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Abstract. This paper deals with nonlinear singular partial differential
equations of the form tdu/0t = F(t,x,u,0u/Ox) with independent variables
(t,x) € RxC, where F(t,x,u,v) is a function continuous in ¢ and holomorphic
in the other variables. Under a very weak assumption we show the uniqueness
of the solution of this equation. The results are applied to the problem of
analytic continuation of local holomorphic solutions of equations of this type.

1. Introduction.

To investigate the uniqueness of the solution is one of the most important problems
in the theory of partial differential equations, and there are many references in various
situations. In this paper, we consider the case of first order nonlinear singular partial
differential equations (1.1) given below, and show uniqueness results by a method quite
similar to Cauchy’s characteristic method.

Let t e R, z € C, u € C and v € C be the variables. For r > 0 we write D, =
{z € C; |2| < r} where z represents z, u or v. Let Ty > 0, Ry > 0, pg > 0, and set
Q= {(t,xz,u,v) € [0,Tp] x Dry x Dy, x Dy, }.

Let F(t,z,u,v) be a function on Q. In this paper, we consider the equation

ou ou
t a = F (t,fl;,u, ax) (].].)

under the following assumptions:

A1) F(t,z,u,v) is a continuous function on § which is holomorphic in the variable
(z,u,v) € Dg, x D,, x D, for any fixed ¢.
Ay) There is a weight function u(t) on (0,7Tp] satisfying the following:

sup |F(t,z,0,0)| =O0(u(t)) (ast— 40),
?EGDRO

‘g(t,o,o,o)lzow(t)) (as £ —> +0).
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Here, a weight function p(t) on (0,7p] means that u(t) is a positive real valued
continuous function on (0, 7p] which is increasing in ¢ and satisfies

To
/ @ds < 00.
0

S

By this condition, we have pu(t) — 0 (as t — +0).
By As) we can express (OF/0v)(t,x,0,0) in the form
OF
—(t,2,0,0) = b(t) + zPe(t, x)
v
where b(t) is a continuous function on [0,Tp] satistying b(t) = O(u(t)) (as t — +0),
c(t,x) is a continuous function on [0,Tp] x Dpg, that is holomorphic in z, and p €
{0,1,2,...}. Then, we can divide our situation into the following three cases:

Case 1. ¢(t,x) =0 on [0,Ty] x Dg,,
Case 2. p =0 and ¢(¢,0) £ 0 on [0, Tp],
Case 3. p > 1 and ¢(t,0) # 0 on [0, Tp].

In Case 1, equation (1.1) is a generalization of Briot—-Bouquet’s ordinary differential
equations (in Briot—Bouquet [4]) to partial differential equations, and this type of equa-
tions was studied by Baouendi-Goulaouic [3], Gérard-Tahara [8], Yamazawa [15], Koike
[10] and Lope-Roque-Tahara [11]. In Case 2, equation (1.1) has a regular singularity at
2 = 0, and this type of equations was studied by Chen-Tahara [5] and Bacani-Tahara
[1]. In Case 3, equation (1.1) has an irregular singularity at = 0, and this type of equa-
tions was studied by Chen-Luo—Zhang [6], Luo—Chen-Zhang [12] and Bacani-Tahara
[2]. In these papers, mainly the solvability (or the unique solvability) of equation (1.1)
is discussed.

As to the uniqueness of the solution, we know some results: in Case 1 we have a result
in Tahara [13] under the assumption: u(t,z) = O(u(t)€) (as t — +0) for some € > 0,
and in Case 2 we have a result in Tahara [14] under the assumption: wu(t,z) = O(|¢|%)
(as t — +0) for some € > 0.

In this paper, we will show the uniqueness of the solution in each case under a much
weaker assumption like

— 1
li li — t, =0.
0, | i, (7, 2, e )|
2. Analysis in Case 1.

Let us consider Case 1 in a little bit general setting. We consider equation (1.1)
under the following assumptions:

lel,ljp |F(t,2,0,0)| = O(u(t)) (ast — 40), (2.1)
sup g—F(t,x, 0,0)' =O0(u(t)) (ast — +0). (2.2)
zEDR, v
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As to the existence of a solution, we know a unique solvability result in a certain
function space. To state the existence result, let us prepare some notations. We set

t
g@(t)Z/ M) 0o o<t <,
0

S

This is also an increasing function on (0, Tp] and we have ¢(t) — 0 (as t — +0). For
T>0,R>0andr >0 we set

Wrrr={(t,z) €[0,T] xC; ¢(t)/r+ |z| < R}.

For W = Wr g, we denote by Zu(W) the set of all functions in C°(W) that are
holomorphic in z for any fixed ¢, and by 27 (W) the set of all functions in C*(W N {t >
0}) N C°(W) that are also holomorphic in  for any fixed t. We set

At,z) = g—i(t,x,0,0).

By Theorem 1.1 (with o« = 1) in Lope-Roque-Tahara [11] we have

THEOREM 2.1.  Suppose the conditions (2.1) and (2.2). If ReA(0,0) < 0 holds,
there are T >0, R >0, r > 0 and M > 0 such that equation (1.1) has a unique solution
uo(t,z) € Z1(Wr r,r) satisfying

ot )] < Mutt) and - |52(0.0)| < M)

on WT,R,T-

2.1. Uniqueness result in Case 1.

For T'> 0 and R > 0 we denote by Z1((0,T) x Dg) the set of all functions in
CY((0,T) x Dg) that are holomorphic in the variable x € Dp for any fixed t.

The following theorem is the main result of this section.

THEOREM 2.2.  Suppose the conditions (2.1), (2.2) and ReA(0,0) < 0. Let u(t,x) €
Z1((0,T) x Dr) be a solution of (1.1) with T >0 and R > 0. If u(t,x) satisfies

lim [lim <12 sup |u(t,x)|)] =0, (2.3)

R—+40 | =40 (O,O')XDR

we have u(t,x) = ug(t,z) on (0,71) x Dg, for some Ty > 0 and Ry > 0, where ug(t, )
is the solution of (1.1) obtained in Theorem 2.1.

