7.9.

Then, if (¢, [u]) € 9sCr (), let v’ denote the map such that, for any w € S,

u(a) if w="0,
u'(w) = u(w) +u(b) —u(a) if w e So,
u(w) otherwise,

and define an orientation-reversing diffeomorphism T': dsCp.(¢) — 9sC(¢) by the for-
mula T'(c, [u]) = (¢, [w']). Thus, if p denotes the transposition of e and f, we have
pg 0T = py(g) for any g, and we conclude as in Lemma 7.7. O

LEMMA 7.10.  Suppose that the face OsCp(v) is in H5(T), and that T's contains
no external vertex. Then, it contains at least one of the following pieces:

e Two non adjacent external edges with their sources a and b univalent in T's (not
necessarily in I').

e A sequence of one external, one internal and one external edge, as in the second
part of Figure 10.

o A trivalent internal vertex with all its neighbors.

In all of the above cases, we have a transposition of two edges p such that
0sI(T,0,1) = =d5I(T 00 p, ).

ProOOF. Figure 10 describes the three possible cases of the lemma, and we use its
notations.

S S

e ob 5 od
e‘\.c do/f eC od &a—— b/}
e

A /‘
A
e\ a b//f
*—>6¢ c

Figure 10. The three behaviors of Lemma 7.10.
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Let p be the transposition swapping e and f. The involution 7' is defined by
T(c, [u]) = (¢, [u']) where, for any vertex w € S :
e In the first case,
+ud) —u(d) if w=a,
+u(a) —u(c) if w="b,

u(w) otherwise.

e In the second case,

u(e) +u(d) —u(b) if w=a,
u'(w) = S u(c) +u(d) —u(a) if w=>,
u(w) otherwise.
e In the third case,
u(e) + u(d) + u(a) — 2u(d) if w=aq,
o (w) = < u(c) + u(d) — u(b) if w="0,
u(w) otherwise.

As in the previous proofs, T' reverses the orientation, and p, o T' = p,,) for any edge g
of Fs. Il

For a given I, set Ha(I') = HE(T') U HS(T). For any dsCp (1) in Ha(T), define the
involution o + ¢* of Lemma 3.2 as follows: put a total order on non-ordered pairs of
{1,...,2k}. If there is a v as in Lemma 7.7, choose the one minimizing {o(e),o(f)}, and
set 0¥ = o o p as in the lemma. Otherwise, if there is an external vertex in S, choose
one such that the outgoing edge is of minimal o, and proceed as in Lemma 7.9, setting
0% = o o p. Otherwise, if there are two edges e and f as in the first case of Lemma 7.10,
choose the pair that minimizes {o(e),o(f)}. If not, and if there is a piece as in the
second case, choose the one with minimal {o(e),o(f)}, and otherwise, there is a piece
as in the third case: take the one of minimal {o(e),o(f)}. In these last three cases, set
0* = o o p where p is the transposition of e and f.

7.2.4. Principal faces.
It only remains to study the principal faces, which are the faces such that the ends

of an edge e collide, where this edge is the only edge between its two ends. Then,
9.Cr(¢) = CY 1 x S™(€) | where

me) = n — 1 if the ends of e are both internal,
~ |n+1 otherwise.

Choose this diffeomorphism in such a way that the Gauss map reads as the second
projection map pr, in the product, and orient Cger in such a way that this diffeomorphism
preserves the orientation.
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LEMMA 7.11. Ifo(e) =1, and if e is either an internal edge or an external edge
with at least one external end, then §.I1(I',o,1) = 0.

PROOF. For any edge f # e, the map py factors through pr,: 9.Cp(¢) — CJ 1.
Then &', 0,9) 5, ¢, () = Pe.s A Npepr),pre Pri(01.0), Where 0, are forms on Cy r
But we have

deg /\ 0t0 | =dim(0sCr(v)) — (n(e) — 1) = dim(C§ 1) + 1,
FeE), f#e

since m(e) = n(e) under the hypotheses of the lemma.
Then, deg(/\feE(F)’f# 0f0) > dim(C§ 1), and 6.1(T, 0, 1)) = 0. O

Lemmas 7.12 to 7.16 are proved after the statement of Lemma 7.16.

LEMMA 7.12.  Suppose that T looks as in Figure 11 around e.

Figure 11.

Let T'* denote the BCR diagram where this part of I' is replaced as in Figure 12.

v w
— > - - >0——

fer g
Figure 12.

If (o) — aq, B — B1) has the sphere factorization property, or if o(e) # 1, then
0I(Lyo,1)) = =6« I(T*, 0%, 4), where o is naturally induced by o.

In all the remaining cases, o(e) # 1, since the numbered faces with o(e) = 1 are all
studied by Lemmas 7.11 and 7.12.

