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Abstract. The Fatou—Julia decomposition is significant in the study of
iterations of holomorphic mappings. Such a decomposition has been con-
sidered for foliations in a unified manner by Ghys—Gomez-Mont—Saludes,
Haefliger, the author, et al. Although the decomposition will be fundamental
in the study, it is not easy to determine the decomposition. In this article, we
give a sufficient condition for open sets to be contained in Fatou sets. We also
discuss relations between Fatou—Julia decompositions and minimal sets.

Introduction.

The Fatou—Julia decomposition is significant in the study of iterations of holo-
morphic mappings and semigroups generated by rational mappings. Such decomposi-
tions are also defined for transversely holomorphic foliations of complex codimension one
in a unified manner [11], [12], [2], [3], where foliations are not necessarily regular (non-
singular). Dynamics of foliations on Fatou sets are expected to be tame. For example,
Fatou sets of foliations are known to admit transverse invariant metrics [2, Theorem 4.21],
[3, Theorem 5.5]. However, as in the classical case, it is difficult to determine Fatou sets.
In this article, we give a criterion for open subsets of foliated manifolds to be contained
in Fatou sets in terms of transverse invariant metrics. The basic idea is to use a partial
converse to the above-mentioned result [2, Lemma 2.16], namely, if a regular foliation of a
compact manifold admits a transverse invariant metric, then its Julia set is empty, where
we consider Julia sets in the sense of [2]: if we consider Julia sets in the sense of [11]

r [12], then there are foliations which admit transverse invariant metrics and of which
the Fatou sets are empty [11, Example 8.6]. A simple example shows that existence of
transverse invariant metrics on an open set invariant under the foliation in consideration
does not assure that the open set is contained in the Fatou set (see Remark 3.13). We
will introduce a notion of compact approximations which is a slight generalization of
approximations of open sets by compact sets (Definition 3.5) and show the following

THEOREM 3.9. Let F be a transversely holomorphic foliation of complezx co-
dimension one, of a manifold M equipped with a reference metric g. Let U C M \ Sing F
be an F-invariant open set. Suppose that

1) There exists a transverse Hermitian metric on U invariant under the holonomies
and bounded from below.

2) The open set U is compactly approzimated.
Then, U is contained in the Fatou set of F.
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In the above theorem, Sing F denotes the singular set of F which will be defined in
Definition 1.3. A reference metric is a Riemannian metric with which transverse Hermit-
ian metrics are compared (see Definition 3.3). We will also show that both metrics and
compact approximations are necessary. A similar result is already obtained in [3, Propo-
sition 4.24], where holonomy pseudogroups are assumed to be compactly generated. In
terms of foliations, this implies that we consider regular foliations of compact manifolds.
In Theorem 3.9, we deal with singular foliations so that holonomy pseudogroups are not
necessarily compactly generated, and additional observations are needed.

When studying foliations, minimal sets are significant. In the theory of secondary
characteristic classes for foliations, some similarities between minimal sets and Julia sets
are known [2, Section 6]. We will discuss relations between minimal sets and Julia sets
from a viewpoint of dynamical systems.

This article is organized as follows. First we recall definitions of foliations and their
singularities. Next, we introduce Fatou and Julia sets after [3] in Section 2. Relations
between Fatou sets and transverse invariant metrics are discussed in Section 3, where
the main result will be shown. Finally, minimal sets are discussed in Section 4.

ACKNOWLEDGEMENTS. We are grateful to Masayuki Asaoka and Julio Rebelo for
discussions in preparing the present article. We are also grateful to referees for their
comments.

1. Foliations.

Throughout this article, we work in the C'*° or holomorphic category. In addition,
manifolds are always assumed to be second countable. In view of [8] and [1], we introduce
the following

DEFINITION 1.1 ([1], cf. [8]). Let M be a manifold. A singular foliation of M is
a partition F = {Ly} of M into injectively immersed manifolds, called the leaves, such
that for any p € M, there exist an open neighborhood U, of p and a finite number of
vector fields, say Xi,...,X,, on U, which satisfy the following conditions:

1) We have [X;, X;](q) € (X1(q), ..., X, (q)) for any ¢ € Uy, where the right hand side
denotes the subspace of T, M generated by X1(q),..., X (q).

2) We have T, L, = (X1(q), ..., X, (¢q)) for any g € U, where L, denotes the (unique)
leaf which contains q.

The vector fields X1, ..., X, as above are called local generators of F. If M is a complex
manifold and if X;’s are holomorphic, then F is said to be holomorphic.

In what follows, we mean by ‘foliations’ singular foliations if there is no fear of
confusion.
It is easy to show the following

LEMMA 1.2.  The mapping p — dim Ly, is lower semi-continuous.

DEFINITION 1.3. Let F be a singular foliation of M. The maximal value of
{dimL, | p € M} is said to be the dimension of F and is denoted by dimF. If
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dim M = m, then m — dim F is called the codimension of F and is denoted by codim F.
We set

SingF ={pe M |dim L, < dim F}.