If

thO(xiugR lu(t, 33)|) =0 (2.4)

holds for some R > 0, we have (2.3), and so we have



1262 H. TAHARA

COROLLARY 2.3.  Suppose the conditions (2.1), (2.2) and ReX(0,0) < 0. If a
solution u(t,x) € Z1((0,T) x Dr) of (1.1) satisfies (2.4), we have u(t,x) = uo(t, ) on
(0,T1) x Dg, for some Ty > 0 and Ry > 0.

If a solution wu(t,z) satisfies

sup [u(t, )| = O(u(t)?) (as t — +0) (2.5)
r€DR

for some € > 0, we can apply a result in Tahara [13]. We note that the condition (2.3) is

much weaker than (2.5). In [13] higher order equations are dealt with, but it is unclear

whether we can generalize Theorem 2.2 to higher order case.

REMARK 2.4. (1) In the case ReA(0,0) > 0, we can give many examples in holo-
morphic category such that the equation has many solutions satisfying (2.4). Therefore,
the uniqueness of the solution is not valid in general. See [8] and [15].

(2) In the case ReA(0,0) = 0, we have the following counter example: the equation

t% (gg)k (ke{1,2,...})

has a trivial solution v = 0 and a family of nontrivial solutions

1\ " T+«
u=|— —_
k (c —logt)t/k
with arbitrary constants o and ¢. These solutions satisfy (2.4).
(3) The following example shows that the assumption (2.3) is reasonable: the equa-

t@——u—k % :
ot ox

has a trivial solution u = 0 and a nontrivial solution u = x2 /4. We note that for u = 22 /4

tion

we have

I li . lu(t, z)] :
1m 1m —5 Su u x = —.
R—+0 [ o=40 \ R2 g o XpDR ’ 4

2.2. Proof of Theorem 2.2.

Let uo(t, z) be the unique solution of (1.1) obtained in Theorem 2.1. Set vy(t,x) =
(Oug/0x)(t, z). Then, by setting w = u—ug, our equation (1.1) is reduced to an equation
with respect to w = w(t, z):

0

where
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H(t,x,w,q) = F(t,z,w + uo(t, z),q + vo(t,))
- F(ta Zz, UO(t7 l‘), ’UO(ta .T))

For " = {(t,x,u,v) € [0,0%] X Dgs x Dys x D, } we denote by Zo(22*) the set of
all functions in C°(Q*) that are holomorphic in the variable (z,w,q) for any fixed ¢.

Then, we may suppose that H(t,z,w,q) belongs to 2(2*) for sufficiently small
c* >0, R > 0 and pfj > 0. By Taylor expansion in (u,v) we have the expression

F(t,z,u,v) = at,z) + At z)u + B(t,x)v + Z ai ;(t, z)u'v’
i+j>2

and so we have

H(t,z,w,q) = \t,x)w+ B(t,z)q + Z a; ;(t,x) {(w + o) (q + vo)? — up've? |
i+j>2

Hence, it is easy to see that H(t,z,w,q) is expressed in the form
H(t,z,w,q) = At,2)w + a1(t,xz,w, q)w + b1 (¢, z, w, q)q

for some functions a (¢, z,w, q) € Zo(Q*) and by (¢, z, w, q) € Zo(2*). Since (2.2) implies
B(t,x) = O(u(t)) (as t — 40), and since ug = O(u(t)) (as t — +0) and vy = O(u(t))
(as t — +0) hold, we may assume:

sup |aq(t,z,0,0)| = O(u(t)) (ast — +0),
J)EDRS

sup |by(t,x,0,0)] = O(u(t)) (ast — +0).

:EGDRS
To get Theorem 2.2 it is sufficient to show the following result.
PROPOSITION 2.5.  Suppose ReA(0,0) < 0. Let w(t,x) € Z1((0,00) x Dg,) be a
solution of (2.6) with o9 >0 and Ry > 0. If w(t,z) satisfies

fim {lim (}; sup |w(t7m)>} ~0, (2.7)

R—+40 | o—+0 (0,0)xDg
we have w(t,z) =0 on (0,0) x Ds for some o >0 and 6 > 0.

PROOF. Let us prove this step by step.

Step 1: Since o* > 0 and R > 0 are sufficiently small, we may suppose that there
is an a > 0 satisfying

ReA(t,z) < —2a on [0,0%] x Dg;.
Since aq (t,2,0,0) = O(u(t)) and by (¢, 2,0,0) = O(u(t)) hold, we have the estimates

lay(t, z, w, q)| < Aop(t) + Ar|w| + Azfg| on Q,
|b1(t, z,w, q)| < Bop(t) + Bi|w| + Ba|g| on OQ*
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for some A4; >0 (i =0,1,2) and B; >0 (i =0,1,2).

Step 2: Let w(t,x) € Z1((0,00) X Dg,) be a solution of (2.6) for some 0 < oy < o*
and 0 < Ry < R§. We suppose that w(t, x) satisfies (2.7). We set q(¢,z) = (Qw/0z)(t, x)
and

a(t,x) = a1 (t, z,w(t, x),q(t, z)),
b(t,x) = by(t, z,w(t,x),q(t, z)) :

these are functions belonging to 2Z4((0,00) x Dg,). Then, by (2.6) we see that w(t, )
satisfies the following linear partial differential equation:

ow ow

t i b(t, z)% = (A\(t,x) + a(t,z))w. (2.8)
By applying 9/0z to (2.8), we have
9q 9q

where

v(t,x) = (ON/0x)(t,x) + (Da/0z)(t, ),
L(t,x) = (0b/0x)(t,x) :

these are also functions belonging to 24 ((0,0¢) X Dg,). For 0 < 0 < g and 0 < R < Ry
we set

