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Abstract. The aim of this paper is to give a mass transportation proof
for a full family of sharp Gagliardo—Nirenberg inequalities in dimension one.
In fact, we shall establish a duality principle which derives this family of
inequalities as a consequence. We also characterize all optimizers for these
inequalities via the mass transportation method.

1. Introduction.

In this paper, we consider the following family of one-dimensional Gagliardo—
Nirenberg inequalities that can be written as

1 1lm @) < Can @, @) F 1T ey 1 f | Loy (1.1)
forp>1and 1 <qg<m < oo, where § = (m — q)p/m(p + pq — q) and

OGN (p7 q, m)

(p—1)m+p

_ 2P(p—1)1—p((p—1)m+p)m77qB (p—1)g+p 2p—1 p)m((s&m .
<(m—Q)2”1((p—1)q+p)w (P(m—q) T p ) - (12)

Here we use the notation ||g|| &) = ([ l9|"dz)'/" for any r > 1 and for any measurable
function g on R. This family was obtained by Sz6kefalvi-Nagy [26]. The equality holds
in (1.1) for function f of the form

s (57 (3 (S B 0t =3))

if ¢ < p. Here we use the notation ay = max{a,0}, and B~!(z;a,b) with a > 0 denotes
the inverse function of the incomplete beta function B(x;a,b) which is defined as
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B(z;a,b) = / 71— tdt, 0<x< 1. (1.3)
0

A new proof of (1.1) was recently given by Liu and Wang [19]. Indeed, a simple varia-
tional argument shows that a minimizer for the functional

O e N
- %
I )

exists and satisfies an Euler-Lagrange equation. Using the positivity and uniqueness of
solutions to this Euler-Lagrange equation (see [24], [25]), Liu and Wang found out the
explicit form of the solution to this Euler-Lagrange equation in terms of incomplete beta
function (1.3) above and hence compute exactly the sharp constant in (1.1).

The Gagliardo—Nirenberg inequalities were established in the higher dimensions in-
dependently by Gagliardo and Nirenberg. We refer the readers to [15], [16], [23] for the
original papers. Among the Gagliardo—Nirenberg inequalities, there are only a few cases
for which best constants are explicit and optimal functions can be characterized. For
example, the sharp constant and optimal functions in Nash’s inequality (see [20]) were
found by Carlen and Loss [8] and some sharp interpolation inequalities on the sphere were
established by Beckner [5] and by Bidaut-Véron and Véron [6]. Another subfamily of
Gagliardo—Nirenberg inequalities for which the best constants and the optimal functions
are explicit was obtained by Del Pino and Dolbeault [11], [12],

”fHL"‘P(R” < DGN”VfHU7 Rn)HfHLa(p D+L(Rn)?
ifae(l,n/(n—p)) when n > p and o < co when n < p, and

£l Lat-v+1(mny < DanlIVFI1%0 @ny ||f|\Lap(]Rn)7

if & € (0, 1) with appropriate values of §. Another proof of these inequalities was given by
Cordero-Erausquin, Nazaret and Villani by using the mass transportation method [10].
A systematical study on the best constants and the optimal functions of the Gagliardo—
Nirenberg inequalities can be found in the paper of Liu and Wang [19]. In that paper,
Liu and Wang use the variational method to obtain some explicit results for the best
constants and optimal functions of the Gagliardo—Nirenberg inequality which includes
the one of Del Pino and Dolbeault. The weighted Gagliardo—Nirenberg inequalities in
the half space were proved by the author in [21] via the mass transportation method.

The aim of this paper is to show that the mass transportation method can be applied
to give an alternative proof of (1.1). A proof by using the mass transportation method of
(1.1) in the case p = 2 was given by Dolbeault, Esteban, Laptev and Loss [13]. In that
paper, they also gave another proof of (1.1) in this case by using the nonlinear flows.
We also refer the readers to the papers [1], [2] for an earlier proof of (1.1) with p = 2 by
exploiting the relation between the Gagliardo—Nirenberg inequalities and mass transport
theory. In particular, in those papers, Agueh investigated how Barenblatt functions are
transformed into optimal functions for the inequalities, and gave and expression of the
explicit transport map in the case of optimal functions.
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Let us denote by Dy?(R) the space of all functions f € L¢(R) such that f’ (in the
distributional sense) belongs to LP(R). By this notation, we have D,*(R) = W'?(R)
the usual Sobolev space on R. We also denote by L}(R) the space of G € L'(R) such
that [, |G|z|%dz < co. We define the constant

(m—q)/(m(2p—1)—p(g—1))
m(p—1) +p\”
Cp,aym = ( 7 ) . (1.4)

Using the mass transportation method, we shall establish the following duality principle
related to the Gagliardo—Nirenberg inequality (1.1).

