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Abstract. In toric topology, to a simplicial complex K with m vertices,
one associates two spaces, the moment-angle complex Zx and the Davis—
Januszkiewicz space DJi. These spaces are connected by a homotopy fi-
bration Zx — DJg — (CP°)™. In this paper, we show that the map
Zx — DJk is identified with a wedge of iterated (higher) Whitehead prod-
ucts for a certain class of simplicial complexes K including dual shellable
complexes. We will prove the result in a more general setting of polyhedral
products.

1. Introduction.

1.1. Moment-angle complex.

In the seminal work on quasitoric manifolds in toric topology [4], Davis and
Januszkiewicz constructed a certain space from a simple convex polytope (or equiva-
lently, a dual simplicial convex polytope) as a topological analogue of the hyperplane
arrangement appearing in the theory of toric varieties so that every quasitoric manifold
is obtained as the quotient of the space by a certain torus action. Later on, the con-
struction of this space is generalized to any simplicial complex as follows. Let K be a
simplicial complex on the vertex set [m] = {1,...,m}. The moment-angle complex Zx
is defined as the union of subspaces Z(0) = {(z1,...,2m) € (D?)™||zi| =1 for i € o} of
(D*)™ for all 0 € K, where D? = {2 € C||2] < 1}.

The moment-angle complex is now a fundamental object not only as a source of
quasitoric manifolds but also as an object connecting toric topology with a broad area
of mathematics including algebraic geometry, algebraic topology, combinatorics, com-
mutative algebra, and geometry. In particular, recent development of the study on the
homotopy type of Zx in connection with combinatorics and commutative algebra is
significant [7], [8], [10], [11].

1.2. Object of study.

Davis and Januszkiewicz [4] also constructed a supplementary space from a simple
convex polytope, and it was also generalized to any simplicial complex. The supplemen-
tary space associated with a simplicial complex K is called the Davis—Januszkiewicz space
and denoted by DJg, which is defined as the union of subspaces DJ (o) = {(x1,...,2m) €
(CP>®)™|x; = * for i € o} of (CP>)™ for all 0 € K, where x € CP is a basepoint.
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By definition, there is a natural action of torus (S')™ on Zf, and the Davis—
Januszkiewicz space DJk is homotopy equivalent to the Borel construction of this torus
action. Then in particular, there is a fundamental homotopy fibration

Zi % DJg — (CP®)™. (1)

The object of study in this paper is the fiber inclusion w.

1.3. Problem.

For a finite set V, let AV denote the simplex with vertex set V and A" be its
boundary. When K = 9APR! ie. K consists of two vertices, we have Zx = S° and
DJg = CP*VCP> by definition, and the homotopy fibration (1) coincides with Ganea’s
homotopy fibration

S3 — CP>® VvV CP> — (CP>)%

Then in particular, the map w is the Whitehead product of the bottom cell inclusion
52 — CP> with itself. More generally, when K = Al for general m, the map @ is the
higher Whitehead product of m-copies of the bottom cell inclusion S? — CP>. Thus
the following problem naturally arises.

PROBLEM 1.1. For which simplicial complex is the map w described by higher
Whitehead products?

Grbi¢ and Theriault [6] previously studied this problem by introducing a new class
of simplicial complexes that they call directed MF-complexes. However, there is a gap in
the proof of the main theorem [6, Theorem 13.5]. In Step 4 of the proof, it is claimed that
since a subset R’ C H.(\/ o7 S™;Z) coincides with a subset R C H.(\/4c ;7 5*; Q) and
R generates H..(\/zc ; 5';Q) over Q, R’ generates H..(\/ s, S™;Z) over Z, where an
ambiguous term “degree one map” used in the proof can only mean an injective integral
map. It is impossible to get such an integral generation as long as we use a rational
homology calculation without any implication on integral homology as in [6].

In this paper, we show that the map w is identified with a wedge of iterated higher
Whitehead products by applying the fat wedge filtration technology for polyhedral prod-
ucts developed in [11], which is completely different from the method of Grbi¢ and
Theriault [6]. The class of simplicial complexes that we consider includes directed MF-
complexes, and so our result implies that the main theorem of Grbi¢ and Theriault [6]
itself is correct.

1.4. Polyhedral product.

In [2], Bahri, Bendersky, Cohen and Gitler unified and generalized the construction
of Zx and DJg, and introduced a space called a polyhedral product. Polyhedral products
enable us to study the homotopy theory of Zx and D.Jx with a wide viewpoint and rich
homotopy theoretical techniques.

In our case, the map w can be defined in a more general setting using polyhedral
products so that we will study this generalized map w in what follows. However, in this
introduction, we will state our result only in terms of Zx and D.Jg for readability.
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1.5. Totally fillable complex.

Now we introduce a simplicial complex for which we are going to study the map w.
We set notation. Let L be a simplicial complex with vertex set V. Let |L| denote the
geometric realization of L. For a non-empty subset I C V', define the full subcomplex of
LonIbyL;={oc€L|loCI}. Asubseto CV iscalled a minimal non-face of L if it
is not a simplex of L and all of its proper subsets are simplices of L. In particular, if we
add minimal non-faces to L, then we get a new simplicial complex.

DEFINITION 1.2. A simplicial complex K is called fillable if there is a collection of
minimal non-faces {o1,...,0,} such that |K Uoy U---Uo,| is contractible. If any full
subcomplex of K is fillable, then it is called totally fillable.

