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Abstract. Dirichlet’s theorem in Diophantine approximation is known
to be closely related to geometry of the hyperbolic plane. In this paper we con-
sider approximation in the setting of number fields and study relation between
systems of linear forms and geometry of products of symmetric spaces.

1. Introduction.

It has been known for a long time that Dirichlet’s theorem in Diophantine approxi-

mation is closely related to geometry of the hyperbolic plane. Let

H =
{
x+

√
−1y | x, y ∈ R ; y > 0

}
be the upper half-plane equipped with the Poincaré metric (dx2 + dy2)/y2. The group

SL(2,R) acts on H isometrically as a group of linear fractional transformations:

g · z =
λz + µ

νz + ξ
for z = x+

√
−1y ∈ H, g =

(
λ µ

ν ξ

)
∈ SL(2,R).

A horoball in H is an open ball tangent to the boundary at infinity of H: it is a subset

of the form

HB(C) =
{
x+

√
−1 y ∈ H | y > C

}
for a positive number C or its translate by an element of SL(2,R). For a given real

number a, let γa : [0,∞) −→ H be the geodesic ray defined by

γa(s) = a+ e−s
√
−1 for s ≥ 0.

The image under

g =

(
λ µ

ν ξ

)
∈ SL(2,R)

of the horoball HB(C) is the interior of the circle
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x− λ

ν

)2

+

(
y − 1

2Cν2

)2

=

(
1

2Cν2

)2

tangent to the real line at λ/ν if ν ̸= 0, and the following holds.

Theorem 1.1 (Ford [11]). Let λ, ν be coprime integers with ν > 0 and let

g =

(
λ µ

ν ξ

)
∈ SL(2,Z).

Then we have ∣∣∣∣a− λ

ν

∣∣∣∣ < C

ν2
(1.1)

if and only if the geodesic ray γa intersects the image under g of the horoball HB(1/(2C)).

Based on this correspondence Ford ([11]) gave a geometric proof of a theorem of

Hurwitz without using the theory of continued fractions. Similar relation as Theorem 1.1

between approximation of a complex number by ratios of algebraic integers in an imagi-

nary quadratic field and geometry of the 3-dimensional hyperbolic space was also studied

in [12], [13], [19].

In [15] we studied such relation in the case of real quadratic fields and totally complex

quartic fields. The problem is to find appropriate generalization of the inequality (1.1)

and corresponding spaces. It seems to be the answer that the inequality is the one treated

in [10], [21] and the spaces are products of 2-dimensional and 3-dimensional hyperbolic

spaces, although we treated other inequalities in [15]. In this paper we study more

general cases of linear forms. We consider the following situation.

Let k be a number field of degree d = l+2m with l real places and m complex places.

We denote by ι1, . . . , ιl : k −→ R the real embeddings and ιl+1, . . . , ιl+m : k −→ C the

complex embeddings which are not complex conjugate to each other. Let kM = Rl×Cm

be the Minkowski space associated to k. We denote by ι the embeddingR −→ kM defined

by

ι(λ) = (λ, . . . , λ) for λ ∈ R.

The twisted diagonal embedding ιk : k −→ kM is given by

ιk(a) = (ι1(a), . . . , ιl(a), ιl+1(a), . . . , ιl+m(a)) for a ∈ k. (1.2)

For any positive integer q, this embedding ιk induces an embedding kq −→ (kM )q, which

we also denote by ιk:

ιk(a) = (ιk(a1), . . . , ιk(aq)) for a = (a1, . . . , aq) ∈ kq.

For η = (η1, . . . , ηl+m), ρ = (ρ1, . . . , ρl+m) ∈ kM and λ ∈ R, we put

∥η∥ = max
1≤i≤l+m

|ηi|, λ · η = (λη1, . . . , ληl+m),
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and

η + ρ = (η1 + ρ1, . . . , ηl+m + ρl+m), η · ρ = (η1ρ1, . . . , ηl+mρl+m),

where | | is the usual Euclidean absolute value on R or C.

Let n, p be integers such that n− 1 ≥ p ≥ 1 and L = (Lij) a p× (n−p) matrix with

entries in kM . For i = 1, . . . , n − p, we denote by Li the R-linear map (kM )p −→ kM

determined by the ith column of L:

Li(x) =

p∑
k=1

Lkixk for x = (x1, . . . , xp) ∈ (kM )p.

We call such an R-linear map a kM -form. Let

L(x) = (L1(x), . . . , Ln−p(x)) and ∥a∥ = max
1≤i≤q

∥ai∥

for x ∈ (kM )p and a = (a1, . . . , aq) ∈ (kM )q, q ≥ 1.

Let Ok be the ring of integers of k and consider the inequality

∥ιk(x)∥p ∥L(ιk(x))− ιk(y)∥n−p < C (1.3)

for x ∈ (Ok)
p − {0} and y ∈ (Ok)

n−p.

For any ring R and positive integers q, q′ we denote by M(q, q′;R) the set of all q×q′

matrices with entries in R. Let ∆k be the discriminant of k and

Ck =

{(
2

π

)m

|∆k|1/2
}1/d

≥ 1.

Then the following generalization of Dirichlet’s theorem follows from Minkowski’s convex

body theorem.

Theorem 1.2. Suppose that C > (Ck)
n. Then the following hold.

(1) For every L ∈ M(p, n− p;kM ) there exist x ∈ (Ok)
p − {0}, y ∈ (Ok)

n−p satisfying

the inequality (1.3).

(2) If L(ιk(a)) does not belong to (ιk(Ok))
n−p for any a ∈ (Ok)

p −{0}, then there exist

infinitely many distinct pairs (x, y) ∈ (Ok)
p× (Ok)

n−p−{0}× (Ok)
n−p satisfying (1.3).

The inequality (1.3) is the same as the one treated in [22] and is different from

the one treated in [5] (see Section 2). It is also different from the one treated in [26,

Theorem 1]. In the case n = 2, (1.3) becomes an inequality for a single kM -form in one

variable, which coincides with the inequality treated in [10], [21] (see also [24]).

We say that the system L1, . . . , Ln−p of kM -forms is badly approximable if there

exists a positive constant C such that

∥ιk(x)∥p ∥L(ιk(x))− ιk(y)∥n−p ≥ C (1.4)

for any x ∈ (Ok)
p − {0} and y ∈ (Ok)

n−p. Let Bn,p,k be the set of L ∈ M(p, n− p;kM )

such that the system of kM -forms induced from L is badly approximable.
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We show that one can treat the inequalities (1.3), (1.4) in the same geomet-

ric framework as in Theorem 1.1 by replacing the upper half-plane H with Ṽ =

(SL(n,R)/SO(n))l × (SL(n,C)/SU(n))m, SL(2,Z) with SL(n,Ok), γa with a suitable

geodesic ray γL in Ṽ , {HB(C)}C≥1 with a suitable family of horoballs in Ṽ , respectively.

Let V = SL(n,R)/SO(n) and V̂ = SL(n,C)/SU(n). We equip V with the left

SL(n,R)-invariant Riemannian metric induced from the Killing form of the Lie algebra

of SL(n,R). Similarly we give V̂ the left SL(n,C)-invariant Riemannian metric induced

from the Killing form of the Lie algebra of SL(n,C).

For any positive integers q, q′, each embedding ιk can be extended to an embedding

M(q, q′;k) −→ M(q, q′;R) by

ιk(g) = (ιk(gij)) (1.5)

for g = (gij) ∈ M(q, q′;k), if ιk is real. Similarly, in the case ιk is complex, ιk can be

extended to an embedding M(q, q′;k) −→ M(q, q′;C) by the same formula (1.5). Then

the twisted diagonal embedding ιk given by (1.2) can be extended to an embedding

SL(n,k) −→ SL(n,R)l × SL(n,C)m by

ιk(g) = (ι1(g), . . . , ιl(g), ιl+1(g), . . . , ιl+m(g)) for g ∈ SL(n,k). (1.6)

Thus the group SL(n,k) acts isometrically on the Riemannian product V l× V̂ m through

the embedding ιk:

ιk(g) · x = (ι1(g) · x1, . . . , ιl+m(g) · xl+m) for x = (x1, . . . , xl+m) ∈ V l × V̂ m. (1.7)

We study the relation between the inequalities (1.3), (1.4) and geometry of the

symmetric space V l × V̂ m through the action of the group Γ = SL(n,Ok) on V l × V̂ m.

We define a geodesic ray γ∗ in V l × V̂ m by the formula (3.13) in Section 3 and take a

family of horoballs {B(γ∗, τ)}τ≥0 determined by γ∗ according to Definition 3.1. We also

define a geodesic ray γL : [0,∞) −→ V l × V̂ m for a given L ∈ M(p, n − p;kM ) by the

formula (3.19) in Section 3. Then we consider when γL intersects translates of B(γ∗, τ)

by elements of SL(n,k).

Let ε1, . . . , εl+m−1 be a system of fundamental units of Ok and let

C1 = max
{
|ιj(εi)|2(l+m−1), |ιj(εi)|−2(l+m−1)∣∣ i = 1, . . . , l +m− 1; j = 1, . . . , l +m

}
.

We denote by In the unit matrix of order n. The relation corresponding to Theorem 1.1

is as follows.

Theorem 1.3. Let D be a positive integer and let g = (aij) ∈ SL(n,k) such that

all the entries in the nth row of the matrix (DIn)g belong to Ok. Suppose that

τ ≥
√
2d n√
n− 1

logD.
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Then we have the following, where κ = exp{−
√

2(n− 1) τ
/
(n
√
d)}.

(1) If a = (an1, . . . , anp) ̸= 0 and

∥ιk(a)∥p ∥L(ιk(a)) + ιk(b)∥n−p <
(κ
n

)n/2
,

where b = (an,p+1, . . . , ann), then γL([0,∞)) intersects the horoball ιk(g)
−1 ·B(γ∗, τ).

(2) If γL([0,∞)) intersects the horoball ιk(g)
−1 ·B(γ∗, τ), then a ̸= 0 and there exists a

unit ω ∈ Ok such that

∥ιk(ωa)∥p ∥L(ιk(ωa)) + ιk(ωb)∥n−p < (C1κ)
n/2.

Using this correspondence, we study the set Bn,p,k. Let B be the subgroup of

SL(n,k) consisting of all the upper triangular matrices in SL(n,k) and let g1, . . . , gh be

a complete representative system of the double coset classes Γ\SL(n,k)/B.

Theorem 1.4. Let L ∈ M(p, n− p;kM ). The following two conditions are equiv-

alent.

(1) There exists a non-negative number τ such that γL([0,∞)) does not intersect

h∪
i=1

∪
g∈Γ

ιk(g)ιk(gi) ·B(γ∗, τ).

(2) The system of kM -forms L1, . . . , Ln−p induced from L is badly approximable.

Let Π : V l × V̂ m −→ ιk(Γ )\(V l × V̂ m) be the natural projection. Since the first

condition of Theorem 1.4 is equivalent to the condition that Π ◦ γL([0,∞)) is relatively

compact in ιk(Γ )\(V l × V̂ m) (cf. Lemma 6.1), we have the following.

Theorem 1.5. The system L1, . . . , Ln−p of kM -forms is badly approximable if and

only if Π ◦ γL([0,∞)) is relatively compact in ιk(Γ )\(V l × V̂ m).

By topological consideration (see Lemma 6.2) this is equivalent to the following. Let

α0 be the diagonal matrix such that the first p diagonal elements are equal to 1 and the

last n− p diagonal elements are equal to −λ = −p/(n− p):

α0 = diag(1, . . . , 1,−λ, . . . ,−λ).

Theorem 1.6. Let

gs =
(
e−sα0/(

√
d |α0|), . . . , e−sα0/(

√
d |α0|)

)
∈ G̃ = (SL(n,R))l × (SL(n,C))m,

where |α0| =
√

2n2p/(n− p). Then the following two conditions are equivalent.

(1) The trajectory {ιk(Γ )uLgs | s ≥ 0} is relatively compact in ιk(Γ )\G̃.

(2) The system of kM -forms induced from L is badly approximable.
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Theorem 1.6 is a generalization of Dani’s correspondence ([6, Theorem 2.20]), which

coincides with the one proved in [22] by a different method. If k = Q this is the origi-

nal correspondence of Dani and if n = 2 this is Proposition 3.1 of [10]. Our geometric

approach makes it clear how Theorem 1.1 relates to Dani’s correspondence and its gen-

eralization.

Using this correspondence, Ly showed the following.

Theorem 1.7 (cf. [22, Theorems 1.9, 1.10]). The set Bn,p,k has zero Lebesgue

measure, when we identify M(p, n− p;kM ) with Rdp(n−p). Furthermore, Bn,p,k is thick,

and in particular has Hausdorff dimension dp(n− p).

We recall that the case k = Q was established in [20], [25] and the case n = 2,

p = 1 was proved in [10].

For 1 ≤ j ≤ p, let L′
j : (kM )n−p −→ kM be the kM -form determined by the jth

column of tL ∈ M(n− p, p;kM ):

L′
j(y) =

n−p∑
k=1

Ljkyk for y = (y1, . . . , yn−p) ∈ (kM )n−p.

Let

L′(y) = (L′
1(y), . . . , L

′
p(y)) for y ∈ (kM )n−p.

Theorem 1.8. Let n ≥ 3. The following two conditions are equivalent.

(1) The system of kM -forms L1, . . . , Ln−p induced from the matrix L ∈ M(p, n− p;kM )

is badly approximable.

(2) The system of kM -forms L′
1, . . . , L

′
p induced from the transpose tL ∈ M(n−p, p;kM )

of L is badly approximable.

Theorem 1.8 is a new generalization of Khintchine’s theorem (Theorem 5B of [27,

Chapter IV]). This is shown by considering a family of horoballs {B(γ∗, τ)}τ≥0 obtained

by exchanging γ∗ with the geodesic ray γ∗ defined by the formula (7.1) in Section 7.

In the case k = Q, a geometric interpretation of the transference principle is given in

[7] by means of Busemann functions on the quotient space SL(n,Z)\SL(n,R)/SO(n)

associated to two different geodesic rays.

So far we have seen that there are abundant badly approximable systems of kM -

forms. However, it is another problem to find explicit examples of such systems. For

this, it is already possible to use Theorem 6.5 of [5] in general (see Proposition 2.1), and

results in [18] in the case n = 2. We present another geometric method to construct

badly approximable systems of kM -forms by using Theorem 1.5.