THEOREM 1.1. Letp>1 and 1< q<m < oo. Then the following relation holds,

m(p—1)
f G‘m(zp D-pl=1) dy
sup (m—0(-1

GeLL, (R),G>0 (f]R G|y|ﬁdy) m(2p—1)—p(a—1) (fR Gdy)%

OB | ) )

e

P i 1 L5

=cC m .
P jepl .20 I

with p' = p/(p —1).
Moreover, we have the following conclusions:

(i) If ¢ > p, then the right-hand side of (1.5) is minimized by

while the left-hand side of (1.5) is maximized by

Gly) = (1+ |y|p')—(m(2p—1)—p(q—1))/p(m—Q)'

(ii) If 1 < ¢ < p, then the right-hand side of (1.5) is minimized by

o= (57 (3 (S B 0t -3))

while the left-hand side of (1.5) is mazimized by

Gly) =1+ |y|p/)—(m(2p—1)—p(q—1))/p(m—q).

In the case p = 2, Theorem 1.1 was established by Dolbeault, Esteban, Laptev and
Loss (see Theorem 1.1 in [13]). From Theorem 1.1, we see that all variational problems
n (1.5) have explicit extremal functions. This fact gives us an efficient method for
computing the sharp constant Can(p, ¢, m) in (1.1).

The rest of this paper is organized as follows. In Section 2, we give the proof of
Theorem 1.1 via the mass transportation method. We also consider the threshold case
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m = q = p to establish a dual principle for the general one-dimensional logarithmic
Sobolev inequality in this section. Section 3 is devoted to compute the sharp constant in
(1.1) and to discuss the optimal functions for (1.1). In particular, we shall characterize
all the optimal functions for (1.1) up to a translation, a dilation and a multiplicative
constant by using the mass transportation method in this section.

2. Proof of Theorem 1.1 via mass transportation method.

This section is devoted to prove Theorem 1.1. We also investigate the thresholds case
corresponding to m = p = ¢ to establish a dual principle for the general one-dimensional
logarithmic Sobolev inequality. Our proof is based on the mass transportation method
in dimension one. The mass transportation method is now an useful tool to prove several
sharp inequalities analysis and geometry (e.g., see [1-4], [7], [9], [10], [14], [21], [22] and
references therein). We refer the readers to the book [27] for more background on this
method and its developments.

PROOF OF THEOREM 1.1. We first prove (1.5). By density, it is enough to con-
sider the infimum on the right-hand side of (1.5) for functions f € C°(R), f > 0. We
start the proof by recalling some basic facts from optimal transportation theory in di-
mension one. Let F,G be two probability densities on R, i.e., F" and G are non-negative
functions, F € C§(R) and [; F(z)dz = [, G(z)dx = 1. For any t € R, define

@(t):/t F(z)dz, and U(t / G

— 00

Then ®, ¥ : R — [0, 1] are non-decreasing functions. Define p(t) = ¥=1(®(¢)). Then ¢
is increasing function and we have

[ too F(z)dz = [ iit) G(z)da.

