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Self-avoiding walk on the complete graph
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Abstract. There is an extensive literature concerning self-avoiding walk
on infinite graphs, but the subject is relatively undeveloped on finite graphs.
The purpose of this paper is to elucidate the phase transition for self-avoiding
walk on the simplest finite graph: the complete graph. We make the elemen-
tary observation that the susceptibility of the self-avoiding walk on the com-
plete graph is given exactly in terms of the incomplete gamma function. The
known asymptotic behaviour of the incomplete gamma function then yields a
complete description of the finite-size scaling of the self-avoiding walk on the
complete graph. As a basic example, we compute the limiting distribution of
the length of a self-avoiding walk on the complete graph, in subcritical, crit-
ical, and supercritical regimes. This provides a prototype for more complex
unsolved problems such as the self-avoiding walk on the hypercube or on a
high-dimensional torus.

1. Introduction and results.

1.1. Self-avoiding walk.

The self-avoiding walk is a mathematical model of interest in combinatorics, in
probability, in statistical mechanics, and in polymer science [10]. A basic problem in the
subject is to count the number of fixed-length non-self-intersecting paths in a transitive
graph, starting from some fixed origin. The most common setting is to take the graph to
be the d-dimensional integer lattice Z?¢ with nearest-neighbour edges. A simple subad-
ditivity argument implies that the number cy of self-avoiding walks on Z? of length N
satisfies c}\{N — pas N — oo, and also ¢y > pV (for all N). The connective constant
obeys i € [d,2d—1], and in particular depends on the dimension d. The generating func-
tion x. = > x—ocnz of the sequence (cy) is called the susceptibility, and it has a finite
radius of convergence equal to the critical value z, = u~'. For z > z., the susceptibility
is infinite and contains no information. Many of the most important mathematical prob-
lems for the self-avoiding walk remain unsolved, e.g., the precise asymptotic behaviour
on Z2 or Z3 of ey (as N — o) or the susceptibility (as z 1 2.).

On a finite graph, ¢y is zero once N reaches the cardinality of the vertex set, so the
susceptibility is a polynomial in z and hence is defined for all z € C. For large but finite
graphs, it can be expected that the divergence of the susceptibility in the infinite setting
will be reflected by different behaviour of the susceptibility above and below some critical
scaling window of positive z values—a phase transition. It is further to be expected that
on high-dimensional graphs this transition should share qualitative features with the
phase transition for the Erdés—Rényi random graph.
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In this paper, we elucidate the phase transition for self-avoiding walk on the simplest
finite graph, the complete graph. We observe that the self-avoiding walk is exactly
solvable on the complete graph, in the sense that the susceptibility can be expressed
exactly in terms of the upper incomplete gamma function. We use the known asymptotic
behaviour of the incomplete gamma function to derive the asymptotic behaviour of the
susceptibility. This leads to an identification of the critical scaling window for the phase
transition, and of the different behaviours that occur below, above, and within the critical
window. In particular, with respect to the probability distribution on the set of all self-
avoiding walks (of any length) which assigns probability proportional to 2z to a walk
of length N, we identify the different behaviours of the length of a random self-avoiding
walk in the different regimes.

For self-avoiding walk on the complete graph, we show that the phase transition
corresponds exactly to a transition in the asymptotic behaviour of the incomplete gamma
function. Complete information and historical background for the asymptotic behaviour
of the incomplete gamma function is provided in [11], from which the finite-size scaling
of the susceptibility can be read off. The new results of [11] are precisely in the region of
most interest—what they call the transition region and what for us is the critical scaling
window—though we do not use anything like the full power of the results of [11]. This is
an interesting example of a connection between a transition in the asymptotic behaviour
of a special function and a phase transition in the finite-size scaling of a statistical
mechanical model.

Although the complete graph lacks geometry, it is an example which serves as a
prototype for high-dimensional finite graphs which do have interesting geometry, such as
the hypercube {0,1}"™ with nearest-neighbour edges, or high-dimensional discrete tori.
Percolation on the hypercube and high-dimensional tori has been well-studied [1], [6],
and it would be of interest to develop the theory of self-avoiding walk on these graphs.