LEMMA 7.13.  Suppose that T looks as in Figure 13 around e.

v w
- - >e———> @ — — >

f e g
Figure 13.

Let T'* denote the BCR diagram where this part of I' is replaced as in Figure 14.
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Figure 14.

Ifo(e) # 1, then 6. I(1',0,1) = =« I(T'*, 0%, 1), where o* is naturally induced by o.
LEMMA 7.14.  Suppose that T looks as in Figure 15 around e.

To

9
v yw
= >

f e
Figure 15.

Let I'* denote the BCR diagram where this part of I is replaced as in Figure 16.

Figure 16.

Ifo(e) # 1, then 6. I(T,0,v¢) = =0+ [(T*, 0%, %), where o* is naturally induced by o.
LEMMA 7.15.  Suppose that ' looks as in Figure 17 around e.

To

g

YU w
—r———>0 - - >

e f
Figure 17.

Let T'* denote the BCR diagram where this part of I' is replaced as in Figure 18.

Te

g
v yw
——>@® - - >0-—— >

e* f

Figure 18.
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If o(e) # 1, then 6.1(T,0,v) = = I(T*,0*,4), where o* is naturally induced by

LEMMA 7.16.  Suppose that T looks as in Figure 19 around e.

T Y T Y

* * ° *
fio9 fio9
&4 yw YU yw
—_——>———> s O SO
e e
Figure 19.

If o(e) # 1, then 6.1(T',0,v) = —0.I(L,0 0 p,v), where p is the transposition of f
and g.

PROOF. Let us prove Lemma 7.13, and explain why it is possible to deal with
o(e) =1 in Lemma 7.12. Lemmas 7.14 and 7.15 are proved similarly. Lemma 7.16 is
proved as Lemma 7.7 (for example), using the orientation-reversing diffeomorphism that
exchanges x and y.

In Lemma 7.13, we have 8.Cp(¢) = C§ - x "1 and .- Cr- (1) = —C§ . x S"*!
since the graphs 6.I' and 0.«'* are identicai7 and one can check by computétion that
the orientations are different, as in the second row of Table 20. For any edge h # e of
I' or I'* the maps py: 0.Cp(¥)) — Ce and pj: O+ Cr+(¥) — C, factor through the maps
pry: 0.Cp(v) — Cger and pry ,: Oe~Cr=(¢) — Cger. The maps G o p. and G, ,, © pe+
are exactly the maps pry: 9.Cp(¢)) — S*~! and pry . Oe-Cr= (1) — S+, Then, one
can write @(I', 0,1)) = pri(A) Apr3(wa, ., ) and @(I', 0%, ¢) = pri ,(A) Apr3 , (ws,,,) for

some form A on Cgef" This implies that
A= / ()\/ WB(,(S))
Cger Snt1

5.I(T,0,1) = / (A/ waﬁ(a) - /
c9 L sn—1 c
= =0 I(T", 0", 1),
where the minus sign comes from the identification Je+Cr«(¢)) = fcger x S**t1. This
proves Lemma 7.13.
In the proof of Lemma 7.12, we can similarly prove that (T, o, 1) = prj(A) Aprs(p.)
and ©(T*, 0%, 1)) = pr} ,(A) Aprs ., (ue) where X is a form on Cf . and where

0
Sel

le = Who(e) if o(e) # 1,
¢ oy if o(e) =1 and (o) — a1, 8] — B1) has the sphere factorization property,

so that @(T,0,¢) = ©(I'™*,0*,1). Since both faces are diffeomorphic with opposite
orientations, 6. I(T, 0,1%) = =8« I(T*, 0%, 1).

Table 20 describes the different orientations used to check Lemmas 7.12 to 7.15,
where ' denotes the wedge products of the €, on the external edges h not named on
the pictures, dV, = A/, dV/, and dX, = A7 dX7. O
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Table 20. Face orientations.

Lemma | ¢(T*)/e(T) Q(Cs.1) Q(Cs.1+)
712 -1 e(0)dY, & 2(07)dY,
7.13 1 DAY, Q, | e(T)dY,Qp 0, O
7.14 +1 e(D)AY,dY,Qp ' | —e(I*)dY,dY,Q; Q'
7.15 +1 e(D)dY,dY,Q, Q' | —e(I*)dY,dY, 0,

8. Proofs of Theorem 6.2 and Proposition 2.18.

A topological pair (X, A) is the data of a topological space X and a subset A C X.
A map f: (X, A) = (Y, B) between two such pairs is a continuous map f: X — Y such
that f(A4) C B.

If (X,A) and (Y, B) are two topological pairs, [(X, A), (Y, B)] denotes the set of
homotopy classes of maps from (X, 4) to (Y, B).