Let k′ be a number field of degree d′ = l′ + 2m′ with l′ real places and m′ complex

places. We denote by ι′1, . . . , ι
′
l′ : k′ −→ R the real embeddings and ι′l′+1, . . . , ι

′
l′+m′ :

k′ −→ C the complex embeddings which are not complex conjugate to each other. Let

k′
M = Rl′ ×Cm′

be the Minkowski space associated to k′. Suppose that k′ is a subfield

of k. Then there exists a natural embedding of k′
M into kM , which can be extended to

an embedding
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φk′,k : M(p, n− p;k′
M ) −→ M(p, n− p;kM )

(see Section 8 for precise definitions).

Theorem 1.9. Let k ̸= Q. Suppose that the system of k′
M -forms induced from

a matrix L′ ∈ M(p, n − p;k′
M ) is badly approximable. Then the system of kM -forms

induced from the matrix φk′,k(L
′) ∈ M(p, n− p;kM ) is badly approximable.

Let k′ = Q. Then φQ,k(L
′) induces a badly approximable system of kM -forms if

L′ ∈ M(p, n − p;R) is a matrix which induces a badly approximable system of linear

forms. Since Bn,p,Q has the power of the continuum ([25]), we can construct uncountably

many matrices in Bn,p,k. In particular, it is possible that we obtain a concrete example

of badly approximable system of kM -forms when L′ is a matrix in M(n, n− p;R) which

induces one of Perron’s examples ([23]) of badly approximable systems of linear forms

(see Theorem 4B of [27, Chapter II]).

Finally we mention Diophantine approximation with weights in the setting of number

fields. If n = 2, l+m ≥ 2, it is possible to consider notion of weighted badly approximable

vectors by using weighted norms on kM . In the case where k is a totally real number

field, it was shown in [1] that the set of weighted badly approximable vectors with respect

to a given weighted norm is thick, which is a generalization of the result in [10] for real

quadratic fields.

This paper is organized as follows. In Section 2 we prove Theorem 1.2 and compare

it with results of Burger ([5]). We collect necessary facts on symmetric spaces in Sec-

tion 3. In Section 4 we prove Theorem 1.3 and find a basic correspondence. We prove

Theorem 1.4 in Section 5. In Section 6 we describe a relatively compactness criterion

and prove Theorem 1.5. We prove Theorem 1.8 in Section 7 and prove Theorem 1.9 in

Section 8.

2. Convex body theorem.

In this section we prove Theorem 1.2 by using Minkowski’s convex body theorem

and compare it with results in Burger’s paper [5].

We first remark that Theorem 7.1 of [28] and the standard argument as in the proof

of Theorem 2A of [27, Chapter II] yield the following version of Minkowski’s convex body

theorem.

Theorem 2.1. Let Λ be an (nd)-dimensional lattice in Rnd with fundamental

domain T , and vol(T ) the volume of T . Let R be a compact convex subset of Rnd with

volume vol(R), which is symmetric about the origin 0 ∈ Rnd. If vol(R) ≥ 2ndvol(T ),

then R contains a non-zero point of Λ.

Proof of Theorem 1.2. Let L = (Lij) ∈ M(p, n − p;kM ) and Lij =

(L1
ij , . . . , L

l+m
ij ) ∈ kM for each i, j. For j = 1, . . . , n − p and q = 1, . . . , l, we define

an R-linear map Lq
j : Rp −→ R by

Lq
j(x) =

p∑
k=1

Lq
kjxk for x = (x1, . . . , xp) ∈ Rp.



892(222)

892 T. Hattori

For j = 1, . . . , n− p and q = l + 1, . . . , l +m, we define an R-linear map Lq
j : Cp −→ C

by

Lq
j(x) =

p∑
k=1

Lq
kjxk for x = (x1, . . . , xp) ∈ Cp.

Let Q > (Ck)
n and put

δ = Q1/p, ε =

{
(Ck)

n

Q

}1/(n−p)

< 1.

Let

Lq = (Lq
ij) ∈ M(p, n− p;R)

for q = 1, . . . , l, and

Lq = (Lq
ij) ∈ M(p, n− p;C)

for q = l + 1, . . . , l +m. For each q we put

Bq = (bqij) =

(
δ−1Ip O

ε−1 tLq −ε−1In−p

)
,

where Ik is the unit matrix of order k for any positive integer k. Let

Rq =

{
x = (x1, . . . , xn) ∈ Rn

∣∣∣∣∣
∣∣∣∣∣

n∑
k=1

bqikxk

∣∣∣∣∣ ≤ 1 for i = 1, . . . , n

}

for q = 1, . . . , l, and

Rq =

{
x = (x1, . . . , xn) ∈ Cn

∣∣∣∣∣
∣∣∣∣∣

n∑
k=1

bqikxk

∣∣∣∣∣ ≤ 1 for i = 1, . . . , n

}

for q = l + 1, . . . , l +m. Then the volume vol(Rq) of Rq is given by

vol(Rq) =

{
2nδpεn−p if 1 ≤ q ≤ l,

πnδ2pε2(n−p) if l + 1 ≤ q ≤ l +m.

We put

R = R1 × · · · × Rl+m ⊂ (Rn)l × (Cn)m.

Under the natural identification of C with R2, we regard (Rn)l×(Cn)m as Rnl×R2nm =

Rnd. Then R is a compact symmetric convex subset of Rnd and its volume is given by

vol(R) = vol(R1)× · · · × vol(Rl+m) = 2nlπnm(Ck)
nd = 2n(l+m)|∆k|n/2.
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On the other hand, ιk((Ok)
n) is a lattice in (kM )n = Rnd because ιk(Ok) is a lattice

in kM . Let Λ = ιk((Ok)
n) and T a fundamental domain of Λ. Since the volume of a fun-

damental domain for ιk(Ok) in kM = Rd is equal to 2−m|∆k|1/2 (cf. [28, Theorem 9.4]),

the volume of T is given by

vol(T ) =
{
2−m|∆k|1/2

}n

= 2−nm|∆k|n/2.

Hence vol(R) = 2ndvol(T ) andR contains a non-zero point ιk((a, b)) due to Theorem 2.1,

where a = (a1, . . . , ap) ∈ (Ok)
p, b = (b1, . . . , bn−p) ∈ (Ok)

n−p. Then

(ιq(a), ιq(b)) ∈ Rq for q = 1, . . . , l +m,

which means that

|ιq(ai)| ≤ δ = Q1/p, |Lq
j(ιq(a))− ιq(bj)| ≤ ε =

{
(Ck)

n

Q

}1/(n−p)

(2.1)

for i = 1, . . . , p; j = 1, . . . , n− p; and q = 1, . . . , l +m. Then we have

∥ιk(a)∥ = max
1≤i≤p

∥ιk(ai)∥ = max
{
|ιq(ai)|

∣∣ 1 ≤ i ≤ p, 1 ≤ q ≤ l +m
}
≤ Q1/p (2.2)

and

∥L(ιk(a))− ιk(b)∥ = max
1≤j≤n−p

∥Lj(ιk(a))− ιk(bj)∥

= max
{
|Lq

j(ιq(a))− ιq(bj)|
∣∣ 1 ≤ j ≤ n− p, 1 ≤ q ≤ l +m

}
≤
{
(Ck)

n

Q

}1/(n−p)

,

(2.3)

which imply that

∥ιk(a)∥p ∥L(ιk(a))− ιk(b)∥n−p ≤ (Ck)
n < C.

If a = 0, then it follows from (2.1) that |ιq(bj)| ≤ ε < 1 for all j and q. Then the

norm Nk(bj) of bj satisfies

|Nk(bj)| =

∣∣∣∣∣
l∏

q=1

ιq(bj)

∣∣∣∣∣
∣∣∣∣∣
l+m∏
q=l+1

ιq(bj)

∣∣∣∣∣
2

< 1,

which shows that bj = 0 for j = 1, . . . , n − p, and b = 0. This is a contradiction, and

hence a ̸= 0. This proves (1).

Suppose that the assumption of (2) is satisfied. Since for fixed Q there are only

finitely many pairs (a, b) with a ∈ (Ok)
p − {0}, b ∈ (Ok)

n−p satisfying (2.2) and (2.3),

let C ′ be the minimum of the numbers ∥L(ιk(a))− ιk(b)∥ for such pairs. Then we have

C ′ > 0. Let Q′ be a positive number such that{
(Ck)

n

Q′

}1/(n−p)

< C ′.
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Then we can find a pair (a′, b′) with a′ ∈ (Ok)
p − {0}, b′ ∈ (Ok)

n−p such that

∥ιk(a′)∥ ≤ (Q′)1/p, ∥L(ιk(a
′))− ιk(b

′)∥ ≤
{
(Ck)

n

Q′

}1/(n−p)

in the same way. This pair is different from (a, b). Repeating this procedure, we obtain

infinitely many distinct solutions (x, y) ∈ (Ok)
p × (Ok)

n−p − {0} × (Ok)
n−p of the

inequality (1.3). This proves (2). □

We have also proved that the following holds.

Theorem 2.2. For every L ∈ M(p, n−p;kM ) and every real number C > (Ck)
n/p,

there exist x ∈ (Ok)
p − {0}, y ∈ (Ok)

n−p such that

∥ιk(x)∥ ≤ C, ∥L(ιk(x))− ιk(y)∥ ≤ (Ck)
n/(n−p)C−p/(n−p). (2.4)

Remark 2.1. In the proof of Theorem 1.2, the existence of a = (a1, . . . , ap) ∈
(Ok)

p−{0} and b = (b1, . . . , bn−p) ∈ (Ok)
n−p satisfying (2.1) corresponds to Lemma 5.1

of [5] in the case where S is the set S0 of all places of k lying over infinity.

For any positive integer r, let

hS0(x) =

{
l∏

q=1

max
1≤i≤r

|ιq(xi)|1/d
}{

l+m∏
q=l+1

max
1≤i≤r

|ιq(xi)|2/d
}

be the S0-height of x for x = (x1, . . . , xr) ∈ kr. For a = (a1, . . . , ap) ∈ kp and b =

(b1, . . . , bn−p) ∈ kn−p, we regard (a, b) ∈ kn and let

hS0
(a, b) = hS0

((a, b))

be the S0-height of a and b. We also put

H(L(ιk(a))− ιk(b))

=

{
l∏

q=1

max
1≤j≤n−p

|Lq
j(ιq(a))− ιq(bj)|1/d

}{
l+m∏
q=l+1

max
1≤j≤n−p

|Lq
j(ιq(a))− ιq(bj)|2/d

}
.

Then it follows from (2.1) that the following holds, which is equivalent to [5, Theorem 5.2]

in the case where S is the set S0 of all places of k lying over infinity, under the natural

identification

M(p, n− p;kM ) = M(p, n− p;R)l ×M(p, n− p;C)m. (2.5)

Theorem 2.3. For every L ∈ M(p, n−p;kM ) and every real number C > (Ck)
n/p,

there exist x ∈ (Ok)
p − {0}, y ∈ (Ok)

n−p such that

hS0(x) ≤ C, H(L(ιk(x))− ιk(y)) ≤ (Ck)
n/(n−p)C−p/(n−p). (2.6)
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By the inequality of arithmetic and geometric means we have

hS0(x) ≤
1

d

{
l∑

q=1

max
1≤i≤p

|ιq(xi)|+ 2
l+m∑
q=l+1

max
1≤i≤p

|ιq(xi)|

}
≤ max

{
|ιq(xi)|

∣∣ 1 ≤ i ≤ p, 1 ≤ q ≤ l +m
}
= ∥ιk(x)∥ (2.7)

and

H(L(ιk(x))− ιk(y))

≤ 1

d

{
l∑

q=1

max
1≤j≤n−p

|Lq
j(ιq(x))− ιq(yj)|+ 2

l+m∑
q=l+1

max
1≤j≤n−p

|Lq
j(ιq(x))− ιq(yj)|

}
≤ max

{
|Lq

j(ιq(x))− ιq(yj)|
∣∣ 1 ≤ j ≤ n− p, 1 ≤ q ≤ l +m

}
= ∥L(ιk(x))− ιk(y)∥

(2.8)

for x = (x1, . . . , xp) ∈ kp, y = (y1, . . . , yn−p) ∈ kn−p. Therefore Burger’s inequality

(2.6) follows from (2.4), although both of them follow from the same inequalities (2.1).

We remark that Burger’s definition of ‘badly approximable S0-systems of linear

forms’ ([5, p.237]) is rephrased as follows under the identification (2.5):

Definition 2.1. Let L ∈ M(p, n − p;kM ). Then we say tL ∈ M(n − p, p;R)l ×
M(n − p, p;C)m is a badly approximable S0-system of linear forms (of dimension (n −
p)× p) if there exists a constant C(k, L) > 0 depending only on k and L such that

hS0(x,y)
pH(L(ιk(x))− ιk(y))

n−p > C(k, L)

for every x ∈ (Ok)
p − {0} and y ∈ (Ok)

n−p.

Proposition 2.1. The system of kM -forms induced from L ∈ M(p, n− p;kM ) is

badly approximable if tL is a badly approximable S0-system of linear forms in the sense

of Burger.

Proof. Let L ∈ M(p, n − p;kM ) and suppose that tL is a badly approximable

S0-system of linear forms. Then L(ιk(x)) does not belong to (ιk(Ok))
n−p for any x ∈

(Ok)
p − {0} and ∥L(ιk(x))− ιk(y)∥ > 0 for such x and any y ∈ (Ok)

n−p.

Suppose that a = (a1, . . . , ap) ∈ (Ok)
p − {0} and b = (b1, . . . , bn−p) ∈ (Ok)

n−p.

If ∥L(ιk(a))− ιk(b)∥ ≥ 1, then we have

∥ιk(a)∥p ∥L(ιk(a))− ιk(b)∥n−p ≥ ∥ιk(a)∥p ≥ 1 > 0.