The restriction of F to M \ Sing F is called the regular part of F and is denoted by F*°8.
If Sing F = (, then F is said to be regular or non-singular.

DEFINITION 1.4. A singular foliation F of M is said to be transversely holomorphic
if F°& is transversely holomorphic. That is, 7' admits a transversal complex structure
invariant by holonomies.

Note that a holomorphic foliation is a transversely holomorphic foliation. We can say
little about Sing F in general, however, it is well-known that the complex codimension
of Sing F is greater than one if F is holomorphic and if F is of dimension one [13,
Theorem 2.22] or of codimension one [6]. In view of this fact, we will assume that
the complex codimension of Sing F is greater than one when holomorphic foliations are
considered. Actually, we will assume that F is of complex codimension one in what
follows even if F is only transversely holomorphic, although some of our arguments are
valid for foliations of complex codimension greater than one.

2. Fatou and Julia sets.

We briefly recall the definition of the Fatou sets for foliations in the sense of [3]. Let
F be a transversely holomorphic foliation of a manifold M, of complex codimension one.
We assume that Sing F N OM = () and that the leaves of the regular part F™& of F are
transversal to OM. Let T be a complete transversal for F"°¢ namely, we assume that
T meets every leaf of F"8 (so that T is quite possibly disconnected). We may moreover
assume that T is biholomorphic to a disjoint union of discs in C, where the complex
structure of 7" is induced by the transversal holomorphic structure of F*°8. Let I" be the
holonomy pseudogroup of F'°& on T. We have then a Fatou—Julia decomposition of T’
[3, Definitions 2.2 and 2.10]. Roughly speaking, the Fatou set is defined as follows. Let
T be the set of relatively compact open subsets of T'. Let 7" € T and Iy the restriction
of I to T", namely, we set

Iy ={yeTl|dom~y CT and rangey C T"},

where dom v and range v denote the domain and range of v, respectively. Note that I'p
is a pseudogroup on 7”. An open connected subset U of T” is said to be an F-open set if
every germ of elements of I'7 at a point in U is represented by an element of I' (not I
in general) defined on U, where the letter ‘F’ stands for ‘Fatou’. We then define F*(I'r)
to be the union of F-open sets and J*(I'r+) its complement in 7”. Finally, the Julia set
of (I,T) is defined by

J(r)y= | J+(r),
T eT

and F(I') =T\ J(I).
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REMARK 2.1. 1) The Fatou and Julia sets F'(I') and J(I") in this article are
denoted by Fpe(I') and Jpe(I"), respectively, in [3]. That is, we can consider pseu-
dosemigroups generated by pseudogroups, and F(I") and J(I") in [3] refer to the
Fatou and Julia sets of I" as pseudosemigroups, respectively. If the pseudogroup is
compactly generated, then these coincide but in general not.

2) The notion of wF-open sets also appears in [3], and F-open sets are defined to be
wF-open sets with additional properties. It is known that a wF-open set is always
an F-open set if I' is a pseudogroup (they may differ if I" is a pseudosemigroup).
See [3] for the details.

DEFINITION 2.2 ([3, Definition 5.3]). The saturation of F(I") is called the Fatou
set of F and is denoted by F(F). The complement of F(F) in M is called the Julia set
of F and is denoted by J(F).

Note that J(F) is the union of Sing F and the saturation of J(I).
Definition 2.2 makes sense. Indeed, we have the following

LEMMA 2.3 ([3, Lemma 2.18]). Both F(I') and J(I") are invariant under I.

DEFINITION 2.4. A subset X C M is said to be F-invariant if for every p € X, we
have L, C X, where L, denotes the leaf which contains p.

The following fundamental property is now clear from definitions.
LEMMA 2.5. Both F(F) and J(F) are F-invariant.

The Fatou and Julia sets do not depend on the choice of realizations of holonomy
pseudogroups. More precisely, there is a notion of equivalence between pseudogroups.
Roughly speaking, an equivalence from (I'1, T1) to (I, T5) is a certain family of mappings
from open sets of T} to Th which conjugates elements of Iy and I's. Pseudogroups (I, 77)
and (I, T») are equivalent if they are associated with the same foliation. For the details
of equivalence, we refer the reader to [12]. See also [3, Definition 1.22]. We have the
following

THEOREM 2.6 ([3, Theorem 2.19]).  Let (I'1,T1) and (I'z,T) be pseudogroups and
O: I — Iy an equivalence. Then, we have ®(F(I1)) = F(I%) and ®(J(I1)) = J(I3).

LEMMA 2.7.  The Fatou and Julia sets F'(F) and J(F) do not depend on the choice
of realizations of the holonomy pseudogroup of F 8.