LEMMA 8.1. Let M° be a parallelizable asymptotic homology R"*2, and fix a par-
allelization 79 of M°. For any map g: M° — SO(n + 2) that sends B3, to the identity
matriz I, 42, define the map ¥(g): (z,v) € M° x R""2 i~ (z,g(z)(v)) € M° x R" 2.

The map

[(M°,BS),(SO(n+2),I,12)] — Par(M°)
9] = [royY(g)]

s well-defined and is a bijection.

PROOF. The lemma would be direct with GL;  ,(R) instead of SO(n + 2), and
SO(n +2) is a deformation retract of GL;, ,(R). O

A homology (n + 2)-ball is a compact smooth manifold that has the same integral
homology as a point, and whose boundary is the (n + 1)-sphere S™*+1.
We are going to prove the following theorem, which implies Theorem 6.2.

THEOREM 8.2. Let B be a standard (n + 2)-ball inside the interior of a homol-
ogy (n + 2)-ball B(M). For any map f: (B,0B) — (SO(n + 2),I,42), define the map
I(f): (B(M),0B(M)) = (SO(n + 2), I,4+2) such that

1) = {40 e B

I, 1o otherwise.
Then, the induced map

(B, 0B), (SO(n +2), Int2)]  —  [(B(M),0B(M)),(SO(n +2), Int2)]
[£] = (/)]

18 surjective.
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In order to prove this theorem, we are going to build a right inverse to this map. To
amap f: (B(M),0B(M)) — (SO(n+2), I,,12), we will associate a map g homotopic to
f, such that g(M \ B) = {[,,12}.

LEMMA 8.3.  Let (Y, yo) be a path-connected pointed space with abelian fundamental
group, and let B(M) be a homology (n + 2)-ball. Let f: (B(M),0B(M)) — (Y,yo) be a
continuous map.

Then, [ is homotopic to a map g that sends the complement of B to yo, among the
maps that send OB(M) to yo.

PROOF. In this proof, “homotopic” will always mean “homotopic among the maps
that send OB(M) to yo”.

Fix a triangulation 7 of (B(M),dB(M)), and denote by T¥) its k-skeleton. The first
projection map p: B= B(M)xY — B(M) defines a trivial bundle over (B(M), 0B(M)).
Set fo:x € B(M) — (z,f(z)) € B and fi: x € B(M) — (z,y0) € B. Since
HY(B(M),0B(M),Z) = 0for any 0 < g < n+1, the groups HY(B(M),0B(M), 74(Y, yo))
are also trivial. Obstruction theory defined by Steenrod in [Ste99], or more precisely in
Theorem 34.10, therefore guarantees the existence of a homotopy between f; and a map
f2 such that (f2)pe+n = (f1)7(+1) among maps from B(M) to B that coincide with
f1 on OB(M). This implies that f is homotopic to a map g that maps T *+1) to y.

It remains to prove that g is homotopic to a map that sends the complement of B to
yo. Let U be a regular neighborhood of T("+t1). Up to a homotopy, assume that ¢ sends
U to yo. There exists a closed ball V' such that U UV = B(M) and such that V contains
B: indeed, it suffices to take a closed regular neighborhood V} of a tree with exactly one
vertex in each (n + 2)-cell of T'; up to homotopy, we can assume that B is contained in
one (n+ 2)-cell of T and that B does not meet the tree neither its neighborhood V), and
we let V' be the union of Vj, B and a cylinder between these two disjoint closed balls.

Then, g maps the complement of V' to yy. Since V is a ball, and B a ball inside V,
g|v is homotopic to a map that sends V' \ B to 3o, among the maps that send 9V to yo.
This implies Lemma 8.3. g

Then, any element of [(B(M),0B(M)), (SO(n + 2), I,,4+2)] can be represented by a
map f: M° — SO(n + 2), such that f(B(M)\B) = {I,,42}. This proves Theorem 8.2,
and therefore Theorem 6.2.

PROOF OF PROPOSITION 2.18. We are going to prove that the connected sum of
any asymptotic homology R™*2 with itself is parallelizable in the sense of Definition 2.1.

As in the previous proof, obstruction theory shows that for any ball B inside the
interior of B(M), there exists a parallelization on B(M) \ B that coincides with the
standard one on B(M) = 0BS, C R"™2 and that the obstruction to extending it to a
parallelization as in Definition 2.1 lies in H"*2(B(M),0B(M), 7, 41(SO(n+2), I,,42)) =
7Tn+1(SO(’n + 2), In+2).

This group is known (see for example [Ker60]) and, for any odd n > 1, any element
of m41(SO(n + 2), I,,42) is of order 1 or 2. This proves Proposition 2.18. O
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REMARK 8.4. Any asymptotic homology R? or R7 is parallelizable in the sense of
Definition 2.1.