Suppose that ∥L(ιk(a))− ιk(b)∥ < 1. Then we have

|Lq
j(ιq(a))− ιq(bj)| < 1 (2.9)

for j = 1, . . . , n− p and q = 1, . . . , l +m. Let

C ′ = max
{
|Lq

ij |
∣∣ 1 ≤ i ≤ p; 1 ≤ j ≤ n− p; 1 ≤ q ≤ l +m

}
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and C ′′ = pC ′ + 1. Since

|Lq
j(ιq(a))| =

∣∣∣∣∣
p∑

k=1

Lq
kjιq(ak)

∣∣∣∣∣ ≤
p∑

k=1

∣∣Lq
kj

∣∣ |ιq(ak)| ≤ ∥ιk(a)∥
p∑

k=1

∣∣Lq
kj

∣∣≤ pC ′∥ιk(a)∥,

it follows from (2.9) that

|ιq(bj)| < 1 + |Lq
j(ιq(a))| < 1 + pC ′∥ιk(a)∥ ≤ (pC ′ + 1)∥ιk(a)∥ = C ′′∥ιk(a)∥

for each j and q. This and (2.7) show that

∥ιk(b)∥ < C ′′∥ιk(a)∥

and

hS0(a, b) = hS0((a, b)) ≤ ∥ιk((a, b))∥ ≤ max {∥ιk(a)∥, ∥ιk(b)∥} < C ′′∥ιk(a)∥.

Since tL is a badly approximable S0-system of linear forms, we have

hS0(a, b)
pH(L(ιk(a))− ιk(b))

n−p > C(k, L) > 0

for a constant C(k, L) depending only on k and L. Then it follows from (2.8) that

(C ′′)p ∥ιk(a)∥p ∥L(ιk(a))− ιk(b)∥n−p ≥ hS0(a, b)
pH(L(ιk(x))− ιk(y))

n−p > C(k, L).

Let

C ′′′ = min {1, C(k, L)/(C ′′)p} > 0.

Then we have

∥ιk(x)∥p ∥L(ιk(x))− ιk(y)∥n−p ≥ C ′′′

for any x ∈ (Ok)
p − {0} and y ∈ (Ok)

n−p. □

3. Geometry of (SL(n,R)/SO(n))l × (SL(n,C)/SU(n))m.

Let n ≥ 2, G = SL(n,R) and K = SO(n). Let V = G/K and denote by x0 the

coset of the identity element of G. We denote by g and k the Lie algebras of G and K,

respectively, and by p the set of all real symmetric matrices of order n with trace 0. Then

the direct sum decomposition g = k+ p is a Cartan decomposition. The tangent space of

V at x0 is naturally identified with p through the differential at the identity element of

the projection G −→ V . The inner product ⟨ , ⟩ on p defined by the Killing form of g is

⟨X,Y ⟩ = 2n · trace(XY ) for X,Y ∈ p. (3.1)

It can be extended to a left G-invariant Riemannian metric on V . Then V equipped

with the resulting metric is a symmetric space of noncompact type (see [8], [17] for more

details on symmetric spaces of noncompact type).
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Similarly, let Ĝ = SL(n,C) and K̂ = SU(n). Let V̂ = Ĝ/K̂ and denote by x̂0 the

coset of the identity element of Ĝ. We denote by ĝ and k̂ the Lie algebras of Ĝ and K̂,

respectively, and by p̂ the set of all Hermitian matrices of order n with trace 0. Then the

direct sum decomposition ĝ = k̂+ p̂ is a Cartan decomposition. The tangent space of V̂

at x̂0 is naturally identified with p̂ through the differential at the identity element of the

projection Ĝ −→ V̂ . The inner product ⟨⟨ , ⟩⟩ on p̂ defined by the Killing form of ĝ is

⟨⟨X,Y ⟩⟩ = 4n · trace(XY ) for X,Y ∈ p̂. (3.2)

It can be extended to a left Ĝ-invariant Riemannian metric on V̂ . Then V̂ equipped with

the resulting metric is a symmetric space of noncompact type.

The Riemannian product Ṽ = V l × V̂ m as well as V and V̂ are Hadamard mani-

folds, that is, simply connected, complete Riemannian manifolds of nonpositive sectional

curvature. Let dṼ be the distance on Ṽ induced from the product metric on Ṽ . The

group Γ = SL(n,Ok) acts isometrically on Ṽ by (1.7) and the volume of the quotient

space ιk(Γ )\Ṽ is finite.

Let W be a Hadamard manifold and dW the distance on W induced from the Rie-

mannian metric of W . A geodesic γ : [0,∞) −→ W is a geodesic ray if it realizes the

distance between any two points on it: dW (γ(s), γ(s′)) = |s − s′| for any s, s′ ≥ 0. Any

unit speed geodesic [0,∞) −→ W is a geodesic ray.

Definition 3.1 (cf. [8], [2], [9]). (1) Let γ : [0,∞) −→ W be a geodesic ray. Then

the function b(γ) on W defined by

b(γ)(x) = lim
s→∞

{dW (x, γ(s))− s} for x ∈ W

is called the Busemann function associated to γ.

(2) For any geodesic ray γ and any real number τ , the set B(γ, τ) = b(γ)−1(−∞,−τ) is

called a horoball in W .

For an isometry g of W and x ∈ W , we denote by g · x the image of x under g.

We use the similar notation for subsets of W and geodesics in W . Then we have the

following for any isometry g of W and τ ∈ R.

b(g · γ)(x) = b(γ)(g−1 · x) for x ∈ W, (3.3)

g ·B(γ, τ) = B(g · γ, τ). (3.4)

Proposition 3.1 (Proposition 1.10.2.(4) of [8, Chapter I]). Let γ be a geodesic

ray in W . Then we have

|b(γ)(x)− b(γ)(y)| ≤ dW (x, y) for any x, y ∈ W.

Let

A =
{
a = diag(a1, . . . , an) ∈ G

∣∣ a1, . . . , an > 0
}

(3.5)
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and let N be the subgroup of G consisting of all the upper triangular matrices with

diagonal elements 1. Then G = NAK is an Iwasawa decomposition of G and

V = NA · x0 =
{
va · x0 | v ∈ N, a ∈ A

}
.

For any g ∈ G, gA · x0 is a totally geodesically embedded Euclidean space in V .

Let Â = A and let N̂ be the subgroup of Ĝ consisting of all the upper triangular

matrices with diagonal elements 1. Then Ĝ = N̂ÂK̂ is an Iwasawa decomposition of Ĝ

and

V̂ = N̂Â · x̂0 =
{
va · x̂0

∣∣∣ v ∈ N̂ , a ∈ Â
}
.

For any g ∈ Ĝ, gÂ · x̂0 is a totally geodesically embedded Euclidean space in V̂ .

Let

a = â =
{
α = diag(α1, . . . , αn) | α1, . . . , αn ∈ R; α1 + · · ·+ αn = 0

}
.

The Lie algebra a of A is a maximal abelian subspace of p. For any α ∈ a−{0} the map

γα : [0,∞) −→ V defined by

γα(s) =

(
exp s

α

|α|

)
· x0 = esα/|α| · x0 = esα/|α|K

is a geodesic ray in V , where exp : g −→ G is the exponential mapping and |α| =
√
⟨α, α⟩.

Any geodesic ray in V is of the form g·γα for some g ∈ G and α ∈ a−{0} (see Theorem 6.2

of [17, Chapter V]).

Similarly, for any α ∈ â− {0} the map γ̂α : [0,∞) −→ V̂ defined by

γ̂α(s) =

(
exp s

α

∥α∥

)
· x̂0 = esα/∥α∥ · x̂0 = esα/∥α∥K̂

is a geodesic ray in V̂ , where exp : ĝ −→ Ĝ is the exponential mapping and ∥α∥ =√
⟨⟨α, α⟩⟩. Any geodesic ray in V̂ is of the form g · γ̂α for some g ∈ Ĝ and α ∈ â− {0}.
For any α ∈ a − {0} = â − {0}, γα([0,∞)) ⊂ A · x0 and A · x0 is isometric to the

Euclidean space a equipped with the metric ⟨ , ⟩ induced from the Killing form of the

Lie algebra of G. Similarly, γ̂α([0,∞)) ⊂ Â · x̂0 and Â · x̂0 is isometric to the Euclidean

space â equipped with the metric ⟨⟨ , ⟩⟩ induced from the Killing form of the Lie algebra

of Ĝ. Hence a direct computation in Rn−1 gives the following.

Lemma 3.1. Let α ∈ a− {0} = â− {0}. Then

b(γα)(e
β · x0) =

⟨
α

|α|
, β

⟩
for β ∈ a (3.6)

and

b(γ̂α)(e
β · x̂0) =

⟨⟨
α

∥α∥
, β

⟩⟩
for β ∈ â. (3.7)
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For each i = 1, . . . , n− 1, we define a linear function θi on a = â by

θi(α) = αi − αi+1 for α = diag(α1, . . . , αn) ∈ a = â.

Let

a+ = {α ∈ a | θi(α) ≥ 0 for i = 1, . . . , n− 1}
= {diag(α1, . . . , αn) ∈ a |α1 ≥ α2 ≥ · · · ≥ αn}

and â+ = a+. Then a+ is a closed Weyl chamber of a and â+ is a closed Weyl chamber

of â.

Lemma 3.2 (cf. [14, Lemma 2-3] and [16, Lemma 5.1]). Let α ∈ a+ − {0} =

â+ − {0}. Then the Busemann function b(γα) is invariant under the action of the group

N on V and the Busemann function b(γ̂α) is invariant under the action of the group N̂

on V̂ .

Let P (n,R) be the set of all positive definite, real symmetric matrices contained in

G. The group G acts transitively on P (n,R) as follows.

g · x = gx tg for x ∈ P (n,R), g ∈ G.

Since the isotropy group at the unit matrix is K, P (n,R) is diffeomorphic to V = G/K.

From now on we identify V with P (n,R). Under this identification, x0 is the unit matrix

In. Similarly, let P (n,C) be the set of all positive definite, Hermitian matrices contained

in Ĝ. The group Ĝ acts transitively on P (n,C) as follows.

g · x = gx tg for x ∈ P (n,C), g ∈ Ĝ.

Since the isotropy group at the unit matrix is K̂, P (n,C) is diffeomorphic to V̂ = Ĝ/K̂.

From now on we identify V̂ with P (n,C). Under this identification, x̂0 is the unit matrix

In.

We remark that P (n,R) ⊂ P (n,C). For z ∈ P (n,C) we denote by □j(z) the (j×j)-

minor determinant in the lower right corner of z. For a permutation σ of n letters and

z = (zij) ∈ P (n,C), let

σ · z = (zσ(i)σ(j)) =


zσ(1)σ(1) zσ(1)σ(2) · · · zσ(1)σ(n)
zσ(2)σ(1) zσ(2)σ(2) · · · zσ(2)σ(n)

...
...

...

zσ(n)σ(1) zσ(n)σ(2) · · · zσ(n)σ(n)

 .

Lemma 3.3 (cf. [14, Lemma 2-5] and [16, Lemma 5.3]). Let α = diag(α1, . . . , αn)

∈ a− {0} = â− {0}. If we take a permutation σ such that

ασ(1) ≥ ασ(2) ≥ · · · ≥ ασ(n),

then we have
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b(γα)(z) =
n

|α|
log

{
n−1∏
k=1

□k(σ · z)ασ(n−k)−ασ(n−k+1)

}
(3.8)

for z ∈ P (n,R) and

b(γ̂α)(z) =
2n

∥α∥
log

{
n−1∏
k=1

□k(σ · z)ασ(n−k)−ασ(n−k+1)

}
(3.9)

for z ∈ P (n,C).

Let α ∈ a+ and define a geodesic γ̃α : [0,∞) −→ Ṽ = V l × V̂ m by

γ̃α(s) =

(
γα

(
s√
d

)
, . . . , γα

(
s√
d

)
, γ̂α

(√
2s√
d

)
, . . . , γ̂α

(√
2s√
d

))
(3.10)

for s ≥ 0. In the right hand side of (3.10), the first l entries are equal to

γα

(
s√
d

)
= esα/(

√
d |α|) · x0

and the last m entries are equal to

γ̂α

(√
2 s√
d

)
= e

√
2 sα/(

√
d ∥α∥) · x̂0 = esα/(

√
d |α|) · x̂0.

Since

l ·
(

1√
d

)2

+m ·

(√
2√
d

)2

= 1,

γ̃α is a unit speed geodesic. From [2, Section 3.8] we have

b(γ̃α)(z1, . . . , zl+m) =
1√
d


l∑

j=1

b(γα)(zj)

+

√
2√
d


l+m∑
j=l+1

b(γ̂α)(zj)

 (3.11)

for z1, . . . , zl ∈ P (n,R) and zl+1, . . . , zl+m ∈ P (n,C).

Let G̃ = Gl × Ĝm, K̃ = Kl × K̂m,

Ã = Al ×Am = Al × Âm ⊂ G̃

and Ñ = N l × N̂m. Then we have V l × V̂ m = ÑÃ · z0, where

z0 = (x0, . . . , x0, x̂0, . . . , x̂0) ∈ V l × V̂ m.

Let
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ÃQ =
{
(a, . . . , a) ∈ Ã

∣∣∣ a ∈ A = Â
}

and

Ã′ =
{(

diag
(
b11, . . . , b

1
n

)
, . . . , diag

(
bl+m
1 , . . . , bl+m

n

))
∈ Ã∣∣∣ (b1j · · · blj)(bl+1

j · · · bl+m
j

)2
= 1 for j = 1, . . . , n

}
.

Then Ã = Ã′ÃQ. Using the method ‘restriction of scalars’ (cf. Proposition 6.1.3 and

Corollary 6.1.4 of [29]), one can find an algebraic group G defined over Q such that

the group GR of real points of G is isomorphic to G̃ and the group GZ of integral

points of G is isomorphic to Γ = SL(n,Ok). Then ÃQ is isomorphic to the topological

identity component of the group of real points of a maximal Q-split torus of G and Ã is

isomorphic to the topological identity component of the group of real points of a maximal

R-split torus of G. The Lie algebra ãQ of ÃQ and the Lie algebra ã′ of Ã′ are orthogonal

to each other with respect to the product metric of (a)l × (â)m.

If α ∈ a− {0} and β̃ = (β1, . . . , βl+m) ∈ ã′, then it follows from (3.11) that

b(γ̃α)((e
β1 · x0, . . . , e

βl · x0, e
βl+1 · x̂0, . . . , e

βl+m · x̂0))

=
1√
d

−
l∑

j=1

⟨
α

|α|
, βj

⟩+

√
2√
d

−
l+m∑
j=l+1

⟨⟨
α

∥α∥
, βj

⟩⟩
= − 1√

d

⟨
α

|α|
,

l∑
j=1

βj + 2

l+m∑
j=l+1

βj

⟩

From this and Lemma 3.2 we have the following, because Ṽ = ÑÃ′ÃQ · z0 and Ã′

normalizes Ñ .

