(©2020 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 72, No. 4 (2020) pp.1119-1143

doi: 10.2969/jmsj/81788178

Automorphism groups of the holomorphic vertex operator
algebras associated with Niemeier lattices and the —1-isometries

By Hiroki SHIMAKURA

(Received Dec. 5, 2018)
(Revised Apr. 30, 2019)

Abstract. In this article, we determine the automorphism groups of 14
holomorphic vertex operator algebras of central charge 24 obtained by applying
the Zsg-orbifold construction to the Niemeier lattice vertex operator algebras
and lifts of the —1-isometries.

1. Introduction.

Recently, (strongly regular) holomorphic vertex operator algebras (VOAs) of central
charge 24 with non-zero weight one spaces are classified; there exist exactly 70 such VOAs
(up to isomorphism) and they are uniquely determined by the Lie algebra structures on
the weight one spaces. The remaining case is the famous conjecture in [FLMS88]: a
(strongly regular) holomorphic VOA of central charge 24 is isomorphic to the moonshine
VOA if the weight one space is zero.

The determination of the automorphism groups of vertex operator algebras is one
of fundamental problems in VOA theory; it is natural to ask what the automorphism
groups of holomorphic VOAs of central charge 24 are. For example, the automorphism
group of the moonshine VOA is the Monster ([FLMS88]) and those of Niemeier lattice
VOASs were determined in [DN99]. However, the other cases have not been determined
yet.

The purpose of this article is to determine the automorphism group of the holomor-
phic VOA Vﬁ,rb(e) of central charge 24 obtained in [DGM96] by applying the Zs-orbifold
construction to the lattice VOA Vi associated with a Niemeier lattice N and a lift 6 of

the —I-isometry of N. Since Vo™ is isomorphic to some Niemeier lattice VOA for 9
cases and ijrb(e) is the moonshine VOA for the Leech lattice A, we focus on the other

14 cases. Our main theorem is as follows:

THEOREM 1.1.  Let N be a Niemeier lattice whose root sublattice is A%, AS, AS,
A§D4, Ag, A%D%, Ag, AgDG, Eé, A11D7E6, A%Q, A15D9, A17E7 or A24. For the holo-
morphic VOA'V = Vﬁrb(g) of central charge 24, the groups K(V), Outy (V) and Oute(V)

are given as in Table 1.
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Table 1. K(V), Outy (V) and Outy(V) for V = V@,

No. in [Sc93| Q |4 rankV; | K(V) | Outy(V) Outy (V) Section
A2 AP 12 Zs 1 Mo
A$ AlS, 16 73 1 74 :L,2) | 621
12 AS B, 12 Z, 1 Sym,
16 A3D, A3 A% 16 | Z4 x 73 Zs 74 : Symg, 6.2.2
23 Al B, 12 Zs 1 Alty
25 A2D? D3 ,B3, 16 73 1 Sym, x Sym, | 6.2.3
29 Ad B;i2 12 Zs 1 Syms,
31 AZDs D§72A§71 16 73 Zo Sym, x Sym, | 6.2.4
38 E} iy 16 Zs 1 Sym,
39 A1D7Es | DgsB2,Cay | 16 72 1 Sym, 6.2.5
41 A2, B2, 12 Zs 1 Sym,
47 Ay5Dy Ds B3, 16 72 1 Sym, 6.2.6
50 A7 By Do oAz, 16 Zs Zs 1 6.2.7
57 Ay, Biao 12 Zs 1 1

The groups K (V'), Out; (V) and Outz(V) in the theorem above are defined as follows
(see also Section 2.3). Let V be a holomorphic VOA of central charge 24 such that V;
is semisimple. Since the Lie algebra structure of Vi determines the VOA structure of
V', we focus on the action of the automorphism group Aut(V) on Vi; let K(V) be the
subgroup of Aut(V') which acts trivially on V4. Then Aut(V)/K(V) is a subgroup of
Aut(V1). Let Inn(V) be the inner automorphism group of V. Then Inn(V)/(K (V)N
Inn(V)) is isomorphic to the inner automorphism group Inn(V;) of the Lie algebra V7. Let
Out(V) be the quotient group Aut(V)/(K(V)Inn(V)), which is a subgroup of the outer
automorphism group Out(Vy) = Aut(V1)/Inn(V;) of V3. Let Outy (V) be the subgroup
of Out(V') which preserves every simple ideal of V; and set Outy (V) = Out(V)/Outy (V).
Then Aut(V) is described by K(V'), Outy(V), Outy(V) and Inn(V7).

Let us explain how to determine the automorphism group of the holomorphic VOA
V= Vﬁ,rb(e) = V¥ ® Vn(6)z. Since the conformal weight of Vi (8)z is two, we have
Vi= (V)i Let Q = @2:1 Q@; be the decomposition of the root sublattice Q of N into
the orthogonal sum of indecomposable root lattices Q;. Then V; = @E:I(V&)l.

First, we recall (known) automorphisms of V. Clearly the map z which acts on V3
and Vi (0)z by 1 and —1, respectively, is an order 2 automorphism of V. Since V is a Zo-
graded simple current extension of VJ and N is unimodular, the centralizer Cay(v)(2)
in Aut(V) of 2 is a central extension of Aut(Vy) by (z) ([Sh04], [Sh06]). Note that the
group Aut(Vy) is well-studied in [Sh04], [Sh06]. In addition, if N is constructed from a
binary code by the same manner as the Leech lattice, then V' has an extra automorphism
not in Caygvy(2) ([FLMS88]). In fact, they generate Aut(V') (Corollary 6.15).

Next, we determine the group K (V). Since K (V') preserves V5, we have K(V) C
Caut(v)(2), and hence K(V)/(z) C Cau(v)(2)/(z) = Aut(Vy). By the definition of
K(V), K(V)/{z) acts trivially on V; = (V¥);. Hence, the lift of K (V)/(z) in Aut(Vy)
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preserves the Cartan subalgebra C @z N of (Vy)1, and K(V)/(z) ¢ O(N)/(8), where
O(N) is the lift of the isometry group of N in Aut(Vy). Then we can describe K (V)/(z)
by using the explicit action of O(N)/(z) on (V{)1. On the other hand, K (V) contains
inner automorphisms o, = eXp(—Zﬂ\/jlx(o)) associated with vectors x in the coweight
lattice PV of the Lie algebra ;. By using the isomorphism between the VOA VQ': and
the simple affine VOA associated with the Lie algebra (VQJr )1 at some positive integral
level (Proposition 4.3), we prove that K (V') coincides with {0, | x € PV} and determine
the group structure of K (V). In particular, K (V') is a subgroup of Inn(V).

Finally, we determine the groups Out;(V) and Outo(V). If the semisimple Lie
algebra V; has no diagram automorphisms, then Out;(V) = 1. If all ideals (VQ+ )1
of V; are simple, then Outs(V) is obtained from the automorphism group of the glue
code N/Q, which is described in [CS99]. Then 7 cases are done. For the remaining 7
cases, we consider the set Cy consisting of (isomorphism classes of) simple current (V;)-
submodules of VJO, where No = N N (Q/2); this set Cl, called “Glue” in [Sc93], has a
group structure under the fusion product. We prove that Aut(V') preserves V]\‘Ej , which
shows that Out(V') C Aut(Cy). By the description of the glue code N/Q in [CS99], we
obtain a generator of Cy and determine Aut(Cy). Considering the explicit actions of
(known) automorphisms of V' on Cy, we prove that Out(V) = Aut(Cy) and determine
the group structure of Out; (V) and Outy (V).

The organization of this article is as follows: In Section 2, we review basic facts about
integral lattices and VOAs. In Section 3, we briefly review lattice VOAs Vi, subVOAs
VL+ and simple affine VOAs. In Section 4, we prove that the VOA Vg associated with
indecomposable root lattice R is a simple affine VOA at some positive integral level
if R 2 A;. We also study automorphisms and irreducible modules for Vg via the

isomorphism. In Section 5, we determine Aut(VErb(a)) under some assumptions on even
unimodular lattices L. In Section 6, we prove Theorem 1.1, the main theorem of this

article.

ACKNOWLEDGMENTS. Part of this work was done while the author was staying at
Institute of Mathematics, Academia Sinica, Taiwan in August, 2018. He is grateful to
the institute. He also would like to thank Ching Hung Lam for helpful comments and
the referee for useful suggestions.