ProOOF. This follows from the same arguments as above and from the fact that
m2(SO(3), Is) and m(SO(7), I7) are trivial (see again for example [Ker60]). O

9. Proof of Theorem 2.17: additivity of Zj.

Recall that G is the Gauss map Cy(R™) — S*~!. In this section, G.,; denotes the
Gauss map Co(R"2) — SnF1,

The proof in this section is an adaptation to the higher dimensional case of the
method developed in [Les20, Sections 16.1-16.2]. Important differences appear in Sec-
tion 9.1.

9.1. Definition of extended BCR diagrams.

Fix an integer k& > 2, and let ¥y, € R™ < (0,0,2) € R"*2 be the trivial knot.

For any (I',0) € Gr, and any Sy U Sy C V(T'), define the graph I'g, g, as follows:
remove the edges of I' between two vertices of S; or two vertices of S5. Next, remove
the isolated vertices. Eventually blow up the obtained graph at each vertex of S; U S,
by replacing such a vertex with a univalent vertex for each adjacent half-edge on the
corresponding half-edge. Note that the corresponding half-edges do not meet anymore in
I's, s,- Let S; denote the set of all the vertices in I's, 5, coming from a (possibly blown-
up) vertex of S; in I'. The graph I's, s, is endowed with a partition Sq LSy L(V(T)\ (S U
S3)), and its edges are the edges of I" that do not have both ends in S; or both ends in Ss.
We set Vi(T's,,s,) = (Vi(T')\ (S1US2))U(S1US2) so that Ve(T's,,s,) = Ve (L) \ (S1US2).

Figure 21 shows an example of the obtained graph I's, s,. This graph can be thought
of as a modified version of I' where we only look at the directions between vertices which
are not in the same S;.

Figure 21. Construction of I's; s, for some degree 5 BCR diagram.

Since any edge of I'g, g, comes from an edge of I', the numbering o induces a map
05,5, E(Ls, 5,) = {1,...,2k}. Set Q; = (0,0,...,0,(—1)?/2) as in Section 2.9. One
can associate the configuration space
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ClV(Ds, 5,)\(S1U52) is injective
RAH2 and does not take the values €27 or o,

C(Ki(rs’l,52)) C %TW(Rn)v
c(S1) = {},c(S2) = {22}

to the obtained graph I's, 5,. As before, ¢;: R < R"™2 denotes the map such that
ClVi(Ts, s,) = Ytriv © ¢;. This space admits a compactification Crg , (Ytriv) as in Sec-
tion 2.4 such that for any e = (v,w) € E(I's, s,) the map

ci(w) — ¢i(v)
[lei(w) = ei(v)]]
c(w) = e(v)
[le(w) = e(v)]

extends to a smooth map G.: Crg, o (Yiriv) — S™€). For simplicity, we will simply
denote this compact space by Crg 4, in the following.

0951,52 (wt’riv) = c: V(FS1732) —

if e is internal,

G:iceCry  (Yrin) = e sme)

if e is external,

LEMMA 9.1.  For any (I',0) € Gy and any Sy U Sy C V(I),

dim(Cry, 5,) < Z n(e).

eEE(Fsl,S2)
Furthermore, this inequality is an equality if and only if S1 = Sg = 0.

PrROOF.  We use the same method as in the proof of Lemmas 2.9 and 7.2. Split any
edge of I'g, g, into two halves e_ and ey, and assign an integer d(e4) to each half-edge
e+ as follows:

e if e, is adjacent to a vertex of S; LU So, J(ei) =0,
e otherwise, d(e4) is the integer d(es) of Lemma 2.9.

Note that for any vertex v,

0 ifve gl U gg,
Z J(ei) =<n if v is internal and v & S; U So,
e+ adjacent to v n+2 if v is external and v € S; U S5.

This implies that ZeeE(FSL%)(d(eJF) +d(e_)) = dim(Crg, 5,). This construction also
ensures that d(e_) + d(ey) < n(e) for any edge e = (v, w), with equality if and only if
(v,w) € (V(I's;.5,)\(S1US2))? or if e is an internal edge coming from V(I's, s, )\ (S1US2)
and going to S LI.S5. This proves the inequality of the lemma.

Let us prove that the inequality is strict when S; L1.So # ). In this case, S;1USs # 0,
so there exists an edge e with one end in S;US5 and the other one in V(I's, s,)\ (S1US2).
If there exists such an edge that is not an internal edge going from V(I's, s,) \ (S1 L S2)
to S LI Sy, it satisfies d(e_) + d(e1) < n(e), and the inequality of the lemma is strict.
But if there is an internal edge from V(T's, s,) \ (S1 U S2) to Sy U Sa, neither S; L Sy
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nor V(I')\ (51U S2) contains the whole cycle of I'. This implies that there is at least one
edge from S; LU Sy to V(I's,.s,) \ (S1 U Ss), and concludes.
If Sy U Sy = 0, the inequality of the lemma is an equality, since I'y g =T, O