Lemma 3.4. If α ∈ a+ − {0} = â+ − {0}, then

b(γ̃α)(ua
′ · z) = b(γ̃α)(z) for z ∈ Ṽ , u ∈ Ñ and a′ ∈ Ã′. (3.12)

Let α∗ be the diagonal matrix in a+ = â+ such that the first n−1 diagonal elements

are equal to 1:

α∗ = diag(1, . . . , 1,−(n− 1)).

Then we have

|α∗| =
√

2n2(n− 1), ∥α∗∥ =
√
4n2(n− 1).

We define a geodesic ray γ∗ : [0,∞) −→ V l × V̂ m by

γ∗(s) = γ̃α∗(s) =

(
γα∗

(
s√
d

)
, . . . , γα∗

(
s√
d

)
, γ̂α∗

(√
2s√
d

)
, . . . , γ̂α∗

(√
2s√
d

))
(3.13)

for s ≥ 0.
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It follows from Lemma 3.3 that

b(γα∗)(z) =
n

|α∗|
log{□1(z)}n =

n√
2(n− 1)

log□1(z) (3.14)

for z = (zij) ∈ P (n,R) and

b(γ̂α∗)(z) =
2n

∥α∗∥
log{□1(z)}n =

n√
n− 1

log□1(z) (3.15)

for z = (zij) ∈ P (n,C). From (3.11), (3.14) and (3.15) we have

b(γ∗)(z1, . . . , zl+m) =
1√
d


l∑

j=1

b(γα∗)(zj)

+

√
2√
d


l+m∑
j=l+1

b(γ̂α∗)(zj)


=

n√
2d(n− 1)


l∑

j=1

log□1(zj)

+

√
2n√

d(n− 1)


l+m∑
j=l+1

log□1(zj)


=

n√
2d(n− 1)

log


(

l∏
j=1

□1(zj)

)(
l+m∏
j=l+1

□1(zj)

)2
 (3.16)

for z1, . . . , zl ∈ P (n,R) and zl+1, . . . , zl+m ∈ P (n,C).

Let α0 be the diagonal matrix in a+ = â+ such that the first p diagonal elements

are equal to 1 and the last n− p diagonal elements are equal to −λ = −p/(n− p):

α0 = diag(1, . . . , 1,−λ, . . . ,−λ). (3.17)

Then we have

|α0| =
√
⟨α0, α0⟩ =

√
2n2p/(n− p), ∥α0∥ =

√
⟨⟨α0, α0⟩⟩ =

√
4n2p/(n− p).

We define a geodesic ray γ0 : [0,∞) −→ V l × V̂ m by

γ0(s) = γ̃−α0(s) =
(
e−sα0/(

√
d |α0|) · x0, . . . , e

−sα0/(
√
d |α0|) · x0,

e−sα0/(
√
d |α0|) · x̂0, . . . , e

−sα0/(
√
d |α0|) · x̂0

)
(3.18)

for s ≥ 0.

Let L = (Lij) be a p× (n− p) matrix with entries in kM . Let

Lij = (L1
ij , . . . , L

l
ij , L

l+1
ij , . . . , Ll+m

ij ) ∈ kM = Rl ×Cm

for each i, j. We put

Lq = (Lq
ij) ∈ M(p, n− p;R)

for q = 1, . . . , l, and
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Lq = (Lq
ij) ∈ M(p, n− p;C)

for q = l + 1, . . . , l +m. Let

uq
L =

(
Ip Lq

O In−p

)
∈ SL(n,R)

for q = 1, . . . , l,

uq
L =

(
Ip Lq

O In−p

)
∈ SL(n,C)

for q = l + 1, . . . , l +m, and

uL = (u1
L, . . . , u

l
L, u

l+1
L , . . . , ul+m

L ) ∈ G̃ = Gl × Ĝm,

where Ik is the unit matrix of order k for any positive integer k.

We define a geodesic ray γL : [0,∞) −→ V l × V̂ m by

γL(s) = uL · γ0(s) for s ≥ 0. (3.19)

4. Basic correspondence.

In this section we prove Theorem 1.3.

Proof of Theorem 1.3. (1) It suffices to show the following: if γL([0,∞)) does

not intersect ιk(g)
−1 ·B(γ∗, τ), then a = 0 or

∥ιk(a)∥p ∥L(ιk(a)) + ιk(b)∥n−p ≥
(κ
n

)n/2
.

First we compute the value of b(γ∗)(ιk(g) · γL(s)). Let

ιk(g) · γL(s) = (z1, . . . , zl+m) ∈ V l × V̂ m.

The qth entry zq of ιk(g) · γL(s) is

zq =

{
ιq(g) · uq

Le
−sα0/(

√
d |α0|) · x0 if 1 ≤ q ≤ l,

ιq(g) · uq
Le

−sα0/(
√
d |α0|) · x̂0 if l + 1 ≤ q ≤ l +m.

Let (cq1 · · · cqn) be the nth row of the matrix

ιq(g)u
q
Le

−sα0/(
√
d|α0|) = ιq(g)

(
e−s/(

√
d |α0|)Ip eλs/(

√
d |α0|)Lq

O eλs/(
√
d |α0|)In−p

)
.

In the sequel, we write y(q) instead of ιq(y) for y ∈ k, y(q) instead of ιq(y) for y ∈ kj

with j ≥ 2:

y(q) = ιq(y), y(q) = ιq(y) for y ∈ k, y ∈ kj . (4.1)
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For 1 ≤ j ≤ n − p, we denote by Lq
j the linear form determined by the jth column

of Lq. If 1 ≤ q ≤ l, Lq
j : Rp −→ R is given by

Lq
j(y) =

p∑
k=1

Lq
kjyk for y = (y1, . . . , yp) ∈ Rp

and if l + 1 ≤ q ≤ l +m, Lq
j : Cp −→ C is given by

Lq
j(y) =

p∑
k=1

Lq
kjyk for y = (y1, . . . , yp) ∈ Cp.

Then we have{
cqi = e−s/(

√
d |α0|)a

(q)
ni for 1 ≤ i ≤ p,

cqp+j = (Lq
j(a

(q)) + a
(q)
n,p+j)e

λs/(
√
d |α0|) for 1 ≤ j ≤ n− p.

From (3.16) we have

b(γ∗)(ιk(g) · γL(s)) = b(γ∗)(z1, . . . , zl+m)

=
n√

2d(n− 1)
log


(

l∏
q=1

□1(zq)

)(
l+m∏
q=l+1

□1(zq)

)2
 (4.2)

and

□1(zq) = |cq1|2 + |cq2|2 + · · ·+ |cqn|2

= |a(q)|2e−2s/(
√
d |α0|) +

n−p∑
j=1

|Lq
j(a

(q)) + a
(q)
n,p+j |

2

 e2λs/(
√
d |α0|), (4.3)

where |a(q)| is the Euclidean norm on Rp or Cp: |a(q)|2 = |a(q)n1 |2 + · · ·+ |a(q)np |2.
Suppose that γL([0,∞)) does not intersect ιk(g)

−1 ·B(γ∗, τ). Then we have

b(γ∗)(ιk(g) · γL(s)) ≥ −τ for all s ≥ 0.

Since

|a(q)|2 = |a(q)n1 |2 + · · ·+ |a(q)np |2 ≤ ∥ιk(an1)∥2 + · · ·+ ∥ιk(anp)∥2 ≤ p∥ιk(a)∥2

and

n−p∑
j=1

|Lq
j(a

(q)) + a
(q)
n,p+j |

2

≤ ∥L1(ιk(a)) + ιk(an,p+1)∥2 + · · ·+ ∥Ln−p(ιk(a)) + ιk(ann)∥2

≤ (n− p)∥L(ιk(a)) + ιk(b)∥2,



905(235)

Diophantine approximation in number fields and geometry of products of symmetric spaces 905

it follows from (4.3) that

□1(zq) ≤ p∥ιk(a)∥2e−2s/(
√
d |α0|) + (n− p)∥L(ιk(a)) + ιk(b)∥2e2λs/(

√
d |α0|).

This and (4.2) imply that

n√
2d(n− 1)

· d log
{
p∥ιk(a)∥2e−2s/(

√
d |α0|)

+ (n− p)∥L(ιk(a)) + ιk(b)∥2e2λs/(
√
d |α0|)

}
≥ b(γ∗)(ιk(g) · γL(s)) ≥ −τ (4.4)

for all s ≥ 0. We recall that

λ =
p

n− p
, κ = exp

(
−τ
√

2(n− 1)
/
(
√
dn)

)
.

Let

X =
{
e2s/(

√
d |α0|)

}1/(n−p)

, ξ = ∥L(ιk(a)) + ιk(b)∥2

and

f(X) = (n− p)ξXn − κXn−p + p∥ιk(a)∥2.

Then (4.4) implies that f(X) ≥ 0 for any X ≥ 1.

Let a = 0. Then b ̸= 0 and

f(X) = (n− p)∥ιk(b)∥2Xn−p

{
Xp − κ

(n− p)∥ιk(b)∥2

}
.

Since 0 < κ ≤ 1/D2 and (n− p)∥ιk(b)∥2 ≥ 1/D2, we have f(X) ≥ 0 for any X ≥ 1.

Let a ̸= 0. If ξ = 0, then

f(X) = −κXn−p + p∥ιk(a)∥2 < 0

for sufficiently large X, which is a contradiction. Hence ξ ̸= 0. Then

f ′(X) = n(n− p)ξXn−p−1

(
Xp − κ

nξ

)
.

Let X0 = {κ/(nξ)}1/p. Then f(X) is monotone decreasing in the interval (0, X0) and

monotone increasing in (X0, ∞). If

f(X0) = −p
(κ
n

)n/p
·
(
1

ξ

)(n−p)/p

+ p∥ιk(a)∥2 < 0,

then
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(
1

ξ

)(n−p)/p

>
(n
κ

)n/p
∥ιk(a)∥2

and

(X0)
n−p =

(κ
n

)(n−p)/p

·
(
1

ξ

)(n−p)/p

>
n

κ
∥ιk(a)∥2 ≥ nD2 · 1

D2
= n > 1,

which means that the inequality f(X) < 0 has a solution in the interval [1,∞). Therefore

f(X0) ≥ 0, which implies that

∥ιk(a)∥2p ≥
(κ
n

)n(1

ξ

)n−p

.

The last inequality is equivalent to

∥ιk(a)∥p ∥L(ιk(a)) + ιk(b)∥n−p ≥
(κ
n

)n/2
.

(2) Suppose that γL([0,∞)) intersects ιk(g)
−1 · B(γ∗, τ). Then there exists s0 ≥ 0

such that

b(γ∗)(ιk(g) · γL(s0)) < −τ.

Let ιk(g) · γL(s0) = ua′a · z0;

u =

((
Ip Ξ1

O In−p

)
, . . . ,

(
Ip Ξl+m

O In−p

))
∈ Ñ ,

a′ =
(
a1, . . . , al+m

)
∈ Ã′, a = (b, . . . , b) ∈ ÃQ,

where

Ξk ∈ M(p, n− p;R) for k = 1, . . . , l, Ξk ∈ M(p, n− p;C) for k = l + 1, . . . , l +m,

ak = diag(ak1 , . . . , a
k
n) for k = 1, . . . , l +m

and

b = diag(b1, . . . , bn) ∈ A = Â.

For any units υ1, . . . , υn ∈ Ok such that υ1 · · · υn = 1, let

Υ = (υ1, . . . , υn), kΥ = diag(υ1, . . . , υn) ∈ Γ

and

aΥ = ιk(kΥ) =
(
diag

(
υ
(1)
1 , . . . , υ(1)

n

)
, . . . ,diag

(
υ
(l+m)
1 , . . . , υ(l+m)

n

))
.

Recall that the norm Nk(µ) of an element µ of k is given by
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N(µ) =
l∏

j=1

ιj(µ)
l+m∏
j=l+1

|ιj(µ)|2.

Let

b′Υ =
(
diag

(
|υ(1)

1 |, . . . , |υ(1)
n |
)
, . . . , diag

(
|υ(l+m)

1 |, . . . , |υ(l+m)
n |

))
.

Since (
l∏

q=1

|υ(q)
j |

)(
l+m∏
q=l+1

|υ(q)
j |2

)
= |Nk(υj)| = 1

for each j, we have b′Υ ∈ Ã′. Let

bΥ =
(
ρ1Υ, . . . , ρ

l+m
Υ

)
,

where

ρjΥ = diag
(
ρjυ1

, . . . , ρjυn

)
, ρjυi

= |υ(j)
i |aji bi for j = 1, . . . , l +m; i = 1, . . . , n.

Since (
υ
(j)
i aji bi

)(
υ
(j)
i aji bi

)
=
∣∣∣υ(j)

i aji bi

∣∣∣2 =
(
|υ(j)

i |aji bi
)(

|υ(j)
i |aji bi

)
we have

aΥa
′a · z0 = b′Υa

′a · z0 = bΥ · z0. (4.5)

Let u′ = aΥu(aΥ)
−1 ∈ Ñ . Then it follows from Lemma 3.4 and (4.5) that

ιk(kΥ)ιk(g) · γL(s0) = aΥua
′a · z0 = u′aΥa

′a · z0 = u′b′Υa
′a · z0

and

b(γ∗)(ιk(kΥ)ιk(g) · γL(s0)) = b(γ∗)(u′b′Υa
′a · z0) = b(γ∗)(a · z0)

= b(γ∗)(ua′a · z0) = b(γ∗)(ιk(g) · γL(s0)).

Hence we may consider ιk(kΥ)ιk(g)γL(s0) instead of ιk(g)γL(s0) by taking suitable units

υ1, . . . , υn.

Let

ιk(kΥ)ιk(g)γL(s0) = (z1, . . . , zl+m).

For 1 ≤ q ≤ l we have
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zq =


υ
(q)
1

. . .

υ
(q)
n

(Ip Ξq

O In−p

)
(υ

(q)
1 )−1

. . .

(υ
(q)
n )−1


ρqυ1

. . .

ρqυn

 · x0

and

□1(zq) =
(
ρqυn

)2
= |υ(q)

n |2(aqn)2(bn)2.