2. Preliminary.
In this section, we review basics about integral lattices and VOAs.

2.1. Lattices.

Let (+]-) be a positive-definite symmetric bilinear form on R". A subset L of R" is
called a (positive-definite) lattice of rank r if L has a basis e1, e, ..., e, of R" satisfying
L =@,_, Ze;. Let L* denote the dual lattice of a lattice L of rank r, that is, L* = {v €
R" | (v|L) C Z}. For v € R™, we call (v|v) the (squared) norm of v. A lattice L is said to
be even if the norm of any vector in L is even, and is said to be unimodular if L = L*. A
lattice is (orthogonally) indecomposable if it cannot be written as an orthogonal sum of
proper sublattices. It is known that any lattice can be uniquely written as the orthogonal
sum of indecomposable sublattices. A group automorphism g of a lattice L is called an
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isometry of L if (g(v)|g(w)) = (v|w) for all v,w € L; let O(L) denote the isometry group
of L.

Let L be an even lattice. Then the set of norm 2 vectors of L forms a root system.
Let @ be the sublattice of L generated by norm 2 vectors of L; this sublattice is often
called the root sublattice of L. We call L a root lattice if L = Q. Tt is known (e.g.,
[Hu72]) that the root system of an indecomposable root lattice is of type A, (¢ > 1),
D,, (m>4) or E, (n=6,7,8). We often denote the root lattice by the type of its root
system.

Even unimodular lattices of rank 24, called Niemeier lattices, are classified by
Niemeier as follows:

THEOREM 2.1 ([Ni73]).  Up to isometry, there exist precisely 24 Niemeier lattices.
FEach lattice is uniquely determined by its root sublattice; the possible root sublattices are
the following:

A3, AL?, A§7 AS, AiDy, DS, A}, AZDZ, A} A%Dg, DE, FEi,
AnD7Eg, A3y, DS, Ai5Do, A17E;, DioE2, D},, Ass, DigEs, E3,  Da4, 0.

Let us recall the automorphism groups of Niemeier lattices from [CS99, Chapter 16].
Let N be a Niemeier lattice with the root sublattice @ # 0. Let W (Q) be the Weyl group,
the normal subgroup of O(N) generated by the reflections associated with roots in Q. Let
Q= @le Q; be the orthogonal sum of indecomposable root lattices and let H(Q) be the
subgroup of O(Q) generated by diagram automorphisms of @; and possible permutations
on{Q;|1<i<t} Set HN)=H(Q)NO(N). Then O(N) is a split extension of H(N)
by W(Q). Let G1(N) be the subgroup of H(N) that preserves every indecomposable
component Q; and set Go(N) = H(N)/G1(N). Then Go(N) acts on {Q; | 1 <i <t} as
a permutation group.

The following lemma follows immediately from the fact that the Weyl group of an
indecomposable root lattice contains the —1-isometry if and only if the root lattice is Ay,
Dgn (n 2 2), E7 or Eg.

LEMMA 2.2.  Assume that @ # 0. Then the —1-isometry of N does not belong to
W(Q) Zf and only ’LfQ 18 A%2, Ag, Ag, A§D4, Aé, A%Dg, Ag, ASDG; Eé} A11D7E6, A%z,
A15Dyg, A17E7 or Aag.

REMARK 2.3. Assume that @ is one in Lemma 2.2, that is, —1 ¢ W(Q). Then
G1(N) = Zy ([CS99, Table 16.1]). Hence {g € O(N) | g ==%1 on Q;, 1 <Vi <t}/(—1)
is isomorphic to Zy if Q is A2Dy, A3Dg or Ay7E7; it is equal to 1 otherwise.

We summarize the groups Ga(N) for the 14 Niemeier lattices in Lemma 2.2 from
[CS99, Chapter 16].

REMARK 2.4. 1In Table 2, we denote by A : B a split extension of a group B by a
group A. We also denote by L,,(2) and M;5 the (projective special) linear group on F%
and the Mathieu group of degree 12, respectively.



Automorphism groups of the holomorphic vertex operator algebras 1123

Table 2. Groups G2(N).

o [aF [ a5 | Ay ] ai [a0r] Al

Go(N) | Mis | Z3: L3(2) Sym;g Sym, | Alty | Sym3 | Sym,
Q | A3Ds Eg AnD7Es | Afy | AisDy | A17E7 | Agg

Go(N) | Sym, Sym, 1 Sym, 1 1 1

2.2. Vertex operator algebras.
A wvertex operator algebra (VOA) (V,Y,1,w) is a Z-graded vector space V =
D,cz Vim over the complex field C equipped with a linear map

Za(l “l e (End V)[[z,27Y]], a€V,

€L

the vacuum vector 1 € Vi and the conformal vector w € V5 satisfying certain axioms
([Bo86], [FLMS8S8]). The operators L(m) = wW(y,+1), m € Z, satisfy the Virasoro relation:

[L(m), L(n)] = (m —n)L(m +n) + %(md — M)0m—noc idy,

where ¢ € C is called the central charge of V.. A vertex operator subalgebra (or a subVOA)
is a graded subspace of V' which has a structure of a VOA such that the operations and
its grading agree with the restriction of those of V' and they share the vacuum vector. A
subVOA is said to be full if it has the same conformal vector as V.

For a VOA V, a V-module (M,Yy) is a C-graded vector space M = €
equipped with a linear map

m E(C

Za ~i=l ¢ (Bnd M)[[z,27Y], ae€V

satisfying a number of conditions ([FHL93], [DLMO00]). We often denote it by M. If
M is irreducible, then there exists w € C such that M = ®mez>0 Myt and M, # 0;
the number w is called the conformal weight of M. Let Irr(V) denote the set of all
isomorphism classes of irreducible V-modules. We often identify an element in Irr(V')
with its representative.

A VOA is said to be rational if its admissible module category is semisimple. (See
[DLMOO] for the definition of admissible modules.) A rational VOA is said to be holo-
morphic if it itself is the only irreducible module up to isomorphism. A VOA V is said
to be of CFT-type if Vj = C1 (note that V,, = 0 for all n < 0 if Vj = C1), and is said
to be Cs-cofinite if the codimension in V' of the subspace spanned by the vectors of the
form u(_gyv, u,v € V, is finite. A module is said to be self-dual if it is isomorphic to its
contragredient module ([FHL93]). A VOA is said to be strongly regular if it is rational,
Cy-cofinite, self-dual and of CFT-type. Note that a strongly regular VOA is simple.

Let V be a VOA of CFT-type. Then, the weight one space V; has a Lie algebra
structure via the O-th product. Moreover, the operators v(,,), v € V1, m € Z, define an
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affine representation of the Lie algebra V; on V. For a simple Lie subalgebra s of Vi, the
level of s is defined to be the scalar by which the canonical central element acts on V' (as
the affine representation); when the type of s is X,, and the level of s is k, we denote the
type of s (with level) by X, .

PROPOSITION 2.5 ([DMO06, Theorem 1.1, Corollary 4.3]). Let V be a strongly
reqular VOA. Then Vi is reductive. Let s be a simple Lie subalgebra of V1. Then V is
an integrable module for the affine representation of s, and the subVOA generated by s
is isomorphic to the simple affine VOA associated with s at some positive integral level.

Assume that V is strongly regular. Then the fusion products X are defined on
irreducible V-modules ([HL95]). An irreducible V-module M* is called a simple current
module if for any irreducible V-module M?2, the fusion product M' X M? is also an
irreducible V-module.

2.3. Automorphisms of vertex operator algebras.
Let V be a VOA. A linear automorphism g of V' is called a (VOA) automorphism
of V if

gw=w and gY(v,2) =Y (gv,2)g forall veV.

Let us denote the group of all automorphisms of V' by Aut(V). Note that Aut(V)
preserves V,, for every n € Z.

Assume that V' is of CFT-type. Then for v € Vi, exp(v(g)) is an automorphism
of V4, which is called an inner automorphism. Let Inn(V') denote the normal subgroup
generated by inner automorphisms of V. When v(g) is semisimple on V, we set

oy = exp(—2mv/—1v(g)) € Inn(V).

We further assume that the Lie algebra V; is semisimple; V3 = @le g, where g;
are simple ideals. Let

w1 Aut(V) — Aut(1)
be the restriction map and let
w2 : Aut(V1) — Out(Vy) = Aut(Vy)/Inn(V1)

be the canonical map, where Inn(V;) and Out(V;) are the inner and the outer automor-
phism groups of the Lie algebra V7, respectively. Set

K(V):=Kery; C Aut(V), Out(V) :=Im(pz 0 1) C Out(Vy). (2.1)
Note that 1 (Inn(V)) = Inn(V;). Set

Outy (V) := {g € Out(V) [ g(gi) = gi, 1 <Vi < s},
Outz (V) := Out(V)/Outy (V).