PrOOF. By Theorem 2.6, the saturation of F'(I") is independent of the choice of
(I,T). Therefore, so is F(F). O

REMARK 2.8. The Fatou-Julia decomposition for foliations was first introduced
n [11] and refined in [12]. These definitions pay attention to deformations of foliations
while the definition in [3] follows a rather classical definition in terms of normal families.
It is known that the Julia sets in the sense of [11] and [12] are contained in those of [3].
The inclusion can be either strict or not. Note also that a Fatou—Julia decomposition of
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singular foliations of a complex surface with Poincaré type singularities is introduced in
[11, Example 8.1]. The Fatou—Julia decomposition given by Definition 2.2 of this article
differs from it in general. See 2) of Example 3.11.

We need the following

DEFINITION 2.9 ([12, 1.3], cf. [3, Definition 3.1]). A pseudogroup (I, T) is com-
pactly generated if there is a relatively compact open set T” of T, and a finite collection
of elements {v1,...,7:-} of I of which the domains and the ranges are contained in 7"
such that

1) the family {71,...,7,} generates '/, where I'r is the restriction of I" to T”,

2) for each ;, there exists an element 7; of I' such that dom®; contains the closure
of dom~y; and that ¥;|dom~; = Vi,

3) the inclusion of 7" into T induces an equivalence from I'r: to I.
The pseudogroup (I, T") is called a reduction of (I',T).

It is known that if (I',T) is compactly generated and if (I",T’) is equivalent to
(I,T), then (I'",T") is also compactly generated.

ExampLE 2.10. If (I,T) is a holonomy pseudogroup associated with a regular
foliation of a closed manifold M, then (I,T) is compactly generated. Also, if F is a
complex foliation of a complex surface and if every singularity of F is of Poincaré type,
then the holonomy pseudogroup of F*°8 is compactly generated. See 1) of Example 3.11
for a basic example of this kind.

3. Fatou sets and transverse metrics.

The following is known.

THEOREM 3.1 ([3, Theorem 5.5], [2, Theorem 4.21]).  The Fatou set F(F) admits
a transverse Hermitian metric transversely of class C’ll(‘)lcp. If in addition I' is compactly
generated, then there is such a metric transversely of class C¥.

Simple examples show that the converse does not hold (see Example 3.11 and Re-
mark 3.13). We will show a partial converse to Theorem 3.1 by using the notion of
compact approximations (Definition 3.5).

We will make the following

ASSUMPTION 3.2.  Let F be a transversely holomorphic foliation of M, and (I',T)
the holonomy pseudogroup of F™8. We fix a Riemannian metric, say g on M. We
also fix a realization of (I,T) by choosing a complete transversal for F 8, namely, an

embedding of T into M \ Sing F.

DEeFINITION 3.3. Let M be a manifold equipped with a Riemannian metric g and
F a transversely holomorphic foliation of M. Let (I',T) be a holonomy pseudogroup of
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F*e&  where a realization of T'in M \ Sing F is fixed. If U C T and if h is a Hermitian
metric on U, then h is said to be bounded from below with respect to ¢ if there exists
¢ > 0 such that cg(v,v) < h(v,v) holds on TU. If M is compact, then this does not
depend on the choice of a particular Riemannian metric so that we simply say that h is
bounded from below.

We refer to [7] for basics of metrics.

REMARK 3.4. If M is specifically given, then there can be a natural choice of the
reference metric. For example if M = CP?, then the most natural one is the Fubini-
Study metric while if M = C2, then the most natural one is the standard Hermitian
metric. In examples in this article, we choose these metrics.

DEFINITION 3.5. Let U be an open subset of M \ Sing F. A family {K, },en of
closed subsets of U is called a compact approzimation if the following conditions are
satisfied:

i) Each K, is a closed subset of U with boundary of class C!, and K,, C U.
ii) Each K, is either saturated by leaves of 78 or 0K, is transversal to F*¢.

iii) The holonomy pseudogroup of the foliation obtained by restricting F*°¢ to K, is
compactly generated.

iv) For each n, we have K, C Int K11, where Int K,,;; denotes the interior of K, 1.
v) We have U = |J,,cn Kn-
We say also that U is compactly approzimated by {Kp}nen.
In practice, the index n may begin by an arbitrary integer.

REMARK 3.6. In Definition 3.5, the term ‘compact’ is related to the compact gener-
ation (génération compacte) of holonomy pseudogroups so that a compact approximation
{K }nen may not necessarily consist of compact sets.

REMARK 3.7. There are some typical cases where the condition iii) in Definition 3.5
is satisfied:

1) Each K, is compact.

2) For each n, 0K, is tangent to F and there exists a compact subset, say K, of K,
with the following properties:

i) 0K/ \ 0K, is of class C'! and transversal to F.
ii) The restriction of F to K, \ Int K, is a product foliation.

We will actually make use of this fact in Example 3.11.