COROLLARY 9.2.  For any (T, S1,52) as in Lemma 9.1 and any numbering o of T,
define the maps

Gre, st Cro, s, — H sn(e)

e€FE(Tsy,s,)

C — (Ge(c))eEE(Fsl,Sz)
and

s, 54,0 - (Sn—l % Sn-‘rl)Zk N H S"(e)
6’6E(F51132)

(XL X ) icicor = (X:((:)))GGE(Fsszy
For any maps €,¢": {1,...,2k} — {£1}, set

Teer: (Sn—l x Sn+1)2k - (an % Sn+1)2k

(X5 X Y 1cicon = (EOXTHEOX ) 1<icon -

For any (T, 0,51, 52,8,&’), the set Té’é/_l(WFSl’SQ’G—_l(Gr‘Sl,Sz (Crg, s,))) is a closed sub-
set with empty interior of (S"~1 x Sn+1)2k,
_ 1 _
Then, Oy = ﬂF,ShSQ,g,é,é'((Sn T Sn+1)2k \Té,é’ (ﬂ—Fsl,sQ,U 1(GF31,52 (CFsl,sz))))
is an open dense set of (S~ x S"H1)2k,

PrOOF. Since Crg 4 is compact, Grg 4 (Crg s, ) is compact and therefore
closed. Let us prove that its interior is empty.

If S; U Sy # @, Lemma 9.1 and the Morse-Sard theorem ensure that the image of
Grs, s, has empty interior, since the target of this map has greater dimension than its
source.

If S1USy =0, Gr, , is a map between two manifolds of same dimension. Let R™ act
by translations along {0}* x R" C R"*? on Cp, ; (¢4riv). The map Gr, , factors through
the quotient map of this action. Using the Morse—Sard theorem, this again implies that
the image of Gr, , has empty interior.

Then, Grg, 4,(Crg, 5,) is always closed with empty interior. This implies that
Trs, 5,0 (GTs, s, (Crg, s,)) is also closed with empty interior since 7rg o o is an open
map. Since T ¢ is a diffeomorphism, the first assertion of the lemma follows. Then, Oy,
is a finite intersection of open dense sets in the complete metric space (S?~1 x Sn+1)2k,
The lemma follows from the Baire category theorem. O

Corollary 9.2, which is used in Section 9.3 to prove Theorem 2.17, also yields a proof
(but not the simplest one) of the following result.

COROLLARY 9.3.  For the trivial knot Vi, Zi(Uirin) = 0.
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PrROOF. Because of Corollary 9.2, O is non empty. Fix (X?—17X?+1)19§2k €
Oy. Compute Z; with the propagating chains 4; = (1/2)G~ ({-X]"",+X'}) and
B; = (1/2)G_L{—X]"" +X*1}). The definition of Oy implies that the intersection
numbers in Theorem 2.13 are all zero. O

9.2. An extension of the Gauss map.

Let (M7, 71) and (MS, 73) be two parallelized asymptotic homology R"™2. Fix two
knots 1 : R™ < M7} and v9: R™ — M3, and an integer k > 2.

Fix n € (0,1/2), and let B, , be the complement in R™*2 of the open balls B}7 and
B% of respective centers ; = (0,...,0,—1/2) and Qg = (0,...,0,1/2) and radius 7.

Glue BS, , and the two closed balls B(M;) and B(Ms) along 9B, and dB;. In
this setting, B,(M;) and B, (M>) denote the images of B(M;) and B(M), since they
“replace” the balls B% and Bfl. The obtained manifold M* is identified with M7 #Ms and
comes with a decomposition B3, , U B, (M) U B, (M) and a parallelization 7 naturally
induced by 71, 72, and the standard parallelization of BS, , C R"*2 up to homotopy. For
n <r<1/2, B.(M;) denotes the union of B, (M;) with {x € B, | d(z,€;) <r}.

DEFINITION 9.4. Let x.: [0,37] — Ry be a smooth increasing map such that
X1 ({0}) = [0,1] and x~([2n,3n]) = {1}. Let m: M7gMs — R"™2 be the smooth map
such that, for any © € MYHMS,

T if x € B2

00,2m7
Ql ifx € Bn(—]\gl);
m(x) =< Qo if z € B,(Ms),
N+ x|z — D)) (x — ) if @ € Byy(Mi) \ By(My),
Qo + Xr(l|lz — Qal])(x = Q2)  if & € Byy(M2) \ By(Ms).

Set Cy(Bay(M;)) = pgl(Bgn(Mi)g), and set
D(Grp) = (C2(M°) \ (Co(Bzy (M) U Ca(Bay(Ma)))) UUM®.