Then Outy (V) acts faithfully on {g; | 1 <14 < s} as a permutation group.
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2.4. Action of automorphisms on modules.
Let V bea VOA and g € Aut(V). Let M = (M, Yy) be a V-module. The V-module
M o g is defined as follows:

Mog= M as a vector space;

Yrrog(a,z) = Yar(ga,z) for any a € V.
The following lemma is immediate.
LEMMA 2.6. Let M, M, M? be V-modules and let g € Aut(V).
(1) If M is irreducible, then so is M o g.
(2) If M' and M? are isomorphic, then so are M* o g and M? o g.
(3) If M is a simple current module, then so is M o g.

By the lemma above, g € Aut(V) acts on Irr(V) by W — W o g. Note that this
action preserves the fusion products and that if g € Inn(V') then Wo g = W for all
W e Irr(V).

LEMMA 2.7. Let V be a VOA and U a rational full subVOA. Let V =
Dweree) V(W) be the isotypic decomposition, where V(W) is the sum of all irreducible
U-submodules of V' that belongs to W. Let g € Aut(V') such that g(U) = U. Then for
W e Irr(U), we have g(V(W)) =V (Wog™1).

PROOF. Let M be an irreducible U-submodule of V. Then

gY]V[(’U,Z)’LU = Yg(M)(gv,z)g(w) = Yg(M)og(/Ua Z)g(UJ),

and g is a U-module isomorphism from M to g(M) o g. Hence M o g~! is isomorphic

to g(M) as U-modules, and g(V(W)) C V(W o g~1) for W € Irr(U). Replacing W by
W o g and g by g—', we obtain the opposite inclusion. O

3. Lattice VOAs Vi, subVOAs VL+ and simple affine VOAs.

In this section, we review properties of lattice VOAs V,, subVOAs VL+ and simple
affine VOAs.

3.1. Lattice VOAs.

Let L be an even lattice of rank r and let (:|-) be a positive-definite symmetric
bilinear form on R ®7z L = R". The lattice VOA Vp, associated with L is defined to be
M(1)®cC{L} ([FLM88]). Here M (1) is the Heisenberg VOA associated with h = C®zL
and the form (:|-) extended C-bilinearly, and C{L} = @, Ce® is the twisted group
algebra with the commutator relation e®e? = (—1)(®1®efe (, 3 € L). Tt is well-known
that the lattice VOA V7, is strongly regular, and its central charge is equal to r, the rank
of L.

Let L be the central extension of L by (—1) = Zy associated with the commutator
relation above. Let Aut(f,) be the set of all group automorphisms of L. For g € Aut([A/),
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we define the element g € Aut(L) by g(e®) € {£e9(®}, a € L. Set
O(L) = {g € Aut(L) | g € O(L)}.
We often identify Hom(L, Zs) with {f, | w € L*/2L*}, where
fu: L= {£1}2Zy, fu(a)=(—1)0, (3.1)

Note that Hom(L, Zy) = Zj. For f, € Hom(L,Zs), the map L — L, e* — f,(a)e® is an
element of O(L); we view Hom(L, Zs) as a subgroup of O(L). It was proved in [FLMS8S,
Proposition 5.4.1] that the following sequence is exact:

1 — Hom(L, Zy)—O(L)—O(L) — 1. (3.2)
We view O(L) as a subgroup of Aut(Vy) by the following way: for g € O(L),
ai(=m) - am(—nm) ® ¢’ = glar)(=m) - glam) (~nm) @ g(e”)

is an automorphism of Vi, where nq,...,n, € Zsg and aq,...,a,,8 € L. We often
identify h with h(—1)1 via h + h(—1)1. Then f, = 0,2 for u € L*; for the definition
of y,/2, see Section 2.3. Hence Hom(L,Zy) C Inn(Vy). It was proved in [DN99, Theo-
rem 2.1] that Aut(Vy) is generated by the normal subgroup Inn(Vy) and the subgroup
O(L).

3.2. VOAs V;.

Let Vi, be the lattice VOA associated with an even lattice L. Let 6 be an element in
O(L) such that § = —1 € O(L). Note that the order of 6 is 2 and that 6 is unique up to
conjugation by elements in Aut(Vz) ([DGH98, Appendix D]). Let V;" denote the fixed-
point subspace of 6. Then V;" is a full subVOA and it is strongly regular ((ABDO04],
[DJL12]). The irreducible V;"-modules were classified in [ADO04] as follows:

THEOREM 3.1 ([ADO04, Theorem 7.7]).  Any irreducible V;"-module is isomorphic
to VHﬁL (welL*n (L(2)), Voer (v € I:* \ (L/2)) or VLTX’i, where T is an irreducible
module for the group L/{a"'0(a) | a € L} with central character x.

For simplicity, we use the following notations for elements of Irr(VL+ ):
* * =
VELewE (ne L’ n(L/2), Viqr € ) (ve L™\ (L/2), V,¥F e()* (33)

The irreducible V; -modules Vlﬁ . and V41 (resp. VLTXai) are said to be of untwisted
type (resp. of twisted type). Note that (v) = (—v) for v € L*\ (L/2). The following
lemma is straightforward.

LEMMA 3.2. Let L be an even lattice and @Q its sublattice. Assume that L and
Q have the same rank. Let QQ = @le Q; be the orthogonal sum of indecomposable
sublattices. Then for any irreducible VL+ -module of untwisted (resp. twisted) type, any
irreducible ®§:1 Vé: -submodule is isomorphic to the tensor product of irreducible Vé‘i—
modules of untwisted (resp. twisted) type.
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By the fusion rules of Irr(V;") determined in [ADLO5], we obtain the following:

PROPOSITION 3.3.  Let M be an irreducible V;—module of untwisted type. Then M
is a simple current module if and only if M € (u)¢ for some p € L*N(L/2) and e € {£}.

Since 6 is a central element of O(L) and {g € O(L) | g = id on V;'} = (0) = Z,
we have O(L)/(8) ¢ Aut(V;"). By (3.2), we obtain the following exact sequence:

1 — Hom(L, Zs)—O(L)/(0)—O(L)/{(—1) — 1. (3.4)

The actions of O(L)/(0) on the subsets {(u)* | p € L* N (L/2)} and {(v) | v € L* \
(L/2)} of Irr(V;) are described in [Sh06, Lemma 1.7] (cf. [Sh04, Proposition 2.9]). In
particular, we have the following:

LEMMA 3.4. Forue L* and p€ L* N (L/2),

(W* if (plu) € Z,

(/J')i © fu = 1
(W) if (ulu) € 5 +2.

Now, we consider Aut(Vér ) for a root lattice Q.
LEMMA 3.5.  For a root lattice Q, the following are equivalent;

there exist € lrr of untwisted type and g € Aut such that 0g 1S 0
1) th st W el VQ+ f isted d A Vg h that W is of
twisted type;

(2) Q= A7, Ds, Eg or D,, ® D,, (n > 2), where Dy = A1 ® Ay and D3 = As.

PROOF. Let @ be aroot lattice. We note that (1) holds if @ = Eg since VJ;FS = Vb,
(cf. [Sh06, Section 3.1]); we assume that Q % Es.

The assertion (1) holds if and only if @ is obtained by Construction B from a doubly
even binary code C' ([Sh04, Proposition 3.10], [Sh06, Lemma 1.11, Corollary 4.4]).
Since @ is generated by norm 2 vectors, C' is also generated by weight 4 codewords and
it is indecomposable. Such a doubly even binary code is equivalent to ds, (n > 2),
the Hamming code of length 7 or the extended Hamming code of length 8 ([PS75,
Theorem 6.5]); in fact, these binary codes provide the root lattices D, & D,, (n > 2), A,
and Dg by Construction B, respectively. O

REMARK 3.6. If Q is A7, Dg or D,, ® D, (n > 2), then V;j" has an extra automor-
phism of order 2 as in [FLMS88, Chapter 11] that sends some irreducible Vé" -module of
untwisted type to one of twisted type ([Sh06, Proposition 4.2]).

The case where L is unimodular was studied in [Sh06].