We give some basic examples of compact approximations.
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EXAMPLE 3.8. Let (z,w) be the standard coordinates for C2. Let us consider
w = pwdz — Azdw, where A\, u € C\ {0}. We set o = A\/u and denote by F,, the foliation
of C? defined by w.

1) Suppose that o € R<g. Set K,, = {(z,w) € C? | |2]? + |w|?> > 1/n?} for n > 1.
Then, {K,},>1 is a compact approximation of C2\ {(0,0)} = M \ Sing F,, such
that 0K, is transversal to F, for each n.

2) Suppose that a € Rog. We define f: C2 — R by setting f(z,w) = |z||w|~>. If
we set K, = {(z,w) € C? | f(z,w) > 1/n} for n > 1, then {K,} is a compact
approximation of C%\ {(z,w) € C? | zw = 0} such that 9K, is tangent to JF, for
each n.

3) In general, suppose that dim¢ M = 2, F is a holomorphic foliation of M, and
that Sing F is a finite set. If moreover each singularity is of Poincaré type, then
M \ Sing F admits a compact approximation. Indeed, we fix a metric on M and set
K, = {p € M | dist(p, Sing F) > 1/n}. If N € N is large enough, then {K,, },,>n is
a compact approximation of M \ Sing F. For example, if a € R in the case 1), then
Fo is extended to CP? with Sing F,, = {[0:0:1],[0:1:0],[1:0: 0]}, where [z :
21 : z2] denotes the standard homogeneous coordinates. A compact approximation
for CP? \ Sing F,, is given by setting K,, = CP?\ ({[z0 : 21 : 1] | |20|> + |21]? <
1/n2}U{[z0:1: 22] | [20® + |22 < 1/n2} U{[1: 21 : 22] | |21] + |22]? < 1/n?}).

Now we will show the following

THEOREM 3.9. Let F be a transversely holomorphic foliation of complex co-
dimension one, of a manifold M equipped with a reference metric g. Let U C M \ Sing F
be an F-invariant open set. Suppose that

1) There exists a transverse Hermitian metric on U invariant under the holonomies
and bounded from below.

2) The open set U admits a compact approximation.

Then, U is contained in the Fatou set of F.

Proor. Let (I,T) be the holonomy pseudogroup of F*8. The proof is ba-
sically parallel to the case where I' is compactly generated, we need however addi-
tional observations. We denote by 7 the set of relatively compact subsets of T'. Let
T = {T/} € T and I'pv the restriction of I" to T”, where T}’s denote the connected
components of T'. Let {K,} be a compact approximation of U. We will show that
K, N T C F*(I't) for any n. Once this is established, we have U NT" C F*(I7/) so
that U N J*(I'r/) = 0 for any T'. Tt follows that U N (Upcq J*(I'r7)) = 0. Since U is
open, UNJ(I') =U N Upeqr J*(I'rr) = 0. This will complete the proof.

First, we will choose T C M \ Sing F in such a way that there is an embedding
of T in C which is holomorphic with respect to the transverse holomorphic structure.
In addition, we assume that 7' C C is a disjoint union of relatively compact discs and
that the reference metric g restricted on 7' is bounded from below with respect to the
standard Hermitian metric of C which we denote by hyg.
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Let now h be a transverse Hermitian metric on U as in the statement. We denote
by I, the holonomy pseudogroup of F|g, associated with K, NT'. As T is relatively
compact, we can find a finite set {7;} of generators of I',. Therefore, there are 6 > 0
and C > 0 such that the germ of any 7; at a point, say p, in K, NT" is represented
by an element of I', actually of I,11, defined on the §-ball Bs(p) C T centered at p
and |(7])p| < C. Note that we may assume that C' > 1. On the other hand, we have
the following, namely, let Bjs(p) be the d-ball with respect to h centered at p. By the
assumption, h is bounded from below so that we have h > c®hg for some ¢ > 0. We have
then

Vpe K,NT', ¥6 >0, Bs(p) CT" = Bs(p) C Bsse(p).

We now set &' = d¢/2C. By decreasing ¢’ if necessary, we may assume that Bs (p) C U.
We claim then that the germ of any element of I, at any p € K,, NT" is represented by
an element of I',11 defined on Bj, (p). This is shown as follows. Let I, (k) be the subset
of I',, which consists of elements presented by composition of at most k generators, where
I’,(0) is generated by {idk, 7}, and let I, (k), be the set of germs at p of elements of
I (k). We have T, = ({20 I (k). If v, € Ty(1),, then B (p) C Bs/ac(p) C Bs(p) so
that the claim holds. Assume by induction that ~, € I, (k), is represented by an element
of I, 41 defined on Bj, (p). Let ¢, € I},(k+1),. Then, ¢, is represented by an element of
I, of the form ~; oy, where v € I},(k), and ~; is one of the generators. We may assume
that v is well-defined on Bj, (p) as an element of I,+1. We have v(Bj, (p)) = B (v(p)) C
Bs/ac(v(p)) € Bs(v(p)) because v is an isometry on U. As y(p) € T, ~; is well-defined
on Bj,(y(p)) as an element of I,41. It follows that 7; o v is also well-defined on B, (p)
as an element of I,11. Since T is assumed to be a disjoint union of relatively compact
discs in C, the family

