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Intuitive representation of local cohomology groups
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Abstract. We construct a framework which gives intuitive representa-
tion of local cohomology groups. By defining the concrete mappings among
them, we show their equivalence. As an application, we justify intuitive rep-
resentation of Laplace hyperfunctions.

1. Introduction.

The theory of hyperfunctions was established by Sato in 1950s [S], [SKK]. He de-
fined hyperfunctions by applying the local cohomology functor to the sheaf of holomorphic
functions and it was a starting point of algebraic analysis and microlocal analysis.

The definition of a hyperfunction depends on several general theories such as the
sheaf theory, its cohomology theory and so on, which are not necessarily common among
people who study analysis. To understand a hyperfunction without these heavy theories,
Kaneko [Kn| and Morimoto [M] defined hyperfunctions in an intuitive way. Their idea
is as follows; Let M be an open subset in R™ and X its complex neighborhood. For the
sheaf & of holomorphic functions, they realize a hyperfunction h € %), (M) as a formal
sum of holomorphic functions fy € &(W), where W is an infinitisimal wedge of type
M x /—1T with an R -conic open subset I, that is,

hz)= Y fw (@+vV-Ty),

wew

where W is a family of infinitisimal wedges with edge M. Their definition allows us to
manipulate a hyperfunction like a function as it is represented by holomorphic functions
on wedges.

Their idea can be applied to not only the theory of hyperfunctions but also local
cohomology groups HY} (X, %) ®ZM( M) OT MY x (M), where X is a topological manifold,
M is a closed submanifold of X of codimension m and .% is a sheaf on X. The aim of
this paper is to construct intuitive representation I:I(ﬁ (W)) of local cohomology groups,
and show the equivalence of them. To justify their intuitive representation, we introduce
a framework which consists of a triplet (7,U, W) satisfying several conditions. Here T is
a family of stratifications of S™~! i/ is a family of open neighborhoods of M and W is a
family of open sets in X. In this framework we define intuitive representation H(.Z (W))
of local cohomology groups by
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H(F(W)) = ( D 9(‘”)) /R,

wew

where R is a C-vector space so that two sections which coincide on their non-empty
common domain give the same element in H(.Z(W)).

We shall show the equivalence of local cohomology groups and their intuitive repre-
sentation by constructing the isomorphisms concretely. In this course, we can construct
the boundary value morphism by, from their intuitive representation to local cohomol-
ogy groups in a functorial way due to Schapira’s idea [KS]. The inverse map p of the
boundary value morphism is, however, not obvious. Therefore by introducing an par-
ticular resolution which depends on the choices of a stratification y € T, we obtain the
expression of local cohomology groups depending on x. Then we realize the inverse map
p thanks to this expression.

As an application, for example, we can construct a framework which realizes intuitive
representation of Laplace hyperfunctions. The theory of Laplace hyperfunctions in one
variable was established by Komatsu as a framework of operational calculus, and is
extended to the one in several variables by Umeta and Honda [HU]. In particular,
they established a vanishing theorem of cohomology groups on a pseudoconvex open
subset for holomorphic functions with exponential growth at infinity. Their result is the
extension of Oka—Cartan’s vanishing theorem to D¢n, and is a crucial key for constructing
a framework in the application. Here D¢- is the radial compactification of C". In
addition, we establish a theorem of Grauert type which guarantees the existence of a
good open neighborhood in our sense, from which we can conclude the existence of the
framework for Laplace hyperfunctions.

At the end of the introduction, we would like to show our greatest appreciation
to Professor Naofumi Honda for the valuable advice and generous support in Hokkaido
University.

2. Intuitive representation.

In this section, we introduce several definitions which are needed for constructing a
framework. Then we define intuitive representation of local cohomology groups within
this framework.

2.1. Preparation.

Let X be a topological manifold and M a closed submanifold of X. Note that these
manifolds are allowed to have their boundaries. Let .% be a sheaf on X, Zx the constant
sheaf on X having stalk Z and m a non negative integer. We denote by HY, (X, .%) the
m-th local cohomology group of X supported by M. We also denote by D™ the open
unit ball in R™ with the center at the origin and set S™~! = D™. Then we define X
as follows.

X =M x D™,

We assume that there exists a homeomorphism ¢ : X — X which satisfies (M) =
M x {0}. Hereafter we identify X with X by ¢.
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As the first step of constructing framework, we introduce an appropriate partition
of §m—1,

DEFINITION 2.1. Let k=0,1,...,m — 1. A simplex o is said to be a linear k-cell
in S™ ! if ¢ is oriented and it is written in the form

g = (P(ﬂHl) N Smil.

Here ¢ : RFf! — R™ is a linear injective map and {H;} is a finite family of open half
spaces in RFt! with 0 € 9H; whose intersection is non-empty. For convenience, we regard
an empty set () as a linear cell.

Let us recall the definition of a stratification of a set U. A partition U = | |, U is
called a stratification of U, if it is locally finite, and it satisfies for all the pairs (Uy, U, )

UiAﬂUT#wéUTCUi)\a

and we call each Uy a stratum. Let |o| denote the realization, i.e., just the set in S™~!
forgetting its orientation, of the simplex o.

Let x be a stratification of S™~! such that each stratum is a linear cell of S™~1. We
denote by A(x) and Ag(x) the set of all linear cells of x and the set of all linear k-cells
of , respectively. We also denote by |A|(x) the set of realizations |o| of cells o € A(x),
that is,

1Al(x) = {lol; o € AKX)}-
The set |A|x(x) is also defined in the same way.

DEFINITION 2.2. For two stratifications y and x’ of S™~1, x/ is finer than Y if and
only if for any o’ € A(y’) there exists o € A(x) with ¢/ C o, which is denoted by x < x’.

DEFINITION 2.3.  For a cell o € A()x) we define a star open set St, (|o|) as follows.

Stelloh =[] I7l-
oCT

TEA(X)

As a special case, we set St (|0]) = S™~'. We write St(|o|) instead of Sty (|o]|) if
there is no confusion.

DEFINITION 2.4. Let x be a stratification of S™~! whose stratum is a linear cell
and let 0,7 € A(x). We write o A7 = § if and only if there exists a linear cell § such
that N7 = § holds.

REMARK 2.5. ¢ is allowed to be 0.

DEFINITION 2.6. For a subset K in S™~! we define the subset M % K in X by

M+ K ={(z,ty) e M x D™ ;2 € M,y e K,0<t<1}.
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2.2. Intuitive representation.