F(t) = G(p(t))¢'(t), for almost everywhere t € R. (2.1)

Differentiating in ¢, we get

Let 6 € (0,1) be fixed later, by making the change of variable y = ¢(x) and using (2.1),
we have

/G dy—/G )dx—/RF(x)ago'(x)l_‘gdx. (2.2)

For any « € (0,0), by using Holder’s inequality, we get

/ F(a)’y! ()~ = / F(2)’F ()¢ ()~ da
R R

< (/RF(a;)la/"dx)e (/RF(x)a/(le)gp’(a:)dx>l_0. (2.3)
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Considering the last integral and using integration by parts, we have

| @G @e = [ P@ O P @ (24)

We now choose 6 and « such that

« q o 1 p—1
1l——== d ———=——
0 m’ o 1-606 m P
A simple computation shows that
m—q m{p-—1)+p mp—1)+p
a= , and 0= . 2.5
m m(2p—1) —p(g—1) m(2p—1) —p(g—1) (25)

Applying Holder’s inequality to (2.4) and using (2.1), we get

Aﬂwﬁwmw=J“”f‘mAFmﬂv@waww

SW“;)m(/<>w> ) UW WQ
(m+1 (/G iyl 1dy> </| |de) . (2.6)

By taking F' = f™, we have from (2.2), (2.3) and (2.6) and the choice (2.5) of a and 6
1—-6
fGGdy p(m +1 —m\'* 0 E
s 1—=6)(p—1) = ( ) / fqdm / |f/|pdx (2'7)
P p R R
(fR |y|p 1dy)

for any non-negative function f,G such that fR Gdy = fR fMdx = 1 with 6 given by
(2.5). Taking into account the homogeneity, the inequality (2.7) yields

m(p—1)+p
f]R G m@p—1)—p(a—1) dy
(m—q)(p—1)
—B_ m(2p—1)—p(g—1) %
(fR G|y|p*1dy> ([, Gdy) m@r=D-rt=D
a(m(p—1)+p)

p(m—q)
£l 2 iy R I Fary "

g(@tg(v (1))1) ’
R

< Cp,g,m

for any non-negative functions G € LIl), (R) and f € Dé’p (R). In other words, we have
the following inequality

m(p—1)+p
sup fR GmEr-1-p=1 dy
(m—g)(p—1) p+q(p—1)

GEL ,(R),G>0 (IRG|y|P 1dy)W (fRGdy)W
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T DD ity
e T | g e e
< cCpgq, inf (2.8)
pquGDé’p(R)waO Hf”%
L™(R)

We next prove that (2.8) is indeed an equality. To do this, we trace back to the
equality case in the previous applications of Hélder’s inequality. We have the following
observations. Firstly, equality holds in (2.3) if

AF(2)' =17 = () F(a)/ 0,
for some A > 0, or equivalently
¢ () = AF(z)t—/00-0), (2.9)

Equality holds in (2.6) if

(@) p(@) P2 = p(—F' () F () /=17, (2.10)
for some i > 0. Hence, it holds

¢ (@)p(@) (@) % = e(=F' (@) F(x)!/m=Hpme/00=0),
for some ¢ > 0. Let x¢ be a point where ¢(xg) = 0, the previous equality implies
(@) = e1 (F()= "0/ = F(ag) =m0/

for some ¢ > 0, here we used 1/m—1/p—a/0(1—0)+1 = —(m —q)/m. Hence we have

p’\ —m/(m—q)
Fe) = (P o 2O |
1

The preceding expression of F' together with (2 9) and (2.1) suggests us to consider the
function G having the form G(y) = (1 + [y[?")~(mZp=D=p(a=1)/p(m=a) = On the other
hand, from (2.10), we have

p—m m—gq m—gq

(—F'(z))F(x) = " (F(ac)_T - F($O)_T)7; = cosign(x — xg), (2.11)

for some c¢o > 0. If ¢ > p, integrating the equality (2.11) from z¢ to x, we get

m/(m—q)
* =)
F(z)=F(x 1B1<c r— x|} —, ————= ,
() = Flao) sl = aoli 5, 2=

for some c¢3 > 0. If ¢ < p, integrating the equality (2.11) from z¢ to x, we get

e =l = [ CF )P (1 y sz(@))”)dy
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1

_1 _P=4g _ 7
= F m meo (1 — m=a) " (.
m—q (mo) ( F (x) ) e (1= s)"7svtn= s

F(z0)

sty (sl ) -o(() s 7))

Since p > g, then the function F' must have compact support and have the form

pioy= ria (57 (5 (20 D) (1 o)) e )T

for some R > 0. The observations above suggest us the functions which are optimizers
for the variational problems on the left-hand side and right-hand side of (1.5).