Lo1i(U) = {y € Iy [ domy = U, y(U)NT" # 0}

which consists of elements of I},1 obtained by extension as above, is a normal family.
This directly shows that Bj, (p) has the property (wF) [3]. Let now v € I, and dom~y C
Bj, (p). Since v(Bj/(p)) = B (v(p)), range~ itself is again a wF-open set. Thus Bj, (p)

is an F-open set so that p € F*(I'p). O
REMARK 3.10. 1) The induction in the proof is taken from the proof of [10,
Lemme 2.2].

2) If I" is compactly generated, then we can choose T” in the above proof so that
(I, T") is equivalent to (I,T) and that the arguments can be simplified (cf. [3,
Proposition 4.24]).

ExaMPLE 3.11 (cf. Example 3.8 and [3, Example 5.11]). Let [z0 : 21 : 22] be the
standard homogeneous coordinates for CP2. We set & = 29/22, y = 21/22 if 22 # 0. Let
w = pydr — A\xdy be a holomorphic 1-form on C2, where A, u # 0. We set a = \/u and
let F,, be the foliation of C? defined by w. We denote by G, the natural extension of F,
to CP%2. We set a = zo/21, b= 2z3/21 if 21 # 0, and u = 21 /20, v = 22/2 if 29 # 0. We
set C2(z,y) = {[x : y : 1] € CP?}. Similarly we define C?(a,b) and C?(u,v).
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Suppose that a ¢ R. Set U = CP?\ {22122 = 0}. It is known that the Fatou set
F(G,) is equal to U. We define f: CP? — R by

|20/ |21 % | z2|?
(J20/? + |21]2 + [22[?)%"

f([z0: 211 22]) =

We have
_ |z |y[?
1@9) = T + Py
and
0 Zlyl2(1 = 2lyl2 + |2|?
O (4,4) = lyl*( 2Iyl 2\4I)’
oz 1+ [z + |yl?)
0 glx|2(1 — 2|2]% + |w|?
0f ) = TR0 =20 + fof)
dy (1+]z* +[yl?)

We set, for n > 28,

K, = {[zo c21:2) €ECP? | f([20: 21 : 22)) > ;}
Note that K, is a compact subset contained in U. This can be seen for example by
the fact that (1, 1) is the unique maximum of the function (¢, s) + (ts)/(1+t+s)3,
where t, s > 0. We will show that 0K, is transversal to G,. If we restrict ourselves
to U NC%*(z,y) = {(z,y) € CP? | xy # 0}, then by Lemma 3.14 below, 0K, is
transversal to F, if and only if

AL =2l + [y1) + (1 = 2[yl* + [2*) # 0. (3.12)

Suppose the contrary and represent &« = A/u as o = p + +/—1o, where p,o € R.
By the assumption o # 0, the equalities

(1+p)+ (=2+p)al*+ (1 —2p)|y[* =0,
1—2yf + [z =0

hold by (3.12). It follows that 3 — 3|y|?> = 0 and further that |z| = |y| = 1. As
f(1,1) = 1/27, we never have (|z|, |y|) = (1,1) for (z,y) € K,,NC?*(z,y). Since K,
is contained in C?(z, y), we see that 0K, is transversal to G,. Therefore { K, },>2s
is a compact approximation of U. We now set w’' = (1/\)(dz/z) — (1/p)(dw/w).
Then, dw’ = 0 and '’ also defines G, on U. Therefore, an invariant metric on U
is defined by setting h = w’ ® w’. The metric h is bounded from below so that U
is contained in the Fatou set of G,. In this case, it is also known that F(F,) =
U N C?*(z,y). The family {K,},>08 is a compact approximation of U N C?(z,y)
with respect to F.

If o € R, then the Fatou—-Julia decomposition of F(F,) and that of F(G,) are
known to be different [3, Example 5.11]. This is also seen by Theorem 3.9 as
follows.
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i) First we study Fy.
a) Assume that o > 0. Then, F(F,) = C?\{(0,0)} and a transverse invariant
metric, say h, on F(F,) is given by h = 1, & 7, where

B aydr — xdy
- |x‘a+1 + ‘y|(a+l)/a'

N

Note that h is bounded from below. If we set K, = {(z,y) € C*| 1/n <
|z|>+|y|? < n}, then {K,},>1 is a compact approximation of C*\ {(0,0)}.
b) Assume that o < 0. Then, F(F,) = C*\ {(x,y) € C? | zy = 0} and a
transverse invariant metric h on F(F,) is given by h = v, ® Uy, where
de dy
Vg =a— — —.
T )
The metric h is bounded from below. A compact approximation of F(F,)
is given by {K,} with K,, = {(z,y) € C? | 1/n < |z|]y| < n}.