Let us define a framework (7,U,W) in which intuitive representation of local co-
homology groups can be realized. Let % be a sheaf of C-vector spaces on X and T a
family of stratifications of S™~!. Firstly we assume the following conditions below for

T.

(T-1) Each x € T is a stratification of S™~! associated with partitioning by a finite
family of hyperplanes in R™ passing through the origin.

(T-2) For any x', x”" € T, there exists x € T such that x’ < x and x” < x.
Secondly let U be a family of open neighborhoods of M satisfying the following conditions.

(U-1) For any x € T, 0 € A(x) and for any U € U, we have

H*(M Sty (lo|) NU,F) =0 (k#0).

(U-2) For any U; € U and U € U, there exists U € U with U C Uy and U C Us.
Finally we denote by W a family of open sets in X and assume the following conditions.
(W-1) For any x € T, 0 € A(x) and U € U, we have M * St (|o]) NU € W.

(W-2) (Existence of a finer asyclic stratification.) For any W € W, there exists x € T,
o € A(x) and U € U such that M Sty (lo|)NU C W.

(W-3) (Cone connectivity of W.) Let W € W, U € U, 01 € Ap—1(x1) and o9 €
Ar—1(x2) for some x1, x2 € T satisfying M xSt (jox|)NU C W (k =1,2). Then
there exist x which is finer than x; and xa, (m —1)-cells 7, 72,..., 7 € Ap—1(X)
and an open neighborhood U’ € U which satisfy the following conditions.

(a) 7 C oy and 74 C 09,

(b) M*St(|7k/\7k+1|)ﬂU’CWfork:172,...,€—1.

We call the above conditions the condition (T), (U) and (W), respectively. We give some
examples of T, U and W satisfying the above conditions. In the following examples, let
M be an open set in R” and X = M x v/—1R".

DEFINITION 2.7. Let W be an open set in C" and I' an R,-conic open subset
in R”. We say that W is an infinitisimal wedge of type M x +/—1T" if and only if the
following conditions hold.

1. WcCMxy-—1T.

2. For any R -conic open proper subset IV of T', there exists an open neighborhood
U C X of M such that

M x/—-1T"'NnU Cc W.
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EXAMPLE 2.8. Let .% be the sheaf x of holomorphic functions on X. We set T,
U and W as follows.
T = {x; x is associated with partitioning by the finite family of
hyperplanes in R™ passing through the origin},
U = {all the Stein open neighborhoods of M in X},
W = {all the infinitisimal wedges of type M x v/—1T';
I' runs through all the connected open cones}.

EXAMPLE 2.9. Let & = Ox. We set T = {x}, where x is the stratification which

is associated by the set of hyperplanes H; = {y = (y1,92,...,yn) € R";y; = 0} (i =
1,2,...,n), and set U = {X}. Moreover we define H;" and H; by

H ={y=(y1,42,--,yn); +ui > 0},
respectively. Then we set
W = {W; Each W is either X itself or the finite intersection of H} with x = + or —}.
Now we are ready to define intuitive representation of local cohomology groups.

DEFINITION 2.10.  We define intuitive representation H(.Z(W)) of local cohomol-
ogy groups as follows.

H(Z(W)) = ( T fi(W)) /R.

wew

Here R is the C-vector space generated by the following elements.
f@(*‘ﬂwz,) (f € E(Wl), Wi, We € W with Wy C Wl)

REMARK 2.11. We can consider a restriction map of intuitive representation. Let
X be a topological manifold, M a closed submanifold of X and .# a sheaf on X. We
assume that there exists (7,U, W) satisfying the conditions (T), (U) and (W). Moreover
let M’ be an open subset in M and a homeomorphism ¢/ : X’ = M’ x D™ with the
following commutative diagram.

X' ;/)M’XD’”

L

! |

X —= 5 M x D™
We set

T =T,
U =UnX ={UnX";UelUl},
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W=wnX"={WnX'; WeWw}.

Then (77,U',W') satisfy the conditions (T) and (W). Hence by assuming the condition
(U-1) for T’ and U’, we can obtain intuitive representation of

Hy (X, .7) Q) orax (M)
Zopgr (M)

by using (77,U’, ). Furthermore the restriction map of intuitive representation is

induced from the one .7 (W) — # (W N X’) of the sheaf %.

3. The equivalence of local cohomology groups and their intuitive rep-
resentation.

Through this section, we shall prove the following main theorem. This theorem
guarantees the equivalence of local cohomology groups and their intuitive representation.

THEOREM 3.1.  The boundary value morphism by, defined below gives an isomor-
phism from intuitive representation to local cohomology groups.

by : H(Z(W)) 5 H3 (X,.7) R) orarx(M).

3.1. Construction of the boundary value morphism byy.

First of all, we construct the boundary value morphism by from H(.Z(W)) to local
cohomology groups thanks to Schapira’s idea ([KS, p.497]).

Let ¢ be a sheaf on X. We define the dual complex D(¥4) of ¢ by

D(¥) =R omc, (9,Cx).

Fix W € W. By the condition (W-2), we can find U € U, x € T and 0 € A(x)
satisfying (M * St(Jo|)) NU C W. Hence we obtain the restriction map

FW) = Z((M *St(lo])) NU). (3.1)
We also get the restriction map of sheaves as M * St(|o|) D M:

Mx*St(|o|)
By applying D(e) and ®<Cx Cy to the above morphism, we have
Cmsst(oynu < D(Cur).

REMARK 3.2.  We note the following well-known facts.

D(Cyr) ~ Cur Q) oraryx[=ml,

VA,
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HY (X, Zx) ~ T'(X, ornyx),
where ory/ x = A1 (Zx) is the relative orientation sheaf on M.

Thus by applying RHomc, (e,.%#) to the above and taking the 0-th cohomology, we
obtain

F((M *St(|o])) NU) = Hyp(X,.7) Q) oraryx(M). (3.2)
Zpg (M)

We can get the morphism by by composing (3.1) and (3.2);

FW) = Z((M =St(lo]))NU) - HY (X, F) ® orar)x (M).
Zn (M)

Then by, satisfies the proposition below.
PRrROPOSITION 3.3.  The map by does not depend on the choices of U, x and o.

PrROOF. The fact that by does not depend on the choices of U € U is shown by
the same argument as the following one. Hence we only show that it is independent of
the choices of x and o. Let x1 and x» be stratifications of S which belong to T, let
o1 € A(x1) and o2 € A(xz2). We can find an open neighborhood U’ € U, x € T and
T1,...,Te € Ap—1(x) which satisfy the condition (W-3). Furthermore, by (U-2), we may
assume U D U’. Then we obtain

M« St(|7:]) € M * St(|m A Teg1]) (E=k,k+1).
Therefore we obtain the following commutative diagram for i = k, k + 1.