Similarly, for l + 1 ≤ q ≤ l +m we have

□1(zq) =
∣∣ρqυn

∣∣2 = |υ(q)
n |2(aqn)2(bn)2.

Let Uk be the group of units of Ok and let

φ : Uk −→ Wk =
{
(y1, . . . , yl+m) ∈ Rl+m

∣∣ y1 + · · ·+ yl+m = 0
}

be a homomorphism defined by

φ(υ) =
(
log |ι1(υ)|, . . . , log |ιl(υ)|, log |ιl+1(υ)|2, . . . , log |ιl+m(υ)|2

)
for υ ∈ Uk. Let

D =
{
λ1φ(ε1) + · · ·+ λl+m−1φ(εl+m−1) |
− 1/2 ≤ λi < 1/2 for i = 1, . . . , l +m− 1

}
.

Then the image φ(Uk) is a cocompact lattice of Wk with a fundamental domain D due

to Dirichlet’s unit theorem. Accordingly, there exists a unit ω such that

(log a1n, . . . , log a
l
n, 2 log a

l+1
n , . . . , 2 log al+m

n ) + φ(ω) ∈ D.

Let

C2 = max
{
log |ιj(εi)|, − log |ιj(εi)|

∣∣ i = 1, . . . , l +m− 1; j = 1, . . . , l +m
}
.

Then C1 = e2(l+m−1)C2 and there exist λ1, . . . , λl+m−1 ∈ [−1/2, 1/2) such that

log ajn + log |ιj(ω)| =
l+m−1∑
i=1

λi log |ιj(εi)|,

for j = 1, . . . , l +m. This shows that

∣∣log(|ιj(ω)|ajn)∣∣ ≤ l+m−1∑
i=1

|λi|
∣∣ log |ιj(εi)| ∣∣ ≤ (l +m− 1)C2

2
.

Hence we have

−(l +m− 1)C2 ≤ log |ιj(ω)|ajn − log |ιj′(ω)|aj
′

n ≤ (l +m− 1)C2
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and

e−(l+m−1)C2 ≤ |ιj(ω)|ajn
|ιj′(ω)|aj

′
n

≤ e(l+m−1)C2 for j, j′ ∈ {1, . . . , l +m}.

Let

υ1 = · · · = υn−2 = 1, υn−1 = ω−1, υn = ω.

Then we have

□1(zj)

□1(zj′)
=

(
|ιj(ω)|ajnbn
|ιj′(ω)|aj

′
n bn

)2

=

(
|ιj(ω)|ajn
|ιj′(ω)|aj

′
n

)2

and

1

C1
≤ □1(zj)

□1(zj′)
≤ C1.

In particular,

□1(zj) ≥
1

C1

{
max

1≤q≤l+m
□1(zq)

}
(4.6)

for any j. From (3.16) we obtain

d · n√
2d(n− 1)

log

[
1

C1
max

1≤q≤l+m
□1(zq)

]
≤ b(γ∗)(z1, . . . , zl+m) < −τ.

This means that

max
1≤q≤l+m

□1(zq) < C1 exp
{
−τ
√
2(n− 1)

/
(n
√
d)
}
= C1κ. (4.7)

On the other hand, we have

ιq(kΥ)ιq(g) = diag
(
1, . . . , 1, (ω(q))−1, ω(q)

)(
a
(q)
ij

)
and

□1(zq) = |(ωa)(q)|2e−2s0/(
√
d |α0|)

+

n−p∑
j=1

|Lq
j((ωa)

(q)) + (ωan,p+j)
(q)|2

 e2λs0/(
√
d |α0|). (4.8)

Hence it follows from (4.7) that

|(ωa)(q)|2e−2s0/(
√
d |α0|) < C1κ

and
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j=1

|Lq
j((ωa)

(q)) + (ωan,p+j)
(q)|2

 e2λs0/(
√
d |α0|) < C1κ

for each q. Then we have

∥ιk(ωani)∥2 = max
1≤q≤l+m

|(ωani)(q)|2 ≤ max
1≤q≤l+m

|(ωa)(q)|2 < C1κe
2s0/(

√
d |α0|)

for 1 ≤ i ≤ p, and

∥Lj(ιk(ωa)) + ιk(ωan,p+j)∥2 = max
1≤q≤l+m

|Lq
j((ωa)

(q)) + (ωan,p+j)
(q)|2

< C1κe
−2λs0/(

√
d |α0|)

for 1 ≤ j ≤ n− p, which imply that

∥ιk(ωa)∥2 = max
1≤i≤p

∥ιk(ωani)∥2 < C1κe
2s0/(

√
d |α0|)

and

∥L(ιk(ωa)) + ιk(ωb)∥2 = max
1≤j≤n−p

∥Lj(ιk(ωa)) + ιk(ωan,p+j)∥2 < C1κe
−2λs0/(

√
d |α0|).

We recall that λ = p/(n− p). Then we have

∥ιk(ωa)∥p < (C1κ)
p/2eps0/(

√
d |α0|)

and

∥L(ιk(ωa)) + ιk(ωb)∥n−p < (C1κ)
(n−p)/2e−ps0/(

√
d |α0|).

We conclude that

∥ιk(ωa)∥p ∥L(ιk(ωa)) + ιk(ωb)∥n−p < (C1κ)
n/2.

If a = 0, then b ̸= 0 and it follows from (4.8) that

□1(zq) = |(ωb)(q)|2e2λs0/(
√
d |α0|) for q = 1, . . . , l +m.

This shows that l∏
j=1

□1(zj)

 l+m∏
j=l+1

□1(zj)

2

≥


n−p∑
j=1

|Nk(Dωan,p+j)|2

D2d

 e2
√
d λs0/|α0| ≥ 1

D2d
,

which implies that

−τ > b(γ∗)(ιk(kΥ)ιk(g) · γL(s0))
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=
n√

2d(n− 1)
log


 l∏

j=1

□1(zj)

 l+m∏
j=l+1

□1(zj)

2
 ≥ −

√
2d n√

n− 1
logD

and

τ <

√
2d n√
n− 1

logD.

This is a contradiction. Hence a ̸= 0. □

5. Badly approximable systems and horoballs.

In this section we prove Theorem 1.4.

We recall that B is the subgroup of SL(n,k) consisting of all the upper triangular

matrices in SL(n,k) and Γ = SL(n,Ok). Let g1, . . . , gh be a complete representative

system of the double coset classes Γ\SL(n,k)/B. Let D be a positive integer such that

(DIn)g
−1
j ∈ M(n, n;Ok) for j = 1, . . . , h. (5.1)

Proof of Theorem 1.4. Suppose that (1) is not satisfied. Then there exist a

number i0 ∈ {1, . . . , h} and sequences {λj}∞j=1 ⊂ R, {sj}∞j=1 ⊂ [0,∞),

{kj}∞j=1 ⊂ Γgi0

such that
√
2d n√
n− 1

logD < λ1 < λ2 < λ3 < · · · , lim
j→∞

λj = ∞

and

b(γ∗)(ιk(k
−1
j ) · γL(sj)) < −λj .

Let (aj1 · · · ajn) be the nth row of k−1
j and let

aj = (aj1, . . . , ajp) ∈
(

1

D
Ok

)p

, bj = (aj,p+1, . . . , ajn) ∈
(

1

D
Ok

)n−p

.

From Theorem 1.3 (2), there exists a unit ωj ∈ Ok such that

∥ιk(ωjaj)∥p ∥L(ιk(ωjaj)) + ιk(ωjbj)∥n−p < (C1)
n/2 exp

{
−
√
n− 1λj

/√
2d
}
. (5.2)

and aj ̸= 0 for each j. Since

lim
j→∞

exp
{
−
√
n− 1λj

/√
2d
}
= 0,

the inequality (5.2) shows that the system of kM -forms induced from L is not badly
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approximable and the condition (2) is not satisfied.

Suppose that the condition (1) is satisfied. Let

a = (a1, . . . , ap) ∈ (Ok)
p − {0} , b = (b1, . . . , bn−p) ∈ (Ok)

n−p.

Suppose that aq0 ̸= 0 with 1 ≤ q0 ≤ p. We define a matrix g′ = (g′ij) ∈ SL(n,k) by

g′ij =



ε/aq0 if i = 1 and j = n,

1 if i+ j = n+ 1 and 2 ≤ i ≤ n− 1,

−aq0 if i = n and j = 1,

a1 if i = n and j = q0,

aj if i = n, 2 ≤ j ≤ p and j ̸= q0,

bj−p if i = n and p+ 1 ≤ j,

0 otherwise,

where ε is equal to 1 or −1. Let e1, . . . , en be the standard basis of Rn and put

w =
(
teq0

te2 · · · teq0−1 − te1
teq0+1 · · · ten

)
∈ SL(n,Z).

Let g−1 = g′w. Then g−1 ∈ SL(n,k) and the nth row of g−1 is (a1 · · · ap b1 · · · bn−p).

There exist i0 ∈ {1, . . . , h}, u ∈ B and k ∈ Γ such that g−1 = ug−1
i0

k. Let

(ai0,1 · · · ai0,n) be the nth row of the matrix (DIn)g
−1
i0

. The ideal generated by the

set of all the elements in the nth row of the matrix (DIn)g
−1
i0

coincides with the ideal

generated by the set of all the elements in the nth row of the matrix (DIn)g
−1
i0

k, which

we denote by ci0 . Let ν be the (n, n)-entry of the matrix u−1. Since

(DIn)u
−1g−1 = (DIn)g

−1
i0

k,

we have

(D)(a1, . . . , ap, b1, . . . , bn−p)(ν) = ci0

and

Dd|Nk(ν)|N((a1, . . . , ap, b1, . . . , bn−p)) = N(ci0).

This implies that

|Nk(ν)| ≤
N(ci0)

Dd
. (5.3)

From Dirichlet’s unit theorem, for any µ ∈ k with |Nk(µ)| = 1 there exists a unit ω

of k with

∥ιk(ωµ)∥ ≤ C3,
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where

C3 = e(l+m−1)C2/2 =
√
C1.

Let µ′ ∈ k−{0}. Applying the above to µ′/|Nk(µ
′)|1/d, one can find a unit ω′ such that

∥ιk(ω′µ′)∥ ≤ C3|Nk(µ
′)|1/d

(cf. Lemma 2.4 of [10]). We take a unit ω′′ such that

∥ιk(ω′′ν)∥ ≤ C3|Nk(ν)|1/d (5.4)

and put

υ = diag
(
(ω′′)−1, 1, . . . , 1, ω′′).

From (3.16) we have

b(γ∗)(ιk(υ) · z) = b(γ∗)(z) for z ∈ Ṽ .

Let g′′ = u−1g−1 ∈ g−1
i0

Γ . From the assumption we have

b(γ∗)(ιk(υ)ιk(g
′′) · γL(s)) = b(γ∗)(ιk(g

′′) · γL(s)) ≥ −τ

for s ≥ 0. Hence γL([0,∞)) does not intersect ιk((υg
′′))−1 ·B(γ∗, τ). Since the nth row

of the matrix υg′′ is (ω′′νa ω′′νb), it follows from Theorem 1.3 (1) that

∥ιk(ω′′νa)∥p ∥L(ιk(ω
′′νa)) + ιk(ω

′′νb)∥n−p ≥
(κ
n

)n/2
.

From (5.4) we have

∥ιk(ω′′νaj)∥ = max
1≤i≤l+m

|(ω′′ν)(i)a
(i)
j |

≤ ∥ιk(ω′′ν)∥ max
1≤i≤l+m

|a(i)j | = ∥ιk(ω′′ν)∥∥ιk(aj)∥ ≤ C3|Nk(ν)|1/d∥ιk(aj)∥

for each j = 1, . . . , p. Hence we obtain

∥ιk(ω′′νa)∥ = max
1≤j≤p

∥ιk(ω′′νaj)∥ ≤ C3|Nk(ν)|1/d∥ιk(a)∥.

Let L = (Lij) and

Lij = (L1
ij , . . . , L

l
ij , L

l+1
ij , . . . , Ll+m

ij ) ∈ kM = Rl ×Cm.

From (5.4) we have

∥Lj(ιk(ω
′′νa)) + ιk(ω

′′νbj)∥ = max
1≤i≤l+m

∣∣∣∣∣
(

p∑
n′=1

Li
n′j(ω

′′ν)(i)a
(i)
n′

)
+ (ω′′ν)(i)b

(i)
j

∣∣∣∣∣
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= max
1≤i≤l+m

∣∣∣∣∣(ω′′ν)(i)

((
p∑

n′=1

Li
n′ja

(i)
n′

)
+ b

(i)
j

)∣∣∣∣∣
≤ ∥ιk(ω′′ν)∥ max

1≤i≤l+m

∣∣∣∣∣
(

p∑
n′=1

Li
n′ja

(i)
n′

)
+ b

(i)
j

∣∣∣∣∣ = ∥ιk(ω′′ν)∥ ∥Lj(ιk(a)) + ιk(bj)∥

for each j = 1, . . . , n− p. Hence we obtain

∥L(ιk(ω
′′νa)) + ιk(ω

′′νb)∥ = max
1≤j≤n−p

∥Lj(ιk(ω
′′νa)) + ιk(ω

′′νbj)∥

≤ ∥ιk(ω′′ν)∥ ∥L(ιk(a)) + ιk(b)∥ ≤ C3|Nk(ν)|1/d∥L(ιk(a)) + ιk(b)∥

from (5.4). Therefore

∥ιk(a)∥ ≥ 1

C3|Nk(ν)|1/d
∥ιk(ω′′νa)∥,

∥L(ιk(a)) + ιk(b)∥ ≥ 1

C3|Nk(ν)|1/d
∥L(ιk(ω

′′νa)) + ιk(ω
′′νb)∥,

and

∥ιk(a)∥p ∥L(ιk(a)) + ιk(b)∥n−p ≥ 1

(C3)n|Nk(ν)|n/d
(κ
n

)n/2
. (5.5)

Let ci be the ideal generated by the set of all entries in the nth row of the matrix

(DIn)g
−1
i for each i = 1, . . . , h and let

C4 = max
1≤i≤h

N(ci).

Then it follows from (5.3) that

|Nk(ν)| ≤
C4

Dd
.