ii) Next we study G,.

a) Assume that o > 0. By exchanging 2o and z; if necessary, we may assume
that 0 < a < 1. We have F(G,) = CP?\ {[20 : 21 : 23] € CP? | 2125 = 0}.
Note that we have F(G,) N C(z,y) = {(z,y) € C? | y # 0} while we have
F(F,) = C*\ {(0,0)}. This is because G, is isomorphic to Fp/(a—1) on
C?(a,b) and to F(1—q) on C*(u,v). As 0 < o < 1, we have a/(a—1) < 0
so that we are in the same situation as in the case i)-b). Namely, the
singularity (0,0) on C?(a,b) is of Siegel type (not of Poincaré type) so
that both the a-axis and the b-axis are contained in the Julia set J(G,) of
G- Therefore the y-axis and the u-axis are contained in J(G,). It follows
that J(F,) # C? N J(G,). Note that this shows that the Julia sets in
the sense of Definition 2.2 and those of [11, Example 8.1] are different in
general. Set

aydr — xdy

Yo = TR el Ly
o fzlF(fet + [yl

where k + al =1 + «. We have

B |abda — (oo — 1)adb|

1Yol = |a|k|b|3—k—l(|a|al|b‘(1—0¢)l +1)
(1 = a)udv — vdul
P (fuf! 4 o] A=ty

Therefore h = v, ® Jo gives an invariant metric on F(G,). If we set k =
[ =1, then h is bounded from below. A compact approximation of F(G,)
is given by {K,}n>1 with K, = {[z0 : 21 : 22] | |20/ "%[22]|* > |21|/n}.
We have K, N C?(x,y) = {(z,y) | |x[*=* > |y|/n} and K,, N C?(a,b) =
{(a,b) | |a'=*[b]* = 1/n}.
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b) If a = 1, then G; is transversal to the line at infinity {[z : 21 : 0]} and we
have SingG; = {[0: 0 : 1]}. We have F(G;) = CP?\ {[0: 0 : 1]}. Note
that F'(F1) = F(G1) NC(xz,y). If we set

Kn ={lz0:21: 2] | |20]> + |21]* > 1/n|z2]}
={(z,y) € C(z,y) | |=* + [y|* > 1/n} U{[z0 : 21 : 0]},

then {K,},>1 is a compact approximation of CP%\ {[0 : 0 : 1]}. An
invariant metric on CP2\ {[0: 0 : 1]} is given by 11 ® 71.

c) If <0, then [0:1:0]and [1:0: 0] are of Poincaré type so that we have
the case a) again.

REMARK 3.13. We need both a metric and a compact approximation in The-
orem 3.9. Let F, be as in Example 3.11.

1) If o € R, then C?\ {(0,0)} admits a compact approximation with respect to JF,
however there are no invariant metrics on U. Indeed, the dynamics along the z-axis
and the w-axis are contracting-repelling.

2) If a = —1, then C?\ {(0,0)} admits an invariant metric. Indeed, if we set 7' =
ydz + zdy, then 7/ ® i/ gives an invariant metric. However, C2 \ {(0,0)} does not
admit a compact approximation. Indeed, if {K,} is a compact approximation, then
the restriction of F*°8 to K, is compactly generated so that it cannot contain the
x-axis and y-axis at the same time. Note that ' ® i/ is not bounded from below.

3) Let again o = —1, and set ' = ydx+zdy. If weset U = {(z,y) € C? | y # 0}, then
U admits a compact approximation {K,}, where K,, = {(z,y) € C? | |z| > 1/n}.
The metric 7 @7/ is certainly invariant but not bounded from below. As the y-axis
is contained in J(F_1), U is not contained in F(F_1).

The following lemma is well-known but we give a proof for completeness.

LEMMA 3.14. Let U C C™ be an open subset and g: U — R a smooth function.
Set M = g=(c), where ¢ € g(U) is assumed to be a regular value. Finally let X =
Sor ., fi(9/9z;) be a holomorphic vector field on U, where (z1,...,z,) are the standard
coordinates for C™. Then, X is transversal to M at p € M if and only if

S50 ) £ 0

0%;
i=1 v

holds, where X is said to be transversal to M at p if the integral curve of X transversally
intersects M at p.

PRrROOF. First note that X is transversal to M at p if and only if X is not tangent to
M for the dimensional reason. We identify C" with R?" and equip C" with the standard
Euclidean metric. Let z;,y; be the real and imaginary parts of z;, respectively. Then,
the normal direction of T,,M is given by
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" [/ dg 0 dg 0
Z (axi (p) oz 2y, 7 Byip) :

On the other hand, the tangent space of the integral curve of X at p is spanned by

i(ai(p)ai +bi(p);%p> and

i=1 ip

3 (-0t G o 8‘2) .

i=1

Therefore, X (p) is tangent to T, M if and only if both

; (ai(p)axi(p) + bi(p)ayi(p)) —0, and
5 (- 3L )+ a2 ) =0

i=1
hold. This is equivalent to

dg
) e (p

)
(3200 + 0152 00) + Y1 3 (50 220 - ) 20 )

Zfi(

=1

1 n

22
=1

0.