ExaMpPLE 1.3. A typical example of totally fillable complexes is a skeleton of a
simplex, and a typical example of simplicial complexes which are not fillable is a square
graph.

The collection of minimal non-faces {o1,...,0,} in the above definition is called a
filling of K and denoted by F(K), where there are possibly several fillings of a fillable
complex K. The class of totally fillable complexes includes dual shellable complexes
which are especially important in combinatorics, where we refer to Section 2 for the
definition of shellable complexes. As mentioned above, we will see that directed MF-
complexes that were considered in the previous work [6] are dual shellable, and so they
are totally fillable.

1.6. Statement of the result.
The key to study the map w for a totally fillable complex K is the following homotopy
decomposition of Z which was obtained in [11].

THEOREM 1.4. Let K be a totally fillable complex on the vertex set [m] with fillings
F(Kyp) for O # I C [m]. Then there is a homotopy equivalence

Zy o~ \/ \/ S‘O""Fl[l—l.

0AIC[m] ceF (K1)

Let @;: S2 — DJk be the inclusion of the bottom cell of the i-th CP* in DJ.
For o C [m] with |o| > 2, let W, be the higher Whitehead product of a; for i € o if it
is defined, where we refer to Section 3 for the definition of higher Whitehead products.
Now we state our result.

THEOREM 1.5.  Let K be a totally fillable complex on the vertex set [m] with fillings
F(Kyp) for O # I C [m]. The equivalence of Theorem 1.4 can be chosen so that the
composite

lltiri=t o \/\/ gl z B p e
DAIC[m] ceF (K1)

is the iterated Whitehead product
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[. o [[60767;1]767;2]3 R 7aik )
where i1, ..., 1S a certain ordering of I — 0.

REMARK 1.6. The equivalence in Theorem 1.4 and iterated Whitehead products
in Theorem 1.5 depend on the choice of fillings F(K;) for all ) # I C [m)].

REMARK 1.7.  Recently, Abramyan [1] showed that in general, @ is not necessarily
a wedge of iterated Whitehead products even if Zy is homotopy equivalent to a wedge
of spheres.

Throughout this paper, we assume that spaces have non-degenerate basepoints.

2. Fillable complex.

Throughout this paper, let K be a simplicial complex on the vertex set [m]. We
will assume that a totally fillable complex K is given specific fillings F(K) of K; for all
) # I C [m] unless otherwise is specified.

2.1. Deletable complex.

In [11], it is proved that dual shellable complexes are totally fillable. The proof
there actually shows that dual shellable complexes are in a certain subclass of totally
fillable complexes, which we introduce here. A simplicial complex K is called deletable
if there are facets o1, ...,0, such that K — {oy,...,0,} is collapsible, where r can be 0,
i.e. K itself can be collapsible. K is called totally deletable if K itself and lkg,, (v) are
deletable for any ) # V C [m] and v € V, where lkp(w) ={c € Llw € o,cUw € L} is
the link of a vertex w of a simplicial complex L.

Let L be a simplicial complex with ground set S, where the ground set is a superset
of the vertex set and possibly they are different. The Alexander dual of L with respect
to S, denoted LV, is the simplicial complex consisting of o C S such that S — o is not a
simplex of L. If we do not specify the ground set, then the Alexander dual will be taken
over the vertex set. The following dictionary is useful, which is proved in [11]. For a
vertex v of L, let dlg(v) = {0 € L|o C S — {v}} be the deletion of v.

PROPOSITION 2.1.  Let L be a simplicial complex with ground set S.
1. (LY)Y = L, where the Alezander duals are taken over S.

2. 0 C S is a facet of L if and only if ¢ is a minimal non-face of LV, where c¥ =

S —o.

3. For anyv eV, dly(v)Y =1lkpv(v), where the Alexander duals of dl(v) and L are
taken over S — {v} and S, respectively.

The following is proved in [11].
PROPOSITION 2.2.  If K s collapsible, then |KV| is contractible.

Then by Proposition 2.1 one gets:
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COROLLARY 2.3.  Dual (totally) deletable complexes are (totally) fillable.

2.2. Shellable complex.
Recall that K is called shellable if there is an ordering of facets oq,...,0p of K,

called a shelling, such that (oy,...,0,-1) N (0;) is pure and (|o;| — 2)-dimensional for
i = 2,...,k, where (r1,...,7.) means the simplicial complex generated by simplices
Ty,...,T. and a simplicial complex is called pure if its facets have the same dimension.

Shellable complexes were originally introduced as a combinatorial criterion for Cohen—
Macaulayness and are now one of the most important classes of simplicial complexes in
combinatorics.

EXAMPLE 2.4. Any skeleton of a simplex is a shellable complex, where any ordering
of its facets is a shelling.

As is seen in [3], [11], if K is shellable, then K is deletable and the link of any of
its vertices is shellable. Then by Proposition 2.1 we get the following.

PROPOSITION 2.5.  Shellable complexes are totally deletable.
By Corollary 2.3, we obtain:
COROLLARY 2.6.  Dual shellable complexes are totally fillable.

EXAMPLE 2.7. Any skeleton of a simplex is shellable as in Example 2.4, and its
Alexander dual is again a skeleton of a simplex which is obviously totally fillable.

ExampLE 2.8. Let K be the following simplicial complex with six vertices.

>

Then K is collapsible, so it is deletable. Moreover, for any vertex v, lkx (v) is either the
interval graph or the disjoint union of the interval graph and one point. Then lkg (v)
is shellable for any vertex v, implying that K is totally deletable. However, we see that
K itself is not shellable by looking at the middle edge which is a facet. So the class of
deletable complexes is strictly larger than that of shellable complexes.