PROOF OF (1.5) FOR p < g AND PART (i). Following the previous observations, let
us consider the function

B B . 1 p—q 1/(m—q)
f*(x)_c<1_3 1<x|’1_p’p(mq))) ’

where C' is chosen such that fR frdr = 1. A simple computation shows that

cm:% {B(ppl’p(ﬁnf?@q)}_l.

We next define the function G, € L,,(R) by
G.(z) =p'C™(1 + |x|p’)f(m(2p71)fp(q*1))/p(m*q).
Obviously, [; G.dy = 1. Denote F(x) = f.(x)™. It is easy to check that
Fi(z) = Gu(p(2))¢' (z),

with

B~ (|z;1=1/p, (p — q)/p(m — q)) )W
N)

p(z) = sign(z) (1 =B~ (|lz[;1 = 1/p, (p — @) /p(m — q

With this choice of ¢, we have equalities in (2.3) and (2.6) for F,G replaced by F,
and G, respectively. Thus, (2.7) becomes an equality for G, and f, which implies the
equality in (2.8). This proves (1.5) for ¢ > p and part (i).

PROOF OF (1.5) FOR ¢ < p AND PART (ii). Following the previous observations,
let us consider the function
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where D is chosen such that fR f'dx = 1. A simple computation shows that

preg (p(fn_—qq) ’ ;’> o
We next define the function G € L,,(R) by
G.(z) =p'C™(1 + |w|p )~ (m(2p—1)—p(g—1))/p(m—q)
Obviously, [; G.dy = 1. Denote F,(x) = f.(x)™. It is easy to check that
Fu(z) = Gulp(@)¢' (), —l<z<L,

with
1

1B (B (it ) Ol i )
¢(x) = sign(z) = P :
B ( (p(m )’ p) = l2l)+; (m—q)’F)

With this choice of ¢, we have equalities in (2.3) and (2.6) for F, G replaced by F,, and
G, respectively (notice that the integral of F} is taken in (—1,1)). Thus, (2.7) becomes
an equality for G, and f, which implies the equality in (2.8). This proves (1.5) for ¢ < p
and part (ii). O

We next investigate the threshold case p = ¢ and m | p. If we apply (1.5) for p = ¢,
take the logarithm of both sides of the obtained inequality, multiply by (m(2p — 1) —
p(p—1))/(m —p)(p— 1) and pass to the limit as m | p, then we have

,fRGlnGdy / /
—1 G pd l Gd
—p fRGd n [ Gly| + n y

fPIn fPdx
ln/ f/pdachln/fpdxp'quLp’lnp.
—1 ]R‘ ‘ R fprdx

Thus, we obtain the following result.

PROPOSITION 2.1.  If p > 1, then the following relation holds,

(1 Jz Gdy ,Jg GInGdy — [, Gdyln [, Gdy)

Sllp p
Jz Glyl?' dy Jx Gdy

GeLl, (®)\{0}.G20

/

n n
P ferm(R)\{O},fzo( (p Il e w)

HfILP(R)) Jg fPIn fPdx — [, fPdxin [ fpdx)
Jg frdz
(2.12)

Moreover, the functions G(y) = e W” and flx) = e~ 121" /% solve both the variational

problems on the left-hand side and right-hand side of (2.12) respectively.



A mass transportation proof of the sharp one-dimensional Gagliardo—Nirenberg inequalities 641

The equality (2.12) provides a dual principle for the general one-dimensional L?
logarithmic Sobolev inequality. The general LP logarithmic Sobolev inequality was first
proved by Del Pino and Dolbeault (see [11] for p = 2 and [12] for 1 < p < n) by
considering it as the limiting case of their sharp Gagliardo—Nirenberg inequalities. This
inequality then was extended to any 1 < p < oo by Gentil [17] by another method based
on the hypercontractivity of the solution of a special Jacobi-Hamilton type equation.
The equality (2.12) with p = 2 was recently proved in [13]. A direct proof based on
optimal transportation method, in any dimension, can be found in [9].

3. Sharp constants and optimal functions.

This section is devoted to compute the best constants in the Gagliardo—Nirenberg
inequality (1.1) and to discuss the optimal functions for (1.1).