4. Julia sets and minimal sets.
We recall the following classical

DEFINITION 4.1.  Let F be a foliation of a manifold M. A subset .# of M is said
to be minimal if the following conditions are satisfied:

1) A is non-empty and closed.
2) . is minimal with respect to inclusions.

3) A is saturated by leaves of F, namely, if p € ., then the leaf which passes through
p is contained in .Z .

DEFINITION 4.2. Let .# be a minimal set.
1) We say that .# is trivial if it consists of a point in Sing F.
2) We say that .# is proper if it consists of a closed leaf of F*¢&.

3) We say that # is exceptional if it is non-trivial, non-proper and not equal to the
whole M.
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REMARK 4.3. Let .# be a minimal set.
1) If F is singular, then .# cannot be equal to M.

2) Tt is well-known that foliations of CP™ do not admit a closed leaf in F*°& (cf. [5,
Theorem 2]). Therefore, non-trivial minimal sets of CP™ are exceptional.

3) The classification of minimal sets in Definition 4.2 is known to work well for real
codimension-one regular foliations [9]. On the other hand, even in the complex
codimension-one case, it is not sufficient. For example, let us consider a suspension
of an action of a torsion-free Kleinian group on CP'. In this case, .# is contained
in J(F) which coincides with the suspension of the limit set [2]. On the other
hand, let F be a foliation of $® C C? induced from the flow of a vector field
2(0/0z) + aw(9/0w) with a € Rsg. Then, F is always transversely Hermitian
(cf. 2) of Example 3.11). Suppose that o ¢ Q and let L be a leaf which does
not belong to the Hopf link. Then, the closure of L forms a minimal set which is
diffeomorphic to a 2-torus as a submanifold of S3. This means that the notion of
exceptional minimal sets should be made more precise.

If foliations of CP™ are considered, then it is known that an exceptional minimal
set contains a hyperbolic holonomy [4, Théoréme]. That is, there is a loop on a leaf
contained in the minimal set such that the associated holonomy, in other words, the
first return map, or the Poincaré map, is of modulus not equal to one. This implies the
following

THEOREM 4.4. The Fatou set of a foliation of CP™, of codimension one, does not
contain any exceptional minimal sets.

PrOOF. The Fatou set admits an invariant transverse Hermitian metric by The-
orem 3.1. By [5, Theorem 2], we can find a hyperbolic holonomy in the Fatou set. This
is impossible because the holonomy should be an isometry for the transverse Hermitian
metric. g

Note that foliations of CP? have unique minimal sets [5, Theorem 1]. Such minimal
sets are contained in the Julia sets by Theorem 4.4. As an immediate consequence, we
have the following

PROPOSITION 4.5. Let F be a foliation of CP? and CP? = F(F) U J(F) the
Fatou-Julia decomposition. Then, we have exactly one of the following:

1) We have J(F) = Sing F, and F admits no exceptional minimal set.

2) We have Sing F C J(F) € CP2. If F admits an exceptional minimal set, say A
then either .# C OF (F) \ Sing F or .# C J(F)\ (OF(F)USing F). In the latter
case, the closure of any leaf in OF (F) meets Sing F.

3) We have CP? = J(F). If F admits an exceptional minimal set, say ., then
M C CP?\ Sing F = J(F) \ Sing F.
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PROOF. First not that if .# is an exceptional minimal set, then it is contained
in J(F) \ Sing F by Theorem 4.4. Therefore, if J(F) = Sing F, then such an .# does
not exist. Suppose that Sing F C J(F). If F(F) = 0, then we have the last case. If
F(F) # 0, then OF(F) is a non-empty invariant closed subset contained in J(F). Indeed,
if OF(F) = 0, then we have CP? = F(F), which is absurd. If 9F(F) = Sing F, then
we have F(F) = CP? )\ Sing F because Sing F consists of a finite set of points. This
implies that J(F) = Sing F, which contradicts the assumption. Since .# is unique, .# is
contained in exclusively either OF (F) or J(F)\OF (F). Suppose that .# C J(F)\OF(F)
and that L is a leaf in OF (F). If L # (), then it contains a minimal set, which should
be trivial. Therefore L C Sing F. a

We introduce the following in view of [4, Chapitre IV].

DEFINITION 4.6. Let M be a complex manifold and F a holomorphic foliation
of M, of codimension one. We say that F satisfies the condition (H) if there exists a
meromorphic 1-form on M which is not identically zero and which defines F.

DEFINITION 4.7. Let w be a meromorphic 1-form on a complex manifold M. We
denote by Sing w the union of zeroes and poles of w.