Define the analogue G, ,: D(G,,) — S"™! of the Gauss map as the map such that for
any ¢ € D(G-y),

F(y)—ﬂ'(l’) ife=(z o
GT’n(C) _ ||7T(y) —7T(.’L')H f ( 7y) g 02(B277(M1)) UCQ(B277(M2)) UUM )

G, (c) if c € UM®.

Note that (GTvn)|C2(Boo,2n) = (Gext)\Cé(Boan) and (GT,n)|8CQ(JM°) = GT.

9.3. Proof of the additivity.

Define the distance on (S"~! x §"*1)2* given by the maximum of the Euclidean
distances on each spherical factor. For d = n +1, set S§ = {X € S | X41* < 1/2}.
Let O, denote the intersection Oy N (S}~! x SP1)2k. Corollary 9.2 ensures that O}, is
a non-empty open set.
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Fix (X1, X)) € 0, and 1/4 > § > 0 such that the ball of radius 95 and center
(X1 XY in (SP1 x S™H)2F s contained in O, Choose 7 > 0 in Section 9.2 such
that n < (1/8)(6/2)%".

PROPOSITION 9.5.  For any 1 < i < 2k, fiz a closed antisymmetric (n + 1)-form
wgs, on S" with total mass one, and with support contained in the union of the two balls
of center X" and radius §.

For any 1 < i < 2k, there exists an external propagating form [; of (M°,T)
such that (8:)\pw,,) = Gi,(ws). Furthermore, BilB, a(My)x B, ja(Mz) = 0 and
BilBya(M2)x By a(vir) = 0-

For any 1 <i < 2k, fiz a closed antisymmetric (n — 1)-form w,, on S"~% with total
mass one, with support contained in the union of the two balls of center :I:XZ%1 and
radius 0, and set c; = G*(wy,). These forms satisfy Qi |yp=1(By 4 (M1)) xp=1(By 4 (My)) = 0
and Qijy=1(B, /5 (Mz)) x=1 (Byja(M1)) = 0, where 1 = s

PROOF. Let us first construct the forms ;. First note that the condition on
the restriction is compatible with the property of being a propagating form since
(Grn)jocs(mey = Gr. It remains to prove that the closed form G7  (ws,) on D(G )
extends to a closed form on Cy(M°). It suffices to prove that the restrictions to
802(327](M1)) and to 802(327)(M2)) extend to OQ(BQ»U(Ml)) and to CQ(BQ»,]<M2)) as
closed (n + 1)-forms. Note that Ca(Ba,(M;)) is diffeomorphic to Cy(M7). Then,
Lemma 3.3 yields H""?(Cy(Bay,(M;)), 0Ca(Bsy,(M2))) = 0 and implies the existence
of the form f;. Since the support of wg, is contained in SZH, the restriction
5i\Bl/4(M1)xBl/4(M2) = 0 vanishes. The same argument proves the similar assertion

about «;. O

We are going to prove the following proposition, which implies Theorem 2.17.

PROPOSITION 9.6.  Fiz propagating forms (o;)1<i<a2r and (8;)1<i<ak as in Propo-
sition 9.5, and set F = («a, fi)1<i<ok. Then, for any (I',0) € Gy,

TP (T, 0, 1tbe) = IF (T, 0,401) + IF (T, 0, 1ha).

PROOF. Fix (I',0) € Gy. For 1 < j < 2k + 1, set r; = (1/4)(6/2)**+17J and note
that 7 +---4+7; < (8/(2 —=0))rj41 < orj11 and that ropq = 1/4.

A coloring is amap x: V(T') = {(1,1),...,(1,2k)}U{(2,1),...,(2,2k)} U{oo}. For
a given coloring y, define U(y) as the set of configurations in Cr(¢1f¢2) such that:

o If x(v) = (1,1), then c(v) is in By, (M), and if x(v) = (2,1), ¢(v) is in Bay, (Ms).

o If x(v) € {(1,1),(2,1)}, then ¢(v) is neither in B, (M7) nor in B,, (Ms). In partic-
ular, since 2n < 11, ¢(v) € BS, ., C Bg, 5, and it makes sense to use the Euclidean

norm of R™*2 for such vertices.

o If x(v) = (i,2) (for some i € {1,2}), then ¢(v) € By, (M;), and there exists a
vertex w, adjacent'? to v, such that x(w) = (4, 1).

12We say that v and w are adjacent if there is an edge between v and w.
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o If x(v) = (4, + 1) for some 2 < j < 2k — 1, then there exists a vertex w adjacent
to v, such that x(w) = (i, j) and ||c(v) — c¢(w)|| < 2rj41.

o If x(v) = oo, and if there exists a vertex w adjacent to v such that x(w) = (4, 1),
then ||e(v) — Q|| > 7.

e If x(v) = oo, and if there exists a vertex w adjacent to v such that x(w) = (i, )
with j > 1, then ||c(v) — c¢(w)|] > 7j41.