LEMMA 3.7 ([Sh06, Proposition 7.3]). Let L be an even unimodular lattice whose
rank is at least 16. Then Aut(V;") = Cauv,)(0)/(0) = (Cran(vy ) (0)O(L))/(0).
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3.3. Simple affine VOAs associated with simple Lie algebras.

Let g be a simple Lie algebra. Let h be a (fixed) Cartan subalgebra of g and let (+|-)
be the Killing form on g. We identify the dual h* with b via (:|-) and normalize the form
so that (a|a) = 2 for any long root « € b.

Let k be a positive integer and let Ly (k, 0) be the simple affine VOA associated with
g at level k ([FZ92]). When the type of g is X,,, it is also denoted by Lx, (k,0). Fix a
set of simple roots of g. A dominant integral weight A € h of g has level k if (A|5) < k for
the highest root § of g. Then Irr(Lgy(k,0)) = {Ly(k,A)}, where A ranges over dominant
integral weights of level k ([FZ92]).

Let Inn(g) be the inner automorphism group of g and I'(g) the Dynkin diagram
automorphism group of g. Then Aut(g) = Inn(g) : I'(g) ([Hu72, Section 16.5]). Note
that Aut(Lg(k,0)) = Aut(g). The following lemma is immediate:

LEMMA 3.8. Let g € Aut(Lgy(k,0)) and A a dominant integral weight of level k.
(1) If g is inner, then Ly(k,A) o g = Lg(k, A).

(2) If g is a Dynkin diagram automorphism, then Lg(k,A) o g = Ly(k,g ' (A)).

4. VOAs Vg associated with indecomposable root lattices R.

Let R be an indecomposable root lattice such that R % A;. In this section, we
prove that Vg is isomorphic to the simple affine VOA associated with the semisimple
Lie algebra (VR+ )1 at some positive integral level. In addition, we study its irreducible
modules and automorphisms by using the isomorphism.

4.1. Isomorphism between Vg and the simple affine VOA.

In this subsection, for an indecomposable root lattice R 2% A;, we prove that VIEL is
generated by the weight one subspace and we describe the type and level of Vﬁ' as an
affine VOA.

LEMMA 4.1. Let R be an indecomposable root lattice such that R % A;. Then VR+
is generated by the weight one subspace as a VOA.

PRrROOF. Let @ be the set of all norm 2 vectors of R. Then ® is a root system;
let A be a set of simple roots of ®. Let U be the subVOA of VI generated by (V;);.
Let o € ® and set 2% = e + 0(e®) € (V4 )1 C U. Then Txt = Aa(—1)%1 for some
non-zero \ € C, and hence a(—1)?1 € U.

Let 8,7 € A. Since ® is indecomposable, there exist unique 5y = 5, 61,...,08n =
v € A such that (8;8;) = —01,i—j + 20;; for 0 < 4,5 < n. We will prove that
B(—=1)y(—1)1 € U by induction on n. If n = 0, then the assertion has already been
proved. Assume that the assertion holds if n < ¢ — 1, and consider the case n = £. By
the assumption on S;, we have Zf:o B; € ®. Hence

l 0
(Z Bz‘) (1) <Z 5i) (—DL= > Bi(-1)B(-D1eT.

0<i,5<t
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By the inductive hypothesis, 8;(—1)3;(=1)1 € U if |i—j| < £—1. Hence f(—1)y(-1)1 =
Bo(—1)Be(—1)1 € U, the assertion holds if n = £.
Thus, we have

{z%, B(-1)v(-1)1 |ae®, 5,y A} CU. (4.1)

Since the rank of R is at least 2, we can apply a similar argument as in the proof of
[FLMS88, Proposition 12.2.6] to our case, and we see that the set (4.1) generates Vj .
Hence U = Vg . O

REMARK 4.2. It follows from [DG98, Section 3] that V:l is isomorphic to Va4, .

Hence le is not generated by (le)l as a VOA. Indeed, (V54,)1 generates the proper
subVOA M(1).

PROPOSITION 4.3.  Let R be an indecomposable root lattice such that R 2 Ay. Then
Vg is isomorphic to the simple affine VOA associated with the semisimple Lie algebra
(Vi) at level kg, where the type of (Vi )1 and kg are given as in Table 3; note that we
regard Dy and D3 as A? and As, respectively.

PrROOF. Recall that the type of the Lie algebra (V)1 and that of the root system of
R are the same. By [He01, Section 5, Table II], the Lie algebra structure of (Vg )1 is given
as in Table 3. In particular, it is semisimple. We have mentioned in Section 3.2 that VI%"
is strongly regular. Hence this proposition follows from Proposition 2.5 and Lemma 4.1.
Note that the level kg is also given as in Table 3 (see [Ka90, Corollary 12.8]). O

Table 3. Lie algebra structure of (V)1 and level kg.

’ R ‘ (Vi ‘ kr ‘

Ay Aq 4

Agy (n>2) B, | 2
Agpoq (n>2) D,, 2
Dy, (n > 2) D? 1
Dopi1 (n>2)| B2 1
Eg Cy 1

E; Ay 1

Fxg Dg 1

In Appendix A, we describe the correspondences between Irr(V ) and Irr(Lg(kg, 0)),
where g = (V§)1.

Recall that Aut(Lg(kgr,0)) = Aut(g) and that the outer automorphism group
Out(g) = Aut(g)/Inn(g) of the semisimple Lie algebra g is isomorphic to the semidi-
rect product of the diagram automorphism group of g and the direct product of the
symmetric groups on isomorphic simple ideals.
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In Table 4, a set of generators in Aut(V;}) of Out(g) is given; we omit the excep-
tional case R = Eg (cf. [Sh06, Corollary 4.4]). Here, \; are fundamental weights of R,
fu is an element in Hom(R,Zs) (see (3.1)), ' is a set of lifts in O(R) of the Dynkin
diagram automorphisms of R and o is an extra automorphism of Vg (cf. Remark 3.6).
We adopt the labeling of simple roots as in [Hu72, Section 11.4]. This table can be
verified by direct computation; indeed, the action of O(R) on Irr(V7) is described in
[Sh06, Lemma 1.7] (cf. [Sh04, Proposition 2.9]). On the other hand, the action of
Aut(Lg(kg,0))(= Aut(g)) on Irr(Ly(kg,0)) is determined by the action of Out(g) on the
highest weight irreducible g-modules (see Lemma 3.8). By using the correspondences
between Irr(V,)) and Irr(Lg(kg,0)) in Appendix A, one obtain this table.

Table 4. Generators of Out(g) as automorphisms of V5 .

R ‘ g=(Vih ‘ Out(g) ‘ generators in Aut(V;}) of Out(g) ‘
Ag, Az, (n>2), Eg | A1, Bp, Cy 1
A3 A? Sym, Y
Az Dy Symyg a0
Asp—1 (n=3, n>5) D, Zs n
Dy A} Symy, Py b, T
Dy, (n=3, n>5) D? Z 1 Sym, Fars Fronots r
Dy Dj Symg ! Symy, P b Iho
Dapy1 (n>2) B2 Sym, I
E7 Az L Y

4.2. Automorphism group of (Vg‘)‘g’t.
In this subsection, we study the action of Aut((Vz)®?) on Irr((Vy)®?).

LEMMA 4.4. Let R be an indecomposable root lattice such that R ¢ Ay. Let t be
a positive integer and let s be a simple ideal of (V3 )1. Then Aut((Vy)®?) is the wreath
product of Aut(s) and the symmetric group on the simple ideals of (Vi )1;

Aut(s)Sym, if R= A, (n+#3), Es, Er or Es,
Aut((V3)®") = ¢ Aut(s) 1Sym,, if R= Az or D, (n>5),
Aut(s)1Symy,, if R Dy.
PROOF. By Proposition 4.3, along with Table 3, (V;)®! is the tensor product

of some copies of Lg(kg,0). By the facts Aut(Ls(kg,0)) = Aut(s) and Aut(s®") =
Aut(s) 1 Sym,, we obtain this lemma. O

Let Irr(Vj )o denote the subset of Irr(V,]) consisting of isomorphism classes of un-
twisted type.
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LEMMA 4.5. Let R be an indecomposable root lattice such that R % Ai. Then
Aut((V)®2) does not preserve {M* @ M? | M € Trr(V )o} C Irr(V)®2) if and only
if R= As, A7, D,, (n>4) or Eg.