A= sup |Cl(t, ZC)|, I'=sup |7(t7 1‘)|, L= sup |€(ta Jf)|
(O,J)XDR (O,G‘)XDR (O,G‘)XDR

We set also

r1= sup J|w(t,x)], ro= sup |q(t,x)|.
(0,0)xDr (0,0)xDg

LEMMA 2.6. By taking o > 0 and R > 0 sufficiently small, we have the conditions
A+ L <a, and

Boyp(o) + (B;l + BC;F) r1+ %rg < g
PROOF. By (2.7) we have
lim  sup |w(t,z)| =o(R?*) (as R — +0). (2.10)
o+0 (0,0)x Dr
By applying Cauchy’s integral formula in z to (2.10), we have
lim  sup |q(t,z)| =o(R) (as R — +0). (2.11)

o=4+0 (0,0)xDgr
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Since |ay (t, 2, w, q)| < Aopu(t) + Ar|w|+ Az|q| and [by (¢, z,w, q)] < Bou(t) + Bi|w| + Balq|
are known, by (2.10) and (2.11) we have

lim sup |a(t,x)| = o(R as R — +0),
Jim, supalt o)l = olR) )

lim  sup |b(t,x)] =0o(R) (as R — +0),
o——+40 (O,U)XDR

lim  sup [(9b/0z)(t,x)| =0o(1) (as R — +0).
o=+0 (0,0)xDg
Therefore, by taking ¢ > 0 and R > 0 sufficiently small, the numbers A, L, r;/R and
ro/R will be as small as possible. This proves Lemma 2.6. O

Step 3: Let 0 > 0 and R > 0 be as in Lemma 2.6. Take any ¢y € (0,0) and £ € Dg;
for a while we fix them.
Let us consider the initial value problem
d
ton = <b(ta), alt) =&, (212)
dt
Here, we regard b(t, z) as a function in 25((0,0) x Dr). Let x(t) be the unique solution
in a neighborhood of t = ty. Let (t¢,to] be the maximal interval of the existence of this
solution. Set

w(t) = w(t, z(t), q"(t) = q(t,z(t)).

Then, by (2.8) and (2.9) we have

t dw;t(t) = (\t,2(8) + alt,z(®))w*(t), w*(t) = wlto,£) (2.13)
on (tg, to], and
t dq;t(t) = y(t, 2 (t)w*(t) + (A, 2(t) + a(t, x(t)) + £(t, z(t)))q" (t), (2.14)

on (te, tol.

LEMMA 2.7.  Under the above situation, we have the following estimates for any
(t1,7) satisfying te < t1 <71 < tp:

< (2) e (2.15)
t1\*
@< (%) (T @oe(r/n) + I (). (2.16)

PrOOF. Let te <ty <7 <tp: set

#8) = o1 {/tr (A(s,z(s)) + a(s,x(s)))ds Ch<t<n

S
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Since Re(A(s,z(s)) + a(s, z(s))) < —2a + A < —a, we have

) < o | [ Rt ol

S

T —a t\*
Sexp{/ ds}z() , t1<t<T.
P T

Let us show (2.15). By (2.13) we have

d

S (6(t) =0

and so by integrating this from ¢; to 7 we have

w*(T)p(7) = w*(t1)(t1).

Since ¢(7) = 1 and |¢(t1)] < (t1/7)* holds, by applying this to the above equality we
have (2.15).
Let us show (2.16). In this case, we set

{/T (A(s, 2(5)) + als, z(s)) + £t 2(1)) ,

S

¢1(t) = exp s|, h<t<m

Since Re(A(s, z(s)) +a(s, z(s)) +£(t,z(t))) < —2a+ A+ L < —a we have |¢1(t)| < (¢t/7)*
for t; < ¢ < 7. Then, we can reduce (2.14) into

G1 () (t, (1)) w* (1)
t Y

L (a1 (1)) =

and so by integrating this from ¢; to 7 and by using (2.15) (with 7 replaced by t), we
have

(] < loten)a" ()] + [ len(onteao)w ()7

. (1:)a|q*(t1)|+/t: (i)arG)alw*(tl)cf

= (%) e+ (&)t ) tosto /),

.
This proves (2.16). O
Step 4: Recall that |b;1 (¢, z,w, ¢)| < Bopu(t) + Bi|w| + Bzlg| holds on Q*. We have

LEMMA 2.8.  Under the above situation, we have the following estimate for any
t € (t&,to):

(a0 < I+ Bol(to) ~ o(e0) + ( 2+ 220 ) () + 2 )
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PROOF. Let t; € (t¢,t9). By (2.12) we have

() =g+/t° b(T,x(T))d{.

1

Since

|b(7,2(7))| < Bop(7) + Bi|w™(7)| + Ba|q"(7)]
tq

< Bon(r) + B () (el + B2 () (0l (@) toe(r/0) + ()

holds for any 7 € (1, to], we have

wtei< e+ [ (Boutm+ 2 (L) e

t1
t ‘ * * dr
8 (1) (e iontr/e) ) T )
Here, we note:
/t‘] (t1>adT:1(1_t1“) <1
t T T a to®) ~ a’
to a a o

t1 dr tl 1 tl 1

2) t)— = log(to/t) + — [1—- ) < =.

/t1 (T> og(7/t1) - “alg” og(to/t1) + e ( to“) <

By applying these estimates to (2.17), we have Lemma 2.8. O

COROLLARY 2.9. If§ € Dgjy we have te = 0.