C C

M*St(|T ATr+1]) M*St(|7;])
Cpp-

By applying RHom(D(e) ® Cy, %) to the above diagram, we obtain the following com-
mutative diagram for i = k, k + 1.

F (W) — F((M * Sty |7k ATha])) N U')

F((M * Sty (|m])) N U") HY (X 7). <§(§>M)orM/x(M ).

By the repeated applications of the same argument for k =1,2,...,¢ — 1, we have
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M*St |T1
(M %Sty (|me])) NU") —=HY(X,.7) @ orpyx(M).

Zr (M)
Because of 71 C 01 and 7y C 09, we finally get the following commutative diagram.

((M * Sty (|or])) nT)

\

((M xSty (|oa])) NU') —=HP(X, F) @ orayx(M).
Zpg (M)

Hence by does not depend on the choices of y and o. O
The next corollary follows from Proposition 3.3 immediately.

COROLLARY 3.4. For any W1 and Wy in W with Wy C Wy, and for any f €
F(W1), we have

le (f) = bWz(flwz)

We finally extend by to byy. We get byy by assigning @y fwr € Dy F (W)
t0 D ypew bw (fw).

by : @E(W)—)Hm ® OT]\/[/X
wew Zar (M)

It follows from Corollary 3.4 that by, (f) = 0 holds for f € R. Hence byy passes through
H(.Z(W)) and we obtain
by : H(Z (W) — HE(X,2) Q) orayx (M).
Z (M)

3.2. The interpretation of the boundary value map byy.

Our next purpose is to compute the boundary value map by, concretely.

Remember that all the cells are oriented. Let 1 denote a section which generates
orp/x over Zy. Each o € Ay, —1(x) induces a section of oryy,x (M), which is denoted
by 1,.

Let 0 € A(x) and 7 € A(Y) for x,x’ € T. We define < o, @ > which reflects the
orientation of two cells under the following situations:

1. o and 7 are cells of the same dimension and ¢ C 7 or 7 C ¢ holds.

2. x=x,0€Ar(x) and 7 € Agy1(x) with o C 7.
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DEFINITION 3.5. Let o and 7 be cells satisfying the above condition either 1 or 2.
We define < 0,7 > by

1 (the orientation of o or the induced orientation from o has the
<o, T>= same orientation of 7),

—1 (otherwise).

Furthermore, we introduce a mapping whose image is in locally constant functions
on M

ag(e): Apo1(X) — Zp (M)
defined by the formula
1, =ay(0)-1 (0€ Apm_1(x)).

We construct an exact sequence which is needed when we compute the concrete
expression of byy. Let x be in T.

DEFINITION 3.6. Let K =0,1,...,m — 1. We define the sheaf ff‘m*‘l as follows.

2= P G

g€k (x)

where C5 = CW(M)' More precisely, Cz is the sheaf such that C#(U) consists of pairs

(0,5) with s € Cypgroy(U) for an open set U C X.

For convenience, we set £,"™ = Cx. We also note that, for o C 7, the image of
¢s € Cz by the canonical map Cz — C= is denoted by ¢, |, for simplicity.
Then we have the following sequence.
—m : ™ a7 0 . dy
0— 2, ®Z*OTM/X—>--~—>$X ®Z*OT‘M/X — Cy — 0, (3.3)
Zx Zx

where the map i is the embedding ¢ : M — X. Note that, in the above sequence, the left-
most term £~ ®Zx ix0ryr x is located at degree —m and the term ,Z)? ®Zx 10T 0/ X
is at degree 0. Here, for any o € Ag(x) (k=0,1,...,m — 2) and for any ¢, € Cz, we
define df;m“ as follows.

& e @)= P (<07 >l @00),
oCT

TEAR11(X)

where (1 € i.ory x with £ € Zy(M). We also define d;"™ and dY by

d;"(cei)= P doo,
o€lo(x)
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di(cg ® 1) = Lay (0)cy,

where ¢ € Cx, ¢, € Cy with 0 € Ay, —1(x) and (1 € ivorpx with £ € Zpy (M), We
remark that d?( does not depend on the choices of 1.

We write d* and £F instead of d’;( and (Zf)m, respectively if there is no risk of
confusion.

LEMMA 3.7.  We have d**'od* =0 fork=—m,-m+1,...,—1.

PrOOF. Firstly we prove d’ o d™! = 0. Let ¢, € Cz with o € A,,_2(x) and
1 € isorp x. Here we remark that, there exist just two cells whose closure contain o.
Let 7 and 7/ be mutually distinct cells whose closure contains o. Then we obtain

d’od (co ®1)
= d0(< O, T > Colr @1 P < o, 7 > Colr @ 1)
=<0,7>a1(7)co|r+ < 0,7 > ar(7)eq |
=0.

Here the last equation follows from the fact
<o,1m>a1(r)=—<o,7 >ay (7).

Next we prove d**'od¥ =0 for k = —m,—m + 1,..., —2. We remark that for any
o € Ag(x) and 7 € Apy1(x) we get < 0,7 > by comparing the orientation induced by 7
with the orientation of ¢. Here the orientation of ¢ is determined so that the outward
pointing vector of 7 followed by a positive frame of ¢ from that of 7. Note that, for any
§ € Apya(x) and o € Ay (x) which satisfy o C 6, there exist just two (k + 1)-cells which
are contained in the closure of 4 and whose closure contain o. We denote by them 7 and
7'. By the above observation we have

d** o d¥(c,) = dFH < @ (<o,T>colr ® ]1))
et

— @ @ (< 0,7 >< 7,0 > cols @ 1)
oCT

cs
6eATk+2(X) TEAR+1(xX)
= @ (KoT><T1,0> +<0,7 ><7,8>)c,ls 21
oCd
d€Ak+2(x)
= O’
where ¢, € Cz and 1 € i.orp/x. O

By this lemma we see that the sequence (3.3) is a complex.

PROPOSITION 3.8.  The complex (3.3) is ezact.
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Before starting the proof of Proposition 3.8, we introduce some definitions and lem-
mas.

_ DermNirion 3.9. The set Ak(x, ) is defined as follows. If # € M, we define
Ar(x,z) = A(x), and if ¢ M, we define

Arlw) = {re Av) | 7 C St }
where o, € A(x) is the unique cell with © € M * o,.

Then the following lemma holds.