3.1. Sharp constants in the Gagliardo—Nirenberg inequality.
Let us compute the sharp constant Cgn(p, g, m) in (1.1). Notice that

1 , 17710y 1 1
- = inf
Can(p,q,m) fEDLP(R),F>0 ||f||Lm
m(2p—1)—p(g—1)
Hf/ll m(2p) T)L-%—Z(q 1) ||f|| m?(é;n)—q)_—lz)v?:zp—)l) mlap=Ee)
LP(R La(R
= inf

m(p+q(p—1))
m(2p—1)—p(q—1)

FEDYP(R),f>0
- 11 Ey

Combining the previous equality together with (1.5), we get

1
CGN (p7 q, m)

m(2p—1)—p(g—1)
m(q(p—1)+p)

m(p—1)+p
1 fR GmCer-1-p=D dy
= sup )

Cp,am GelL R), mEp—1)—p(a—1) mptq%
G;é (IR Glyl7 1dy) B (f]R Gdy) @p—1)—plg—1)

(3.1)
It follows from Theorem 1.1 that the right-hand side of (3.1) is maximized by the function

Gly) = (1+ |y|p’)—(M(2p—1)—p(q—1))/p(m—q)_

The direct computations show that

Ag(y)dy_2/3<m(2p1)p(q1)71/> _QQ(pl)erB(q(pl)er 2p1>’

p p(m —q) p p(m —q) pm—q) = p
o op—1 (ap—1)+p 2p—1
/RG(yM dy =2 p B< pim—q) = p )

and
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/ G(y) M @p=D=pa=1)/p(m=a) g, _ ymp—1)+p, (q(p —-1) +p 2p — 1) _
p(m —q) p(m —q) p

Inserting the preceding integrals into (3.1), we obtain the value of Can(p, g, m) as given
n (1.2).

In the threshold case m = p = ¢, Proposition 2.1 gives the following one-dimension
LP logarithmic Sobolev inequality (see [17] for more general inequalities in any dimen-
sional)

1 pP ||f/||z£p(]R)
fPln fPdx — / fPdx ln/ FPdz < =||IfII% /i In ,
/R R R p Lr(®) (ep/)pfl(ﬂ—‘(l + z%))p ||fHI£p(R)
for any f € WHP(R). In the special case p = 2, we get

9 9 9 9 1 9 2 ||f/H%2(R)
flnf2dx — | fodxIn | fédx < §||f||L2(R) In e 7T
R R R 12(R)

for any function f € H'(R), which is equivalent to Gross’s famous logarithmic Sobolev
inequality for Gaussian measure (see [18]).

3.2. The optimal functions.

Let us discuss about the optimal functions for the sharp Gagliardo-Nirenberg in-
equality (1.1). Suppose that f is an optimizer for the sharp Gagliardo-Nirenberg in-
equality (1.1). We write f as f = f1 — f— where f; = max{f,0} and f_ = max{—f,0}.
Notice that || fl|7. &) = If+[I7-&) + | f~lI7- () for any r € [1,00). An simple argument
based on convexity shows that either fy = 0 or f_ = 0 almost everywhere in R. Hence
up to a multiplicative constant +1, we can assume that f is a nonnegative function.
By the homogeneity of (1.1), we can assume [, f™dxz = 1. Denote F(x) = f™(x) and
Gy) = pP'C™(1 + |y|P")~(mZp=1)=p(a=1))/p(m—a) with the constant C' given

1 ~1 1)—q¢\]"
Cm:[B(p plm ) qﬂ
2 p  pm—q)
and chosen such that fR y)dy = 1. Notice that G is positive and continuous on R.
Define

@(t):‘/_too F(z)dx, and W(t / Gy

Then @ is a non-decreasing and continuous function from R to [0,1] and ¥ is a diffeo-
morphism form R to (0,1). Let a = inf{t : ®(¢) > 0} and b = sup{t : ®(¢) < 1}. Notice
that if @ > —oo then F(x) = 0 almost everywhere in {z < a}, similarly if b < oo then
F(x) = 0 for almost everywhere x > b. Let ¢(t) = U—1(®(t)) with ¢ € (a,b). Notice that
¢ : (a,b) — R is an increasing function. Moreover, for almost everywhere t € (a,b), we
have

