(©2021 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 73, No. 1 (2021) pp. 221-261

doi: 10.2969/jms]j/81188118

Higher deformations of Lie algebra representations I

By Matthew WESTAWAY

(Received Aug. 29, 2018)
(Revised Sep. 19, 2019)

Abstract. In the late 1980s, Friedlander and Parshall studied the rep-
resentations of a family of algebras which were obtained as deformations of the
distribution algebra of the first Frobenius kernel of an algebraic group. The
representation theory of these algebras tells us much about the representation
theory of Lie algebras in positive characteristic. We develop an analogue of
this family of algebras for the distribution algebras of the higher Frobenius
kernels, answering a 30 year old question posed by Friedlander and Parshall.
We also examine their representation theory in the case of the special linear

group.

1. Introduction.

In 1988 and 1990, Friedlander and Parshall published a pair of papers ([6], [7]) which
have had a great impact on our understanding of the representation theory of Lie algebras
over algebraically-closed fields of positive characteristic. Prior to the publication of these
papers, it was known that in characteristic p > 0 many of the Lie algebras that were
interesting to study came with a so-called p-structure: a map g — g which gave a notion
of p-th powers to elements of g. When considering the p-structure-preserving representa-
tions of these Lie algebras, which are called restricted representations, it was discovered
that these were in 1-1 correspondence with representations of the first Frobenius kernel
G(1) of G, in the case when g was the Lie algebra of an algebraic group G.

Friedlander and Parshall, however, were interested in the general representation
theory of g, rather than the restricted representation theory. Their method was to use
an observation of Kac and Weisfeiler in [21] that from the universal enveloping algebra
U(g) one could construct a family of algebras, which they denoted A, and are today
written as U, (g), indexed by the linear forms on g. Every irreducible (not necessarily
restricted) g-module appears as a U, (g)-module for some x € g*. In the case when y = 0,
one recovers precisely the restricted representation theory of g.

At the end of [7], Friedlander and Parshall pose a number of questions about these
algebras and their representation theory. Question 5.4 in that paper, which was posed
to them in turn by Humphreys, is as follows:

Hyperalgebra analogues. Do the algebras A, have natural analogues corre-
sponding to the infinitesimal group schemes G, associated to G forr > 17
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It is this question which we answer here. To do such, we must first define and study
a family of higher universal enveloping algebras U/(G) for r € N, analogues of the
universal enveloping algebra in these higher cases. When r = 0, this algebra is precisely
U(g) (where g = Lie(G)), and the family of algebras {Ul"/(G)},en form a direct system
with limit Dist(G) (the distribution algebra of G [10]). This family of algebras was first
introduced by Kaneda and Ye in [14], however their study of it related primarily to its
connection to the study of arithmetic differential operators [1]. The sum and substance
of their results on the structure of this algebra can be found in Subsection 2.2 of this
paper, and this algebra has been minimally studied since then. Indeed, Kaneda and Ye’s
construction is not especially useful for the goals of this paper and we shall define the
algebra U"(G) in a different way, before showing that these constructions are isomorphic
in Subsection 3.5.

The majority of the results in this paper are proved in the case when G is a reductive
algebraic group. This restriction is not unusual in this area of study—indeed many of
the most notable reviews of this subject make the same restriction fairly early on (see
[9], [11]). Nevertheless, this paper requires reductivity sooner than is typical, and in fact
several of the results proved in this paper shall hold without this assumption. This is
proved in the sequel to this paper [22], where the Hopf algebra structure of the algebras
Ul(@) is studied in greater detail. This direction would appear to be the most fruitful
in studying these algebras for more general algebraic groups.

When G is reductive, the higher universal enveloping algebras U [T}(G) share many
similarities with the universal enveloping algebras. They are finitely generated over
their centre (Proposition 3.4.1), all of their irreducible modules are finite-dimensional
(Theorem 3.4.2), and they have a PBW basis (Proposition 3.3.2). In fact, there exist
surjective Hopf algebra homomorphisms U"(G) — U(g) for each r € N by Lemma 4.1.2
and Corollary 4.1.3. Furthermore, Lemma 3.2.1 enables us to define a notion of p-th
powers in these algebras, and hence to define the algebras ULT] (@) indexed by x € g*.
These U@ (G) are the analogues of the U, (g) in this higher setting, and every irreducible
Ul(G)-module is an irreducible ULT] (G)-module for some x € g* (Lemma 5.1.2).