LEMMA 3.10.  We have the isomorphism o

oF : Home (Ag(x, z), C) = gk—m+1,

The proof follows immediately from correspondence below.

a® i Home(Ag(x, z),C) —  Lr—mtl
w w
; — B el
g€AL(X,T)

Here 1, denotes the image of 1x by Cx(X) — Cx(X).

LEMMA 3.11.  Two sequences

0+— &o(x,x) L ﬁm,l(x,x) +— 0, (3.4)
d-m+1 d-1
0— 2t —— ... 5 20— 0 (3.5)

are dual to each other. Here O is the boundary operator of the simplicial complez.

PrROOF. By applying the exact functor Homg (e, C) to (3.4), we obtain

0— Homc(ﬁo(x,x),(C) ANAN Homg¢(Anm—1(x,x),C) — 0,

where 0* = Homg¢(9,C). Due to Lemma 3.10 we just prove the commutativity of the
diagram below.

k—m+1
k—m+1 d k—m+2
<z )

aﬂ T“k“ (3.6)

Home (Ax(x, z), C) 5 Home(Aj41(x, 7), C).

Here we recall that

9" (¢) = @ <o,7>¢(0).

oCT
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Then we have

(@ oaf) )= P <o >0l

TEAK+1(X,@)
oCT

On the other hand, we have

@ o) )= @ <or> el
o€AL(x,x)

oCT

Note that both the indices sets in the above two computations coincide because

{(o,7)|o CT,0 € Ap(x,x)} ={(0,7) |0 CT,0 € Ap(x), o C St(|dz])}
={(o,7)|oc CT,0 CT CSt(|6:))} ={(o,7) |0 CT,7 € Aps1(x), T C St(|d=]) }
={(o,7)[o CT,7 € Apy1(x,2)},

where the cell 0, is the unique cell satisfying x € M * §,. Hence (3.6) becomes a
commutative diagram. d

Now we are ready to prove Proposition 3.8.

PRrROOF. It is enough to prove that the following sequence is exact.

—m —1 0]
0— 2" ) (oraryx)e =5 - 5 20 R (ivoraryx)e o+ (Car)e — 0.
Z Z

By Lemma 3.11, the claim follows from the homology groups of St(|d,|) if x ¢ M and
Sm=Lifye M.

1. The case of = ¢ M.

Since St(|d.|) is contractible to a point in |d,|, its homology groups vanish except
for the O-th group, that is

H(SE5.1),C) = 0 (k #0).

Hence the complex (3.5) is concentrated in degree —m + 1 and its (—m + 1)-th
cohomology group is C, and we have the exact sequence:

—m -1
7 Z

2. The case of x € M.

Except for the 0-th and the (m — 1)-th homology groups, the homology groups
of the (m — 1)-dimensional spherical surface vanish. The 0-th homology group is
isomorphic to C, and the (m — 1)-th homology gives the orientation of the surface
which is isomorphic to C &), (ory/x).. Hence we obtain the exact sequence;
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—m , =™ d™' 0 . d°
0— 2, ® (ix0rp)x )2 — -0 — L ® (ix0rpryx )z — (Car)e — 0.
Z Z
The proof of Proposition 3.8 has been completed. 0

By Proposition 3.8 we have the quasi-isomorphism.

g; ® ’i*OTM/X ~ (CM (3.7)
Zx

Here ¢ ®Zx 1507/ x designates the complex

0— fx_m ® i*OTM/X — XX_WHJ ® i*OTM/X — s —> .,E/ﬂ)? ® i*OTM/X — 0.
Lx ZLx Zx

Let U be in Y. For convenience we set
F(0,U) = F(M +St(la]) NU) (o € A(x)),
yk()ﬁU)* @ ‘7@\(0—7U) (k:172a7m)

o€AL_1(x)

Moreover we set
F (o) = lim F(o,U),

FeoU) (k=1.2,....m).

LEMMA 3.12.  We have the isomorphism 3, as follows.

Fn(X)
Im(Fp—1(x) = Fm(x))

) orayx (M) = Hip(X,.7) Q) orayx(M).  (38)
Zpa (M) Z (M)

PROOF. By applying D(e) to (3.7) we obtain

D(ZX. ® Z'*O’I’M/X) <L D((C]\/[).

Zx

Because the support of D(Cyy) is contained in M we obtain, for U € U,

D(Cwm) = D(Cwm) ® Cu

~ D(,g; (0%4) i*orM/X> &) Cu. (3.9)
Zx Zx

Moreover, since each M * St(|o|) is cohomologically trivial we get
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D<.z; ® z-*m«M/X> Q) Co~ A> ) o
Zx Zx Zx
Here .. designates the complex
0— N — N — o — M — 0,

where

M= @B Cou,

€A, —k—1(X)

Co‘,U = (CM*St(\a'DﬂUa
fork=0,1,...,m—2 and ,/VXm_l = Cy. By applying RHomc, (e,.%) to (3.9) we obtain
RHomc (,/VX' ® i*orM/X“?) — RHomg, (D(Cyy), F).
Zx
Since U satisfies the condition (U-1), we obtain
RHomc,, ('/Vx. ® Z'*OTM/X,?) = Homc, (,/VX' ® i*orM/X,%‘).
Lx Lx
By taking the 0-th cohomology, we get

Fm(x, U
Im(ﬁm_l(x, U) —

)y ) Q) orayx (M) = Hyp(X,.7) Q) oraryx(M).
m Zna (M) Zpr (M)

Finally we take the inductive limit in the above isomorphism with respect to U € U, and
then, the claim of the lemma follows. O

Hereafter we identify the objects in both sides of (3.8) by 8y. For any o € A,,,_1(x)
the following diagram commutes.

gg@i*OTM/X e (CM
Zx

exe | | (3.10)

C5®i*OTM/X = C
Zx

M=St(o])"

Here €, is the embedding map and 7, is defined by
co®1 = ag(o) - co.
Note that 77;(17 is given by

c—ag(o)e®1, (3.11)
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where ¢ € C 7 By (3.10) the diagram of complexes below commutes.

M=St(|o|

f;@i*orM/X —_— (CM
Lx

o] w

CE@ x0T M/ X CM*St(kT\)'
Zx Tx,o

By applying RHomc,, (D(e)®Cy,.#) to the above commutative diagram, taking the 0-th
cohomology groups and taking the inductive limit lim
we obtain the commutative diagram.