Note that if ¢ € U(x), and if x(v) = (4,7), c(v) € BEQTI_FM_FQTJ. (M;) C égngl (M;). In
the following, if e is an edge which connects two vertices v and w, such that x(v), x(w) ¢
{(1,1),(1,2)}, the distance ||c(v) — ¢(w)]| is called the length of e.

LEMMA 9.7.  The family (U(X))ycoloring defines an open cover of Cr(181)2).

PrROOF. The fact that the U(x) are open subsets is immediate. Let us prove that
any configuration is in at least one of these sets. Fix a configuration c.

First color all the vertices v such that ¢(v) € By, (M;) with x(v) = (i, 1).

Next, for i € {1,2}, color with x(w) = (,2) the vertices w adjacent to those of color
(i,1) such that ¢(w) € Bay, (M;).

Next, for any 2 < j < 2k — 1, define the vertices of color (i, 4 1) inductively: when
the vertices of color (i,7) are defined, color with (i,7 + 1) the vertices v which are not
already colored, and such that there exists an edge of length less than 2r;,; between v
and a vertex w colored by (3, j).

With this method, no vertex can be simultaneously colored by (1,7) and (2,7).
Indeed, the construction above ensures that any vertex colored by (4, j) is in Bas,,,, (M;).
Since 26741 = 6(1/2)(6/2)%%~7 < (1/2)6 < 1/4, we have Basy,,, (M) N Bosr,,., (M2) =
(), which concludes.

Setting x(v) = oo for all the vertices that remain still uncolored after this induction
gives a coloring such that ¢ € U(y). O

We are going to use the following two lemmas in the proof of Theorem 2.17.

LemMMA 9.8. If x is a coloring such that there exists an edge between a vertex
colored by some (1,7) and a vertez colored by some (2, '), then w® (L', o, 1b18th2)|17(x) = 0.

LEMMA 9.9. If x is a coloring such that at least one vertex is colored by oo, then
wF(F7 g, ¢1ﬂw2)\U(X) =0.

PROOF OF PROPOSITION 9.6 ASSUMING LEMMAS 9.8 AND 9.9. First note that
these two lemmas imply that I7(T, o, 1 1hs) = Ju wF (T, 0,9119) for the union U of all
the U(x) where x runs over all the colorings such that no vertex is colored by oo, and
no edge connects two vertices colored by some (1, j) and (2, j'). By construction, since T’
is connected, such a coloring y takes only values of the form (1, ) or only values of the
form (2,7). Let Uy be the union of the U(x) such that x takes only values of the form
(1,7) and similarly define Us, so that U = U; Ll Us. This implies that
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(T, 0, tin) =/

Ui

wF(F7U7 1/’1111/}2) + / UJF(F7O', 1/’1111/12)

Uz

Note that the form (w® (T, 0, Y1)y, does not depend on the knot 13_;, since
U; is composed of configurations which send all vertices in By5(M;). This implies that
Z(182) = F1(11) + Fa(12) for some functions Fy and F. For the trivial knot ¢4y,
Corollary 9.3 directly implies that Fy (¢tri0) + F2(Wtrin) = 0. Lemma 2.16 implies that:

Zr(1) = Zk(V1firio) = F1(¥1) + F2(Yeriv),
Zi(V2) = Zi(Verivih2) = Fi(Yein) + F2(12).

The sum of these two equalities gives Zi (1) + Zi(W2) = F1 (Y1) + Fa(v2) = Zi(¥181)2).
This concludes the proof of Proposition 9.6, hence of Theorem 2.17. g

PROOF OF LEMMA 9.8. Lemma 9.8 directly follows from Proposition 9.5, since it
implies that if ¢ is in the support of w®' (T, o, 11 1b2), no edge of I' can connect a vertex
of By,4(M1) and a vertex of By,4(Ma). O

Proor oF LEMMA 9.9. Fix a coloring x that maps at least one vertex to co. For
J € {1,2}, let S; be the set of the vertices of I' colored by a color of {j} x {1,...,2k}.

Take ¢ € U(x) and suppose that ¢ is in the support of w! (', 0,91 1)s). For any
external edge e = (v,w) of I'g, g,, since p.(c) € D(G~,,), there exists a sign e, (e) such

that [|Gr,(c(v), c(w)) — Eg(e)X:(t)lH < ¢, and for any internal edge e = (v, w), there

exists a sign e, (e) such that ||G(¢;(v), ¢;(w)) — 50(6)X:(;1|| < 0.