PROOF. Assume that R & A, (n # 3,7), Eg or E7. By Lemma 3.5, Aut(Vy)
preserves Irr(V )o. By Lemma 4.4, Aut((V7)®?) also does { M@ M? | M* € Trr(V )o}-

Assume that R = Ay, Dg or Es. By Lemma 3.5, Aut(V7) does not preserve
Irr(VA )o. Hence Aut((V4)®?) also does not preserve {M* @ M? | M" € Irr(Vy )o}-

Assume that R = As or D,, (n > 4, n # 8). By Lemma 4.4 and Tables 8, 13 and
14 in Appendix A, any element in Aut((V7)®?) \ (Aut(V;) 1 Sym,) does not preserve
(M@ M2 | M? € Tre(Vid o - O

LEMMA 4.6. Let Q; (1 <i <t) be an indecomposable root lattice such that QQ; %
A1, Es. Then, there exist g € Aut(®§:1(v&)) and M € Irr(V&)o (1 < i < t) such
that (Q'_, M) og=Q'_, J" and J' ¢ Irr(Vé:,)o for all i if and only if @'_, Qi is an
orthogonal sum of copies of A3, D2 (n >4,n #8), Ay, Ds.

Proor. By Lemmas 3.5 and 4.5, the former assertion follows from the latter
assertion.

Conversely, we assume the former assertion. Let {1,...,t} = U,cp s be the par-
tition such that @; = @Q; if and only if 4,5 € I, for some b € B, where B is an
index set. By Table 3, simple ideals s; and so of (®f:1(V51, ))1 are isomorphic and
have the same level if and only if s1,55 C (®ielb(vc§:))1 for some b € B. Hence
Aut(®§:1(V5i)) = lpen Aut(®ielb(VQ+i)). Thus it is enough to consider the case where
Q; = Q; for all 4,j. By Lemmas 3.5 and 4.4, Q); is neither A,, (n # 3,7), Eg nor Er.

Assume that Q; = Ds, (n >3, n # 4) (resp. Az, Dy and Do, 41 (n > 2)). Let s be
a simple ideal of (VQ—:)l' Then the type of s is D,, (resp. A1, A; and B,,). It follows from
Table 13 (resp. Tables 8, 11 and 14) and the assumptions on M? and J? that M® and J*
have even and odd tensor factors isomorphic to one of {[A,_1], [An]} (resp. {[A1]}, {[A1]}
and {[A,]}) as the irreducible L4(kg,,0)-modules, respectively. Since Aut(s) preserves
the set {[An_1], [An]} (resp. {[A1]}, {[A1]} and {[A,]}), ®!_, J% has even tensor factors
isomorphic to one of {[A,_1], [An]} (vesp. {[A1]}, {[A1]} and {[A,]}). Hence ¢t must be
even and we have proved this lemma. O

REMARK 4.7. By Table 3, both (Vbj;)l and (ng)l have a simple ideal of type
Dg 1. In order to avoid this case, we assume (); 2 Eg in Lemma 4.6, which is enough for
our purpose.

5. Automorphism group of the holomorphic VOA Vfrb(e).

Let L be an even unimodular lattice. Let V, be the lattice VOA associated with L
and let 6 be an element of O(L) such that § = —1 € O(L). Let V7 (6) be the irreducible
f-twisted Vi-module ([FLMS88]). Let V;" be the fixed-point subspace of 6 and V,(6)z
the subspace of Vi, (0) with integral conformal weights. Then VL+ is a full subVOA of Vp,
and Vi, (0)z is an irreducible V;"-module. Moreover, the V; -module
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v Vgrb(e) =V e VL(0)z

has a VOA structure as a Zs-graded simple current extension of V% ([FLMS88],
[DGM96], [EMS20]). Note that V is strongly regular and holomorphic. Let z be the au-
tomorphism of V which acts as 1 and —1 on V;" and V7,()z, respectively. Let C Aut(v) (2)
be the centralizer of z in Aut(V). Then Caw(2z) = {g € Aut(V) | g(V;") = V' }.
Hence Cau(vy(2)/(z) C Aut(V;").

Let @ be the root sublattice of L and let () = @Z:l Q; be the orthogonal sum
of indecomposable root lattices Q;. Note that Q; is Ay (¢ > 1), D, (m > 4) or E,
(n =6,7,8). Now, we consider the following conditions:

(I) the rank of @ and L are the same, and it is at least 24;
(I1) Q; 2 A; for all 4;

(III) Q; % Es for all i and Q is not an orthogonal sum of copies of A3, D2 (n > 4,
n # 8), A7 and Dsg.

LemMA 5.1, (1) If (I) holds, then Vi = @;_ (Vg )1 and Cau)(2)/(z) =
Aut(V;h).

(2) If (1) and (1) hold, then the subVOA (Vi) generated by Vi is isomorphic to @:_, VQ+
(3) If (), (II) and (II1) hold, then for any g € Aut(V'), we have g(V;") =V, .

PrROOF.  Assume (I). Then the conformal weight of Vi (0)z is at least 2. Hence (1)
follows from Vi = (V;F); = (VQ+)1 = @le(vgi)l. The assumption (I) also implies that
the conformal weights of non-isomorphic irreducible VL+ -modules are different. Hence any
automorphism g of VLJr satisfies VI, (8)z0g = V1,(0)z. Since V is a simple current extension
of V", g lifts to an element in Caut(v)(2) ([Sh04, Theorem 3.3]). Thus Cay(vy(2)/(2) =
Aut(V;h).

In addition, we assume (IT). Then (2) follows form (1) and Proposition 4.3.

We further assume (III). By (2), (V1) is full and strongly regular. Hence V is the
direct sum of finitely many irreducible (V;)-submodules. Let M be an irreducible (V;)-
submodule of VL+ . By Lemma 3.2, M is the tensor product of irreducible Vcsri -modules of
untwisted type. By Lemma 2.7 g(M) is isomorphic to Mogi‘l,1> as (V1)-modules. By the
assumption (III) and Lemma 4.6, g(M) contains at least one irreducible Vgi -module of
untwisted type as a tensor factor. Clearly, g(M) is an irreducible (V;)-submodule of V;
or Vi, (6)z. By Lemma 3.2 again, we obtain g(M) C V;", and hence g(V;") = V; . O

By Lemma 5.1, we obtain the following:

THEOREM 5.2.  Let L be an even unimodular lattice satisfying (I), (I1) and (III).
Let V= V™9 Then Aut(V) = Cawyvy(2) and Aut(V)/(z) = Aut(V;).
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6. Automorphism groups of V;\)er(e) for Niemeier lattices.

Let N be a Niemeier lattice and let @ be its root sublattice. Let V = V;\)[rb(g) be
the holomorphic VOA given in the previous section. If Q = 0, then N is isometric to the
Leech lattice and V' is isomorphic to the moonshine VOA whose automorphism group is
the Monster ([FLM88]); hence we assume @) # 0. We also assume that the —1-isometry
of N does not belong to the Weyl group of Q; otherwise, 6 is inner, and V is isomorphic to
a Niemeier lattice VOA (cf. [DGM96]). Then Q is one of 14 root lattices in Lemma 2.2,
and (I) and (II) in the previous section hold. In this section, we determine the groups
K(V), Outy (V) and Outy(V'), which proves Theorem 1.1 in Introduction.

REMARK 6.1. If @ is neither A§ nor D2AZ2, then Q also satisfies the assumption
(III) in Section 5, and by Theorem 5.2, Aut(V) = Caue(v)(2). If Q is A§ or D2A2, then
N is constructed from the doubly even self-dual binary code dg or dige? of length 24 by
the same manner as the Leech lattice, respectively (see [DGM96, Figure 3]); V has an
extra automorphism not in Caye(v)(2) (cf. [FLM88, Chapter 11}), and Aut(V') is greater
than Ca vy (2).

REMARK 6.2. For a Niemeier lattice N with the root sublattice @Q # 0, the
groups K(Vy) and Out(Vy) for the lattice VOA Vy are determined by the follow-
ing way. Since ((Vn)1) = Vi and Vi is a simple current extension of Vg graded by
N/Q, we see that K(Vy) =2 (N/Q)* = N/Q and K(Vy) C Inn(Vy). By [DN99],
Out(Vy) = Aut(Vy)/Inn(Vy) = O(N)/W(Q), which is the automorphism group of the
glue code N/Q ([CS99, Chapter 16]).

6.1. The subgroup K(V).

In this subsection, we determine K (V'), the subgroup of Aut(V') which acts trivially
on Vi. It follows from V4 C V¥ that K (V) contains the automorphism z of V defined in
Section 5. Let Q = @’;:1 Q@; be the orthogonal sum of indecomposable root lattices.