1.2. Exact solution for susceptibility.

Let K, denote the complete graph on n vertices. An N-step self-avoiding walk
on K, is a sequence of N + 1 distinct vertices in K,. Let S](\:L) denote the set of N-
step self-avoiding walks on the complete graph K, started from some fixed origin. The

o (n) .. (n) _
cardinality of Sy’ is ¢y © = 1 and

(n—1)!

(n) _ _
Cyn —(n—l)(n—2)-~-(n—N)_m

(N=1,...,n—1). (L1

The susceptibility is the generating function for CE\T,L), namely the polynomial

mlzm’

n—1 n—1
1
XM = Z cg\?)zN =(n—1)z""! Z (1.2)
N=0

m=0

For x > 0 and s > 0, the upper incomplete gamma function is defined by

I‘(s,x):/ ttetdt. (1.3)
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Analytic continuation in both variables s, x is possible. For n € N,

n—1 lvk
L(n,z)=(n—1le > R (1.4)
k=0

This gives an exact formula for the susceptibility:

1
W = znlel/s T (n, ) . (1.5)
z
1.3. Random length.
For z > 0, we define a probability measure on S = Kr_:lo SJ(\;I) by assigning prob-

ability z'w‘/x,(z") to w € 8™, where |w| denotes the number of steps in w. Expectation
with respect to this measure is denoted Ei’”. Given z and n, we define the random
variable L to be the length |w| of a walk w drawn randomly from S™).

By definition, and by (1.5) and (1.3), the mean of L is

() LN 4 O S
E( gn Z:N e logx ) = (n—1) z+zxg")' (1.6)

Higher moments can also be computed exactly. For example, with ¢ = ]E,(Zn)(L) and

(n)
1 d d 1 d d
(71) 2 = — —_ —_ = — —_ = 2 B
EVV(L?) N (Zdz) (zdzx) N (Zdz) (xf)=¢ +de€

X=Xz
_£2+1<1_£_1>, (1.7)

and hence the variance of L is

Varl(L) = (1 T (T >+1>). (1.9

z
Let 2; = ze'. The moment generating function of L is, by definition and by (1.5),

——x = z e 2T (n, 1/2)
X(n) Zt on— 161/zr(n,1/Z)

z

My (t) =EMet =

(t € R). (1.9)

1.4. Results.

The asymptotic behaviour of the susceptibility is given by the following theorem.
The gamma function is I'(s) = I'(s,0). The complementary error function erfc in (1.12)
is

erfc(z) =1 —erf(x \f/ -t (x € R), (1.10)

and it extends to an entire analytic function on the complex plane. We use the notation
fn ~ gn to mean that lim f,, /g, = 1.
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THEOREM 1.1.  Letr > 1/2 and y, = 1/z,. If eventually y, > n+n" (subcritical
case) then

2
™ = 1 +o(—2 ). 1.11
R S e R Ay Ay
Let 7,7 € R with 7, = 7, and let y,, = n + 1,n'/? (critical case). Then
1
ngl) ~V2mn 672/2§erfc(2_1/27'). (1.12)
If eventually y, < n —n" (supercritical case) then

ng) ~ y}l_"eynl“(n). (1.13)

Special cases of the subcritical case are!

1
W — sil (Z:sn78>1>’ (1.14)
1 1 1
(n) o Zpl—a - - -
X " (z n—l—anq’qe (2,1)>. (1.15)

By Stirling’s formula, special cases of the supercritical case are

1 1 1
log X" = Za?n?1~1 +logv/2mn + O(n772) 4 o(1) (z =—— g€ (2, 1)), (1.16)

2 n — and

1
)~ sv/2m el o851 (Z - . se (0, 1)). (1.17)

sn

The exponent in (1.17) is positive for s < 1, so there is exponential growth. For ¢ €
(1/2,2/3), (1.16) yields the asymptotic relation X\ ~ v2mne® ™" /2 whereas for
q € [2/3,1) the error term O(n37=2) for the logarithm is not insignificant. It then follows
from (1.8), and since L < n by definition, that Var{™ (L) ~ 2! in the supercritical case.