PROOF. Let €] < R/2. Let us show that if ¢ > 0 holds we have a contradiction.
Suppose that t¢ > 0 holds. Then, by Lemmas 2.6 and 2.8 we have

lz(t1)] < % + Bop(o) + (f; + B;I) r1+ %rg =Ri1 <R
for any t1 € (tg,to). Since K = {z € C"; |z] < Ry} is a compact subset of Dg and
since x(t1) € K for any t; € (t¢, to], by a theorem in ordinary differential equations (for
example, by Theorem 4.1 in Coddington-Levinson [7]) we can extend x(t) to (t¢ — ¢, to]
for some € > 0. This contradicts the condition that (t¢,to] is the maximal interval of the
existence of the solution x(t). O

Step 5: Since t¢ = 0, by (2.15) with 7 = ¢, we have

(1) < (’;) (1)) < (j)

for any t; € (0,tp). Since r; > 0 is independent of ¢, by letting ¢;, — +0 we have
w*(tg) = 0. Since w*(tg) = w(to,&), we have w(to,z) = 0 for any x € Dp/y. Since
to € (0,0) is taken arbitrarily, we have w(t,z) = 0 on (0,0) x Dg/s.
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This completes the proof of Proposition 2.5. O

2.3. Application.

Let us apply Theorem 2.2 to the problem of analytic continuation of solutions of
Briot—Bouquet type partial differential equations.

Let (t,x) be the variables in C; x C,, and let F(t,x,u,v) be a function in a neigh-
borhood A of the origin of C; x C, x C,, x C,,. Set Ag = AN{t=0,u=0,0=0}. In
this subsection, we consider the following equation

ou ou

(in the germ sense at (0,0) € C; x C,) under the assumptions
By) F(t,x,u,v) is holomorphic in A,
Bs) F(0,2,0,0) =0in Ay, and
Bs) (0F/0v)(0,2,0,0) =0 in Ay.

Then, equation (2.18) is called a Briot-Bouquet type partial differential equation with
respect to t (by Gérard—Tahara [8], [9]), and the function

Az) = 2—5(0,33,0,0)

is called the characteristic exponent of (2.18). This equation was studied by [8] and
Yamazawa [15].

By [8] we know that if A(0) & {1,2,...}, equation (2.18) has a unique holomorphic
solution ug(t, z) in a neighborhood of (0,0) € C; x C,, satisfying uo(0,2) = 0 near x = 0.
Therefore, by applying Theorem 2.2 (with u(t) = t) to this case we have

THEOREM 2.10.  Suppose the conditions B1), Ba), B3) and ReA(0) < 0. Let u(t, x)
be a holomorphic solution of (2.18) in a neighborhood of (0,00) X Dg, for some oo > 0
and Rog > 0. If u(t,z) satisfies

lim [lim <P12 sup |u(t,x)|)] =0, (2.19)
(0,

R—+40 [ 0—=+0 o)x Dr
u(t,x) can be continued holomorphically up to a neighborhood of (0,0) € C; x C,.

REMARK 2.11. The following example shows that we need some condition like
(2.19) in order to get the analytic continuation of solutions: the equation

t 9u _ —2u+xt Ou :
ot Ox
has a solution u = x/t.

3. Analysis in Case 2.

Let us consider Case 2 in a little bit general setting. We consider the equation
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ou

to; =altn) + At x)u+ (B(t, ) + welt, x))% + Ry (t, T, u, 6“) ;o (31

or ox

where a(t,z), A(t,z), B(t,x) and c(t, ) are continuous functions on [0,Ty] X Dg, that
are holomorphic in x for any fixed ¢ and satisfy

_sup |a(t, z)[ = O(u(t)) (as t — +0), (3.2)
sup |B(t @) = O(u(t)) - (as t — +0), (3.3)
Rec(t,z) <0 on [0,7p] X Dg,, (3.4)

and Ra(t,x,u,v) is a continuous function on Q (where Q is the same as in Section 1)
which is holomorphic in the variable (z,u,v) for any fixed ¢ and has a Taylor expansion
in (u,v) of the form:

Ry(t, z,u,v) = Z ai ;(t, z)uvd.
i+j>2

As to the existence of a solution, we know a unique solvability result. By Theorem 5.1
in Bacani-Tahara [1] we have

THEOREM 3.1.  Suppose the conditions (3.2), (3.3) and (3.4). If ReA(0,0) < 0
holds, there are T >0, R >0, r >0 and M > 0 such that equation (3.1) has a unique
solution ug(t,z) € Z1(Wr,r,) satisfying

ot )] < Mutt) and|52(0.0)| < M)

on Wr.rr.

3.1. Uniqueness result in Case 2.
The following theorem is the main result of this section.

THEOREM 3.2.  Suppose the conditions (3.2), (3.3), (3.4) and ReA(0,0) < 0. Let
u(t,z) € Z1((0,T) x DRr) be a solution of (3.1) with T > 0 and R > 0. Ifu(t,x) satisfies

Tim {lim (;2( sup |u(t,x)|>} —0, (3.5)

R—+0 | o—+40 0,0)xDg

we have u(t,x) = ug(t,z) on (0,T1) X Dr, for some Ty > 0 and Ry > 0, where ug(t, x)
is the solution obtained in Theorem 3.1.

COROLLARY 3.3.  Suppose the conditions (3.2), (3.3), (3.4) and ReA(0,0) < 0. If
a solution u(t,x) € Z1((0,T) x Dg) of (3.1) satisfies

I ( ¢, ):0,
i  sup u(t, )]

we have u(t, ) = ug(t,z) on (0,T1) x D, for some T1 >0 and Ry > 0.
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REMARK 3.4. (1) Inthecase ReA(0,0) > 0, we have the following counter example:
the equation

SO (o
8t_u xaz Y ox

has a trivial solution u = 0, a nontrivial solution v = t? and a family of solutions

xt

u =
c—1
with an arbitrary constant c.
(2) In the case ReA(0,0) = 0, we have the following counter example: the equation

ou ou (8u)2
t _—I‘ix—‘—u + | =

has a trivial solution v = 0 and a family of nontrivial solutions

B 1
c—logt

with an arbitrary constant c.
(3) In the case ReA(0,0) < 0, the following example shows that the condition (3.5)
is reasonable: the equation

(o (o)
ot Y xax Ox

has a trivial solution u = 0 and a nontrivial solution u = 322 /4.