Fm(X) ~
or M) —— H" (X, or M
(T () = 70 ZA§M) myx (M) 5 i ( )ZA?(Z])V[) myx (M)

534 waw (3.12)

F(o) ® oryyx(M) —— lim .F(M = St(|o]) NU).
Zy (M) Moo veld

=] of these cohomology groups,

Here vertical map on the right side is by, = lim
U and

Tet OWioo With Wi = M#Sty (|o])N

&‘?(70_ = hg HO(RHOm(CX (D(g)(,o') & CU? 9))
veu

Moreover the upper horizontal map is 3, and

7&0 = lim H°(RHomc, (D(ny.0) ® Crr, F)).
Ueu

By taking a direct sum with respect to o € A,,_1(x), we obtain
Fm(X)

Q orm/x(M)—— HY (X, 7)) @ ormyx(M)
Im(ymfl(X) - ym(X))ZM(JW) / Bx M Zag (M) /
EOT T @ bW|0|
X lol€lAlm—1(x)
(7@ @ omxton)  —== @ (1w FOrsleh ).
€A m_1(x) Zag (M) 1% lolelAlm_160\ Uelt

(3.13)

where 79 = Doea,. 100 7y, and ) = Doca,. 10 €9 - We note that &) is surjective.
On account of (3.11), tracing the map (79)~! and 9 in (3.12) we get the proposition
below.

ProPoOSITION 3.13.  The boundary value morphism by

H(F (W) — H (X, F) Q) oruyx (M)
Zp (M)

is given by, for W e W and f € F(W)
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[ far(o) @1 € F(o,U) @ orpyyx (M) C Fn(x) ® orpgyx (M),

through the identification by B,. Here 1 is a section of orpg x (M) which generates oryy)x
over Zyr, 0 € Ap_1(x) and U € U are taken such that M = Sty (|o|) NU C W holds.

Note that aq(c) ® 1 does not depend on the choices of the generator 1 because
another choice of the generator is, if M is connected, —1, and hence, we get on each
connected component

a,ﬂ(a) [29] —]l = 041(0’) ®]l

3.3. The inverse map p of byy.

The aim of this subsection is to construct the inverse map p of by, and complete the
proof for Theorem 3.1.

Firstly we prove the commutativity of diagram [1], [2] and [3].

or M HY (X, .7 or M
(1 (0) = T 2, 0, 07X M) 7),® orux(M)
p\‘\ /
E?( ) lolelAlm—1(x) Mol

2] \

é (9(0) X OTM/X(M)>*O> <h 9(M*St(|a|)ﬁU)>.
0EAm_1(X) Zy (M) Tx IU\G\AIm 1)\ Uel

m

(3.14)
Here w is a canonical morphism and p,, is defined as follows.

DEFINITION 3.14.  The map p,

: jm( or 7
P Im(F 1 (0 = Za(X) ZLX(JL) uyx (M) — HE W)

is defined by, for f, € F (o),
fo ® 1~ aﬂ(a) . .f0'7
Z

where 1 is a section of ory;/x (M) which generates ory;/x over Zyy.

We note that p, is well-defined. As a matter of fact, the set Im(.#,,,—1(x) = Fm(X))
is generated by elements

<1,0" > flo+ ®]1+<T,O’7 > flo- ®]l,
Z Z
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for f € F—a(7), T € Ap—a(x) and o* € A,,_1(x) with 7 C o*. Here * = 4+ or — and
o # o~. Hence we obtain

pX(<T7a+ > flo+ ®]l+<7’,a_ > flo- ®]l)
Z

Z
=(ar(ot) <7,0T > +ay(c7) <707 >)f =0.

The commutativity of [1] follows from Corollary 3.4. And the diagram [2] also
commutes by Definition 3.14 and the definition of w. We prove the commutativity of

the diagram [3]. Since £°

y 1s surjective, it suffice to prove that

0 _ 0
Broey =bwopyoey,

and this commutativity follows from (3.13) and the commutativity of [1] and [2]. Then
we get the following

THEOREM 3.15.  The map

pyo Byt HUH(X, Z) Q) orayx (M) — H(F (W)
Zn (M)

does not depend on the choice of x. Moreover the map p = py, o ﬂ;l is the inverse map
Of bW

In the sequel, we shall prove Theorem 3.15. To see the first claim in Theorem 3.15,
as T satisfies the condition (T-2), it suffices to show the claim only for the pair y < x’
in 7. We construct the map

R .i”)? ® 10T X — .,Z?, ® 10T N/ X

Zx Zx

as follows. Let us take a choice function
¥ Amo1(X) — Am-1(X)
such that [1(o)| C |o| for any o € A,,,_1(x). Then we define the ©° by
0o @1 =< 0,9(0) > Coly(o) ® 1,

where ¢, € Cz and 1 € i,0rp/x. We have the following commutative diagram.

dO
. X
D%XO®Z*O’I"]M/X E— (CM
Zx

| Ji

O .
gxl ®Z*O7’M/X T) (CM
Zx

N
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As a matter of fact the commutativity of diagram above follows from
(do © @0)(Ca b ]1) = d0(< U,¢(U) > C<7|w(<7) Y ]l)
= CG‘|'¢'(O’) < J,QZ}(O’) > aq (1/1(‘7)) = Caa]l(o—) = dO(CU & ]l)v

where 0 € Ayy_1(x)-
We can extend this commutative diagram to that of the complexes .Z? and £, by
the following proposition.

PROPOSITION 3.16.  Let ©° be the map defined above. There exist OF~™ (k =

0,1,...,m — 1) such that the following diagram commutes.
o on " ' 0 fon ; dy
LM Q) isoryy x 2L & ivornx Cumr 0
ZX ZX
o T
—m . d;lm d;ll 0 ; dg !
Zx’ X iorarx L X isorarx Cunr 0.
Zx Zx

Since X = M x D™, it suffices to show Proposition 3.16 when M is a point. Hence,
in what follows, we may assume that M is contractible until the end of the proof of the
proposition.

To show the proposition, we prepare for several lemmas. Let H, be the family
{H;}ien, of open half spaces H; in R™ passing through the origin which defines the
stratification x, that is, H, is the minimal set satisfying that, for any o € A,,_1(x), ¢
is given by the intersection of some H;’s belonging to H, and S™~!.

The most important property of the family H, is that; for any ¢ € A(x) and for any
H e H,,ocNH # () implies 0 C H, and also 0 NOH # () implies 0 C OH. In subsequent
arguments, this fact is constantly used.

LEMMA 3.17. For any x € T and 0 € A(x), the star open set Sty (|o|) has the
following expression.