2.3. Directed MF-complex.

In the previous work [6], Grbi¢ and Theriault introduced a simplicial complex called
a directed MF-complex and studied the map w for a directed MF-complex K. A simplicial
complex K is called a directed MF-complex if there is a filtration of subcomplexes () =
KicKyC---CK,=Ksuchthatfori=1,...,r, K; = K;_1UJA"™, and K;_1NOA™
is a common face of K;_1 and A™:.

EXAMPLE 2.9. The k-skeleton of an n-dimensional simplex for £ > 0 is a directed
MF-complex if and only if k =n — 1.

We shall show that directed MF-complexes are dual shellable. For this, we will use
the following lemma.
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LEMMA 2.10.  Suppose that there is an ordering of minimal non-faces o1 < -+- < o
of K such that for any i < j, there is k < j satisfying that o), U o; C o; U o, and
lox Uoj| = |oj| + 1. Then the ordering of facets oy < --- < o) of K" is a shelling.

PrROOF. The assumption is equivalent to that for any i < j, there is k < j satis-
fying that o)/ Noy D o/ Noy and o) No is (m — |o;| — 2)-dimensional. Then we get
that for j > 2, (oy,...,07 1) N{(0}) is pure and (m — |o;| — 2)-dimensional, completing
the proof. O

PROPOSITION 2.11.  Directed MF-complexes are dual shellable.

ProoF. Let K be a directed MF-complex. Then there is a filtration ) = Ky C
K, C .- C K, = K such that K; = K;_1 U9JA% and K;_1 N A7 is a common face
of K;_1 and A%. The filtration induces an ordering o; < --- < o,. We consider an
ordering of the vertex set induced by this ordering of simplices with v < w whenever
vEo;and wE Ti4.

Let I be the set of all 1-dimensional minimal non-faces of K and put {r,...,7s} =
{o1,...,0.} — I, where 71 < --- < 75. Then all minimal non-faces of dimension > 1
are included in {71,...,7s}. Consider the lexicographic ordering on I such that {k,{} <
{E,'} eT'itk <k ork=FK,l <l Then the ordering I < 71 < --- < 74 satisfies the
condition of Lemma 2.10, where I U {7y, ..., 75} is the set of all minimal non-faces of K.
Thus the proof is done. O

Summarizing, we have obtained the implications:
directed MF = dual shellable = dual totally deletable = totally fillable.

2.4. Homotopy type.

It is observed in [11] that if K is fillable, then |[SK| is homotopy equivalent to a
wedge of spheres. Here we consider the naturality of this homotopy equivalence which
will be used later. For a fillable complex K, we put K = K UJGJ_-(K) o, where F(K) is
defined in Section 1.

PROPOSITION 2.12. If K is fillable with filling F(K), then there is a homotopy
equivalence

LK~ \/ seI7
ceF(K)

such that for a fillable subcomplex L of K with filling F(L) satisfying F(L) C F(K)UK,
the square diagram

XL = \/Te}‘(L) glrl—1

Lk

ISK| —> Ve r) 57!
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commutes, where g|gi- -1 is the inclusion for 7 € F(K)NF(L) and the constant map
otherwise.

PROOF. Since |K| is contractible, there is a homotopy equivalence |CK| — |K|
which restricts to the identity map of |K|. Then we get the desired homotopy equivalence
by pinching |K| to a point. The assumption on L is equivalent to that L is a subcomplex
of K, so one gets the commutative square in the statement. O

2.5. Contraction ordering.

We define a contraction ordering of vertices of a fillable complex. Let V' be a finite
set and S C V be a subset with |S| > 2. Let L be a simplicial complex with vertex set
V obtained by attaching trees 11, ..., T} to OAS by their roots. Let V; be the vertex set
of T; and r; € V; N S be the root of T;. Then one has V. =SU(V; —rq)U---U (Vi —7g).
An ordering v; < .-+ < v, of V; —r; is called a local contraction ordering if the full
subcomplex (Ti)Vi—{vj,-u,vn} is connected for any j = 1,...,n. An ordering of V — S is
called a contraction ordering if it is the union of local contraction orderings of V; — r;.
Note that a deformation retract of |L| onto |9A®| is given by a contraction ordering.

For a finite set V' and its non-empty subset S, let A(V,.S) be the simplicial complex
which is the disjoint union of JA® and vertices v € V — S.

PROPOSITION 2.13.  If K is fillable and o € F(K), then there are trees Ty, ..., Tk
such that there is a subcomplex of K with vertex set [m] obtained by attaching Ty, ..., T},
to QA by their roots.

PROOF. Choose any maximal tree of K. Then since K is connected, the vertex
set of T'is [m]. If we remove all edges of JA? from T, then we get a collection of trees
which gives a desired subcomplex. 0

Then we can define a contraction ordering of [m] — o for a fillable complex K and
o€ F(K).