In studying the representation theory of these U>[<T] (G), one can define the notion of
a higher baby Verma module Z;()\) analogously to the construction in the standard case.

One obtains that every irreducible U@ (G)-module is an irreducible quotient of a higher
baby Verma module (Lemma 5.4.1), however in comparison with the standard case these
modules are often too large to pinpoint the irreducible modules explicitly. For example,
when G = SLy and x # 0 the baby Verma modules are always irreducible—this ceases
to be true for the higher baby Verma modules. The irreducible modules for U>[<r](SL2)
are characterised in Theorem 6.4.1, where we see that a different module construction,
called teenage Verma modules, behaves as the baby Verma modules do in the standard
case. It is conjectured in Section 6 that these modules provide the correct analogue of
baby Verma modules for the higher universal enveloping algebras—these conjectures are
proved in the sequel to this paper [22].

One interesting feature of the higher universal enveloping algebras is that for » € N
the finite-dimensional Hopf algebra Dist(G ;) is a normal Hopf subalgebra of U (@)
(here G,y is the r-th Frobenius kernel of G and is an infinitesimal group scheme). When
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r = 0 this is automatic as Dist(G(g)) = K, but when r > 0 this adds new complexity
to these algebras. One application of this fact is Theorem 7.1.2, which shows that every
irreducible U"(G)-module M contains a unique irreducible Dist(G,)-submodule N and
that M = N ® V as Dist(G(,)-modules for a finite-dimensional vector space V. This
allows us to interpret Kac—Weisfeiler’s second conjecture (see [13], [16]) in this context:
if M is a UL(G)-module for y € g*, does pdim(Gx)/2 divide the dimension of V? We
answer this in Proposition 7.1.7 and in the sequel [22].

The structure of this paper is as follows. We start in Section 2 by recalling the
various definitions of enveloping algebras for a Lie algebra over a field of characteristic
p > 0, as well as examining the different notions for differential operators in this context.
Then, in Section 3, we introduce the algebra U(G) which we study for the rest of
the paper. We develop the appropriate analogue of p-structure and pth powers in this
context and construct a basis for the higher universal enveloping algebras. We restrict to
reductive algebraic groups midway into this section. In Section 4 we show the connection
between Ul"1(G) and the standard universal enveloping algebra U (g). We then move on to
studying the representation theory of Ul"/(G) in Section 5, which allows us to define the
family of algebras ULT] (@), as well as higher notions of baby Verma modules. In Section 6
we focus specifically on the case of G = SLo and try to understand the representation
theory of the ULT] (SLs); in particular seeing how it differs from the well-understood case
r = 0 as studied by Friedlander and Parshall (see [6], [7]). Finally, in Section 7 we give
some results on the Hopf algebraic structure of the higher universal enveloping algebras.
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2. Preliminaries.

2.1. Universal enveloping algebras.

Let G be an affine algebraic group over an algebraically closed field K of characteristic
p > 0, and let g = Lie(G). In positive characteristic, there are several sensible notions
for an enveloping algebra of g, all of which are isomorphic when the characteristic is zero.
Let us briefly recall their constructions.

Firstly, we can construct the universal enveloping algebra

where T'(g) is the tensor algebra of g and @ is the 2-sided ideal generated by the elements
rYy—yz—[zr,y] for x,y € g.

Since g is constructed here as the Lie algebra of an algebraic group, it has a p-
structure [11]. That is, there exists a map ! : g — g such that the map ¢ : g — U(g)
given by z — zP — z!P! satisfies the following two conditions: (1) the image lies inside
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Z(U(g)), and (2) that &(ax + by) = aP&(x) + bPE(y) for all z,y € g, a,b € K. This allows
us to form the algebra

U(g)

UO(g) = <£L'p — 7 |$ c g>a

called the restricted enveloping algebra of g.