3.2. Proof of Theorem 3.2.

Since the proof of Theorem 3.2 is quite similar to the proof of Theorem 2.2, we give
here only a sketch of the proof.

Let u(t,z) € Z1((0,T) x Dgr) be a solution of (3.1) satisfying (3.5). Set w(t,z) =
u(t,x) — uo(t, z), where ug(t,x) is the solution obtained in Theorem 3.1. Then, by the
same argument as in (2.8) we see that w(t, x) satisfies a partial differential equation of
the form

t 88—1; — (b(t, ) + xc(t, z))g—: = (A\t,x) + a(t,x))w, (3.6)
on (0,00) x Dpg, for some oo > 0 and Ry > 0, where a(¢,z) and b(t,z) are functions
belonging to Zo((0,00) x Dg,) that satisfy

lim  sup |a(t,x)] =0o(R) (as R — +0),
o=>+0 (0,0)x Dr

lim  sup [|b(¢,x)] =0(R) (as R — 40).
e>+0 (0,0)x Dr

By applying 9/0z to (3.6) we have
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190 (b1, 2) + elt, ) O
=(t,z)w + (A, z) + a(t,x) + c(t, x) + £(t, z))q, (3.7)

where

v(t,x) = (ON/0x) (¢, z) + (Da/0x)(t, x),
L(t,x) = (0b)0x)(t, x) + x(Dc/Dx)(t, x) :

these are also functions belonging to Z((0,00) X Dpg,). If we notice the fact that
|x(0c/0z)(t,x)| < Cil|x| on (0,00) x Dpg, for some Cy > 0, by taking ¢ > 0 and R > 0
sufficiently small we have the same conditions as in Lemma 2.6.
Now, let us consider the initial value problem:
dx

t% = —(b(t,x) + xzc(t, ), =z(to) =&. (3.8)
Let x(t) be the unique solution in a neighborhood of t = to. Let (t¢,to] be the maximal
interval of the existence of this solution. Set

w*(t) = w(t,z(t), ¢ (t) = q(t, z(t)).

Since Re ¢(t, z) < 01is supposed (in (3.4)), we have Re ¢(s, z(s)) < 0 and so Re(A(s, z(s))+
a(s,x(s))+c(s,xz(s))+€(s,2(s))) < —2a+ A+0+L < —a. Hence, by the same argument
as in the proof of Theorem 2.2 we can show the same conditions as in Lemmas 2.7, 2.8
and Corollary 2.9.

Thus, we have w(t,2) = 0 on (0,0) x Dg/, as in Step 5 in the proof of Theorem 2.2.
This proves Theorem 3.2. g

3.3. Application.

Let us apply Theorem 3.2 to the problem of analytic continuation of solutions of
nonlinear totally characteristic type partial differential equations.

Let us consider the same equation

ou ou
t E = F <t, T, U, 853) (39)

as in (2.18) in the complex domain A under B;), By) and
Bs4) (0F/0v)(0,2,0,0) = zc(z) with ¢(0) # 0.

Then, this equation is a typical model of nonlinear totally characteristic partial differ-
ential equations discussed by Chen-Tahara [5]. As in Subsection 2.3 we set A(z) =
(0F/0u)(0,,0,0). We write N* = {1,2,...} and N={0,1,2,...}.

Then, by [5] we know the following result: if ¢(0) & [0, 00) and

i—c(0)j —A0)#0 for any (4,7) € N* x N (3.10)

hold, equation (3.9) has a unique holomorphic solution ug(t,z) in a neighborhood of
(0,0) € C; x C,, satisfying ug(0,2) = 0 near = 0. Therefore, by applying Theorem 3.2
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(with u(t) = t) to this case we have

THEOREM 3.5.  Suppose the conditions B1), Ba), By), Rec(0) < 0 and ReA(0) < 0.
Let u(t, x) be a holomorphic solution of (3.9) in a neighborhood of (0,00) X Dg, for some
oo >0 and Rg > 0. If u(t,x) satisfies

lim [lim (1;2 sup |u(t,x)|)] =0, (3.11)

R—+40 | 0—+0 (0,0)xDg
u(t,x) can be continued holomorphically up to a neighborhood of (0,0) € C; x C,.

REMARK 3.6. The following example shows that we need some condition like (3.11)
in order to get the analytic continuation of solutions: the equation

P ou)*
ot T e T\ oz

has a solution u = x/t.

4. Analysis in Case 3.

Let us consider Case 3 in a little bit restricted setting. Let p € {1,2,3,...}: we
consider the equation

ou

t Fri a(t,z) + At x)u+ (B(t, x) + 2Pc(t, x)) (ng + Ry <t, z,u,a:gZ) (4.1)

where a(t,z), A(t,z), B(t,x) and c(t,z) are continuous functions on [0,Tp] x Dg, that
are holomorphic in x for any fixed ¢ and satisfy

supat.x)| = O(u(t) (s t — +0), (4.2)
sup [B(t)| = O(u(t) (ast — +0), (4.3)
¢(0,0) #£ 0, (4.4)

and Ry(t,x,u,v) is the same as in (3.1). In this case, equations of this type were studied
by Chen-Luo-Zhang [6], Luo-Chen—Zhang [12] and Bacani-Tahara [2].

By applying the change of variable x — ¢’z in equation (4.1) we see that zPc(t, )
is transformed into x?(e™?c(t, e?x)) and so by taking # suitably we have the condition:
e?¢(0,0) < 0. Hence, without loss of generality we may assume

¢(0,0) <0 (4.5)

from the first. For simplicity, we suppose this condition from now.

As to the existence of a solution, we know a unique solvability result. In order to
state the existence result, we prepare some notations: for T > 0, R > 0,0 < 6 < 7/2p
and r > 0 we set
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S=80,R)={xeC;0<|z| <R,|argz| <6},
ds(z) = min{log(R/|az:|)7 0 — |arg a?|},
Wrror=1{(tx) € (0,T) xS; p(t)/r < ds(x)}.