The crossover between the critical and subcritical regimes, and between the critical
and supercritical regimes, is given by an extension of (1.12), namely that as long as
7] < O(n9~1/2) with ¢ € [1/2,2/3),

1
ngj) ~ V21 eTs/Zierfc@*l/QTn). (1.18)
This reduces to x\"” ~ v2mn e’ "™ /2 when 7,, = —an?~1/2 (since then erfc(271/27,) —

2), and to (1.15) when 7, = an?='/2 (since then erfc(271/27,) ~ \/2/77; e~™2/2). The
proof of (1.18) is included in the proof of Theorem 1.1.

From Theorem 1.1, it is straightforward to deduce the following asymptotic be-
haviour for the expected length, by inserting the formulas for the susceptibility into (1.6).

n fact, (1.14) is an immediate consequence of the dominated convergence theorem, because

limy 00 Zﬁ,;lo n_Nc%L)s_N =(1- s_l)_1 since n_Ncg\T,L) <1 and limp— 00 n_Ncg\T;) =1 for each N.
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Figure 1. Graph of a; vs 7.

The second-order term in (1.11) is needed for the subcritical case of (1.20). The constant
in the critical case of (1.20) is defined by

ar =—7T+ \/5672/2[61'&(21/27')]1, (1.19)
T

which is the strictly positive decreasing function of 7 € R plotted in Figure 1. It obeys
ar~—TasT— —ooand a, ~ T ' as T — +00.

COROLLARY 1.2.  Let r > 1/2 and 7 € R. With the subcritical, critical, and
supercritical cases as specified in Theorem 1.1, the expected length has the asymptotic
behaviour, as n — oo,

U%L—n (subcritical)
Egz)([,) ~ < aynt/? (critical) (1.20)
n—— (supercritical).

ProOF. Let y = 1/z and 6 = y — n. For the subcritical case, by (1.6) and
Theorem 1.1,

2
Eg">(L)=n—1—y+yx—1:—1—5+5<1+§JQ+0<§4>>

5o ()
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Since y% = n? + 26n + 62, the error term on the right-hand side is bounded above by a
multiple of nd 2 +6 ! +n~! and hence goes to zero as n — oo since eventually 62 > n2".
This completes the proof of the subcritical case. The supercritical case follows from (1.6)
and the fact that zy — oo by (1.16) with ¢ = r (and monotonicity of x in z). The critical
case follows from (1.6) and (1.12). O

Special cases of the subcritical and supercritical behaviour are:

1 1
1 (z = pg s> 1)
EM(L) ~ (1.22)
o (e
-n z = )
a n + an4
1
anq (z = q)
B (L) ~ ”1 a (1.23)
1-— = —,5€(0,1
ai=9 (2= s 0)

The crossover from critical to subcritical or supercritical can be seen from (1.6) and
(1.18). Indeed, if 1/z = n + 7,n'/? with |7,,| < O(n9=Y?) for q € [1/2,2/3), then we
obtain

EM(L)=n—-1—n+710Y%) + (n+ 70" (™)t ~ ar, V0. (1.24)

Since ar ~ —7 as T — —oo, this is consistent with the first case of (1.23), and since
a; ~ 771 as 7 — +oo, it is consistent with the second case of (1.22).

The first case of (1.22) and the last case of (1.23) were proved in [12, Theorem 1.5],
as was the case 7 = 0 of the critical case of (1.20) (ap = 1/2/7 agrees with the constant o
in [12]), by using a formula for the expected length in terms of a Poisson random variable
rather than employing (1.5) as we do. A proof that Egn)(L) = n'~9 in the second case
of (1.22) was announced in [13] (the scaling of z on [13, p.185701-3] differs from ours by
a factor n).