3. Polyhedral products and the map w.

3.1. Polyhedral product.
Let (X, A) = {(Xi, A;)}[™ be a collection of pairs of spaces. The polyhedral product
of (X, A) associated with K is defined in [2] as

m

Z(K; (X, 4) = | X, 47 c[[xi,
ceK i=1
where (X, A)? =Y x---xY,, such that Y; = X, fori € c and Y; = A, for i & 0. The most
fundamental property of polyhedral products, first observed in [5], is the following which

we will use implicitly, where we omit the proof because it is obvious. For ) # I C [m)],
let (X, A4)r = {(Xi, Ai) bier-

PROPOSITION 3.1.  For @ # I C [m], Z(K1; (X, A);) is a retract of Z(K; (X, A)).
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If all (X;, A;) are (D%, S1) (resp. (CP>, «)), the resulting polyhedral product is the
moment-angle complex Zx (resp. DJg). Hereafter, let X = {X;}7, be a collection of
pointed spaces. We will generalize the map w: Zx — DJg to the polyhedral products

Zx(X) = Z(K; (CX, X)) and DJx(X) = Z(K: (X, #))

which are generalization of Zx and DJg, respectively, where (CX, X) = {(CX;, X;)}™™,
and (X, *) = {(X;, *)}™,. Here we remark that the same notation Zx (X) is used in [6]
to express a different polyhedral product Z(K; (CQX,QX)), where QX = {QX,;},.

3.2. Decomposition of the map w.
As in [11], there is a homotopy fibration

Zi(QX) D DIk (X) — ﬁXi (2)

i=1

which specializes to the homotopy fibration (1). We decompose the map w to clarify the
point of our study.

Let QX; — PX; — X, be the path-loop fibration. Then for each i, there is a
pair of fibrations (PX;, QX;) — (Xi[o’l]7 PX;) — (X;, X;), where the second map is the
evaluation at 1, and as in [5], [11], this induces a homotopy fibration

Z(K;(PX,0X)) —» Z(K; (X", PX)) - [[ Xi. (3)

i=1

The maps CQX; — PX;, (s,1) = [t = I((1 — s)t)] and the evaluations Xi[o’” — X; at
0 induce homotopy equivalences Z(K; (PX, QX)) ~ Zx(0X) and Z(K; (XY PX)) ~
DJk(X). Then by applying these homotopy equivalences to (3), one gets the homotopy
fibration (2). Hence one gets the following. Let w: Zx(X) — DJg(XX) be the map
induced by the maps of pairs (CX;, X;) — (XX, *), where 3X = {¥X,}7, and CX; —

> X; is the pinch map.
PROPOSITION 3.2.  The map w: Zx(QX) — DJ(X) is the composite of maps
Zr(QX) = DJg(2QX) = DJk(X),
where the second map is induced from the evaluation maps ¥QX; — X;.

Thus we study the map w and apply its properties to understand the map w. By
definition, the map w has the following naturality.

PROPOSITION 3.3.  For a subcomplex L of K on the same vertex set [m], the fol-
lowing diagram commutes.
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ZL(X) *>w DJL(EX)

| |

Zr(X) —2> DJg(SX)

3.3. Higher Whitehead product.

Suppose that K consists only of two vertices, where m = 2. Then we have Zx (X) =
X1 % Xy and DJg(XX) = X, V X5 so that the map w: Zx(X) - DJg(XX) is by
definition the (generalized) Whitehead product of the inclusions ¥X; — DJg(XX) for
i =1,2, where X %Y means the join of spaces X and Y.

Suppose next that K = A" for general m. Then we have Zx (X)=X1*x---xX,,
and DJg(XX) is the fat wedge of XX;, which is the subspace of [[;~, XX, consisting
of points (z1,...,%n), where at least one z; is the basepoint. Porter [15] defined the
universal higher Whitehead product of the inclusions a;: ¥X; — DJg(XX) for i =
1,...,m by the map w: Zx(X) — DJg(XX) in this special case that K is the boundary
of Al

We finally consider general K. Suppose that ¢ C [m] is a minimal non-face of
K. Then there is the inclusion DJgaes(XX,) — DJg(XX), where X, = {X;}ico.
Let a;: XX; — DJg(XX) be the inclusion for i = 1,...,m. Then the higher White-
head product of the inclusions a; for i € o is defined as the composite Zx(X,)
DJons (32X ,) — DJg(XX), which we write w,-.

4. Fat wedge filtration.

4.1. Definition.

For a collection of pointed spaces Y = {Y;}1,, let T%(Y) be the subspace of []\", V;
consisting of points (y1, ..., ym) such that at least m — ¢ of y; are the basepoints, where
T (Y) are called the generalized fat wedge of Y;. Put Zi(X) = Zx(X)NT(CX). Then
there is a filtration

* = Zp(X) C Zg(X) C -+ C ZR(X) = 2k (X)

which we call the fat wedge filtration of Zx(X). The fat wedge filtration of Zg (X)
is studied in [11]: the fat wedge filtration connects the homotopy type of Zx(X) and
the combinatorics of a simplicial complex K, and produces application of homotopical
technique to combinatorics.

4.2. Cone decomposition.

In [11], it is shown that if all X; are suspensions, then the fat wedge filtration of
Zk(X) is a cone decomposition with explicitly described attaching maps. We recall this
result here. Let RZx be the polyhedral product Zx (X) such that all X; are S°, which
we call the real moment-angle complex. We first recall from [11] properties of the fat
wedge filtration of RZg. We denote the i-th filter of the fat wedge filtration of RZx by
RZ3,.
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THEOREM 4.1.  For any 0 # I C [m], there is a map ok, : | Ki| — RZLQ*1 satis-
fying the following properties:

1. RZi is obtained from ]RZ;(_l by attaching cones by ¢k, for |I| =i so that

RZi =RZi' ) CIK.l
ICml, |1)=i

2. If L is a subcomplex of K, then the following diagram commutes, where the vertical
arrows are the inclusions.

PL _
L] —> Rz}

|

PK _
K| = Rz

3. Let [A(I be the simplicial complex obtained from Kj by adding all of its minimal
non-faces. Then i, factors through the inclusion | K| — |K;|.