LEMMA 6.3. (1) K(V)/(z) C O(N)/{6);
(2) (K(V)/(2)) NHom(N, Zy) = {fu | u € (N N2Q")/2N};
3) K(V)/{z) ={f € ON) | f==£1 on Q;, 1 <Vi <t}/(—1), where ™ is the map

O(N)/(0) = O(N)/{(—1) in the exact sequence (3.4).

ProoF. Let g € K(V). Since g acts trivially on Vi, for any irreducible (V;)-
submodule M of V, we have M o g =2 M. It follows from Lemma 5.1 (2) that (V) =
R, VJ By Lemma 3.2, we have g(Vy) = V3 and g(Vn(0)z) = Vn(0)z. Hence
g € Caue(v)(2). Let go denote the restriction of g to V. Since the four (non-isomorphic)
irreducible V]j,' -modules have different conformal weights, we have V o go = V. Note
that Viy = V]Q" @ Vy is a Zs-graded simple current extension of Vlj,' . Hence, there exists a
lift § € Caug(vy)(0) of go by [Sh04, Theorem 3.3]. Since any irreducible (V;)-submodule
of Vg is a simple current module, its multiplicity is one, and § acts by a scalar on it. In
particular § preserves the Cartan subalgebra b of (V)1. Recall from [DN99, Section 2.4]
that the stabilizer of b in Caye(vy)(0) is O(N). Hence, § € O(N), and gy € O(N)/(6).
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Since {h € Aut(V) | h = id on Vy} = (2), we have K(V)/(z) € O(N)/{(f), which
proves (1).

The assertion (1) shows that K (V)/(z) = {h € O(N)/(8) | h =id on (V;)1}. The
assertion (2) follows from V; = 69::1(‘/51-)1 and the explicit action of Hom(N,Zs3) in
(3.1).

Set F ={f€O(N)|f==x1on Q; 1<Vi<t}/(-1). Clearly K(V)/(z) C F.
By Remark 2.3, if Q is A2D,, A2Dg or Aj7E7, then F 2 Zy and K(V)/(z) contains a
lift of the —1-isometry of the root lattice Dy, Dg or Er, respectively, and K (V') /(z) = F}
otherwise F' = 1. Thus (3) holds. O

PROPOSITION 6.4. Let PV be the coweight lattice of the Lie algebra g = Vi. Then
K(V)={oy | x € PV}. Moreover, the group structure of K(V') is given as in Table 1.

PrROOF. It is clear that o, € K(V) for all x € PV. By Lemma 6.3 and the prop-
erties of N and O(N) in [CS99, Chapters 16 and 18], the order of K (V') is determined
as in Table 5. By using Tables 6 to 16 in Appendix A, along with the generators of the
glue code N/Q in [CS99, Section 18.4], we can describe the module structure of V for
simple affine VOAs. Then for € P, we know the action of o, on the irreducible (V;)-
submodule of Vi as an element of O(N); we see that {o, | # € PV} contains generators
of K(V) (see Lemma 6.3 and Table 5). Thus the group structure of K (V') is determined
as in Table 1. Note that the vectors for the case A3 in Table 5 are described with respect
to some specified coordinate (see Section 6.2.1 below). O

COROLLARY 6.5.  The group K (V) is contained in Inn(V).

Table 5. Vectors in P such that the associated inner automorphisms gen-

erate K(V).
Q Vi [K(V)I z (K(V)/(2)) N Hom(N, Z3) K(V)/(2)
Al? A% 2 (Aq,011) 1 1
Ag A%,GQ 25 (A17A17014) (A17015)7 (027A17013)7 1
(047A17011)7 (087A1707)
AS§ BS, 2 (A1,0%) 1 1
AiDy4 A}, AT 25 (2A1,07) (A1,07), (0,A1,09), (02,A1,0%) | (0% A%)
A B3, 2 (A1,0%) 1 1
AZD? D3 ,Bj 23 (A1,0%) (A4,0%), (0%, A1,0) 1
Ad Bg,z 2 (A1,0,0) 1 1
AZDg D}, A3, 24 (02,2A3,2A3) (02, A3, A3), (02,2A35,0) (02, A3,0)
E} Ci. 2 (Ag,03) 1 1
A11D7Es | De2B3 | Can 22 (A1,0,0) (As,0,0) 1
A2, Bg, 2 (A1,0) 1 1
A15Dg Ds2Bj 22 (A1,0,0) (As,0,0) 1
A17E7 Dg 2 A7 1 23 (0,A4) (0,A2) (0,Aq)
Agy Bia2 2 (A1) 1 1




Automorphism groups of the holomorphic vertex operator algebras 1135

6.2. The groups Outy(V) and Outz(V).
In this subsection, we determine the groups Out;(V) and Oute(V). Let Vi =
@le g; be the direct sum of simple ideals.

LEMMA 6.6. If Q; & {Aan_1,Dan,Er,Es | n > 3} for all 1 < i < t, then
Outl(V) =1.

Proor. By Table 3, for any simple ideal of V7, its type is neither A,, (n > 2), D,
(n > 4) nor Eg, which shows that Out; (V) = 1. O

LEMMA 6.7.  The group Aut(Vy) preserves the set {(Vg)l |1 <i<t} of semisim-
ple ideals of V1. Moreover, its action is the same as that of Go(N) on {Q; | 1 <i <t}.

PROOF. By (3.2) (see also Section 2.1), O(N) acts on {(Vg,)1 | 1 < i < t} as
the permutation group Go(N) on {Q; | 1 < i < t}. Hence O(N)/(f) also acts on
{(Vg)l | 1 <i <t} by the same manner. On the other hand, Inn(Vy) preserves Vg, for

all ¢. Thus we obtain this lemma by Lemma 3.7. g
LEMMA 6.8. (1) Out(Vy) < Out(V).

(2) If Q is neither AS nor A2D2, then Out(V) = Out(Vy).

(3) If Qi ¢ {As, Dy, | n >4} for all 1 <i <t, then Oute(V) = Go(N).

PROOF.  The assertion (1) follows from Lemma 5.1 (1), V3 = (V{); and z € K(V).

If Q is neither A§ nor A2D2, then by Theorem 5.2 (cf. Remark 6.1), Aut(V)/(z) =
Aut(Vy). Hence (2) holds.

Assume that Q; ¢ {43, D,, | n > 4} for all 1 < ¢ <t. By Table 3, every (VQ'"i)l is a
simple ideal of V. Hence {(Vg)l [1<i<t}={g;]|1<i<s}and s=t By (2)and
Lemma 6.7, we have Outa (V) = Oute(Vy) & Go(N). O

Combining Lemmas 6.6 and 6.8 (3), we obtain the following:

PROPOSITION 6.9. [If Q = A2, AS, A% A3, B}, A2, or Ay, then Outy (V) = 1
and Oute(V) = Go(N). In particular, the group structures of Outy (V') and Outa(V) are
given as in Table 1.

Let us consider the remaining cases. Set No = N N (Q/2).
LEMMA 6.10. (1) Vﬁo is the direct sum of all simple current (V1)-submodules of
V.
(2) Aut(V) preserves VJ\Z'
Proor. (1) follows from Lemma 3.2 and Proposition 3.3.
If Q is neither A§ nor A2D2, then by Theorem 5.2 (cf. Remark 6.1), Aut(V) preserves
Vy. By (1), Lemmas 2.6 (3) and 2.7, we obtain (2).

If Q is A§ (resp. A2D3), then by Table 8 (resp. Tables 10 and 14), Vi is the sum
of all irreducible (V;)-submodules of V' isomorphic to the tensor products of L4, (2,0)
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and L4, (2,2A4) (vesp. Lp,(2,0), Lp,(2,2A;) (i =1,3,4), Lp,(1,0) and Lp,(1,A1)). By
Lemmas 2.7 and 3.8, Aut(V') preserves VX,FO. O

Let M be an irreducible (V)-submodule of VJO. Since M is a simple current module
(see Lemma 6.10 (1)), the multiplicity of M in V. is one. Moreover, for irreducible (V;)-
submodules M! and M? of VK{O , the fusion product M!KM? is an irreducible (V3 )-module
and it appears as a (V;)-submodule of Vﬁo.