The next theorem gives the asymptotic distribution of L rescaled as suggested by
Corollary 1.2. In its statement, G, is a geometric random variable with parameter p,
W, is an exponential random variable with mean a~!, and X, is the random variable
(shown to exist in the proof) with moment generating function

_ fc(271/2(r —t))

Mx, (t) = e+ 2 2 1.25
Xr( ) e erfc(2_1/27') ( )
Differentiation confirms that the constant a, in (1.20) is equal to o, = EX; = MY (0).

THEOREM 1.3. LetT €R, a >0, and q € (1/2,1). As n — o0, the rescaled length
converges in distribution as follows:

1
L:>G1,1/8—1 <Z:5n75>1) y (126)
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L 1
= = Wa (Z = ) ; (1.27)
n+—4 n + and
L 1
—_— X, =—F, 1.28
nl/2 - <Z TL—FT\/H) (1.28)
L 1
JR— :> a <Z = ) 5 (1.29)
nd n —an4
L 1
—=1- = — 0,1) . 1.30
Lo, (:= = sc o) (1.30)

The limits (1.29)—(1.30) are special cases of the more general statement that in the
supercritical case, with £ = IE,(Z")(L)7
L
14

=1 (supercritical). (1.31)

We will prove the more general statement in the proof of Theorem 1.3.

The proofs of Theorems 1.1 and 1.3 are given in Section 2. We have stated the results
above in a simple manner in order to highlight the leading behaviour. Full asymptotic
expansions could be obtained by using the expansions of [11] for the incomplete gamma
function, but our focus is on the leading behaviour and we do not pursue higher precision
here.

Note added. After the first version of this paper was posted on arXiv, the au-
thor was kindly informed by T. M. Garoni that the forthcoming paper [3] contains
independently obtained proofs of many of our results, including Theorem 1.3. In [3], the
distribution of X is identified as that of —7 plus a standard normal random variable
conditioned to exceed T.

1.5. Critical behaviour.

Summary. The above results can be summarised by saying that there is a critical
scaling window of z values of the form n=*(1 + O(n~1/2)) where the susceptibility is of
order n'/?, the expected length is of order n!/2, and the limiting length has an interesting
distribution. Values z = 1/(sn) are subcritical when s > 1 (L remains bounded) and
supercritical when s < 1 (L is of order n and the self-avoiding walk has positive density).
Progression into the critical window from the subcritical side occurs for z = n=}(1—n"?)
with p € (0,1/2). Similarly, progression out of the critical window to the supercritical
side occurs for z = n=(1 4+ n~P) with p € (0,1/2). Both progressions involve power-law
behaviour for L.

Percolation on finite graphs. It is instructive to compare our results with the
situation for percolation on high-dimensional finite transitive graphs such as the complete
graph, the hypercube, or discrete tori. Percolation on the complete graph—the Erdds—
Rényi random graph—is of course a fundamental example in probability theory and
combinatorics with an extensive literature, e.g., [8]. In [1], it was shown that the correct
definition in the high-dimensional setting is to define the critical probability p. as the
solution to the equation x(p.) = AV'/3, where x(p) is the expected cluster size of a
fixed vertex when the bond occupation probability is p, V' is the number of vertices
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in the graph, and A > 0 is an arbitrary fixed constant.? For the hypercube and high-
dimensional discrete tori, it has been proved® [1], [6] that there is a phase transition
with critical scaling window consisting of p values with |p —p,| of order Q~'V~1/3_ where
Q) is the degree (2 = n and V = 2" for the hypercube, Q = 2d and V = r? for a
d-dimensional torus of period r). For the hypercube, p. has an asymptotic expansion
to all orders, p. ~ z;io ajn~, with rational coefficients a; that are independent of
A (in particular, a; = as = 1, az = 7/2) [7]. We emphasise that the power V1/3 is
the correct power in the high-dimensional setting, but will not in general be correct for
low-dimensional graphs: in [1, Section 3.4.2] it is proposed that V1/3 corresponds more
generally to V0=1/0+1) where § is the critical exponent for the magnetisation (with
mean-field value § = 2).