F(t) = G(e(t)#' (1) (3.2)
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Let 6, a be defined by (2.5). Using (3.2) and making the change of variable y = ¢(¢), we
have

b b
6 _ 0 / _ 6 7 1-6
[ etan= [ aewyewi= [ Foreo'

Using Holder inequality, we get the following form of (2.3)

1-6

/abF(t)%’(t)l—"dt < (/;F(t)l‘o‘/edtf </abF(t)a/(1_‘9)<p'(t)dt> . (3.3)

Our next aim is to apply integration by parts in the last integral in the right-hand
side of (3.3). We shall follow the argument in [10, Lemma 7]. Let o = min{z € (a,b) :
p(x) = 0}. We have xy € (a,b) and ¢(x¢) = 0. For € > 0, define f(x) = min{ f(zo+(x—
x0)/(1—e€)), f(x)x(e(x—x0))}, where x is cut-off function, i.e., x € C§°((—2,2)) is radial
function, 0 < x < 1, and x(z) = 1 if |x| < 1. For € > 0 small enough, we have the support
of f. is contained in I, = (zo+(1—¢)(a—z0),z0+ (1 —€)(b—z0))N (1o —2 1, 20 +261).
Notice that I. C (a,b). For § > 0 small enough (smaller the distance from 91, to {a,b}),
we define f.5 = fe x ¢5, where ¢5 = 6 1¢(-/d), and ¢ € C§°(R) is radial nonnegative
function such that [, ¢dz = 1. We then have f. 5 € C5°((a,b)). Denote F 5 = f"s and
F. = f" then F, < F. By integration by parts, we have

/ P00 ()t = e | s o) (O, (34

Notice that fc s — fe in L9(R) N L™(R) and f! 5 — f!in LP(R) as § — 0. Let I C (a,b)
be an interval such that I, € I C I C (a,b), then the support of fe,s is contained in I
for § > 0 small enough. Moreover, ¢ is bounded in I. Letting 6 — 0 in (3.4), and using
Fatou’s lemma (notice that ¢’ > 0), we get

b b
1) —
/ Fe(t)o‘/(lfe)go’(t)dt < _W/ fe(t)m(pfl)/pcp(t)(fe)’(t)dt. (3.5)
a b a
It is easy to check that fo — f in L™(R) N LY(R) as € — 0, and [|f/||pr@) = (1 —
6)_1/1)/Hf/HLp(R) is bounded as e — 0. Hence by extracting a subsequence ¢, — 0, we
have f., — fin L™(R) N L9(R) and almost everywhere in R as & — oo, and f/, — f’
weakly in LP(R). Notice that fR G\y|p/dy < 00, which implies ff fm(t)|g0(t)|p/dt < 00.
Since f. < f, hence by dominated convergence theorem we have f!" /p ,go — fm/ p,go in
¥’ (R) as e — 0. Consequently, applying (3.5) for sequence ¢ and letting k¥ — oo and
using again Fatou’s lemma, we have

m+1)—m

/bF<t>a/<”>so'<t>dtsp( - /bf(t)m(”1)/ps0(t)f’(t)dt- (3.6)

Now, applying Hélder’s inequality to (3.6), we get
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/abF<t>1fw’<t>dt< p(m +1) (/f () wdx) g (/R|f’|pdt)’l’
_ (m“ </G |y|p1dy>p (/abf’de);. (3.7)

Combining (3.3) and (3.7), we get

Hf,HLp R)”f”[,q(]R) > 1
||f| L™ (R) CGN(pv q, m) .
Since f is an optimizer then it holds
1ty 1
||f| L™ (R) CGN(pv q, m) .

Consequently, we must have equality in (3.3) and (3.7). Equality holds true in (3.3) if
and only if

(,O/(t) — /\F(t)ka/e(pe) (38)

for almost everywhere ¢ € (a,b) and for some A > 0. Equality holds true in (3.7) if and
only if

o) ()P 72 = pu(—F' () F(t)/m=1/r=1,

for almost everywhere t € (a,b) and for some p > 0. Notice that ¢(z¢) = 0. Combining
the previous two equalities, we get

el = F(t)=mm0/m — p(zg)=(m=0/m -t € (a,b),
for some ¢ > 0, or equivalently,
F(t) = (F(xo) "0/ 4 clp()?) 7"t e (a,h). (3.9)

From (3.2), we get

m

m(2p—1)—p(q—1)

@) = O (1 + ()P )= (Flao) ™ +elp@P) T te (ah).