Then, by Theorem 8.1 in [2] we have

THEOREM 4.1.  Suppose the conditions (4.2), (4.3) and (4.5). If ReX(0,0) < 0
holds, there are T >0, R>0,0<6 <x/2p, r >0 and M > 0 such that equation (4.1)
has a unique solution uo(t,x) € Z1(Wr.ro,r) satisfying

x%(t,x)

luo(t, 2)| < Mu(t) and e

< Mp(t)

on WT,R,G,T-

REMARK 4.2. (1) In the above theorem we have supposed (4.5), but it is only for
simplicity. Even in the case of (4.4) only, we can get the same result as Theorem 4.1 by
replacing the definition of S(6, R) by

SO,R)={zx€C;0<|z| <R,|argz + (argc(0,0) — 7)/p| < 6}.

(2) In general, the existence domain of the solution ug(t, ) depends on the argument
of ¢(0,0). This fact can be illustrated by the following example. Let A € C with Re\ < 0,
¢ € C\ {0}, and let us consider

P P o
at—I u Cx 8.’E

In this case, we have \(t,z) = A, ¢(t,z) = ¢, p=1 and
t [ £
w(t,z)=- | ——————d
o(t, ) c/o log & +1/(cx) ¢
which is holomorphic on C; x (C, \{z; cx > 0}). We note that ug(¢, x) is not well-defined

on {x; cx > 0}.

4.1. Uniqueness result in Case 3.
The following theorem is the main result of this section.

THEOREM 4.3.  Suppose the conditions (4.2), (4.3), (4.5) and ReA(0,0) < 0. Let
u(t,z) € Z1((0,T) x S(6,R)) be a solution of (4.1) with T >0, § >0 and R > 0. If
u(t,x) satisfies

— 1
lim lim | — sup u(t, ﬂ =0, 4.6
n—+0 ["HJFO (772 (O,a)xS(nOmR)‘ (&) (4.6)

we have u(t,z) = uo(t,x) on (0,T1) x S(01,Ry) for some Ty > 0, 61 > 0 and Ry > 0,
where ug(t,x) is the solution obtained in Theorem 4.1.
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COROLLARY 4.4.  Suppose the conditions (4.2), (4.3), (4.5) and ReA(0,0) < 0. Let
u(t,z) € Z1((0,T) x S(0, R)) be a solution of (4.1). If u(t,x) satisfies

lim ( sup |u t,a:)) =0,
t—=+0 zES(G,R)| ( |

we have u(t,x) = ug(t,z) on (0,T1) x S(01, Ry) for some Ty >0, 61 >0 and R; > 0.

REMARK 4.5. (1) In the case ReA(0,0) > 0 we have the following counter example:
the equation

has a trivial solution u = 0, a nontrivial solution u = ¢? and a family of solutions

cte t/®
u =
1-1t
with an arbitrary constant c¢. In this case we have p = 1, A\(¢,2) = 2, ¢(t,x) = —1,

B(t,x) =at/(1 —t), R =0 and pu(t) =t.
(2) In the case ReA(0,0) = 0 we have the following counter example: the equation

t @ = —2? @ +u? + a:@ :
ot ox ox
has a trivial solution v = 0 and a family of nontrivial solution

1
c—logt

with an arbitrary constant c.
(3) We note: the equation

ou " m28u+t xau ?

ot ox ox

has a trivial solution v = 0 and a nontrivial solution v = z/t. This shows that even in
the case ReA(0,0) < 0, in order to get a uniqueness result we need some condition on

the behavior of u(t,x) (as t — 40). However, unfortunately the author does not know
whether our assumption (4.6) is reasonable or not: he has no good examples.

t

4.2. Proof of Theorem 4.2.
Let u(t,x) € Z1((0,00) x S(bo, Ro)) be a solution of (4.1) satisfying (4.6) (with 6
and R replaced by 0y and Ry, respectively). We may suppose: 0 < 8y < 7/2p. Set

w(tvx) = u(t,:r) - UO(ta Z),

where uo(t, ) is the solution obtained in Theorem 4.1. We set vg(¢, x) = x(Jug/0x)(t, x).
By taking og, 8y and Ry sufficiently small we may suppose that ug(¢,z) and vo(t, z) are
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defined on (0,0¢) x S(0g, Ry) and satisfy |ug(t,z)] < Mu(t) and |ve(t,x)| < Mu(t) on
(0,00) x S(0o, Ro). Then, w(t,x) satisfies

im {hm <12 sup )|w(t,m)|>} =0 (4.7)

n—=+0 | o=+0 \ 7 (0,0)xS(nbo,nRo

and a partial differential equation

ow ow
77 p ow
t T Alt,x)w + (B(t,x) + 2Pe(t, x)) <x 8x>
ow ow ow
+a1 (t,x,w,zax> w+b1 (t7l',w,flﬁax> <$ax> 5 (48)

where ay (¢, z,w,q) and by (¢, x,w, q) are suitable functions satisfying
a1 (ta x,w, q)w + bl (ta z,w, Q)q

= RQ(tvwi + uO(tu ‘r)vq + ’U()(t7l')) - RQ(t,.’IJ, 'LLO(t, $),U0(t7x))-

We may suppose that a; (¢, 2, w, q) and by (¢, z,w, q) belong to Zo(Q) with Qg = [0, 0] x
S(00, Ro) x D,, x D, for some p; > 0. In addition, we have the properties:

|ﬁ(t7$)| < B/”'(t) on (070'0) X DRm
|CL1(t,LE,’U_},q)| < AO,u‘(t) =+ A1|w‘ + AQ‘Q| on QOv
b1(t, 2, w, q)| < Bou(t) + Bilw| + Bzlq| on €

for some B >0, A; >0 (i =0,1,2) and B; > 0 (i = 0,1,2). Without loss of generality
we may suppose

ReA(t,z) < —2a on [0,00] X Dg,

for some a > 0. Recall that we have supposed ¢(0,0) < 0. Thus, to prove Theorem 4.3
it is sufficient to show the following result.