Let us now recall the definition of the distribution algebra Dist(G). If I; = {f €
K[G]| f(1) = 0} (where 1 is the identity of G), then we denote Dist(G) = {u : K[G] —
K| peis linear and u(If™') = 0} and Dist] (G) = {u € Disty(G) | (1) = 0}. We then
denote Dist(G) = [J;~( Distx(G).

Dist(G) is an algebra, and g lies inside Dist(G) as Dist] (G). The Lie bracket on g
corresponds to the Lie bracket [A, B] = AB—BA on Dist(G). Recall that if 1 € Dist] (G)
and p € Dist;'(G) then pp € Distzjrj(G) and [u, p] € Dist;:jfl(G) ([10)).

The distribution algebra is related to the previous enveloping algebras by the fol-
lowing observation: Up(g) is isomorphic to Dist(G/(1)), where we denote by G 1) the first
Frobenius kernel of GG. Throughout the paper we shall more generally denote by G, the
rth Frobenius kernel of G (see [10]).

2.2. Differential operators.

When studying sheaves of differential operators on a smooth variety over an alge-
braically closed field of positive characteristic there are several distinct notions, which
coincide in zero characteristic. Firstly, there are the differential operators constructed
by Grothendieck in [5]. The precise construction is omitted here, but the reader should
consult [5] for more detail. In particular, the sheaf Diff y i of these differential operators
lies inside the sheaf Endg(Ox).

This sheaf has a filtration

(m)

DY) = DY)y = -+ = D% = -+ = Diff x e = lim DY)

X/K X/K X/K
constructed by Berthelot in [1]. This sheaf Dg?}K is called the sheaf of crystalline dif-
ferential operators and was constructed by Berthelot before the rest of the filtration was
developed. The sheaf was used by Bezrukavnikov, Mirkovié and Rumynin in [2] where

they use it to derive a version of Beilinson—Bernstein’s localisation theorem in positive
(m)

characteristic. The sheaves Dy /i

are called the sheaves of arithmetic differential opera-
tors.

When X = G is a smooth algebraic group we can compare the sheaves of differential
operators with the above notions of universal enveloping algebras. In particular, there is
an injective algebra homomorphism Dist(G) < I'(G, Diff ¢ /x ), which is an isomorphism
onto the subalgebra of left invariant differential operators. See [10, 1.7.18] for details.
Similarly, there is an injective algebra homomorphism U(g) — F(G,Dg?}K) which is an
isomorphism onto the left invariant crystalline differential operators.

In trying to construct the analogues to the U, (g) from Friedlander and Parshall’s
question, one sees that the arithmetic differential operators should play a role. To work

with arithmetic differential operators explicitly, it helps to recall from [8] that
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D) Te(Diff " )
XET N = Moy, 008 —6'®06—[8,0, 608" —380" | xe K, 0" € Diff*"~*, §,0' € Diff*")’

where we denote by Diff® the sheaf of differential operators of order < k.
Motivated by this, Kaneda and Ye defined in [14] the algebra

T]K (DiStQPm -1 (G))

(m) —
U = e 500 =0 @5 —[5,5], 520" — 85" | AEK, 3" € Distyn 1(G), 5,5’ € Distyn(G))"

with e the counit of K[G]. They obtain, when G is reductive, the following commutative
diagram of K[G]-modules [14, Corollary 1.5]:

K[G] ox U™ —~— 1(G, D)

| |

K[G] ®x Dist(G) —— T(G, Diff ¢ x)

with h_n;wm) = Dist(G).

To be able to answer Parshall and Friedlander’s question we need a slightly differ-
ent construction of this algebra. We shall see that these constructions give isomorphic
algebras in Section 3.5.

3. The Algebra U"(G).

3.1. Filtered algebras.

Before we get to the construction of the algebras Ul(G) that we will be studying
in this paper let us generalise slightly the situation we are considering, so that we can
develop some notation and tools to work with in our particular circumstance. Suppose
that A is a filtered Hopf algebra A = |J, oy Ar with Ag = K and such that the associated
graded algebra gr(A) = @,y Art1/Ax is commutative (i.e. [Ag, Aj] € Apy—1 for all
k,1). We shall denote A; := Ay Nker(ea), where €4 is the counit of A.