Let S; be the set of (the isomorphism classes of) simple current L, (k;, 0)-modules,
where k; is the level of g; in V. Then S; has an abelian group structure under the fusion
product. By [LiO1, Theorem 2.26], S; & Z,, 11, Za, Za, 23, Z4, L3 or Zs if the type of g; is
A, (n>1),B, (n>2),C, (n>2), Dy, (n>2), Dapy1 (n >2), Eg or E7, respectively.
Let Sy = [I;_, Si be the direct product of the groups S;. We often view a simple current
(Vi)-module as an element of Sy via the map @;_, M — (M*,..., M?).

Let {1,2,...,5} = Upecp v be the partition such that g; = g; if and only if
1,7 € I, for some b € B, where B is an index set. By Lemma 3.8 (2) and the explicit
description of S;, the Dynkin diagram automorphism group I'(g;) C Aut(Lg,(k;,0))
acts faithfully on S;. The automorphism group Aut(Sy) of Sy is defined to be
(IT;=1 T(g:) : (Ilpep Symyz,|), where the symmetric group Sym;,| acts naturally on
Hie[b Si

Let Cn be the subgroup of Sy consisting of all the irreducible (V7)-submodules
of VJO . The automorphism group Aut(Cy) of Cy is defined to be the subgroup of
Aut(Sy) stabilizing Cn. Let Aut1(Cn) = ([T;_; T'(g:)) N Aut(Cn) and Auta(Cn) =
Aut(Cn)/Auty(Cn). Then Auty(Cy) is the subgroup of Aut(Cy) stabilizing every S;,
and Auty(Cy) acts faithfully on {S; | 1 <i < s} as a permutation group.

Since Out(g;) acts faithfully on S;, so does Out(V) on Sy. Hence Out(V) C
Aut(Sy). In addition, by Lemma 6.10 (2), we obtain the following:

LEMMA 6.11.  Out(V) is a subgroup of Aut(Cy).

REMARK 6.12. In general, Out(V) is not equal to Aut(Cy). For example, if
Q = AL% then Out(V) C Aut(Cy); indeed, Nog = NN (Q/2) = Q and Cl is the set of
all even weight codewords of Hzli S; = 712, Hence Aut(Cy) = Sym;,. On the other
hand, Out(V') =& M5 by Proposition 6.9.

PROPOSITION 6.13.  Let N be a Niemeier lattice whose root sublattice is A§, A2 Dy,
A%Dg, A3D6, A11D7E6, A15Dg or A17E7 and let V = V]:)[rb(@)' Then Outz(V) =
Aut;(Cn) for i = 1,2 and Out(V) = Aut(Cy). In particular, the group structures
of Outy (V') and Outy (V) are given as in Table 1.

By Propositions 6.4, 6.9 and 6.13, we obtain Theorem 1.1, the main theorem of this
article.

In the following subsections, we will prove Proposition 6.13 by a case-by-case anal-
ysis. By Lemma 6.11, it suffices to prove Out;(V) D Aut;(Cy) for i = 1,2. In order to
describe Cy explicitly, we denote elements of Z,, and Zs X Zs by their representatives
in {0,1,...,mn — 1} and {0,1,w,1 + w}, respectively. For the action of Hom(N,Zs) on



Automorphism groups of the holomorphic vertex operator algebras 1137

Sn, see Lemma 3.4 and tables in Appendix A (cf. Table 4). Note that A; denote the
fundamental weights for indecomposable root lattices.

6.2.1. Case Q = A}.

In this case, the type of Vi is A}%. Then Sy = Z4% and Outy (V) = Aut; (Cy) = 1.

By the description of the glue code N/Q in [CS99, Section 18.4, ITI] and Table 8, Cy
is equivalent to the second order Reed—Muller code of length 16 (see [MS77, Chapter 13]
for its definition). It is well-known ([MS77, Section 13.9]) that Auta(Cy) = Z3 : La(2).

Let us prove Outa (V) D Aute(Cy). The subgroup Hom(N,Zs) = {f, | v € N/2N}
of Aut(Vy}) acts on {S; | 1 <i < 16} as an elementary abelian 2-subgroup X C Sym, 4 of
order 2%; indeed, {f, | u € (NN2Q*)/2N} acts trivially on Cy, and X = N/(NN2Q*) =
Z3. Note that X preserves every VQt_ . In addition, by Lemma 6.7, Aut(Vy) acts on
{(Véri)l | 1 <i<8}as Go(N) =2 Z3 : L3(2). Combining these two actions, we obtain
a subgroup of Out(V) of shape Z3 : (Z3 : L3(2)), which is a maximal subgroup of
Z3 : L4(2). In addition, V has an extra automorphism (see Remark 6.1) not in the
maximal subgroup above. Hence Outo (V) = Auta(Cy) =2 Z3 : Ly(2).

6.2.2. Case Q = A3D;,.

In this case, the type of Vi is A3,A},. Then Sy = Zj x Z3. For the explicit
description of the glue code N/Q, see [CS99, Section 18.4 XVI].

By the generator of N/Q and Tables 10 and 11, Cy is generated by

(270’0’0) 171717 1)’ (1)17070’ ]" 1’070)7 (07 1’0)17 07170’ 1)’ (1717 1’ 1’ 0’07070)'

Here the type of g; is Azo (resp. A11) if 1 <4 < 4 (resp. 5 < ¢ < 8). It is easy to
see that Auty(Cn)(= Zs) is generated by —1 on H?Zl S; and that Auty(Cy) has the
shape Z3 : Symg, where the normal subgroup Zj is the direct product of the Klein four-
subgroups of Sym, on {S; | 1 < i <4} and {5, | 5 <i < 8}, and Symg acts diagonally
on {S;|1<i<4}and{S;|5<i<8} as a subgroup of Sym,.

Let us prove that Out;(V)) D Aut;(Cy) fori = 1,2. For x € N, we use the coordinate
= (z1,...,75) € (A2)*D; N N. The automorphism JOuA,01,00,0) generates a subgroup
of Outy(V) of order 2, and hence Out;(V) = Aut1(Cy) = Zy. The automorphisms
Jor,200,-a1,0s) and f(3x,.3x,,0,0,1,) generate the Klein four-group of Sym, on {S; | 5 <
i < 8}. By Lemma 6.7, Aut(Vy) acts on Cy as a permutation group Go(N) = Sym,;
it acts on {S; | 1 < i < 4} as Sym, but it does on {S; | 5 < i < 8} as the quotient
group Symj of Sym,. Thus Outy(V) contains a subgroup of shape Z3 : Sym,, and
Oth(V) = Ath(CN)

6.2.3. Case Q = AZD2.

In this case, the type of V; is D ,B3,. Then Sy = (Z3)* x Z3. For the explicit
description of the glue code N/Q, see [CS99, Section 18.4 XVII].

By the generator of N/@ and Tables 10 and 14, Cy is generated by

(1,1, 0,0,0,0), (w,w, 0,0,0,0), (0,0, 1,1,1,1), (1,0, 1,1,0,0), (w,0, 1,0,1,0).

Here, the type of g; is Dy o (resp. Bo1) if 1 <4 < 2 (resp. 3 <14 < 6). It is easy to see
that Aut;(Cy) = 1 and that Aute(Cy) is Sym, x Sym,, where Sym, and Sym, act on
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{51,552} and {S; | 3 <1i < 6} as the symmetric group, respectively.

Clearly, Out; (V) = 1. Let us prove that Oute(V) D Aute(Cy). For x € N, we
use the coordinate z = (x1,...,74) € (A%)%(D2)? N N. The automorphism F3AA1L,A1,0)
(resp. f(sa1,0,,0,0,)) acts as the order 2 permutation on {S3,Ss} (resp. {S5,5}). By
Lemma 6.7, Aut(Vy) acts on {S1,S2} and {{Ss, Sa}, {S5,S6}} as the symmetric group
Go(N) = Sym, X Sym,. Combining these actions, we obtain a subgroup of Outs (V') of
order 24, which is a maximal subgroup of Auty(Cy) = Sym, x Sym,. In addition, V has
an extra automorphism (see Remark 6.1) not in the maximal subgroup above. Thus we
have Outy (V) = Aute(Cy) = Sym, X Symy,.

6.2.4. Case Q = A2Ds.

In this case, the type of V; is DZ,A3,. Then Sy = Zj x Zj. For the explicit
description of the glue code N/Q, see [CS99, Section 18.4, XVIII].

By the generator of N/Q and Tables 10 and 13, Cy is generated by

(]" ]" 2’0)7 (170’ ]" 1)'

Here, the type of g; is D5 o (resp. Az 1) if 1 <14 <2 (resp. 3 < i < 4). It is easy to see
that Auty(Cn) = Zs is generated by —1 on Cy and that Auta(Cy) 2 Sym, x Sym,,.