StX(|a|):< N Hi>ﬂS’”‘1.

oCH;€Hy

PrOOF.  Firstly we prove Sty (|o]) C (N,cp,em, Hi)NS™ . Let x € Sty(|o]). By
the definition of St (|o|) there exists a cell 7 such that € 7 and o C 7. By considering
the condition (T-1), there exist only two cases of the inclusion between 7 and each H;.

1. 7 C (H;)°. Here we denote by ()¢ the complement of (e).
2. T C H;.

However the first case never occurs. As a matter of fact, we have 7 C (H;)¢ and o C 7,

that is, o C (H;)¢ = (H;)¢, which contradicts ¢ C H;. Therefore we can ignore the first
. : -1

case and we obtain St, (|o|) C (ﬂUCHiEHX H)nsm™ L
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Next we prove Sty(lo]) > (MNycpen, Hi) N Sm=1 Tt is sufficient to show the
implication; z ¢ St (|o|) = = ¢ (ﬂchieHX H;)Nn S™ ! For any = ¢ Sty (|o]), there
exists a cell § with x € § and § ¢ St,(|o]), that is, ¢ ¢ & holds. For such & and o we
can find an open half space H € H, satisfying 0 C H and 6 C (H)°. In fact, this can
be shown by the induction on m in the following way; when m = 0, the claim clearly
holds. Then we assume that the claim holds for m < £ (£ > 1). If 6 € Ap_1(x), it
follows from the definition of x that [ u, , H = 0 holds, where H, ;5 denotes the set
{H € H,; § C H}. In particular, we have ﬂHeHM H = 6. Then we can find H € H, 5
with o C (H)° because otherwise we get ¢ N H # () for any H € H, s, which implies
oC ﬂHGHM H = 6. This contradicts the fact § ¢ St (|o]).

Now we assume 6 € Ag(x) with k < £—1. Then we can find L € H, ;s with § C OL.
If o N OL = 0, then clearly L or —L gives the desired half space H. Therefore we may
assume o C JL also. Then, by applying the induction hypothesis to § and ¢ in OL, we
can find H € H, 5 such that 6§ C LN H and ¢ C L N (H)°. Hence we have obtained
the claim.

Therefore the converse implication follows and this completes the proof. O

The following lemma is the crucial key for the proof of Proposition 3.16.

LEMMA 3.18.  Assume that M is contractible. Then M xSty (|7|) \ M xSty (|o|) is
contractible for any o € A(x) and T € A(X').

REMARK 3.19. The assumption y < X’ is essential, otherwise the claim does not
hold.

Proor. We set U = M * St (|Jo|) and V = M * St,/(|7]). We also set H, , =
{H; € H, ; ¢ C H;}. By Lemma 3.17 we have

VA\U =M x {Stxl(ﬂ)\ ( ﬂ H) msml}

H;€H, »

U M (Stor)\ Hnsm).
H;€H, -

Therefore we just prove that Uy, cp M = (Sty (7)) \ Hi N Sm=1) is contractible.
By considering xy < X’ there are three cases of the inclusion between 7 and each H;
containing o.

1. The case of 7 C H; N .S™ L.
Since X’ is finer than y we have St,(|7]) C H;, that is, M (St (|7|)\H;NS™" 1) =0
and we can ignore this case.

2. The case of 7 ¢ —H; N .S™~ L.
We have M * (Sty/(|7]) \ H; N S™ ') = M %St (|7]) = V. Therefore if such an H;

exists, then V' \ U = V, and hence it becomes contractible.

3. The case of 7 C OH; N S™~ L.
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By the observations in the cases 1 and 2, we may assume that all the H; containing o
satisfy the case 3. We first show the claim that nHieHx,o (H;)¢ N S™=! has an interior
point. We take points z € 0 and y € 7. Let z be a point in the line passing through
x and y so that the points x,y, z are situated in this order. Then we can easily see, by
noticing o = ﬂHieHX,U H; and y € H; (H; € Hy,), that z becomes an interior point
of nHieHX,U(Hi)C N S™~1. By choosing z in close enough to the point y, z belongs to
Sty (I7]) and hence we have z € Sty (7)) N { Ny, cp, , (Hi)* N S™m=11 Finally, using z,
we prove the contractibleness of V' \ U and complete the proof. We have

StX,(|r|)m{ N (Hi)cmsm—l}

H;cH,

= [ Ste(rh\ (Hins™ ).

H;€Hy -

Because each St (|7])\ H;NS™~! is a convex set, UHi,eHX M (St (|7)\ HinS™ 1) is
contractible to the point 2 € Ny, 5 St(|7]), \H;NS™ " This complete the proof. [J

LEMMA 3.20. Assume x < x' and M to be contractible. Then for any o € A(x)
and for any T € A(x') we have

Ext‘(C7,Cz) =0 (£#0).
PrROOF. We set U = M * Sty (|o]) and V = M * St,/(|7|). Then we obtain
Ext(Cz, C7) = H'(RHom(Cg, Cy)) ~ HE_o(V, Cy).
Here we have the following long exact sequence.

0 —  HO

UOV(V’ CV) —_— HO (Vv CV) —— HO (V \ ﬁv CV)

(3.15)

—>HL

L _(V,Cy) —— HY(V,Cy) ——

By Lemma 3.17, V' is contractible and we obtain
— C
Hk(V, (Cv) ~ {

Moreover, by Lemma 3.18 we have

C (k=0),

EV\NTT C=) ~
H(vw,cv){o o)

By (3.15), HkﬁmV(V’ Cy7) = 0 holds for any k # 0, 1. Moreover we have the exact sequence

0 - HZ —(V,Cy) - C—C — HL

Umv(v, CV) _> 0.
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From which we obtain H%mv(v7 Cy) = 0 and Hlﬁmv(v7 Cy) = 0. The proof of

Lemma 3.20 has been finished. O
Now we are ready to prove Proposition 3.16.

ProOOF. We will show the existence of ©F under the assumption of that of ©%+1.

Then by the induction we obtain all the ©% (k = —m,—m + 1,...,—1). Assume
that we have ©*f!. By (3.7), we obtain the following exact sequence for k = —m,
-m+1,...,—1.
. dk
0 — Kerd?, ~% 25 Q) ivornyx —5 Imdt, — 0. (3.16)
Zx

The following long exact sequence is induced from (3.16).