PROPOSITION 4.6.  In the above situation, we have w(t,xz) = 0 on (0,T1)xS(01, R1)
for some Ty >0, 01 >0 and R, > 0.

Before the proof, we note

LEMMA 4.7.  If a holomorphic function f(x) on S(0, R) satisfies

sup |f(x)] =o(n™) (asn— +0)
S(nd,nR)

for some m > 1, we have

sup |a(d/dz) f(x)] = o(n™ ") (asn — +0).
S(né.nR)
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PROOF. By the assumption, for any € > 0 there is an 19 € (0,1) such that
|f(@)] <en™ on S(nb,nRk), 0<n <.

Take any 0 < n < no and fix it. Set d(x) = min{nf — |argz|,log(nR) — log|z|} for
x € S(nd,nR). Then, by Nagumo’s lemma in a sectorial domain (see [2, Lemma 4.2]) we
have

en™

o/ d) £ (o) < G

on S(nb,nR).

If € S((n/2)0, (n/2)R), we have

n —argz| > nd — (n/2)0 = (n/2)0 = min{(n/2)0,log 2},
log(nR) — log|z| = log(nR) — log((n/2)R) = log2 > min{(n/2)0,log 2}

and so d(z) > min{(n/2)0,log2}. If n > 0 is sufficiently small, we have d(z) > (/2)6,
and so

m m

=25 0/2)m " on S((n/26, (0/2)R).

€n
(/o) ()] < 7o

This proves the result in Lemma 4.7. 0
PROOF OF PROPOSITION 4.5. Let us prove Proposition 4.6 step by step.
Step 1: We set ¢(t,z) = x(0w/0x)(t, x), and
a(t,z) = ay(t, z,w(t, x),q(t, z)),
b(t,z) = B(t,x) + by (t, z,w(t, z),q(t, x)) :

we may suppose that these functions belong to Z4((0,00) x S(0o, Ro)). By (4.8) we have
the relation

P ow _
ta —x(b(t,z) +x c(tw))% = (A, z) + a(t,z))w. (4.9)

By applying x(9/0z) to (4.9) we have

t % — (b(t, x) + 2 c(t, x))% =7t 2)w + (At 2) +alt,2) + 4t 2))g,  (4.10)

where

v(t, x) = x(OX/0x)(t, x) + x(0a/0x)(t, ),
L(t,x) = x(0b/0x)(t,x) + x(0(aPc)/0x)(t, x) :

these are also functions belonging to Z5((0,00) x S(0g, Rp)). For 0 < o1 < op and
0 <n <1 we set
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A= sup la(t, x)|,
(0,01) xS (nbo,mRo)
r'= sup Iv(t, ),
(0,01) xS (nbo,nRo)
L= sup |0(t, x)].
(0,01)xS(nbo,nRo)
We set also
ry = sup lw(t,z)|, re= sup lq(t, z)].
(0,01) xS (nbo,mRo)

(0,01)xS(n6o,nRo)
By (4.7) and by the same argument as in the proof of Lemma 2.6 we have

LEMMA 4.8. By taking o1 > 0 and n > 0 sufficiently small we have the following

conditions: A+ L < a,

B Byl B
0 =(B+ Bo)p(o1) + (; + 4a22 ) ry 4+ 727“2 < log?2,

and 0 < sin~*(20) < min{n6y/12, 7 /6p}.
Step 2: We take o1 > 0 and n > 0 as in Lemma 4.8, and fix them. After that, we

take 0 < 0 < 01 and 0 < R < nRy sufficiently small so that

6= sup |arg(—c(t,x))| < min{p(n6)/6, 7/6}. (4.11)
(0,0)xS(nbo,R)
Since arg(—c(0,0)) = 0 holds, this is possible.
We take such ¢ > 0 and R > 0 and fix them. Set 6 = nf;. Then, we have
€1/p < min{0/6, 7 /6p}.
Step 3: Take any ty € (0,0) and & € S(6, R); for a while we fix them.
Let us consider the initial value problem
(4.12)

d
to = —x(b(t,2) +alelt,a)),  alto) = &.
Here, we regard b(t,x) and c(t, x) as functions in Z4((0,0) x S(0, R)). Let x(t) be the
unique solution in a neighborhood of t = to. Let (t¢,to] be the maximal interval of the

existence of this solution. Set
w*(t) = w(t,z(t)), q"(t)=q(t, z(t)).

LEMMA 4.9. (1) We have z(t) # 0 on (te,to].
(2) For any (t1,T) satisfying te < t1 < 1 <ty we have

i< (L)

@< (L) O @lostr/) + 0.

(4.13)

(4.14)
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(3) For any t1 € (t¢,to] we have

[ otrren®

1

<4

)

where § is the one in Lemma 4.8.
PrOOF. If z(t1) = 0 holds for some ¢ € (t¢,to], x(t) is a solution of

t% = —x(b(t,z) + 2Pe(t,x)), x(t1)=0.
Since z = 0 is also a solution of this initial value problem, by the uniqueness of the
solution we have z(t) = 0 and so & = x(t¢) = 0. This contradicts the condition ¢ € S(0, R)
(this means & # 0). This proves (1).
By applying the same argument as in the proof of Lemma 2.7 to (4.9) and (4.10) we
have the estimates in (2). By using (4.13) and (4.14) we can show

/ " bra)

1

< (B+ Bo)o(to) — plta) + (21 + 220 )1y 22

in the same way as in the proof of Lemma 2.8. Therefore, by combining this with
Lemma 4.8 we have the result (3). O

LEMMA 4.10. We set

6(t) = exp [— /tto b(r,x(f))ﬂ, fe < < to.