From this and (5.5), we obtain

∥ιk(a)∥p ∥L(ιk(a)) + ιk(b)∥n−p ≥ Dn

(C3)n(C4)n/d

(κ
n

)n/2
> 0.

Therefore the system of kM -forms induced from L is badly approximable and the condi-

tion (2) is satisfied. □

6. Relatively compactness criterion.

We recall that D is a positive integer satisfying (5.1) and Π : Ṽ −→ ιk(Γ )\Ṽ is the

natural projection.

Proposition 6.1. For any q ∈ {1, . . . , h}, we have
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dṼ (z0, ιk(ggq)b · z0) ≥ dṼ (z0, b · z0)− 2n
√
2dn logD for any b ∈ ÃQ and g ∈ Γ.

Proof. Suppose that b ̸= e. Let

β = diag(β1, . . . , βn) ∈ logA

such that

|β| =
√
⟨β, β⟩ = 1/

√
d

and

b = (es0β , . . . , es0β).

We consider the geodesic ray γ̃β : [0,∞) −→ Ṽ defined by

γ̃β(s) = (esβ · x0, . . . , e
sβ · x0, e

sβ · x̂0, . . . , e
sβ · x̂0) for s ≥ 0.

Let (ggq)
−1 = (gij) and let σ be a permutation such that

βσ(1) ≥ βσ(2) ≥ · · · ≥ βσ(n).

We define an element g′ = (g′ij) of SL(n,k) by

g′ij = gσ(i)σ(j).

Let

ιk(g
′) · z0 = σ · (ιk(ggq)−1 · z0) = (ξ1, . . . , ξn).

For each r ∈ {1, . . . , n− 1}, there exists r integers n′
1, . . . , n

′
r such that∣∣∣∣∣∣∣

g′n+1−r, n′
1

· · · g′n+1−r, n′
r

· · · · · · · · ·
g′n, n′

1
· · · g′n, n′

r

∣∣∣∣∣∣∣ ̸= 0.

We denote by △r the value of this minor determinant. Then

□r(ξi′) ≥
{
(△r)

(i′)
}2

, □r(ξj′) ≥ |(△r)
(j′)|2

for 1 ≤ i′ ≤ l and l + 1 ≤ j′ ≤ l +m. Hence we have(
l∏

i′=1

□r(ξi′)

) l+m∏
j′=l+1

□r(ξj′)

2

≥ |Nk(△r)|2.

Since Dr△r ∈ Ok, we also have
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|Nk(△r)|2 ≥ 1

D2dr
≥ 1

D2dn
.

We remark that |βσ(1)| ≤ |β|/
√
2n, |βσ(n)| ≤ |β|/

√
2n, and hence

βσ(1) − βσ(n)

|β|
=

|βσ(1) − βσ(n)|
|β|

≤
|βσ(1)|
|β|

+
|βσ(n)|
|β|

≤
√

2

n
.

Then it follows from Lemma 3.3 and (3.11), (3.8), (3.9) that

b(γ̃β)(ιk(ggq)
−1 · z0) =

1√
d


l∑

j=1

b(γβ)(ξj)

+

√
2√
d


l+m∑
j=l+1

b(γ̂β)(ξj)


=

n√
d |β|

log

n−1∏
r=1


 l∏

j=1

□r(ξj)

 l+m∏
j=l+1

□r(ξj)

2


βσ(n−r)−βσ(n−r+1)


≥ n√

d |β|
log

{
n−1∏
r=1

(
1

D2dn

)βσ(n−r)−βσ(n−r+1)

}

=
n√
d |β|

log

(
1

D2dn

)βσ(1)−βσ(n)

= −2n2
√
d ·

βσ(1) − βσ(n)

|β|
logD ≥ −2n

√
2dn logD.

Suppose that

dṼ (z0, ιk(ggq)b · z0) < dṼ (z0, b · z0)− 2n
√
2dn logD.

Then we have

dṼ (ιk(ggq)
−1 · z0, γ̃β(s0)) = dṼ (z0, ιk(ggq) · γ̃β(s0)) = dṼ (z0, ιk(ggq)b · z0)

< dṼ (z0, b · z0)− 2n
√
2dn logD = s0 − 2n

√
2dn logD.

Since the function

[0,∞) ∋ s 7−→ dṼ (ιk(ggq)
−1 · z0, γ̃β(s))− s

is monotone decreasing by the triangle inequality (cf. [2, Section 3]), we obtain

b(γ̃β)(ιk(ggq)
−1 · z0) = lim

s→∞

{
dṼ (ιk(ggq)

−1 · z0, γ̃β(s))− s
}

≤ dṼ (ιk(ggq)
−1 · z0, γ̃β(s0))− s0 < −2n

√
2dn logD,

which is a contradiction. □

Lemma 6.1. Let γ : [0,∞) −→ Ṽ = V l × V̂ m be an arbitrary geodesic ray and

α = diag(α1, . . . , αn) ∈ a+ − {0} = â+ − {0}.

Then the following two conditions are equivalent.
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(1) γ([0,∞)) does not intersect

h∪
i=1

∪
g∈Γ

ιk(g)ιk(gi) ·B(γ̃α, τ)

for some non-negative constant τ .

(2) Π ◦ γ([0,∞)) is relatively compact in ιk(Γ )\Ṽ .

For positive numbers c let

Ac =
{
a = diag(a1, . . . , an) ∈ A

∣∣ ai/ai+1 ≥ c for i = 1, . . . , n− 1
}
, (6.1)

(ÃQ)c =
{
(a, . . . , a) ∈ ÃQ

∣∣∣ a ∈ Ac

}
(6.2)

and let η be a compact subset of ÑÃ′ containing the identity element. Then a Siegel set

in Ṽ is a set of the form Sc,η = η(ÃQ)c · z0 for some c > 0 and a compact subset η of

ÑÃ′ containing the identity element.

Theorem 6.1 (cf. [3], [4]). There exist a positive number C5 < 1 and a compact

subset η1 of ÑÃ′ containing the identity element such that the following holds :

ιk(Γ )

(
h∪

i=1

ιk(gi)Sc,η

)
= Ṽ

if 0 < c ≤ C5 and η1 ⊂ η ⊂ ÑÃ′.

Let

µ = logC5, S = SC5,η1 = η1(ÃQ)C5 · z0 (6.3)

and

S =

h∪
i=1

ιk(gi) · S. (6.4)

We remark that

log(ÃQ)1 =
{
log b

∣∣∣ b ∈ (ÃQ)1

}
=
{
(β, . . . , β) ∈ (a+)l × (â+)m

}
⊂ log(ÃQ)C5

and

log(ÃQ)C5 =
{
(β, . . . , β) ∈ al × âm

∣∣ θi(β) ≥ µ = logC5 for i = 1, . . . , n− 1
}
.

We first consider in the Lie algebra a. Let

β0 = diag

(
n− 1

2
µ,

n− 3

2
µ, . . . ,

n− (2n− 1)

2
µ

)
∈ a, (6.5)
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where the ith diagonal element is equal to {n− (2i− 1)}µ/2. For each i = 1, . . . , n− 1,

let vi be the diagonal matrix such that the first i diagonal elements are equal to 1/i and

the last n− i elements are equal to −1/(n− i):

vi = diag

(
1

i
, . . . ,

1

i
,− 1

n− i
, . . . ,− 1

n− i

)
∈ a. (6.6)

We denote by li the half-line

[0,∞) ∋ s 7−→ β0 + svi (6.7)

in a. Then logAC5 is the smallest convex subset of a containing the n − 1 half-lines

l1, . . . , ln−1 and it is an infinite cone in a with apex β0.

Let α ∈ a+ − {0} and let l be the line

(−∞,∞) ∋ s 7−→ s · α

|α|
.

For ν ≥ 0, let H(ν) be the hyperplane in a through να/|α| which is perpendicular to l.

Let δij be the angle between vi and vj . For i < j we have

0 < cos δij =

√
i(n− j)

j(n− i)
< 1 (6.8)

and 0 < δij < π/2. Since α ∈ a+ − {0}, we may write α =
∑n−1

k=1 λkvk by non-

negative numbers λ1, . . . , λn−1. Then, for each i = 1, . . . , n − 1, the angle between α

and vi is smaller than π/2 and hence li intersects H(ν) at one point, say Pi(ν). The

intersection H(ν) ∩ logAC5 is the smallest convex subset of H(ν) containing the n − 1

points P1(ν), . . . , Pn−1(ν), and is compact.

We recall that dṼ is the distance on Ṽ induced from the product metric on Ṽ =

V l × V̂ m. We define a distance d on ιk(Γ )\Ṽ by

d(Π(z), Π(z′)) = inf
g∈Γ

dṼ (z, ιk(g) · z
′) for z, z′ ∈ Ṽ .

Proof of Lemma 6.1. Suppose that the condition (1) is satisfied. Then the

subset{
β̃ = (β, . . . , β) ∈ log(ÃQ)C5∣∣∣ b(γ̃α)((eβ · x0, . . . , e

β · x0, e
β · x̂0, . . . , e

β · x̂0)
)
≥ −τ

}
=

{
β̃ = (β, . . . , β) ∈ log(ÃQ)C5

∣∣∣∣β ∈ logAC5 ,

⟨
α

|α|
, β

⟩
≤ τ√

d

}
of al × âm is homeomorphic to a cone in a over H(τ/

√
d)∩ logAC5 with apex β0, and is

compact. Let
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C1 = S ∩ b(γ̃α)
−1([−τ,∞)).

Since b(γ̃α) is ÑÃ′-invariant (cf. Lemma 3.4), we have

C1 =

{
v · (eβ · x0, . . . , e

β · x0, e
β · x̂0, . . . , e

β · x̂0)∣∣∣∣β ∈ logAC5 ,

⟨
α

|α|
, β

⟩
≤ τ/

√
d, v ∈ η1

}
and C1 is compact. Let

Cj = ιk(gj) · C1 = ιk(gj) · S ∩ b(ιk(gj) · γ̃α)−1([−τ,∞))

for j = 1, . . . , h and

C =

h∪
j=1

Cj .

Then C is also compact.

For each s ≥ 0, there exist g ∈ Γ and i0 ∈ {1, . . . , h} such that ιk(g)·γ(s) ∈ ιk(gi0)·S,
due to Theorem 6.1. From the assumption, γ(s) does not belong to

ιk(g)
−1 · ιk(gi0) ·B(γ̃α, τ) = ιk(g)

−1 ·B(ιk(gi0) · γ̃α, τ)

and

b(ιk(gi0) · γ̃α)(ιk(g) · γ(s)) > −τ.

This means that

ιk(g) · γ(s) ∈ ιk(gi0) · C1 ⊂ C

and Π(γ(s)) ⊂ Π(C). Since s ≥ 0 is arbitrary and Π(C) is compact, we have

Π(γ([0,∞))) ⊂ Π(C) and Π(γ([0,∞))) is relatively compact.

Suppose that the condition (2) is satisfied.

Claim. There exists a positive number C6 such that the following holds : if g ∈ Γ ,

s ≥ 0 and ιk(g) · γ(s) ∈ ιk(gi) · S, then b(ιk(gi) · γ̃α)(ιk(g) · γ(s)) ≥ −C6.

Proof of Claim. If this is not true, then there exist a number i0 ∈ {1, . . . , h}
and sequences {λj}∞j=1 ⊂ R, {kj}∞j=1 ⊂ Γ , {sj}∞j=1 ⊂ [0,∞) such that

0 < λ1 < λ2 < λ3 < · · · , lim
j→∞

λj = ∞,

ιk(kj) · γ(sj) ∈ ιk(gi0) · S and b(ιk(gi0) · γ̃α)(ιk(kj) · γ(sj)) < −λj .

Let



920(250)

920 T. Hattori

ιk(kj) · γ(sj) = ιk(gi0)ujaj · z0; uj ∈ η1, aj ∈ (ÃQ)C5 .

It follows from Lemma 3.4 that

b(γ̃α)(aj · z0) = b(γ̃α)(ujaj · z0)
= b(ιk(gi0) · γ̃α)(ιk(gi0)ujaj · z0) = b(ιk(gi0) · γ̃α)(ιk(kj) · γ(sj)) < −λj .

Since

|b(γ̃α)(z)− b(γ̃α)(z
′)| ≤ dṼ (z, z

′) for z, z′ ∈ Ṽ

from Proposition 3.1, we obtain

dṼ (z0, aj · z0) ≥ |b(γ̃α)(z0)− b(γ̃α)(aj · z0)| = |b(γ̃α)(aj · z0)| > λj . (6.9)

Remark that the set {a−1va | a ∈ (ÃQ)C5 , v ∈ η1} is compact. We put

C7 = max
{
dṼ (va · z0, a · z0)

∣∣∣ a ∈ (ÃQ)C5 , v ∈ η1

}
.

For any g ∈ Γ we have

dṼ (ιk(gkj) · γ(sj), z0) = dṼ (ιk(g)ιk(gi0)ujaj · z0, z0)
≥ dṼ (z0, ιk(g)ιk(gi0)aj · z0)− dṼ (ιk(g)ιk(gi0)aj · z0, ιk(g)ιk(gi0)ujaj · z0)
= dṼ (z0, ιk(g)ιk(gi0)aj · z0)− dṼ (aj · z0, ujaj · z0)
≥ dṼ (z0, ιk(g)ιk(gi0)aj · z0)− C7.

Then, it follows from Proposition 6.1 and (6.9) that

dṼ (ιk(gkj) ·γ(sj), z0) ≥ dṼ (z0, aj · z0)−2n
√
2dn logD−C7 > λj −2n

√
2dn logD−C7.

Since g is an arbitrary element of Γ , we obtain

d(Π(γ(sj)), Π(z0)) ≥ λj − 2n
√
2dn logD − C7.

Hence Π◦γ([0,∞)) is not bounded because limj→∞ λj = ∞. This is a contradiction. □

Let C8 be the diameter of the compact set b(γ̃α)
−1([−C6,∞)) ∩ S. For any s ≥ 0,

there exist a number i0 ∈ {1, . . . , h} and g ∈ Γ such that ιk(g) · γ(s) ∈ ιk(gi0) · S. From
Claim we have

ιk(g) · γ(s) ∈ ιk(gi0) ·
{
b(γ̃α)

−1([−C6, ∞)) ∩ S
}

and

dṼ (z0, ιk(g
−1
i0

g) · γ(s)) ≤ C8.