0 —— Hom(%Z%,Kerdf,) —— Hom(%y, #f,) —— Hom(Z},Imdf,)

Lok k L gk ook
— Ext (%y,Kerd},) —— Ext' (%, %)) —— -+,

where %’; = ff &z, ix0rr/x- Hence it is enough to show Extl(%”;,Ker di/) = 0 for
the existence of ©), € Hom(%}, Z%,). By the definition of 2% we have

Ext1(<%’§71md§,):Extl<< P Cg>®i*orM/X,Kerdf<,>
() Zx

TEA Kt m—1

~ @ Ext! ((CJ ® 1507/ x , Ker d’;,>

€Ak 4m—1(X) Zx
~ @ Ext!(Cg, Ker d’;,) ® 10T pf/ X -
Zx

UGAkerfl(X)

Therefore it is sufficient to prove the following equation for any k = —m,—m+1,...,—1
and for any o € A(x).

Ext'(Cz, Kerd},) = 0. (3.17)

By taking the short exact sequence below into account

. dk—l
1 id 1 4y _
0 — Kerdf{’, L %”;, L X, Imdi/ ! :Kerd’;, — 0,

we can obtain the following long exact sequence.
0 —— Hom(Cy, Ker di,_l) — Hom(Cs, %71;,_1) —— Hom(Cz, Ker df,)
(3.18)

——— Ext!(Cy, Ker df(,_l) ——— Ext!(Cq, %’Q_l) N
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Let us prove the following equation for any ¢ > 0.
Ext‘(Cs, 2y, ') = 0. (3.19)

By remembering the definition of ,@i,, we can calculate Extl((Cm, %’;2,) as follows.

Exte((CU,%,’;/):Ext£<Ca, D <c7®z'*orM/X>
Zx

TEAm4k—1(X")

~ @ EXtZ ((C?, (C?) ® i*OTM/X
TEAm+r—1(X") Zx
=0.
The last equation follows from Lemma 3.18. By (3.18) and (3.19) we obtain
¢ kY o Tt (O k—1
Ext"(Cz, Kerdy,) ~ Ext™ (Cz, Ker dy, ).
This means that

Ext’(Cz, Kerd},) ~ Ext’*"*"(Cz, Kerd, ;") = 0

because of Kerd /™ = 0. Hence we have shown (3.17) and the proof of Proposition 3.16
has been finished. O

By Proposition 3.16, the following diagram of complexes commutes for xy < x’.
z2 Z@ 10T 0 X — = 5 Cum
X

o) H

g;/ ®i*OTM/X — Cuy.
Zx

By applying RHomc,, (D(e) ® Cy, %) to the above diagram, taking the 0-th cohomology

groups and taking inductive limit limz—+ of these cohomology groups, we obtain

U>D

~ Fm(X)
HY (X, 7 or M) or M)
#XF) @ orax (M) =20 i 00— () 2, M

H [+

- Fon(X)
H? (X, F# or M or M),
WXP), @ orx(M) = s 00— Tt 2, DX M)

where A%(0) = limz = H°(RHomc, (D(0°*) ® Cys,#)). Moreover by the calculation

Py © A2O)(fo @ 1) = pys (< 0,9(0) > fol (o) @ 1)
=<0,9(0) > ar(¥(0)) foly(o)
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= a1(0) foly(o) = a1(0) fo = px(fo @ 1),
we have the following commutative diagram.

Fn(X) .

Im(Zm-1(x) = Zm(x)) ZM§M)OTN[/X(M) P—x> H(ZF(W))
Ao(e)l H
Fm(X') N A
Ta(Zor 1) = Fn(0)) gy X M) 7 HZOV)

Hence we get
px o Byl =py 0 A%O) 0 Bt = py o B,

and we have seen that p = py o 8 ! does not depend on the choices of x.

We finally show by, o p = id and p o byyy = id. The formula by, o p = id follows from
the commutativity of (3.14).

To show po by = id, we may fix x € 7 and W € W, and take f € #(W). By
Proposition 3.13 and Definition 3.14 we have

pobw(f) = pyo Byt obw(f ®1,) = py(far(o) ® Ls) = (a1(0))*f = f.

These complete the proof of Theorem 3.1.

4. Application to Laplace hyperfunctions.

In the last section, we shall introduce intuitive representation of Laplace hyperfunc-
tions as an application of Theorem 3.1.

First we recall the sheaf of Laplace hyperfunctions. Let n be a natural number and
S§27=1 the unit sphere in C* ~ R?".

DEFINITION 4.1.  We define the radial compactification Dcn of C™ as follows.
Den = C™ U S oo,
In the same way we define
Dg» = R™" U S" " o0.
A family of fundamental neighborhoods of zy € C™ consists of
B.(z0) ={z€C"; |z — z| < e}

for £ > 0, and that of (yo0 € S?"~loo consists of an open cone

G.(I') = {ZG(C"; |z| >r7é EI‘}UFOO, (4.1)
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where 7 > 0 and I' runs through open neighborhoods of ¢y in S2"~!. We define the set
of holomorphic functions of exponential type on Dg¢n.

DEFINITION 4.2. Let U be an open subset of Dgn. We define the set 05 (U)
of holomorphic functions of exponential type on U as follows. A holomorphic function
f(2) on U NC"™ belongs to ﬁﬁzi’ (U) if, for any compact set K C U, there exist positive
constants C'g and Hg such that

|f(2)] < Cietxl (€ KNC™).

Moreover we denote by @5 the sheaf of holomorphic functions of exponential type on
]D)(Cn .

To construct intuitive representation of Laplace hyperfunctions, we need the van-
ishing theorem of the global cohomology groups on a Stein open set with coefficients in
05 . However, by Umeta and Honda ([HU]), we cannot expect such a vanishing theo-
rem generally. To overcome this difficulty, they introduce a new property called regular
at oo for a subset in D¢x.

Let U be a subset in D¢n. We define the closed set closiO(U) C 82" loo as follows.
A point z € S?* oo belongs to clos (U) if there exists a point sequence {zj}ren in
U N C" such that

|Zk+1|
|2k |

zk — 2z and —1 in Dgn (k— 00).

Set
NL(U) =510\ clos’ (C"\ U).

DEFINITION 4.3 ([HU]). Let U be an open set in Dcn. If NL(U) =U N S?" oo
holds, we say that U is regular at oco.

ExAMPLE 4.4 ([HU]). 1. Let U be the open set G,.(I') N U where U is a bounded
open subset in C™ and the cone G, (") was defined by (4.1) with 7 > 0 and T" being
an open subset in $?"~1. Then U is regular at oo as N1 (U) =U N S?"lec.

2. For the set U = D¢ \ {1,2,3,4,..., 400} we have N1 (U) = S'co \ {+c0}, and
hence U is regular at co. However the set V = D¢ \ {1,2,4,8,...,400} is not
regular at oo because of N1 (V) = Stoo.