We can construct the following algebra.

Ukl(A) =

where Q) is the ideal generated by the relations:
(1) x®y=xyif3:6AZ’,y€A;r with ¢ + 7 <k + 1, and;
(i) 7@y —y®@z=[z,y] if v € A], yeAj+ with i+ j < k4 1.

DEFINITION.  Let A be a filtered Hopf algebra A = | J; oy Ax satisfying the above
conditions, and B an associative K-algebra. We will call a K-linear map ¢ : A;r — B an
indeved algebra subspace homomorphism if ¢(xy) = ¢(z)¢(y) for all z € A and y € A;r
withi+j < k+1, and ¢([z,y]) = [#(z), ¢(y)] for allz € A and y € A;r with i+j < k+1.

There is a natural indexed algebra subspace homomorphism ¢ : A} — UFI(A).
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DEFINITION.  Let A be a filtered Hopf algebra A = J, .y Ax satisfying the above
conditions. The indezved algebra subspace dual of Aﬁ is the set of all indexed algebra
subspace homomorphisms from A} to K. We shall denote it by (A4;])*.

It is straightforward to prove the following universal property:

PROPOSITION 3.1.1.  Let A be a filtered Hopf algebra A = J, oy Ax satisfying the
above conditions, and B an associative K-algebra. Let ¢ : A$ — B be an indexed

algebra subspace homomorphism. Then there exists a unique algebra homomorphism
¢ : UF(A) — B such that ¢ o 1o = ¢.

Let U*(A) be the algebra constructed in the same way as U*(A) except using A;
instead of AT for ¢ € N whenever relevant. This has a similar universal property, and
using the universal properties for the linear maps AZ — Ap and A - K& A$ it can be
shown that the algebras U*(A4) and U (A) are isomorphic. We shall abuse notation
to refer to both algebras as UF(A). [A similar argument can be made regarding the
algebra U(™) defined in the Subsection 2.2].

COROLLARY 3.1.2.  Let A be a filtered Hopf algebra A = |J,cn Ax satisfying the
above conditions. Then UW(A) is a Hopf algebra for all k > 0. Furthermore, if A is
cocommutative then UW(A) is cocommutative.

PROOF. We already know that U (A) is an associative algebra. Applying Propo-
sition 3.1.1 to the comultiplication and counit maps on the coalgebra Aj constructs the
comultiplication and counit maps on U¥! (A). Furthermore, the antipode on A sends Ay
to Ai and so we get the antipode on U[k](A) from Proposition 3.1.1. It is straightfor-
ward to check that the Hopf algebra axioms hold, and similarly straightforward to show
cocommutativity when A is cocommutative. O

DEFINITION.  Let A be a filtered Hopf algebra A = | J, .y Ax satisfying the above
conditions. An indexed algebra subspace representation of Ag is an indexed algebra
subspace homomorphism ¢ : A: — End(M) where M is a K-vector space.

DEFINITION.  Let A be a filtered Hopf algebra A = J, oy Ax satisfying the above
conditions. A K-vector space M is called an indezed AZ‘ -module if there exists an indexed
algebra subspace homomorphism 6 : Az — End(M). For a € A; and m € M we shall
often write a - m or just am for the element 6(a)(m).

DEFINITION.  Let A be a filtered Hopf algebra A = J, .y Ax satisfying the above
conditions, and let (M, 6), (Mz,02) be indexed A} -modules. A homomorphism of in-
dezed A} -modules is a linear map ¢ : My — Mo such that ¢(am) = ag(m) for all a € A}
and m € M.

We can use the universal property in a standard way to get the following theorem:

PROPOSITION 3.1.3.  There is a bijection between the set of (isomorphism classes
of) indeved A} -modules and the set of (isomorphism classes of ) UI(A)-modules.
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3.2. Higher universal enveloping algebras.