Conjectured picture for self-avoiding walk. For the complete graph, n occurs
both as the degree 2 = n — 1 and as the number of vertices V' = n, but the degree and
volume will play distinct roles in other graphs. By analogy with the above picture for
percolation, our results suggest that the natural definition* of the critical value for self-
avoiding walk on a high-dimensional transitive graph with V' vertices is the value z. for
which x(z.) = AV/? with any fixed A > 0.° Also, our results suggest that the critical

1/2 where 2 is the degree.

scaling window consists of z values with |2 —z.| of order Q~1V ~
For the hypercube, the definition gives z. according to xn(z.) = A\2"/2 and the scaling
window is conjectured to occur for |z — z.| of order n=127"/2, For the discrete torus of
period 7 in dimension d > 4, instead x(z.) = Ar%/? with a scaling window with |z — z|
of order (2d)~'r~%2. Tt would be of interest to prove that this conjectured picture does

hold and to carry out an analysis similar to what has been done for percolation.

Literature. The idea that for z above a critical value the self-avoiding walk enters
a dense phase with walk length of the order of the volume has been explored in previous
papers. A sharp transition to a dense phase for self-avoiding walks diagonally crossing
a square or higher-dimensional cube was proved in [9] and further studied in [2]. The
existence of a dense phase was established for self-avoiding walk in a two-dimensional
domain in [4]. The vanishing of the density as the critical point is approached from
the supercritical side was proven in [5] for weakly self-avoiding walk on a 4-dimensional
hierarchical lattice, with a logarithmic correction to the linear (1—s) mean-field behaviour
evident in the last case of (1.23). For finite graphs of large girth, a dense phase was proven
to exist in [12] (where, as mentioned above, the complete graph was also considered).
Forthcoming work on the complete graph announced in [13] subsequently appeared in
[3] (see Note added at end of Section 1.4).

2The utility and freedom to vary X is discussed in [1]. There is no notion of “the” critical value on a
finite graph, and any value in the critical window will do.

3In fact, some open questions remain concerning the supercritical phase on tori; see [6].

4This definition differs from the proposal in [12, Definition 1.2], which calls z, subcritical if
lim sup X,(ZZ) < o0, supercritical if liminf X,(ZZ) = o0, and critical if zn/s is subcritical when s > 1
and supercritical when s < 1. By (1.12), (1.14), and (1.17), this prescribes z = 1/n as both critical and
supercritical for the complete graph, and thus is insufficiently discerning.

5For the complete graph, since the function a is a bijection of R onto (0, o), by the critical case of
(1.20) a choice of X essentially specifies a choice of T such that the susceptibility at z = 1/(n + ran'/2)

has the value Anl/2.
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2. Proof of results.

Asymptotic formulas for the susceptibility are immediate consequences of the follow-
ing asymptotic formulas for the incomplete gamma function, taken from [11]. Asymptotic
expansions to all orders are given in [11], but we only need the statements in Lemma 2.1.
The variable y,, represents 1/z,,.

LEMMA 2.1.  Letr > 1/2. Suppose that eventually y, > n+n" (subcritical case).
Then

T(n,y,) = yZe*y"yn%n (1 - ﬁ +0 (@j’_%w)) . (2.1)

Let 7,7 € C with 7, — 7, and let y,, = n + 1,n'/2. Then
T(n, yn) ~ F(n)%erfc(2_1/2r). (2.2)
Suppose that eventually y, < n —n" (supercritical case). Then
T'(n,y,) ~ T(n). (2.3)

PROOF. The subcritical case follows from [11, (2.2)], together with the observation
in [11, Appendix A] that [11, (2.2)] does hold for y,, > n+n" when r > 1/2. The critical
case follows from [11, Theorem 1.1] (see also [11, Proposition 1.1]%). The supercritical
case follows from [11, (2.1)], again with the observation in [11, Appendix A] that [11,
(2.1)] does hold under our hypothesis. In more detail for the last case, it follows from
[11, (2.1)] and Stirling’s formula that, with 6, =n —y, > n",