Then, for any j ∈ {1, . . . , h} and g′ ∈ Γ , we obtain
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b(γ̃α)(ιk(g
−1
j g′

−1
) · γ(s)) = b(γ̃α)(ιk((g

−1
j g′

−1
g−1gi0)g

−1
i0

g−1) · γ(s))

≥ b(γ̃α)(ιk(g
−1
j g′

−1
g−1gi0) · z0)

− dṼ (ιk((g
−1
j g′

−1
g−1gi0)g

−1
i0

g) · γ(s), ιk(g
−1
j g′

−1
g−1gi0) · z0)

= b(γ̃α)(ιk(g
−1
j g′

−1
g−1gi0) · z0)− dṼ (ιk(g

−1
i0

g) · γ(s), z0)

≥ b(γ̃α)(ιk(g
−1
j (g′

−1
g−1)gi0) · z0)− C8.

Since

gg′, (Dn−1In)gj , (DIn)g
−1
i0

∈ M(n, n;Ok),

we have

(DnIn)
{
g−1
j (g′

−1
g−1)gi0

}−1

∈ M(n, n;Ok).

By the same argument as that in the proof of Proposition 6.1, we have

b(γ̃α)(ιk(g
−1
j (g′

−1
g−1)gi0) · z0) ≥ −2n2

√
2dn logD.

Let C9 = 2n2
√
2dn logD. Then we have

b(ιk(g
′gj) · γ̃α)(γ(s)) = b(γ̃α)(ιk(g

−1
j g′

−1
) · γ(s)) ≥ −(C8 + C9).

We conclude

γ(s) ̸∈
h∪

j=1

B(ιk(g
′gj) · γ̃α, C8 + C9) =

h∪
j=1

ιk(g
′gj) ·B(γ̃α, C8 + C9)

for all g′ ∈ Γ, s ∈ [0,∞), which shows that the condition (1) is satisfied. □

Applying Lemma 6.1 to the geodesic ray γ∗, we obtain Theorem 1.5 from Theo-

rem 1.4.

We consider three natural projections f1 : G̃ −→ G̃/K̃, f2 : G̃ −→ ιk(Γ )\G̃ and

π : ιk(Γ )\G̃ −→ ιk(Γ )\G̃/K̃.

We remark that Ṽ = G̃/K̃ is equipped with the quotient topology induced from

f1 and ιk(Γ )\G̃ is equipped with the quotient topology from f2. Then the quotient

topology on ιk(Γ )\G̃/K̃ induced from Π coincides with the quotient topology induced

from π because Π ◦ f1 = π ◦ f2.

Lemma 6.2. Let E be a subset of G̃. Then Π ◦ f1(E) is relatively compact in

ιk(Γ )\G̃/K̃ if and only if f2(E) is relatively compact in ιk(Γ )\G̃.

Proof. Suppose that f2(E) is relatively compact. Then there exists a compact

subset V of ιk(Γ )\G̃ such that f2(E) ⊂ V. Since Π ◦ f1(E) = π ◦ f2(E) ⊂ π(V) and π(V)
is compact, Π ◦ f1(E) is relatively compact.
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Suppose that Π ◦ f1(E) is relatively compact. Then there exists a compact subset

W of ιk(Γ )\G̃/K̃ such that Π ◦ f1(E) ⊂ W.

Let w ∈ W. We choose a point w̃ of Ṽ = G̃/K̃ such that Π(w̃) = w. Since the

action of ιk(Γ ) on Ṽ is properly discontinuous, there exists an open neighborhood U of

w̃ such that

#
{
g ∈ Γ | ιk(g) · w̃ ∈ U

}
< ∞.

For a positive number r we consider an open ball

Bw̃(2r) =
{
z ∈ Ṽ

∣∣ dṼ (z, w̃) < 2r
}

of radius 2r in Ṽ . If r is sufficiently small, then the following holds: if g ∈ Γ , then

ιk(g) · Bw̃(2r) = Bw̃(2r) or ιk(g) · Bw̃(2r) ∩ Bw̃(2r) = ∅. By replacing r with a smaller

positive number if necessary, we may suppose that the closure of Bw̃(r) is compact and

contractible. Let

Ũw = Bw̃(r), Uw = Π(Bw̃(r)).

Then

Π−1(Uw) =
∪
g∈Γ

ιk(g) · Ũw

and Uw is an open subset of ιk(Γ )\G̃/K̃ containing w.

For each w ∈ W we take such an open subset Uw of ιk(Γ )\G̃/K̃. Then {Uw}w∈W
is an open covering of W. Since W is compact we can choose a finite subcovering, which

we denote by U1, . . . , Uq. We also denote by Ũ1, . . . , Ũq the corresponding open subsets

Ũw of Ṽ :

Ui = Π(Ũi) for all i = 1, . . . , q.

Let Fi be the closure of Ũi. Then Fi is a compact subset of Ṽ and

q∪
i=1

Π(Fi) ⊃
q∪

i=1

Ui ⊃ W ⊃ Π ◦ f1(E).

The map f1 : G̃ −→ G̃/K̃ is a fiber bundle with fiber K̃. Since each Fi is contractible,

the restriction of f1 to f−1
1 (Fi) is a trivial bundle. Hence f−1

1 (Fi) is diffeomorphic to the

product Fi × K̃ and in particular compact.

Let

Z =

q∪
i=1

f−1
1 (Fi).

Then Z is compact and
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f1(Z) =

q∪
i=1

Fi, Π ◦ f1(Z) =

q∪
i=1

Π(Fi) ⊃ Π ◦ f1(E).

This means that for each a ∈ E there exist g ∈ Γ and b ∈ Z such that f1(a) = ιk(g)·f1(b).
In other words, we have aK̃ = ιk(g)bK̃ and

a ∈ ιk(Γ ) · (bK̃) ⊂ ιk(Γ ) · (ZK̃).

Since a is arbitrary, we have E ⊂ ιk(Γ ) · (ZK̃) and f2(E) ⊂ f2(ZK̃). This shows that

f2(E) is relatively compact because ZK̃, and hence f2(ZK̃) is compact. □

From Lemma 6.2 it follows that Theorem 1.5 is equivalent to Theorem 1.6.

7. Dual systems of kM -forms.

In this section we prove Theorem 1.8.

From Lemma 6.1 it is natural to ask if analogous results to Theorem 1.3, Theorem 1.4

(and hence Theorems 1.5, 1.6) hold for geodesic rays γ̃α in Ṽ , with α ∈ a+ − {0} =

â+ − {0}, different from γ∗.

We show that the following geodesic ray γ∗ is related to the system of kM -forms

L′
1, . . . , L

′
p induced from the transpose tL ∈ M(n− p, p;kM ) of L.

Let α∗ be the diagonal matrix in a+ = â+ such that the last n−1 diagonal elements

are equal to −1:

α∗ = diag(n− 1, −1, . . . ,−1).

Then we have

|α∗| =
√

2n2(n− 1), ∥α∗∥ =
√

4n2(n− 1).

We define a geodesic ray γ∗ : [0,∞) −→ Ṽ = V l × V̂ m by

γ∗(s) = γ̃α∗(s) =

(
γα∗

(
s√
d

)
, . . . , γα∗

(
s√
d

)
, γ̂α∗

(√
2 s√
d

)
, . . . , γ̂α∗

(√
2 s√
d

))
(7.1)

for s ≥ 0.

Let g = (gij) ∈ SL(n,k). We calculate the value of b(γ∗)(ιk(g) · γL(s)). For this, we
recall that L = (Lij) ∈ M(p, n− p;kM ),

Lij = (L1
ij , . . . , L

l
ij , L

l+1
ij , . . . , Ll+m

ij ) ∈ kM

and

Lq = (Lq
ij) ∈ M(p, n− p;R) if 1 ≤ q ≤ l,

Lq = (Lq
ij) ∈ M(p, n− p;C) if l + 1 ≤ q ≤ l +m.

If we write
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γL(s) = (γ1
L(s), . . . , γ

l+m
L (s)),

then

γq
L(s) =

{
uq
Le

−sα0/(
√
d |α0|) · x0 if 1 ≤ q ≤ l,

uq
Le

−sα0/(
√
d |α0|) · x̂0 if l + 1 ≤ q ≤ l +m,

(7.2)

where

uq
L =

(
Ip Lq

O In−p

)
.

Let (Lq
j)

′ be the linear form determined by the jth column of t(Lq). If 1 ≤ q ≤ l, then

(Lq
j)

′ : Rn−p −→ R is given by

(Lq
j)

′(y) =

n−p∑
k=1

Lq
jkyk for y = (y1, . . . , yn−p) ∈ Rn−p.

If l + 1 ≤ q ≤ l +m, then (Lq
j)

′ : Cn−p −→ C is given by

(Lq
j)

′(y) =

n−p∑
k=1

L q
jkyk for y = (y1, . . . , yn−p) ∈ Cn−p.

Let

ξi = (ξ1i , . . . , ξ
l+m
i ) ∈ kM for i = 1, . . . , n− p,

and let

ξq = (ξq1 , . . . , ξ
q
n−p) for q = 1, . . . , l +m.

If 1 ≤ q ≤ l, then ξq ∈ Rn−p and if l + 1 ≤ q ≤ l +m, then ξq ∈ Cn−p. Let

ξ = (ξ1, . . . , ξn−p) ∈ (kM )n−p.

Then we have

L′(ξ) = (L′
1(ξ), . . . , L

′
p(ξ)) ∈ (kM )p

and

L′
j(ξ) = ((L1

j )
′(ξ1), . . . , (Ll+m

j )′(ξl+m)) ∈ kM for j = 1, . . . , p.

From Lemma 3.3 we have

b(γα∗)(z) =
n

|α∗|
log{□n−1(z)}n =

n√
2(n− 1)

log□n−1(z) for z ∈ P (n,R) (7.3)

and
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b(γ̂α∗)(z) =
2n

∥α∗∥
log{□n−1(z)}n =

n√
n− 1

log□n−1(z) for z ∈ P (n,C). (7.4)

From (3.11), (7.3) and (7.4) we have

b(γ∗)(z1, . . . , zl+m) =
1√
d


l∑

j=1

b(γα∗)(zj)

+

√
2√
d


l+m∑
j=l+1

b(γ̂α∗)(zj)


=

n√
2d(n− 1)


l∑

j=1

log□n−1(zj)

+

√
2n√

d(n− 1)


l+m∑
j=l+1

log□n−1(zj)


=

n√
2d(n− 1)

log


 l∏

j=1

□n−1(zj)

 l+m∏
j=l+1

□n−1(zj)

2
 (7.5)

for z1, . . . , zl ∈ P (n,R) and zl+1, . . . , zl+m ∈ P (n,C).

For z ∈ P (n,C), the minor determinant □n−1(z) is the (1, 1)-cofactor of z and is

equal to the (1, 1)-entry of z−1. Let

z = (z1, . . . , zl+m) = ιk(g) · γL(s).

From (7.2), we have

zq = g(q)uq
Le

−sα0/(
√
d |α0|) · x0 = g(q)uq

Le
−sα0/(

√
d |α0|)e−sα0/(

√
d |α0|) tuq

L
tg(q)

if 1 ≤ q ≤ l, and

zq = g(q)uq
Le

−sα0/(
√
d |α0|) · x̂0 = g(q)uq

Le
−sα0/(

√
d |α0|)e−sα0/(

√
d |α0|) tuq

L
tg(q)

if l + 1 ≤ q ≤ l +m. Then we have

z−1
q =

{
tg(q)

}−1
t
(
uq
L

)−1
esα0/(

√
d |α0|)esα0/(

√
d |α0|)

(
uq
L

)−1
{
g(q)
}−1

= t
{
g(q)
}−1

t
(
uq
L

)−1
esα0/(

√
d |α0|) · x0

if 1 ≤ q ≤ l, and

z−1
q =

{
tg(q)

}−1
t
(
uq
L

)−1
esα0/(

√
d |α0|)esα0/(

√
d |α0|)

(
uq
L

)−1
{
g(q)
}−1

= t
{
g(q)
}−1

t
(
uq
L

)−1
esα0/(

√
d |α0|) · x̂0

if l + 1 ≤ q ≤ l +m.

Remark that

t
(
uq
L

)−1
=

(
Ip O

−tLq In−p

)
.
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Let (cq1 · · · cqn) be the 1st row of the matrix

t
{
g(q)
}−1

t
(
uq
L

)−1
esα0/(

√
d |α0|) = t

{
g(q)
}−1

(
es/(

√
d |α0|)Ip O

−es/(
√
d |α0|) tLq e−λs/(

√
d |α0|)In−p

)
.

Let ãij be the (i, j)-cofactor of g and ã = (ã1, p+1, . . . , ã1n). Then we have

cqi =
{
ã
(q)
1i − (Lq

i )
′(ã(q))

}
es/(

√
d |α0|) for i = 1, . . . , p,

cqp+j = ã
(q)
1,p+j e

−λs/(
√
d |α0|) for j = 1, . . . , n− p.

We obtain

b(γ∗)(ιk(g) · γL(s)) = b(γ∗)(z1, . . . , zl+m)

=
n√

2d(n− 1)
log


(

l∏
q=1

□n−1(zq)

)(
l+m∏
q=l+1

□n−1(zq)

)2


and

□n−1(zq) = |cq1|2 + |cq2|2 + · · ·+ |cqn|2

= |ã(q)|2e−2λs/(
√
d |α0|) +

(
p∑

i=1

|(Lq
i )

′(ã(q))− ã
(q)
1i |

2

)
e2s/(

√
d |α0|).

By the same argument as that in the proof of Theorem 1.3 we obtain the following.

Theorem 7.1. Let D′ be a positive integer, g = (aij) ∈ SL(n,k), and ãij the

(i, j)-cofactor of g. Suppose that all the entries in the 1st row of the matrix (D′In)
tg−1

belong to Ok and

τ ≥
√
2dn√
n− 1

logD′.

Then we have the following, where κ = exp{−
√

2(n− 1) τ/(n
√
d)}.

(1) If ã = (ã1, p+1, . . . , ã1n) ̸= 0 and

∥ιk(ã)∥n−p∥L′(ιk(ã))− ιk(b̃)∥p <
(κ
n

)n/2
,

where b̃ = (ã11, . . . , ã1p), then γL([0,∞)) intersects ιk(g)
−1 ·B(γ∗, τ).