Observe that, for an affine algebraic group G, the distribution algebra Dist(G) is
a filtered Hopf algebra Dist(G) = J, ¢y Distx(G) with Disto(G) = K, such that the
associated graded algebra gr(Dist(G)) = @,y Disty11(G)/Disti(G) is commutative.
Furthermore, Dist; (G) is the same object as Dist,(G)* and Dist™ (G) is an ideal in
Dist(G).

We can now use the results of Section 3.1 to obtain analogues of the universal
enveloping algebras. In particular, we define the higher universal enveloping algebra of
G of degree r to be the algebra

Ulrl(@) = U (Dist(G)).

The key observation which allows Parshall and Friedlander to develop and study
their deformation algebras is that the p-th power map gives rise to a semilinear map
E:9— Z(U(g)) (ie. for all a,f € K and z,y € g, {(ax + By) = aP&(z) + BPE(y)). In
order to make progress with the study of the structure of U] (G) we need to construct an
analogue of the map &. We start with the following lemma. Note that when § € Dist; (G)
we already know that 6P € Dist;k(G).

LeEMMA 3.2.1.  If § € Dist); (G), then 6% € Dist), _,(G).

PROOF. Recall that K[G] = K& I;. Hence, for m € N, K[G]®™ = Yopexny P1®
P, ®---® Pp,. Using this and the counitary property of the Hopf algebra structure of
K[G], we have for f € I,

Ap_1(f) € fRl® - @1+10fR1® - - @1+ +1®-- Q1R f+ Z I"®---Ifm,
a;€{0,1}
2<>" a;<m
where A,,_; is defined inductively by setting A; as the comultiplication of K[G] and
A; = (A1 ®Id) o A. One can hence show by induction that for f1,..., f, € I;, with
n € N, we have

Apaa(fif)e[[(fi®le  @1+10fi0le- @1+ +10- @18 f)
=1
+ Z Ifl®...®1’1a7n'
0<a;<n
n+1<>" a;<mn

Rewriting this slightly, we get

n

Apma(fi-f)e][fiole - @1+10fi®l@- @1+ +10---018 f)

i=1

m
+y > e+ Y eI
Jj=1 0<a;<n 1<a;<n
n+1<>" a;<mn S ai=n+1
aj:O
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We now fix m = p and n = pk. Given § € Dist} (G) (so §(IF*!) = 0 and 6(1) = 0) and
fis--+, fpr € I we have that

5p(f1"'fpk) = (6®6®"'®5)(AP—1(f1"'fpk))

pk
6(6®5®"'®5)<H(fi®1®"‘®1+1®fi®1®"'®1+"'+1®"'®1®fi)>

i=1

+y > S(IFY) - 6(Ifm) + Y () 8(1”).

Jj=1 0<a;<pk 1<a;<pk
pk+1<3 a;<p2k pk+1=3"a;
aj=0

Since §(1) = 0, we get

> > S(If) .- 6(I8m) = 0.

j=1  0<a;<pk

pk+1<3 a; <pk
G.j:O

Since aj + - - - 4+ ap = pk + 1 implies a; > k + 1 for some 7, and 5(1{”1) = 0, we also have

> aI)---s(1yr) =o.
1<a;<pk
pk+1=>"a;

Now, we want to compute (§ @6 ®--- @ O)([[7X,(fi®l® - @1+10 fiole-- @1+
1R ®1® fi).
Observe that

pk
[[ti®le - @1+10file- - @l+ - +10-- @1 f;) =D fa, @ @ fa,
=1

where the sum is over all ordered partitions Ay,..., A, of the set {1,...,pk} where the
sets can be empty (ordered partition meaning for example that {1,2},{3,4} is different
from {3,4},{1,2}), and where, if A; = {j1,...,js} with j; < .-+ < js, we denote
fAi = fjlsz e fjs' Then

pk
(5@5@~-®5)<H(f¢®1®~~®1+1®f7;®1®~-®1+~~+1®~-®1®f¢)>

= 6(fa,)--6(fa,)

where the sum is over the same set as before.