Then we have the following theorem.

THEOREM 4.5 ([HU]). Let U be an open set in Den. Assume that U is regular at
oo and UNC™ is a Stein open set in C™. Then we obtain

HY (U, 65%) =0 (k#0).

As a similar notion, we define N (U) C S?"~1oo for a subset U in D¢ as
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Noo(U) = 52" 7100 \ (C"\ ),

where the closure () is taken in Dcr. Note that N1 (U) C N (U) holds.

DEFINITION 4.6. For an open set A C C", we define
A= AUNL(A).

Remark that A is the largest open set in D¢ such that ANC" = A holds. We also
define the similar set B C Dy~ for a set B C R™. Sometimes we write e instead of .

DEFINITION 4.7 ([HU]). The sheaf Z5" of Laplace hyperfunctions on Dgn is
defined as follows.

exp n exp
%]D)Rn - %Rn (ﬁ]D)Cn ) & OT]D)]Rn /Den oy
where orpy,, /p.. is the orientation sheaf J73" (Zpen ).

Let 2 be an open cone in R™ with vertex a € R™. Note that 2 is not assumed to be
convex. We define an open set X in C™ as follows.

X={z=2+V-1yeChae, [y <|z—a®+1}.

Note that Q = X N Dgn.
We define intuitive representation of Laplace hyperfunctions %BEP(Q) on . First

we define the family W of open sets in X. Let I be an R -conic connected open set in
R™.

DEFINITION 4.8. Let W be an open set in X. We say that W is an infinitisimal
wedge of type 2 x v/—1T" if and only if the following conditions hold.

1. W C(Qx—171).

2. For any open proper subcone I'V of T, there exists an open neighborhood U C X of
Q such that

“(@xV-IIY)nU CW. (4.2)

Let W(1/—1T) be a family of all infinitisimal wedges of type 2 x /—1T in X, and
we set

w=Jw(\-11).

Here I" runs through all the R -conic connected open set in R™.

THEOREM 4.9.  For aforementioned W, there exists (T,U, W) which satisfies the
conditions (T), (U) and (W), and we have intuitive representation of Laplace hyperfunc-

~

tions ,@B%p (Q) by
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H(o55 W) = ( D ﬁﬁii(%) /R,

wew

where R is a C-vector space generated by the following elements.

fo(=flw,) (f € Op (Wh)).
Here W1 and W5 are open sets in W with Wy C W7.

To prove this theorem, we construct (7,U, W) satisfying the condition (T), (U) and
(W). First we show the theorem of Grauert type on Dgn.

THEOREM 4.10.  Let Q be an Ry -conic open set in R™ and let V' be an open neigh-
borhood of 0 in Den. Then we can find an open set U in Den satisfying the following
three conditions.

1. QcUcV.
2. U is regular at co.
3. UNC" is a Stein open set.
PrOOF. Retaking V' smaller we can assume the following conditions.
(a) VNR™ =Q.
(b) VNC" Cc{z=2++-1y € C"; |y| < max{1, |z]/2}}.
(¢) VACr =V.

We introduce some new functions. Let r(x) be a function on R™ such that
r(z) = dist (sc, (C"\V)n ({z} x V-1 R")) (x € R™).
We also define the function r*(w) on S”~! by

CRS

(we s ).
Here r* has the following properties.
(i) 7*(w) is a lower semi-continuous function on S™~1.
(i) 7*(w) > 0 for (w € 2N S™ 1) and r*(w) = 0 otherwise.
For 2* € R™ and for ¢ > 0, we define an analytic polyhedron U(z*, ¢) as follows.

U@ e)={z=z+V-1yeC"; |y* <|z—a*]>+}.

Moreover we define an open set Uy in C™ as the interior of the following set.
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N oo G
) 2 *
z*ERM, z*#£0
Then U; has the following properties.

(1) It is a Ry-conic set.

(2) It is a Stein open set.

(B) QcUyand Uy N{z=2++/-1yeC"; |z| >1} CV hold.

These properties are shown in the following way:

We first show (1). Let 2 = z + /—1y € U;. For any 2* € R"\ {0}, 2 € Uy :=
U(z*, |z*|r*(z*/|z*|)/2) holds. Hence for any ¢t € Ry and for any z* € R™ \ {0} it is
sufficient to prove tz € U,+. Since z € U+ holds for any z* € R™\ {0}, by the definition
we get

CC*T* 1,* 1,* 2
y|2<|xm*|2+< | (2 /| )> )

By multiplying the both sides by ¢

\ta* |r* (ta* ) |ta*]) ) 2

ty|? < |to — tz*]* + ( 5

Furthermore, for any ¢ € Ry and for any z* € §, tz* € ) holds. Hence we have tz € U
and we have shown (1).
Next we give the proof of (2). Because

o (o, BT D)

2
_ { eC; |exp <—<z_x*)2 ) (|x*|r*<;*/x*|>)2>

< 1} |
U is a Stein open set. The proof of (2) has been completed.

Finally we show (3). @ C U is obvious from the construction of U;. Moreover it is
easy to see Uy N{z =2 ++/—1y € C"; |z| > 1} C V by the definition of *(w). Hence
(3) follows.

Let ﬁ; be the interior of

N e DY,

z*eR™, |x*|>1

and Us the interior of

z*eR”, |z*|<1
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Since there exists R > 0 such that

i]vl:Ul in {z:x+\/—1y; |x|>R}

we see that UNl is regular at co and a Stein open set. Then U :A(l71 N Uy) satisfies the
conditions of the theorem. O

Set M = Q. We define a homeomorphism ¢ : X NC" — M x D" as follows.

Y
t(z+vV—-1y) = r, —/——
( ) P 1

By extending the morphism to X continuously, we obtain the homeomorphism between
X and Q@ x D" =M x D™,

Let U be a family of all the open subsets U in X which satisfy

1. U is a neighborhood of M.

2. U is regular at oo.

3. UNC" is a Stein open set.

Such an open subset surely exists thanks to Theorem 4.10.

Let 7 be a family of all the stratifications of S"~! which are associated with par-
titioning by a finite family of hyperplanes passing through the origin in R™. It is clear
that T satisfies the condition (T).

On the aforementioned preparations, we can easily prove that (7, U, W) satisfies
the conditions (T), (U) and (W) by applying Theorem 4.5 and Theorem 4.10, and thus
intuitive representation of Laplace hyperfunctions is justified.

[HU]
[Ka]
[Ks]
[KS]
[M]

[S]
[SKK]
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