(2) If γL([0,∞)) intersects ιk(g)
−1 ·B(γ∗, τ), then ã ̸= 0 and there exists a unit ω ∈ Ok

such that

∥ιk(ωã)∥n−p∥L′(ιk(ωã))− ιk(ωb̃)∥p < (C1κ)
n/2.

From this we obtain the following by the same argument as that in the proof of



927(257)

Diophantine approximation in number fields and geometry of products of symmetric spaces 927

Theorem 1.4.

Theorem 7.2. Let L ∈ M(p, n− p;kM ). The following two conditions are equiv-

alent.

(1) There exists a non-negative number τ such that γL([0,∞)) does not intersect

h∪
i=1

∪
g∈Γ

ιk(g)ιk(gi) ·B(γ∗, τ).

(2) The system of kM -forms L′
1, . . . , L

′
p induced from the transpose tL ∈ M(n−p, p;kM )

of L is badly approximable.

Combining Theorem 7.2 with Lemma 6.1, we obtain

Theorem 7.3. The following two conditions are equivalent.

(1) The system of kM -forms induced from the transpose tL of L is badly approximable.

(2) Π ◦ γL([0,∞)) is relatively compact in ιk(Γ )\Ṽ .

Theorem 1.8 now follows from Theorem 1.5 and Theorem 7.3.

8. Constructing badly approximable systems of kM -forms.

Let k′ be a number field of degree d′ = l′ + 2m′ with l′ real places and m′ complex

places. Suppose that k′ is a subfield of k. We denote by ι′1, . . . , ι
′
l′ : k′ −→ R the

real embeddings and ι′l′+1, . . . , ι
′
l′+m′ : k

′ −→ C the complex embeddings which are not

complex conjugate to each other.

For each j ∈ {1, . . . , l+m}, we consider the restriction ιj |k′ of ιj to k
′. If the image of

this monomorphism ιj |k′ is contained in R, there exists a unique number nj ∈ {1, . . . , l′}
such that ιj |k′ = ι′nj

. If the image of ιj |k′ is not contained in R, there exists a unique

number nj ∈ {l′+1, . . . , l′+m′} such that ιj |k′ = ι′nj
or ιj |k′ coincides with the complex

conjugate of ι′nj
.

Let k′
M = Rl′ ×Cn′

be the Minkowski space associated to k′. Then there exists a

natural embedding φk′,k : k′
M −→ kM defined by

φk′,k(ξ1, . . . , ξl′+m′) = (η1, . . . , ηl+m),

where ηj = ξnj if ιj |k′ = ι′nj
, ηj = ξnj if the image of ιj |k′ is not contained in R and ιj |k′

coincides with the complex conjugate of ι′nj
. This map can be extended to an embedding

φk′,k : M(p, n− p;k′
M ) −→ M(p, n− p;kM ) by

φk′,k(L
′) =

(
φk′,k(L

′
ij)
)

for L′ = (L′
ij) ∈ M(p, n− p;k′

M ).

We define the twisted diagonal embedding ιk′ : k′ −→ k′
M by

ιk′(a) = (ι′1(a), . . . , ι
′
l′(a), ι

′
l′+1(a), . . . , ι

′
l′+m′(a)) for a ∈ k′,
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and let Ok′ be the ring of integers of k′.

We prove Theorem 1.9 in the same manner as in the proof of Proposition 8.5 in [15].

Proof of Theorem 1.9. For each j ∈ {l + 1, . . . , l + m} there exists a unique

number nj ∈ {1, . . . , l′ + m′} such that ιj |k′ = ι′nj
or ιj |k′ coincides with the complex

conjugate of ι′nj
. In the latter case, we exchange ιj with its complex conjugate. After

this procedure, we may suppose that for any j ∈ {1, . . . , l + m} there exists a unique

number nj ∈ {1, . . . , l′ +m′} such that ιj |k′ = ι′nj
.

When we replace complex embeddings ιl+k1 , . . . , ιl+kq with their complex conju-

gates in this way, the twisted embedding ιk should be changed. Let ι′′k be the resultant

embedding and let Π′′ : V l × V̂ m −→ ι′′k(Γ )\(V l × V̂ m) be the natural projection. For

L = (Lij) ∈ M(p, n− p;kM ); Lij = (L1
ij , . . . , L

l
ij , L

l+1
ij , . . . , Ll+m

ij ) ∈ kM ,

let

L′′ = (L′′
ij) ∈ M(p, n− p;kM ); L′′

ij = (L1
ij , . . . , L

l
ij , (L

′′
ij)

l+1, . . . , (L′′
ij)

l+m) ∈ kM ,

where

(L′′
ij)

l+k1 = Ll+k1
ij , . . . , (L′′

ij)
l+kq = L

l+kq

ij

and (L′′
ij)

l+k = Ll+k
ij for other k. The diffeomorphism of G̃ = (SL(n,R))l× (SL(n,C))m

which sends (g1, . . . , gl+m) ∈ G̃ to (g1, . . . , gl, g
′′
l+1, . . . , g

′′
l+m) ∈ G̃, where

g′′l+k1
= gl+k1

, . . . , g′′l+kq
= gl+kq

and g′′l+k = gl+k for other k, induces a diffeomorphism of V l× V̂ m and a homeomorphism

ιk(Γ )\(V l × V̂ m) −→ ι′′k(Γ )\(V l × V̂ m). Since Π ◦ γL([0,∞)) is sent to Π′′ ◦ γL′′([0,∞))

by the last homeomorphism, it follows from Theorem 1.5 that L induces a badly approx-

imable system of kM -forms with respect to the embedding ιk if and only if L′′ induces a

badly approximable system of kM -forms with respect to ι′′k.

From this observation, it suffices to prove the assertion of this theorem under the

following conditions (A) and (B).

(A) For any j ∈ {1, . . . , l +m}, there exists a unique number nj ∈ {1, . . . , l′ +m′} such

that ιj |k′ = ι′nj
.

(B) The embedding φk′,k is given by

φk′,k(ξ1, . . . , ξl′+m′) = (η1, . . . , ηl+m); ηj = ξnj for j = 1, . . . , l +m.

We define a geodesic ray γ′
0 : [0,∞) −→ Ṽ ′ = V l′ × V̂ m′

by

γ′
0(s) =

(
e−sα0/(

√
d′ |α0|) · x0, . . . , e

−sα0/(
√
d′ |α0|) · x0,

e−sα0/(
√
d′ |α0|) · x̂0, . . . , e

−sα0/(
√
d′ |α0|) · x̂0

)
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for s ≥ 0. Let L′ = (L′
ij) ∈ M(p, n− p;k′

M ) and

L′
ij =

(
(L′

ij)
1, . . . , (L′

ij)
l′ , (L′

ij)
l′+1, . . . , (L′

ij)
l′+m′

)
∈ k′

M = Rl′ ×Cm′

for each i, j. We put

(L′)q =
(
(L′

ij)
q
)
∈ M(p, n− p;R)

for q = 1, . . . , l′, and

(L′)q =
(
(L′

ij)
q
)
∈ M(p, n− p;C)

for q = l′ + 1, . . . , l′ +m′. Let

uq
L′ =

(
Ip (L′)q

O In−p

)
∈ SL(n,R)

for q = 1, . . . , l′,

uq
L′ =

(
Ip (L′)q

O In−p

)
∈ SL(n,C)

for q = l′ + 1, . . . , l′ +m′, and

uL′ = (u1
L′ , . . . , ul′

L′ , ul′+1
L′ , . . . , ul′+m′

L′ ) ∈ Gl′ × Ĝm′
.

We define a geodesic ray γL′ : [0,∞) −→ V l′ × V̂ m′
by

γL′(s) = uL′ · γ′
0(s) for s ≥ 0. (8.1)

There is a natural embedding ιV, V̂ : V −→ V̂ defined by

ιV, V̂ (g · x0) = g · x̂0 for g ∈ SL(n,R).

We identify each point z ∈ V with ιV, V̂ (z) ∈ V̂ . Let ∆ : V l′ × V̂ m′ −→ V l × V̂ m be an

embedding defined by

∆(z1, . . . , zl′+m′) = (w1, . . . , wl+m);

wj = znj for j = 1, . . . , l +m.

We also define an embedding ι0 : Gl′ × Ĝm′ −→ Gl × Ĝm by

ι0(g
′
1, . . . , g

′
l′+m′) = (g1, . . . , gl+m);

gj = g′nj
for j = 1, . . . , l +m.

Then we have

∆(g′ · z) = ι0(g
′) ·∆(z) for g′ ∈ Gl′ × Ĝm′

, z ∈ V l′ × V̂ m′
, (8.2)
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and

∆

(
γL′

(√
d′ s√
d

))
= γL(s) for s ≥ 0, (8.3)

where L = φk′,k(L
′).

Let Γ ′ = SL(n,Ok′) and let Π1 : V l× V̂ m −→ ι0(ιk′(Γ ′))\(V l× V̂ m) be the natural

projection to the quotient space. Since ι0(ιk′(Γ ′)) is contained in ιk(Γ ), we also have the

projection Π2 : ι0(ιk′(Γ ′))\(V l × V̂ m) −→ ιk(Γ )\(V l × V̂ m) as in the following diagram.

V l′ × V̂ m′ ∆ // V l × V̂ m

Π ((QQ
QQQ

QQQ
QQQ

QQQ
Π1 // ι0(ιk′(Γ ′))\(V l × V̂ m)

Π2

��
ιk(Γ )\(V l × V̂ m)

Then Π2 is continuous and Π = Π2 ◦Π1.

Let Π′ : V l′ × V̂ m′ −→ ιk′(Γ ′)\(V l′ × V̂ m′
) be the natural projection. We re-

mark that ι0(ιk′(Γ ′))) acts on the image Im∆ of the embedding ∆. Let Π0 : Im∆ −→
ι0(ιk′(Γ ′))\Im∆ be the natural projection. It follows from (8.2) that ∆ induces a home-

omorphism ∆ : ιk′(Γ ′)\(V l′ × V̂ m′
) −→ ι0(ιk′(Γ ′))\Im∆ defined by

∆(Π′(z)) = Π0(∆(z)) for z ∈ V l′ × V̂ m′
.

Since the system of k′
M -forms induced from L′ is badly approximable, it follows from

Theorem 1.5 that there exists a compact subset Z of ιk′(Γ ′)\(V l′ × V̂ m′
) such that

Π′ (γL′([0,∞))) ⊂ Z.

From (8.3) we have

Π0(γL([0,∞))) = ∆
(
Π′(γL′([0,∞))

))
⊂ ∆(Z).

Let ι1 : ι0(ιk′(Γ ′))\Im∆ −→ ι0(ιk′(Γ ′))\(V l × V̂ m) be the natural inclusion and let

Z ′ = ι1(∆(Z)). Then Z ′ is compact and

Π1(γL([0,∞))) = ι1
(
Π0

(
γL([0,∞))

))
⊂ ι1(∆(Z)) = Z ′.

Therefore

Π ◦ γL([0,∞)) = Π2

(
Π1

(
γL([0,∞))

))
⊂ Π2(Z

′).

Since Π2(Z
′) is compact, Π ◦ γL([0,∞)) is relatively compact. From Theorem 1.5 we

conclude that the system of kM -forms induced from L = φk′,k(L
′) is badly approximable.

□

If k′ = Q, then k′
M = R and badly approximable systems of k′

M -forms are the
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usual badly approximable systems of linear forms. Since the set Bn,p,Q has the power of

the continuum ([25, Theorem 1]), we take a matrix L′ = (L′
ij) ∈ M(p, n − p;R) which

induces a badly approximable system of linear forms. Let Lij = (L′
ij , . . . , L

′
ij) ∈ kM

for each i, j and let L = (Lij) ∈ M(p, n − p;kM ). Then we have L = φQ,k(L
′) and L

induces a badly approximable system of kM -forms.
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[23] O. Perron, Über diophantische Approximationen, Math. Ann., 83 (1921), 77–84.

https://doi.org/10.1016/j.aim.2019.106743
https://doi.org/10.1007/978-1-4684-9159-3
https://doi.org/10.1007/978-1-4684-9159-3
https://doi.org/10.2140/pjm.1992.152.211
https://doi.org/10.2140/pjm.1992.152.211
https://doi.org/10.1515/crll.1985.359.55
https://doi.org/10.2140/pjm.1973.46.45
https://doi.org/10.1017/etds.2014.146
https://doi.org/10.1017/S0013091500029692
https://doi.org/10.1017/S0013091500029692
https://doi.org/10.1090/S0002-9947-1918-1501085-6
https://doi.org/10.1090/S0002-9947-1918-1501085-6
https://doi.org/10.1090/S0002-9947-1925-1501304-X
https://doi.org/10.2969/jmsj/04720193
https://doi.org/10.2969/jmsj/04720193
https://doi.org/10.2969/jmsj/1180135509
https://doi.org/10.1112/plms.12155
https://doi.org/10.1007/BF01707985
https://doi.org/10.1007/BF01707985
https://doi.org/10.1007/BF01216806
https://doi.org/10.1007/BF01216806
https://doi.org/10.1016/j.jnt.2015.12.014
https://doi.org/10.1016/j.jnt.2015.12.014
https://doi.org/10.1007/BF01464229


932(262)

932 T. Hattori

[24] R. Quême, On diophantine approximation by algebraic numbers of a given number field: a new

generalization of Dirichlet approximation theorem, In: Journées Arithmétiques de Luminy, 1989,
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Note Added in Proof. After this paper was published online in Advance Publi-

cation, the author found that the description of the point ιk(g) ·γL(s0) in the lines 12–19

on page 906 was not correct. It should be as follows.

Let ιk(g) · γL(s0) = ua′a · z0;

u =
(
u1, . . . , ul+m

)
∈ Ñ = N l × N̂m,

a′ =
(
a1, . . . , al+m

)
∈ Ã′, a = (b, . . . , b) ∈ ÃQ,

where

ak = diag(ak1 , . . . , a
k
n) for k = 1, . . . , l +m

and

b = diag(b1, . . . , bn) ∈ A = Â.

The formula in the first line on page 908 should be replaced with

zq =


υ
(q)
1

. . .

υ
(q)
n

uq


(υ

(q)
1 )−1

. . .

(υ
(q)
n )−1


ρqυ1

. . .

ρqυn

 · x0

due to this change.

Editorial Comment. A few typos were also corrected on this occasion.
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