L'(n, yn) 1 _ 1
N g ]_ ~ yze Yn
I'(n) n—Yn (n — 1)n—le—nt+ly/27n
1 nl/? S\ 1
V2 On n V2r nr=1/2
and the right-hand side goes to zero since r > 1/2. O

PROOF OF THEOREM 1.1. The asymptotic formulas (1.11)—(1.13) for the suscep-
tibility follow from (1.5) and Lemma 2.1. For (1.12), we also use Stirling’s formula and
the elementary fact that (1 + T~ 1/2)"neman'? _y ¢7*/2 The extension (1.18) of the
critical case is a consequence of the fact that (2.2) continues to hold in the extended
setting, by [11, Proposition 1.1]. O

It remains to prove Theorem 1.3. The proof uses the fact that convergence in dis-
tribution is a consequence of convergence of moment generating functions on an open
interval containing 0, except for the critical case (1.28) where we use characteristic func-
tions instead.

8This is Proposition 1.2 in the arXiv version (https://arxiv.org/pdf/1803.07841.pdf) of [11].
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PROOF OF (1.26): z =1/(sn) with s > 1 (subcritical). Fix s > 1 and choose tg >
0 to obey se™% = 1. Let t < to; then se™® > 1. Let y = 1/z and y; = ye~t. By (1.9)
and (1.11), the moment generating function of L obeys
Ye y—n _ s—1 1-1/s

Mp(t) ~ 24— - . 2.5
r(?) Y—n Y € e t_1 1—et/s (2:5)

The right-hand side is the moment generating function for Gy_;,, — 1. O

PROOF OF (1.27): z =1/(n + an?) (subcritical near critical). Fix a > 0, ¢ €
(1/2,1), and let t < a. Let y = 1/z and y;, = ye~*/"" . By definition, y — n = an? and

yr—n~ (n+an?)(l —tn?1) —n~ (a—t)n (2.6)

Since t < a, by (1.9) and (1.11) the moment generating function My /,1-q(t) is

t — _
My () By 0 @ (2.7)
nt—4 Y Y — N a—1t a—t
and the right-hand side is the moment generating function for W,. 0

PROOF OF (1.28): z=1/(n+ 74/n) (critical window). Fix 7 € R and ¢t € C. Let
y=1/zand y, = ye ¥V Since there is a sequence z, — 0 such that

ye =n+n'2(r —t + 1), (2.8)
we see from the last member of (1.9) and (1.12) that

e 2erfc(271/2(7 — 1))
M t) ~
1/valt) e /2erfc(2-1/27) ’

(2.9)

which agrees with (1.25). In particular, (2.9) holds for ¢ = i (since (2.2) does), in which
case My, /z(i0) is the characteristic function of L//n. Since the right-hand side of (2.9)
is a continuous function of 6 in this case, the right-hand side is the characteristic function
of a random variable, and L/y/n converges in distribution to this random variable.” [

PROOF OF (1.31): (z supercritical). Letr > 1/2, y =1/z, and suppose that even-
tually y <n—n'". Let £ = ]E/(zn)(L); then £ ~ n —y by (1.20). Let t € R and y; = ye ¥/
Then vy =y + (y: — y) ~ y — yt/L. Since eventually

y

Y 1—r
< Z <L 2.10
Y/ n_y*nr*n ) ( )

and since n'~" = o(n") because 7 > 1/2, eventually y;, < n —n" + o(n") < n —n® for

some s € (1/2,r). Therefore, by (1.9) and (1.13),

"The characteristic function is useful for this last step, as general theory then provides the existence
of the limiting random variable.
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t 1-n,y
My (t) = My, <€> ~ % = etn=D/tgye—y, (2.11)

The logarithm of the right-hand side is equal to

t(n—1)
¢

_ ttn—1) ty tn—y) t t
t/é_lwi_ == 9 ~Nt—==~ 2.12
byt oy LD M) b L )

and hence
t t
My, 7 — e (2.13)

The right-hand side is the moment generating function of the constant random variable 1,
and the proof is complete. O

ACKNOWLEDGEMENTS. This work was supported in part by NSERC of Canada,
and was carried out at the Research Institute for Mathematical Sciences, Kyoto Univer-
sity. I am grateful to Takashi Kumagai and Ryoki Fukushima for support and hospitality
in Kyoto, to Tyler Helmuth for discussions and advice, and to Tim Garoni for informing
me of independent work on this topic with similar results which subsequently appeared
in [3].