-
Then, we have 1/2 < |p(t)| < 2 on (t¢,to] and

0y = sup |arg ¢(t)| < min{h/12,7/6p}. (4.15)
(te,to]

PROOF. By (3) of Lemma 4.9 and the condition § < log2 (by Lemma 4.8) we have
lp(t)| < e < el°82 = 2. Similarly, we have 1/|4(t)| < e’ < 2. This proves the first part.
Since

m m §m

gzmgézﬁzée‘s<2§,
m>1 m>0

o011 3 1| [* et

m>1

we have ¢(t) € {z € C; |z — 1| < 26}: this yields sin |arg ¢(t)] < 2. Hence, we have
sinf, < 26, that is, 65 < sin”'(26). By Lemma 4.8 and § = 76, (in Step 2) we have
04 < min{6/12,7/6p}. This proves (4.15). O

Step 4: Let t¢ < t1 < to. By (4.12) we have
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d B pi1Ct,z(t))
t- (0()x(t) = —(o(t)z(t)) * “op

Since z(t) # 0 on (t¢, to], we have

d <<¢>_1/p )Z‘Wxi

dt \ (¢(t)x(t))? (b
and so by integrating this from ¢; to ¢ty we have
-1/p  -1/p _/t° o(r, x(7)) dr
(p(to)z(to))?  (p(t)x(tr))P — Jyy  o(T)P ’
that is,
v 1 Pdnam)dr
(@t)a(t) & p/tl o)
Hence, by solving z(t;) we have the expression:
z(ty) = £/9(t1) te <t < to.

1/p’

(1= b2 [ (c(r.alr)) () (dr/ )

LEmMMA 4.11. We have the following properties.
(1) For any t1 € (te,to] we have

§/o(t)] < 2(¢] and [arg(§/o(t1)) < |arg&|+ 0.
(2) If plarg&| + e1 + pby < /2, we have
to : d
arg(zf”/h W:)‘ < plarg&| + €1 + pby.
(3) If plarg&| + e1 + ply < /2, for any t1 € (te,to] we have
1€1/2

1
(1 + pléfrCo2r log(to/t1)) /"
|argz(t1)] < 2|arg| + 204 + €1 /p,

< Ja(ty)] < 2[¢],

where Cy is a constant satisfying |c(t, z)| < Co on (0,0) x S(6, R).

1279

(4.16)

(4.17)

(4.18)

ProOOF. (1) follows from Lemma 4.10. By (4.11) and (4.15) we have

arg(—c(t,z))| < €1 and |arg(1/¢(t)P)| < pb,. Therefore, we have
¢

el ()
o (65

)) < plargé| + €1 + phy.

If plarg&| + €1 + phy < 7/2 holds, the set {z € C\ {0}; |arg z| < plarg| + e +pby} is

closed with respect to the addition. This proves (2).
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Let us show (3). We know that |£/¢(¢1)| > |£|/2. Since

e [ clra(n) dr p [1 le(r,2(7))| dr
‘1 Pt / oy 7| =Pkl / FGIE:

to dr
<1 +p|§\P/ Co2p7 =1+ p|¢|PCo2P log(to/t1),
ty

we have the first inequality of (4.17).
If p|arg &| + €1 + phy < 7/2 holds, by (2) we have

Re (pfp /: C(;’(f_gz))f) >0 (4.19)

and so we have

which yields

(e o)

By combining this with (1) we have |z(¢1)] < 2|].
Similarly, by (4.19) and the result (2) we have

arg (1—p§1”/tocz’(i§:))d:>‘ < plargé| + €1 + pby.

Hence, we have
|arg z(t1)]
1 o e(r, (7)) dr
arg 1*1)5’7/ )
( t1 (b(T)p T

< Iarg§|+|arg¢(t1)\+5

1
< larg €| + 0+ (plarg ] + e +phy) = 2farg€| + 20, +e1/p.
This proves (4.18). O
Step 5: We recall that 0 < 6 < 6y < 7/2p holds. By summing up we have
LEmMA 4.12.  If& € 5(0/3,R/3), we have tg = 0.

PrOOF. Let ¢ € S(8/3,R/3). Suppose that ¢t > 0, and let us derive a contradic-
tion. We note:
plargé| + €1 + pby < p(8/3) + pmin{6/6, 7/6p} + pmin{6/12, 7 /6p}
< p(m/6p) + p(7/6p) + p(m/6p) = /2.
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Therefore, by (3) of Lemma 4.11 we have

B = 1€]/2 o < Ja(ta)] < 20¢] < 2R/3, (4.20)
(1 + plelPCo2v log(to/te)) /"
largx(th)] < 2l arg €| + 204 + e1/p < 2(6/3) + 205 + €1/p. (4.21)

If we set 61 = 2(0/3) + 204 + €1/p, we have 0; < 2(0/3) +2(8/12) 4+ 0/6 = 6 and so we
see that the set K = {z € S(6,R); Ry < |z| < 2R/3,|argz| < 61} is a compact subset
of S(6, R).

By (4.20) and (4.21) we have z(t,) € K for any t; € (t¢,to]. Therefore, we can
conclude that z(t) can be extended to an interval (t¢ — ¢,to] for some ¢ > 0. This
contradicts the condition that (Z¢,to] is a maximal interval of the existence of the solution

z(t). O

Step 6: Since t¢ = 0, by (4.13) with 7 = ¢, we have

i< (£) W= (3)

for any t; € (0,tp). Since r; > 0 is independent of ¢, by letting ¢; — +0 we have
w*(to) = 0. Since w*(tg) = w(to, ), we have w(ty,x) = 0 for any = € S(0/3, R/3). Since
to € (0,0) is taken arbitrarily, we have w(¢,z) = 0 on (0,0) x S(6/3, R/3).

This completes the proof of Proposition 4.6 g
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