The fat wedge filtration of Zx (X) is not a cone decomposition in general unlikely to
RZk in Theorem 4.1. However, as mentioned above, it is indeed a cone decomposition
whenever all X; are suspensions. This is proved in [11] only for the moment-angle
complex Zy, but it can be proved in the general case by the same construction using
higher Whitehead product. We demonstrate it here. Define a map ®: I™ x e, X —
1L, CX; by O(t1,. .ty Ty @) = ((t1,21), -+, (b @) Then @ restricts to a
map ®: RZx x [[1~, X; = Zx(X) such that

(2P HX)) = (R2x x T 1 (X)) U <RZQ—1 X ﬁxi> .

If X =3%Y for Y = {Y;}™,, then there is the higher Whitehead product w: y*lml
T 1(X), where Y*I" = ¥} % ... % V,,. Now we define the map @y : |K|* Y*I" —
Zm~1(X) by the composite

|K |+ YV*Im = (C|K| x Y™y U (K| x C(y*Im))

(Cor xw)U(pr XxCw)

(RZx x T (X)) U (Rz;'gl x HXz) L Zpl(X).
=1

THEOREM 4.2. If X = XY, then the fat wedge filtration of Zx(X) is a cone
decomposition such that

ZpX) =z X)) |J CUKd Y,
IC[m], |I|=1

where the atlaching maps are Py, .
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It is shown in [11] that if g, ~ * for any I, then P, ~ * for any I as a consequence
of a more general result, where ¢k, is as in Theorem 4.1. We will prove this fact by a more
direct argument, which enables us to consider the naturality among null homotopies.

PrOPOSITION 4.3.  If i is null homotopic, then so is @y. Moreover, if a null
homotopy of px restricts to that of vy, for a subcomplex L C K, then we may choose a
null homotopy of - such that it restricts to that of or,.

PROOF.  Suppose that ¢ =~ * and we fix a null homotopy. Then the map (Cypx x
w) U (pr x Cw) in the definition of P is homotopic to the composite

(C|K| X Y*[m]) U (|K| « C(Y*[m])) N (|EK‘ % Y*[m]) U (* % C(Y*[m]))

M} (RZK X Tmfl(i)) U (RZ;(n,—l % HX7>
=1

for a map f: |2K| — RZk defined by gluing Cx and the null homotopy of ¢ . Then
for ®(RZx VI[I%, Xi) = *, the map P factors through the map fAw: [SK|AY*M —
RZg /\Tm_l(i). Note that fAw = (f/\ 1Y*[m]) o (1|2K| /\w) = (f/\ Ly wtm ) OE(1|K| /\w).
For Yw ~ *, one gets X(1)x| Aw) > * so that Py ~ * as desired. The naturality of null
homotopies is obvious by the above deformation of maps. O

4.3. Homotopy decomposition.

We apply Theorem 4.2 to obtain a homotopy decomposition of Zx (X)) together with
its naturality. To this end, we will use the following simple lemma, where the proof is
easy and omitted.

LEMMA 4.4. If a map p: A — X is null homotopic, then there is a homotopy
equivalence

€0 XVIA = XU, CA
which is natural with respect to ¢ and its null homotopy.
By Theorem 4.2, Proposition 4.3 and Lemma 4.4, one gets:

COROLLARY 4.5.  Suppose that X = XY. If o, ~ * for any 0 # I C [m], then
there is a homotopy equivalence

ex: Zx(X) S \/ DK IAXT
0#IC[m]

where X1 = Nicr Xi- Moreover, if L is a subcomplex of K with vertex set [m] such that
a null homotopy of vi, restricts to that of o, for any O # I C [m], up to homotopy,
then there is a homotopy commutative diagram
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Z0(X) —5 Vs 1L A X

|

. ~
ZK(X) *K> v@;éIC[m] |ZKI| A XI?
where the vertical arrows are inclusions.

5. Main theorem and its proof.

5.1. Main theorem.
We first show the homotopy decomposition of Zx (X) for a totally fillable complex
K. By Theorem 4.1, we have:

LeEMMA 5.1.  If K is totally fillable, then @i, ~ * for any 0 # I C [m)].

For a totally fillable complex K, we put

wrXx)=\/ \/ sFX.

0#IC[m] o€ F (K1)

Then by Proposition 2.12, Corollary 4.5 and Lemma 5.1, one gets the following homotopy
decomposition which specializes to Theorem 1.4 by putting X; = S* for all 1.

THEOREM 5.2. If K is totally fillable and X = XY, then there is a homotopy
equivalence

ex: Zr(X) = Wi(X).

REMARK 5.3.  As is seen in [11], the assumption X = XY in Theorem 5.2 is
redundant to get the decomposition. But under this assumption, we can construct ex
explicitly as above, which gives us its naturality that will be used to prove the main
theorem.

REMARK 5.4. The homotopy equivalence ex depends on the choice of F(K) and
contraction ordering of I — o for o € F(Ky).

Now we state the main theorem. For a totally fillable complex K, we fix a contraction
ordering of I — o for each o € F(K;) and § # I C [m]. Let a;: X; — DJg(X) be the
inclusion for ¢ = 1,...,m as above. Now we state the main theorem.