LEMMA 9.10. Endow the spheres S™¢) with the usual distance coming from the
Euclidean norms || - || on R™e)+1,

Let x be a coloring that maps at least one vertex to 0o, and let ¢ € U(x). Define a
configuration co of Crg, g (Viriv) from c as follows:

e Ifv is a vertex of Sy inTs, s,, co(v) =1 = (0,0,...,—1/2).
e Ifv is a vertex of Sg in s, s,, co(v) = Q2 = (0,0,...,1/2).
e Ifvis a verter of V(I's, 5,) \ (S1US2) = V() \ (51 US2), co(v) = c(v).
Then, d(Ge(co),a—:g(e)X:((:)) < 96 for any edge e of I'g, s,
PrROOF. The edges of I'g, g, are of four types:
e Those joining two vertices v and w of V(I's, s,) \ (S1 U S2).
e Those joining one vertex v of V(I's, s,) \ (S1 L S2) and one vertex w of Sj.

e Those joining one vertex v of V(I's, s,) \ (S1US2) and one vertex w of Ss.

e Those joining one vertex v of S; and one vertex w of Ss.



858 D. LETURCQ

We have to check that in any of these four cases, the direction of the edge e between
co(v) and co(w) is at distance less than 9§ from 60(€)X:((§)) . We prove this for external
edges, the case of internal edges can be proved with the same method. Assume that e
goes from v to w (the proof is similar in the other case). In this case, the construction

of G, implies that the direction to look at is Gyt (co(v), co(w)). Since ¢ is in the support
of WF(F7 g, 7/}1111/)2)3

C ’UJ)) B 7T(C(’U)) ( )Xn+1

[|7(c(w)) — W(C(U))H a(e) <.

HGTW(C(U), c(w)) — eg(e) X1 H _ ‘

o(e)

Note the following easy lemma.

LEMMA 9.11.  For any a and h in R" 2 such that a and a+h are non zero vectors:

Now, let us study the previous four cases:

a+h H 2/|h||
HaH ~Ala Al = lall

e In the first case, c(v) and c(w) are in B ,,, then the direction of the edge is
Geat(co(v), co(w)) = Gegi(c(v), c(w)) = Gry(c(v), c(w)). Therefore, it is at dis-

tance less than & from &, (e)X "(t )1

e In the second case, w comes from a vertex wg of I' with x(wg) = (1, 7), so ¢o(w) =
9y and ¢o(v) = ¢(v). First suppose j = 1. This implies that ||7(c(w)) — Q]| < 2r;.
Since x(v) = oo, we have ||Q1 — ¢(v)|| > r2. Then, using the previous lemma and
triangle inequalities:

_co(v) —eo(w) nit|| || c) = i
| = ey ~=rtxsit]| = =y —ertoxs

o)~ 7le®) ] || ) = ew) -~ m(e(w))
<‘ le() — (e~ =@ %e) *‘ Tew) — ]~ Tlew) —(e(w ||H

19 — (ew)]
<O )]
<5—|—2ﬁ:35<95

Ty

Suppose now j > 1. Then || — c¢(w)|| < 26rj41, and 7(c(w)) = c(w). Since
X(v) = oo, we have ||c(v) — ¢(w)|| > rj41. As in the previous computation, and
since § < 1/4, we get

co(v) — co(w) nil
‘ Teo(o) —co(w)]] ~ <79 %ot0
(v) — c(w) el Il o) —colw)  e(w) — elw)
<‘|c<v> ()] %o +‘||Co(v)—00(w)|| |c<v>—c<w>||H
=g a ol =

lle(w) = e(v)]
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2(57'J+1

<6+ 2——— < 96.

7"]+1
e The third case, can be studied exactly like the second one.

e In the last case, note that c(v) € Basp,,,, (M1) = Bsjo(M1) and c(w) € B o(My).
The direction we look at is Gegt(co(v), co(w)) = Gezt(Q1,Q2) = (0,...,0,1). But,
we have ||(7(c(v)) —m(c(w)))/||7(c(v)) —7(c(w))|| —es(e )X;’(ngH < 5 The previous
method yields

ooy =iy %5
<‘ ) e~ X Hn o ||ZEEEZ§§—ZEZ(3§HH
<0 |31:§§|‘||ZEZEU§ mH ’IIW =~ T = ||H
§(5+26{2+21i/52/2 <1+1+ >5<9(5

This concludes the proof of Lemma 9.10 O

For any 1 < < 2k, set

eo(07(i) ife€os, 5,(E(Ts,.s,)),
1 otherwise.

For any 1 < i < 2k, also set

Yn_l _ Ga(e) (CO) ifi € U(Ei(]-—‘51752))3 and Y_n+1 _ Go(e)(CO) ifi e J(EE(FSLSE))’
' Xt otherwise, ’ Deian otherwise.

Lemma 9.10 implies that Y = T: o (Y"1, V") 1<i<or) is at distance less than 9§

K2

from (X7~ X*) <<k, So it belongs to (’);c and then to the set Oy, of Corollary 9.2,
which is a contradiction since 7rg o o(T:2(Y)) = Gr, s, (co). This concludes the proof
of Lemma 9.9. O
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