Let us prove that Out;(V)) D Aut;(Cy) fori = 1,2. For x € N, we use the coordinate
x = (z1,22,73) € (A5)?>D}. The automorphism Js.2s.01) acts on Cy by —1, and hence
Outy (V) = Auty(Cn) = Zp. The automorphism f(y, x, ;) permutes Sz and Sy. In
addition, Aut(Vy) acts on the permutation group G2(N) = Sym, on {S1,S52}. Hence
we have Outy (V) = Aute(Cy) = Sym, X Sym,.

6.2.5. Case Q = A11D7E6.

In this case, the type of Vi is Dg B3 Cy1. Then Sy = (Z3) x (Z2)? X Zy. For the
explicit description of the glue code N/Q, see [CS99, Section 18.4, XXIII].

By the generator of N/Q and Tables 10, 14 and 15, Cy is generated by

(17 ]‘7 ]‘7 0)’ (17 0707 1)7 (w7 1’07 0)'

Here, the types of g1, g2, 93, 94 are Dg o, B3 1, Bs1 and Cy 1, respectively. It is easy
to see that Aut;(Cyn) = 1 and that Auta(Cy) = Sym,. Hence Outy(V) = 1. The
automorphism f(y, x, x,) permutes Sy and Sz, where (A1, A1, A1) € A7, D7 E5 N N. Thus
we have Outy (V) = Aute(Cy) = Sym,.

6.2.6. Case Q = A15D9.

In this case, the type of Vi is Dg B3 ,. Then Sy = (Z3) X (Z3)?. For the explicit
description of the glue code N/@, see [CS99, Section 18.4, XIX].

By the generator of N/Q and Tables 10 and 14, Cy is generated by

(1, 1,1), (w, 0,0).

Here, the types of g1,92,03 are Dgo, Ba1, Ba 1, respectively. It is easy to see that
Aut;(Cn) = 1 and that Auta(Cn) = Sym,. Hence Outy(V) = 1. The automorphism
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JOw,n) permutes Sy and Sz, where (A2, A1) € AjsDg N N. Thus we have Outy(V) =
Alltg (CN) = Sme.

6.2.7. Case Q = A7 FEy.

In this case, the type of V4 is DgoA71. Then Sy = Z4 x Zg and Outy(V) =
Auto(Cy) = 1. For the explicit description of the glue code N/Q, see [CS99, Sec-
tion 18.4, XXII].

By the generator of N/@ and Tables 10 and 16, Cy is generated by

(1, 2).

Here, the types of g; and gy are Dgo and Ay, respectively. It is easy to see that
Aut(Cy) = Auty(Cn) = Zy and it is generated by —1 on Cy. The automorphism f(x, x,)
generates Auty(Cy), where (A3, A1) € Aj;E% N N. Hence Out; (V) = Aut1(Cn) = Zo.

REMARK 6.14.  The subgroup Cy of Sy is called “Glue” in [Sc93, Table 1].

Combining Theorem 5.2, Remark 6.1, Corollary 6.5 and the arguments in Sec-
tions 6.2.1 and 6.2.3, we obtain the following corollary:

COROLLARY 6.15. Let N be a Niemeier lattice with root sublattice Q) and let V =
orb(60
V),
(1) If Q = A2, AS, ALD,, A§, A}, A3Ds, E§, A11D7Es, A%y, A15Dg, A17E7 or Asg,
then z is a central element of Aut(V) and Aut(V)/(z) = Aut(Vy).

= A5 or , then Aut 15 generated by Cauy(vy(2) and an extra automor-
2) If Q Ag A%D% hen Aut(V) i d by C ) d
phism in [FLMS88].

A. Correspondence between Irr(VFf) and Irr(Ly4(kr,0)).

Let R be an indecomposable root lattice such that R 22 A;. In this appendix, we
describe in Tables 6 to 17 correspondences between Irr(V7) and Irr(Lg(kg,0)) via the
isomorphism Vi = Ly(kg,0) in Proposition 4.3 (see also Table 3), where g = (V3 )1.
For the notations of irreducible VIQ{ -modules, see (3.3). For a dominant integral weight
A of a simple Lie algebra s of level k, we denote by [A] the irreducible Ls(kg,0)-module
Ls(kr,A). Here we adopt the labeling in [Hu72, Section 11.4] of simple roots and the
associated fundamental weights for both R and s. In these tables, \; and A; mean the
fundamental weights for R and for s, respectively. We omit the detail of central characters
x for irreducible VR+ -modules of twisted type. In the tables, for R = A7 and Dg (resp.
Es), we assume that (0)~ corresponds to [2A;] (resp. [A7]).

Table 6. Case R = As.
Irr(VZ‘z) Irr(L 4, (4,0))
(0)* [0], [4A4]

(A1) [2A4]
()* [Ad1], [3A4]
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Table 7. Case R = Az, (n > 2).

Irr(VXZn) Irr(Lp, (2,0))
(0)* [0], [2A4]
(A\) 1<i<n—1)|[A] (1<i<n—1)
(An) [2A,)
(x)* [An], [A1 + Ay

Table 8. Case R = As.

Irr(VXS) Irr(L 4, (2,0)%?)
(0)* [0] ® [0], [2A4] ® [2A4]
(Ao)* [2A4] ® [0], [0] ® [2A4]
(A1) [A] ® [A4]
(a)* (i =1,2) | [M] ® [eAq], [eAd] ® [A4] (c € {0,2})

Table 9. Case R = As.

Irr(VAi) Irr(L4,(2,0))
(0)* [0], [2A2]
(A3)* [2A4], [2A5]
(A1) [As]
(A2) [A1 + As]
(i)™ (€ {1,2}) | [A1], [As], [Ar + Ag), [Ag + Ag]

Table 10. Case R = Aan—1 (n > 4).

Ir(VY ) Irr(Lp, (2,0))
(0)* (0], [2A4]
(A)* [2A,-1], [2A5]
(M) (1<i<n-—2) Al (1<i<n-—2)
()‘nfl) [Anfl + An]
(a)® (e{1,2}) | [An_a], [An], [Ar 4+ Ana], [Ar + A

Table 11. Case R = Dy.

Irr(V) Irr(L 4, (1,0)%%)
(0)* [0]%7, [A4]®*
(i)™ o([A]%? ® [0]%?), (o € Sym,)
(xa)* (i€ {1,2,3,4}) | o([A:] @ [0]%%), o([A1]** ® [0]), (0 € Sym,)
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Table 12. Case R = Dg.
Irr(VB;) Irr(L 4, (1,0)%?)
(0)* [0] ® [0], [As] ® [As]
(A)* [A2] ® [0], [0] ® [As]

{s)*} {(e)™}

{[A] @ [Ad]

e {13} {A]®

(A] 1 Hd, 5} = {1, 3}}

(Xi)i (Z € {17273’4})

[cAs] ® [A], [Ai] ©

[cAs], (7 € {1,3}, c€ {0,1})
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Table 13. Case R = D2, (n > 4).
Irr(VE,;n) Irr(Lp, (1,0)%2%)
(0)* 0] ©[0], [A1] ® [A4]
(A)* [A1] ® (0], [0] ® [A4]

{A2n-1)"} {(2n)*} [ {[A

}
il @Al i€ {n—1,n}}, {[A]

(Xi)i

(1 €{1,2,3,4})

[cAr] ® [As

| ] @

® A [{i,j} ={n—1,n}}
[cAq], (i € {n—1,n}, c € {0,1})

Table 14. Case R = Dapt1 (n > 2).

II‘I‘(VB; +1)

Irr(Lg, (1,0)%?)

(0)*

0] @ [0], [A] @ [Ad]

(A)*

[
(A1) @ [0], [0 @ [A4]

()\anl)

[An] @ [An]

SO A L

nls [An] © [Ad]

Table 15.

Case R = FEs.

IH(VEF6 )

Irr(Le, (1,0)

0)*

(0], [Ad]

(A1)

[As]

(x)*

[Aa], [As]

Table 16.

Case R = Er.

Irr(VE'f'7 )

Irr(L 4, (1,0))

0)*

(0], [Ad]

(A)*

[A2], [A]

(Xi)i

(i €{1,2})

[Aj]v (] € {173757 7})

Table 17.

Case R = Es.

Irr(V}jfs)

Irr(Lp,(1,0))

0)*

(0], [A7]

()*

[A1], [As]
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