THEOREM 5.5.  Suppose that X = XY and K is a totally fillable complex. Then
for o € F(Ky), the composite

1

SIel1XT S Wi (X) 5 Z(X) 2 DIk (5X)

is the iterated Whitehead product
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H o [w<77ai1]7 o ']aaik]

up to permutation of the smash factors of E'”"l)?l, where i1 < -+ < 1y is a contraction
ordering of I — o and w, is the higher Whitehead product defined in Section 3.

REMARK 5.6.  As in Remark 5.4, a different choice of F(K) and contraction or-
dering may produce a different equivalence ek so that the appearing Whitehead products
may change.

Let @;: S?> — DJg be the inclusion of the bottom cell of the i-th CP™ — DJk.
For a minimal non-face o of K, let w, be the composite

Zane —25 DJg(S?) — DJk,

where the second arrow is induced from the bottom cell inclusion S? — CP>. Then
W, is the higher Whitehead product of a; for ¢ € 0. The following is immediate from
Theorem 5.5 and the naturality of (higher) Whitehead products.

COROLLARY 5.7. If K is a totally fillable complex, then for o € F(Kj), the com-
posite

gletH=t L/ \/ gl Kz T D
0#IC[m] o€ F (K1)
18 the iterated Whitehead product
[[ o [’[Daaah]a e }752'14]7
where i1 < -+ < iy s a contraction ordering of I — o.

5.2. Proof of Theorem 5.5.
Let ex be the homotopy equivalence of Theorem 5.2. The following naturality of €5
is obvious by its construction.

COROLLARY 5.8.  The homotopy equivalence e retracts to ex, for any O # I C
[m].

COROLLARY 5.9.  Suppose that K 1is totally fillable and X = XY . The homotopy
equivalence ex satisfies a homotopy commutative diagram

ZA(ml,o)(X) — 2K (X)

lEA([m],a) J/eK

WA(im],o) (X) — > Wi (X)

for o € F(K), where g restricts to the identity map of ylol-1xm],

PROOF. The null homotopy of g, is given by the contraction of |Kj| which
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restricts to a contraction of |A([m],o)r| given by a contraction ordering. Then the

corollary follows from Corollary 4.5. g

For k < m, put Z(k) = (Za(m-1,it) Xpn_1) X Xm) U (x x CX,,) and Zi(k) =
Z(k) N T(CX). Then the following is clear from the definition of .

m—1]

PRrOPOSITION 5.10. If X = XY, then for each I C [m] with I # 0,{m}, the map
Pa(im],[k]), Testricts to a map pr: [A([m — 1], [k])1] * Y+ — ZW=1(k) such that

Ziky =27k U C(Am =1L k)|« V),
1€ 1=

where the attaching maps are @r.

As mentioned above, A([m],[k]) is totally fillable. Put F(A([m — 1],[k]);) =
F(A([m], k)r) for any @ # I C [m — 1]. Then any null homotopy of DA (), k), &iven by
a contraction ordering induces a null homotopy of ;. Put

W=\ VARG LS GV LS I
0AIC[m—1] ceF(A([m],[k])1)

Then by Proposition 5.10, one gets:

COROLLARY 5.11.  If X = XY, then any null homotopy of Ga(m, k), given by

a contraction ordering induces a homotopy equivalence €: Z(k) — W(kz) satisfying a
homotopy commutative diagram

Z(k) ——= ZaA(m),[x) (X)

l? l%am],[kn

W (k) ——= Wa(fm, i) (X),
where the horizontal arrows are inclusions.

We will use the following lemma to show the naturality of the homotopy equivalence
€. To state the lemma, we set notation. Let A, B be pointed spaces. Put A x B =
(Ax B)/(xx B). Let 71: CB — ¥B, §: AxB/CB - YXAAB,r: Ax B— Ax B/CB,
and p': A x XB — A A XB be the obvious projections. Then ¢ and ¢ are homotopy
equivalences, and ¢ = §or. Put p=qg~toyp'.

LEMMA 5.12.  Given a map f: (CA, A) — (V,W), there is a homotopy commuta-
tive diagram
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AxSB— W wsB

P,

AxB (V x*)U (W x XB),

where f is the composite A * B BN (V x*)U(W x 37) broj, (Vxx)U(W xX2Z).

PROOF. Let ¢;: CA — CA be a contraction. Since (A* B, (CA x B)U (x x CB))
is an NDR-pair [14], (A« B/CB,CA x B) is an NDR-pair too. Then by applying the
homotopy extension property, we get an extension h;: A x B/CB — A x B/CB of a
contraction ¢; x 1: CA x B — CA x B such that hg is the identity map of A x B/CB.
Thus there is a homotopy commutative diagram

fxr

AxCB W x¥XB

o

A% BJCB " (V % %) U (W x £B)

such that a commuting homotopy is (f x ) o hy o j, where j: Ax CB — Ax B/CB is
the inclusion. By definition, the map h; decomposes as

AxBJ/OB ™ AxBJ(CAx B)U(xx CB)=AANSB "5 AxB/CB.  (4)

for some map r’. Then h; o j decomposes as

Ax OB AwsB s ANSB ™S A« B/CB.

Since the first arrow of (4) is homotopic to ¢ and h; is homotopic to the identity map,
r’ is homotopic to g~ 1.

On the other hand, since (f x7)oh;oj(a,b) = (ci(a), x) for (a,b) € AxB C AxCB,
the above homotopy commutative diagram induces a homotopy commutative diagram.

AxSB—"  _wuyB

A% BJOB L (V % %) U (W x £B).