Note that Sing F C Singw.

In a quite particular case, we can find a large Fatou set. Suppose that F satisfies
the condition (H) and that w has no zeroes. This occurs for example on M = CP?, or
almost equivalently, on C2. Let w = Pdx + Qdy be a polynomial 1-form on C2. If we set
W' =dz/Q + dy/P, then w’ also defines F on C? \ Pole(w’), where Pole(w’) = {(z,y) €
C? | P(x,y) =0 or Q(x,y) = 0}. Then ' has no zeroes.

Assume still that w has no zeroes. If moreover we can find a compact approximation
of M \ Pole(w), then we have the following

THEOREM 4.8.  Let F be a holomorphic foliation of a compact complex manifold
M, of codimension one. Suppose that F satisfies the condition (H) and let w be a
meromorphic 1-form which defines F. Suppose that the following conditions are satisfied:

1) The 1-form w is closed and has no zeroes.
2) The complement M \ Pole(w) admits a compact approximation.
Then we have F(F) D M \ Pole(w).

PROOF. We set h = w®w and U = M \ Pole(w). As dw = 0, h determines
an invariant Hermitian metric on U. Moreover, singularities of h are poles so that h is
bounded from below. Then by Theorem 3.9, U is contained in the Fatou set of F. g

Note that as w is closed, there are no exceptional minimal sets. The assertion
F(F) D M \ Pole(w) can be seen as a reproduction of this fact by Theorem 4.4. Note
also that a typical example is a linear foliation of CP? discussed in Example 3.11.



(8]
(9]

(10]

(11]

(12]

(13]

On Fatou and Julia sets of foliations 1159

References

I. Androulidakis and G. Skandalis, The holonomy groupoid of a singular foliation, J. Reine Angew.
Math., 626 (2009), 1-37.

T. Asuke, A Fatou—Julia decomposition of transversally holomorphic foliations, Ann. Inst. Fourier
(Grenoble), 60 (2010), 1057-1104.

T. Asuke, On Fatou—Julia decompositions, Ann. Fac. Sci. Toulouse Math. (6), 22 (2013), 155-195.
C. Bonatti, R. Langevin and R. Moussu, Feuilletages de CP(n): de I’holonomie hyperbolique pour
les minimaux exceptionnels, Inst. Hautes Etudes Sci. Publ. Math., 75 (1992), 123-134.

C. Camacho, A. Lins Neto and P. Sad, Minimal sets of foliations on complex projective spaces,
Inst. Hautes Etudes Sci. Publ. Math., 68 (1988), 187-203.

D. Cerveau and J.-F. Mattei, Formes Intégrales Holomorphes Singuliéres, Astérisque, 97, Soc.
Math. France, Paris, 1982.

S.-S. Chern, Complex Manifolds without Potential Theory (with an appendix on the geometry of
characteristic classes), Revised printing of the second edition, Universitext, Springer-Verlag, New
York, 1995.

C. Debord, Holonomy groupoids of singular foliations, J. Differential Geom., 58 (2001), 467-500.
G. Duminy, L’invariant de Godbillon-Vey d’un feuilletage se localise dans les feuilles ressort,
preprint, (1982).

E. Ghys, Flots transversalement affines et tissus feuilletés, Mém. Soc. Math. France (N.S.), 46
(1991), 123-150.

E. Ghys, X. Gémez-Mont and J. Saludes, Fatou and Julia components of transversely holomorphic
foliations, In: Essays on Geometry and Related Topics, vol. 1, Monogr. Enseign. Math., 38,
Enseignement Math., Geneva, 2001, 287-319.

A. Haefliger, Foliations and compactly generated pseudogroups, In: Foliations: Geometry and
Dynamics, Warsaw, 2000, World Sci. Publ., River Edge, NJ, 2002, 275-295.

Y. Ilyashenko and S. Yakovenko, Lectures on Analytic Differential Equations, Grad. Stud. Math.,
86, Amer. Math. Soc., Providence, RI, 2007.

Taro ASUKE

Graduate School of Mathematical Sciences
University of Tokyo

3-8-1 Komaba, Meguro-ku

Tokyo 153-8914, Japan

E-mail: asuke@ms.u-tokyo.ac.jp


https://doi.org/10.1515/CRELLE.2009.001
https://doi.org/10.1515/CRELLE.2009.001
https://doi.org/10.5802/aif.2547
https://doi.org/10.5802/aif.2547
https://doi.org/10.5802/afst.1369
https://doi.org/10.1007/BF02699493
https://doi.org/10.1007/BF02698548
https://doi.org/10.1007/978-1-4684-9344-3
https://doi.org/10.1007/978-1-4684-9344-3
https://doi.org/10.4310/jdg/1090348356
https://doi.org/10.24033/msmf.358
https://doi.org/10.24033/msmf.358
https://doi.org/10.1142/9789812778246_0013
https://doi.org/10.1142/9789812778246_0013