References

[1] C. Borgs, J. T. Chayes, R. van der Hofstad, G. Slade and J. Spencer, Random subgraphs of finite
graphs: I. The scaling window under the triangle condition, Random Structures Algorithms, 27
(2005), 137-184.

[2] M. Bousquet-Mélou, A. J. Guttmann and I. Jensen, Self-avoiding walks crossing a square, J. Phys.
A, 38 (2005), 9159-9181.

[3] Y. Deng, T. M. Garoni, J. Grimm, A. Nasrawi and Z. Zhou, The length of self-avoiding walks on
the complete graph, J. Stat. Mech. Theory Exp., 10 (2019), 10326.

[4] H. Duminil-Copin, G. Kozma and A. Yadin, Supercritical self-avoiding walks are space-filling,
Ann. Inst. Henri Poincaré Probab. Stat., 50 (2014), 315-326.

[5] S.E. Golowich and J. Z. Imbrie, The broken supersymmetry phase of a self-avoiding random walk,
Commun. Math. Phys., 168 (1995), 265-319.

[6] M. Heydenreich and R. van der Hofstad, Progress in High-Dimensional Percolation and Random
Graphs, CRM Short Courses, Springer, Switzerland, 2017.

[7] R.van der Hofstad and G. Slade, Asymptotic expansions in n~! for percolation critical values on
the n-cube and Z™, Random Structures Algorithms, 27 (2005), 331-357.

[8] S.Janson, T.Luczak and A. Ruciriski, Random Graphs, Wiley-Intersci. Ser. Discrete Math. Optim.,
John Wiley and Sons, New York, 2000.

[9] N. Madras, Critical behaviour of self-avoiding walks: that cross a square, J. Phys. A, 28 (1995),
1535-1547.

[10] N. Madras and G. Slade, The Self-Avoiding Walk, Probab. Appl., Birkhduser, Boston, 1993.

[11] G. Nemes and A. B. Olde Daalhuis, Asymptotic expansions for the incomplete gamma function
in the transition regions, Math. Comp., 88 (2019), 1805-1827.

[12] A. Yadin, Self-avoiding walks on finite graphs of large girth, ALEA Lat. Am. J. Probab. Math.
Stat., 13 (2016), 521-544.

[13] Z. Zhou, J. Grimm, S. Fang, Y. Deng and T. M. Garoni, Random-length random walks and
finite-size scaling in high dimensions, Phys. Rev. Lett., 121 (2018), 185701.


https://doi.org/10.1002/rsa.20051
https://doi.org/10.1002/rsa.20051
https://doi.org/10.1088/0305-4470/38/42/001
https://doi.org/10.1088/0305-4470/38/42/001
https://doi.org/10.1088/1742-5468/ab3da3
https://doi.org/10.1214/12-AIHP528
https://doi.org/10.1007/BF02101551
https://doi.org/10.1007/978-3-319-62473-0
https://doi.org/10.1002/rsa.20074
https://doi.org/10.1002/9781118032718
https://doi.org/10.1002/9781118032718
https://doi.org/10.1088/0305-4470/28/6/010
https://doi.org/10.1088/0305-4470/28/6/010
https://doi.org/10.1007/978-1-4614-6025-1
https://doi.org/10.1090/mcom/3391
https://doi.org/10.30757/ALEA.v13-21
https://doi.org/10.30757/ALEA.v13-21
https://doi.org/10.1103/PhysRevLett.121.185701

1200

G. SLADE

Gordon SLADE

Department of Mathematics
University of British Columbia
Vancouver, BC, Canada V6T 172
E-mail: slade@math.ubc.ca
ORCID:0000-0001-9389-9497