1 1 /

Since r~lor’op’ ~r~tog top’ =q lop’ =pandro(fxm) = f, the proof is done. [
For k > 2, let ¢ be the composite of maps

—1

Sk-1xlml Ly (ph=2xIm-t)y 4 x, ) PO (mk1 Mot X YU (x x OX o).

ProrosITION 5.13.  If X = XY | then the homotopy equivalence € of Corollary 5.11
satisfies a homotopy commutative diagram
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shoiglml T skl Rl X, U (+ x CXo)

LT

W (k) (Wa(im=-11,i) (Xpm—1)) X Xm) U (¥ x CXp)

J/ €a(lm—1],[

Z(k) Z(k),

where k > 2 and the upper vertical arrows are inclusions.

PROOF.  Let wy: Y*IF — TF=1(SY ;1) denote the higher Whitehead product.
Then wy = wi—1 X 7 for the projection 7: C'Yy — XY;. Then by Lemma 5.12, we
get a homotopy commutative diagram

Wy —1 X1

yHm=1 g BY,, ———T™72(SY ), ) X ¥,

lp |

Y*[m] Dm Tm—l(zz)/zym’

where 1wy, is the composite of wy, and the projection T* (XY ) — T (BY jy) /LY.
Put L = A(Jm — 1],[k]). Then by the definition of ¥, one gets a homotopy com-
mutative diagram

(|L] % Y*Im=11) % 5y, 2275 27 (X ) X X

- |

L] yeml P Zml(g))CX,,,

where p; is induced from p and 7: Z™ (k) — Z™ (k)/CX,, is the projection which

is a homotopy equivalence, and the right vertical arrow is the inclusion. Thus by the
definitions of € and €y, one obtains a homotopy commutative diagram

Yh-1X-1] g X, s W (X X ﬂiik cX
H Am L(—[m—l])x m (k)/CXm,

sk=1x[m] W (k) ‘ Z(k),

where ps is induced from p. Since py o ¢ ~ 1, the proof is completed. O

LEMMA 5.14. If X = XY and 2 < k < m, then the composite

SFLEI W (X) 2 Z20(X) S DIy (2X)
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is the iterated Whitehead product [[ - - [w), ap11], - - -], am], where M = A([m], [k]).

ProoOF. Put L = A([m — 1],[k]). By Proposition 5.13, we see that there is a
homotopy commutative diagram

nk—1[m] nk—1x[m] nk—1x[m]

w q

SRy BX,, <2 (2RI X, ) U+ x CXon)

Wi (X p17) V S X <o (W (X ) X Xon) U (% X CX) W (k)
e 'Vl et x1 et

Z0(X 1)) V S X Z(k) Z(k)
wV1 w w

DJL(SXp_y) V EX o DJL(SX 1)) V EX == DJL(EX 1) V EXoms

where W is the Whitehead product of the identity maps of £¥~1X[m=1 and ¥X,,. On
the other hand, by Corollaries 5.9 and 5.11 there is a homotopy commutative diagram

k) Zu(X)

DJL(ZK[mq]) VX, == DJy(XX).
Then by juxtaposing the above two diagrams, one gets that the composite in the state-

ment is the Whitehead product of the identity map of ¥X,,, and w o €y,. Thus the proof
is completed by induction on m. O

PrROOF OF THEOREM 5.5. The proof is done by Theorem 5.2, Corollary 5.9 and
Lemma 5.14, where the induction in the proof of Lemma 5.14 is done by a contraction
ordering. O

6. Example.

Let K be the following 1-dimensional simplicial complex with five vertices.

1
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We explain how to apply Corollary 5.7 to this simplicial complex K. We first have
to show that K is a totally fillable complex, so we check that all non-contractible full
subcomplexes of K are fillable. Non-contractible full subcomplexes of K are K itself and
K for

I=1{1,4},{1,5},{2,4},{2,5},{3,5},{1,2,3},{1,2,4},{1,2,5},
{1,3,5},{2,3,5},{1,4,5},{2,4,5},{1,2,3,4},{1,2,3,5},{1,2,4,5},

where
Kgjy = 0AW Ko =0AW23 ko = AP ()

for (i,7) = (1,4),(1,5),(2,4),(2,5),(3,5), (p,q,7) = (1,2,4),(1,2,5),(1,3,5),(2,3,5),
(4,5,1),(4,5,2) and

K234 = OAPUABY Ky 450 = OA23 {5}, K145 = AT LA

Then we see that these full subcomplexes are fillable, so K is totally fillable as desired.

Next we choose fillings of these K. Each of Ky, ;y for (i,75) = (1,4),(1,5),(2,4),
(2,5),(3,5) and K for I ={1,2,3},{1,2,3,4},{1,2,3,4,5}, has the unique filling such
that

F(Kp5) = {ij},  F(Kr) = {123}.
In the remaining cases, there are several choices of fillings, and here we choose

I(K{1,2,3,5}) = {123735}7 ~7:(K{1,2,4,5}) = {24}7 ]:(K{p,q,r}) = {qr}

for (p,q,r) = (1,2,4),(1,2,5),(1,3,5),(2,3,5), (4,5,1), (4,5,2).

Next we choose contraction ordering. This is needed for 35 € ]:(K{Lg’gﬁ}), 24 €
F(Kii2,45)), 123 € F(K). For 35 € F(K{y235)), there are two contraction ordering
1 < 2and 2 < 1, and we choose 1 < 2. For 24 € F(K{1,245}), there are also two
contraction ordering 1 < 5 and 5 < 1, and we choose 1 < 5. For 123 € F(K), there is
only one contraction ordering 4 < 5.