Since ¢(t) = —00 as t — a* (and @(t) — 0o as t — b), then ¢/(£) ~ |p(t)| T T 0o
ast — a’ (and t — b7). Fix a number ¢y € (a,xq), then

to
[ e pley e n/oen-ags 4 - ),
t

as t — a™*. Consequently, we must have a = —oo if ¢ > p, and a > —oo if ¢ < p. Indeed,
if ¢ > p, we have
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(_<p(t))(q—p)/(p—1)(m—q) if ¢ > p,

) o)) 1) =1 (n—0) g o
| et {me@> it q—p.

as t — a*t, which forces a = —oo since ¢(t) — —oo as t — a™. A similar argument shows
a > —oo if ¢ < p. By the same arguments, we have b = 400 if ¢ > p and b < +o0 if
q < p. To continue, we divide our arguments into two cases according to ¢ > p or q < p.

CASE ¢ > p. In this case we have (a,b) = R and F'(t) > 0 for any ¢. From (3.8)
and (3.9), we have

n —(m(p—1)—p(¢—1))/p(m—q)
¢ (t) (Fao)~=0/m 1 elp()”) = A

Integrating this equality implies

m—q)/m p _ B_l (C|x—x0|,1/p’7(p—q)/p(m—q))
cFlao) " @ = 1= B=Y(Clz = xol; 1/p', (p — @) /p(m — q))

for some C > 0. Inserting this expression of ¢ into (3.9), we get

F(xz) = F(xo) (1 - B! (Cx — Zol; Z%’ %))m/(m—q)’

as desired.

CASE 1 < ¢ < p. In thiscase we have —oo < a < b < co and F(t) > 0 for t € (a,b).
From (3.8) and (3.9), we have

N —(m(p—1)—p(g—1))/p(m—q)
& (t) (F(wo) =m0/ 4 clp()”) )

Integrating this equality implies

cF(2g) =D/ Mp(z)? p—q 1

> , € [xo,b)

1+ cF(xo)m=a/me(z)" p(m—q)" p/

C(b—x):B(l

and

o _F@) @) pog 1)
Cla >BG 1+&W®W”WWW@WWMm—®m>’ € ()

for some C > 0. Taking z = z¢, we get o = (a + b)/2 and

b—a p—q 1>
cl"t_p( P=1_ ).
2 <p(m—q) Y

Hence, it holds
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m—gq / 1
CF (o) 7 (@) = -
B (C(552 = Jo = wol)s 5525 )

p(m—q)’ p

Inserting this expression of ¢ into (3.9), we get

B 1 p—q¢ 1\ -lz—ml)r p-qg 1)\
F@)_F@w<3 <B<Mm—qfﬂ) a ’Mm—qYﬂ>> ’

as desired.
We have thus shown the following result.

THEOREM 3.1. Letp > 1 andm > q > 1. Suppose f is an optimizer for the sharp
Gagliardo—Nirenberg inequality (1.1). Then we have the following:

(i) If ¢ > p, then

_ 1/(m—q)
f(:v)zc(l—B_1 <C|x—x0|;1/,pq>> ,
p - q)

p(m
for somece R, C >0 and x¢ € R.

(ii) If ¢ < p, then

Jlo) = (B B (B (p(]:n__qq) ¥ ) S x0|)+5p<fn__qq)v;)>l/(M)

for some c € R, a >0 and x¢ € R.

Theorem 3.1 was proved in [19] by solving explicitly the solution of the Euler—
Lagrange equations related to the Gagliardo—Nirenberg inequality (1.1) (see also [13,
Appendix B] for the case p = 2). Here, we give another proof of this result via the mass
transportation method. Notice that our proof above of Theorem 3.1 does not use any
decreasing rearrangement argument as done in [19] and in [13, Appendix B]. We only
use the equality case in Holder’s inequality. This is one of the advantages of the mass
transportation method (compared with the variational method) in proving the sharp
functional inequalities and characterizing their optimal functions.
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