With this choice of fillings and contraction ordering, we get a homotopy equivalence

€K Si4 \ Sis \ 53,4 \ 53,5 \ Sg,s \ Sil,2,4 \ Sizs \ Si&s \ 53,3,5 \ 53,5,1\/

4 5 6 6 5 5 7 ~
Sis2V 8723V ST034V 1235V 57235V 1245V 512345 2K,

where the indices of spheres indicate the corresponding full subcomplexes. Then through
this homotopy equivalence, we obtain

wlss, = [ds, ;] wlss = llag, ar, ap] wlgs, , =Wi23
wlge, = [W1,23,0s5] wlsy, = llas,as],a1], a2 wlss, = [[[az2, 4], a1], as]

w|sl7,2,3,4,5 = [[6172,3’ 54]765]
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for (4,7) = (1,4),(1,5),(2,4),(2,5),(3,5) and (p,q,7) = (1,2,4),(1,2,5),(1,3,5),
(2,3,5), (4,5,1), (4,5,2).

(1]

(2]

(3]

[4]
[5]
6]
[7]
8]
[9]
[10]
[11]
[12]
[13]

[14]
(15]

References

S. A. Abramyan, Iterated higher Whitehead products in topology of moment-angle complexes,
Sibirsk. Mat. Zh., 60 (2019), 243-256.

A. Bahri, M. Bendersky, F. R. Cohen and S. Gitler, The polyhedral product functor: A method
of decomposition for moment-angle complexes, arrangements and related spaces, Adv. Math., 225
(2010), 1634-1668.

A. Bjorner and M. L. Wachs, Shellable nonpure complexes and posets. I, Trans. Amer. Math. Soc.,
348 (1996), 1299-1327; Shellable nonpure complexes and posets. II, Trans. Amer. Math. Soc., 349
(1997), 3945-3975.

M. W. Davis and T. Januszkiewicz, Convex polytopes, Coxeter orbifolds and torus actions, Duke
Math. J., 62 (1991), 417-451.

G. Denham and A. I. Suciu, Moment-angle complexes, monomial ideals and Massey products,
Pure Appl. Math. Q., 3 (2007), 25-60.

J. Grbi¢ and S. Theriault, Homotopy theory in toric topology, Uspekhi Mat. Nauk, 71 (2016),
3-80.

J. Grbi¢ and S. Theriault, The homotopy type of the polyhedral product for shifted complexes,
Adv. Math., 245 (2013), 690-715.

V. Gruji¢ and V. Welker, Moment-angle complexes of pairs (D", S?~1) and simplical complexes
with vertex-decomposable duals, Monatsh. Math., 176 (2015), 255-273.

S. Hasui, D. Kishimoto and T. Sato, p-local stable splitting of quasitoric manifolds, Osaka J. Math.,
53 (2016), 843-854.

K. Iriye and D. Kishimoto, Decompositions of polyhedral products for shifted complexes, Adv.
Math., 245 (2013), 716-736.

K. Iriye and D. Kishimoto, Fat-wedge filtration and decomposition of polyhedral products, Kyoto
J. Math., 59 (2019), 1-51.

K. Iriye and D. Kishimoto, Golodness and polyhedral products of simplicial complexes with min-
imal Taylor resolutions, Homology Homotopy Appl., 20 (2018), 69-78.

K. Iriye and D. Kishimoto, Golodness and polyhedral products for two-dimensional simplicial
complexes, Forum Math., 30 (2018), 527-532.

J. Lillig, A union theorem for cofibrations, Arch. Math., 24 (1973), 410-415.

G. J. Porter, Higher order Whitehead products, Topology, 3 (1965), 123-135.

Kouyemon IRIYE Daisuke KISHIMOTO
Department of Mathematical Sciences Department of Mathematics
Osaka Prefecture University Kyoto University

Sakai 599-8531, Japan Kyoto 606-8502, Japan

E-mail: kiriye@mi.s.osakafu-u.ac.jp E-mail: kishi@math.kyoto-u.ac.jp


https://doi.org/10.33048/smzh.2019.60.201
https://doi.org/10.1016/j.aim.2010.03.026
https://doi.org/10.1016/j.aim.2010.03.026
https://doi.org/10.1090/S0002-9947-96-01534-6
https://doi.org/10.1090/S0002-9947-96-01534-6
https://doi.org/10.1090/S0002-9947-97-01838-2
https://doi.org/10.1090/S0002-9947-97-01838-2
https://doi.org/10.1215/S0012-7094-91-06217-4
https://doi.org/10.1215/S0012-7094-91-06217-4
https://doi.org/10.4310/PAMQ.2007.v3.n1.a2
https://doi.org/10.4213/rm9704
https://doi.org/10.4213/rm9704
https://doi.org/10.1016/j.aim.2013.05.002
https://doi.org/10.1007/s00605-014-0698-z
https://projecteuclid.org/euclid.ojm/1470413993
https://projecteuclid.org/euclid.ojm/1470413993
https://doi.org/10.1016/j.aim.2013.05.003
https://doi.org/10.1016/j.aim.2013.05.003
https://doi.org/10.1215/21562261-2017-0038
https://doi.org/10.1215/21562261-2017-0038
https://doi.org/10.4310/HHA.2018.v20.n1.a5
https://doi.org/10.1515/forum-2017-0130
https://doi.org/10.1007/BF01228231
https://doi.org/10.1016/0040-9383(65)90039-X