For ordered partitions containing empty sets, 6(f4,) = d(1) = 0 for those i with
A; = 0. Furthermore, if two ordered partitions containing no empty sets are rearrange-
ments of each other, they give the same summand in the above sum since K is a field. In
particular, there are p! such partitions which give the same summand, so this summand
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appears p! times. Hence

i=1

pk
(5®6®"'®6)<H(fi®1®"'®1+1®fi®1®"'®1+"'+1®"'®1®fi)>

= plo(fa,) - 6(fa,) =

where this time the second sum is over unordered partitions with p non-empty sets in
them.
Hence, we have that 6 (f1 e fpk) = 0. That is to say, 6P € Dist;k_l(G). O

In particular, if 0 € Dist; (G) then 67 € Dist;‘Hfl(G). This allows us to define a
map &, : Dist} (G) — Ul(G) as &,(8) = 0%P — 67 where the first exponent is in U"(Q)
and the second is in Dist(G).

LEMMA 3.2.2. &, is semilinear.

PrOOF. Clearly &,.(A0) = APE.(9) if A € Kand 0 € Dist;(G). We now want to
show &(1n 4 p) = & (1) + & (p) for p, p € Disty). (G). Observe that, by definition,

E(ptp) = (u+p)% = (u+p)P.

We have that

EFPP = D N ® - ® 7,
a;€{0,1}

where 79 = p and 7, = p. Applying p®p—p p=[p,p] € Dist;p,._l(G), we get
LS
®p _ ®1 ®(p—1) U
(n+p) —;:0 <z)“ ®p -

where ¥ is a sum of terms in U"/(G), each of which is the tensor product of elements of
Dist(G) where the sum of the grades is less than p"*!. Hence, ¥ is obtained from the
product of these elements in Dist(G), by the definition of U"/(G). Since charK = p, we
get

(h+p)oP = p®F + p®F — .

Similarly,

(H+p)P = Y Nay Tay,
a;€{0,1}

where 19 = p and 71 = p. Applying pp — ppu = [, p] € Dista,r_1(G), we get

p
(n+pP=> (f) Pt -
1=0
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where ¥ is exactly the same ¥ as above since the multiplication in the expression of ¥
is the same in Dist(G) and U"(G). So

(+p)P =pP +pP = 0.

Hence & (1 + p) = & (1) + & (p)- O

For k < r, define X,» to be the K-span of {u € Dist;k (G)|u = pipaforp; €
Dist;, (G) with j1 + j2 < p¥and ji,js < pF} C Ul(@). Define Y= to be a vector space
complement of this subspace in Dist;k (G); when G is reductive, we take it to be the one

k
with basis {e&p ), (;‘,ﬁ) |a € ®,1 <t <d} (see Subsection 3.3 for the notation). The next
proposition shows that &, is only non-trivial outside of the subspace X,,-.

PROPOSITION 3.2.3.  For all0 <k <7, &(X,x) =0.

ProOOF.  Since X & C X, forall0 < k < r, it is sufficient to prove that &.(X,-) = 0.

Suppose p € Dist;(G), p € Dist;(G), where i +j < p” and i,j > 0. So up €
Dist, (G). Consider &, (up) = (up)®? — (up)P. Note that pp —p®@p=0asi+j<p" <
p" 1. We have

(LD)*P =p@(pRpP) @ - @ (p®p) @ p.

Furthermore p ® p — p ® p = [p, p] € Dist,r—_1(G). Hence
()" = p®r @ p*r — @,

where ® is a sum of terms in U] (GQ), each of which is the tensor product of elements
of Dist(G) where the sum of the grades is less that p"*!. Hence, ® is obtained from the
product of these elements in Dist(G). Similarly, we have

(up)? = plpp) -~ (pp)p-

Since pp — pp = [p, p] by definition, we get that

(up)? = pp” — @,

where @ is exactly the same as above, since it doesn’t matter when calculating @ if the
multiplication is done in Dist(G) or in UI(G) because of the grades of the elements
being multiplied.

Hence, & (up) = (1p)®P — (up)? = p®? @ p©P — piPpP. Since p € Dist;(G) and i < p",
we have pu®P = pP, and similarly for p. So &.(up) = puP ® pP — pPpP. Furthermore,
u? € Disty;_1(G) and pP € Disty;_1(G), so P ® pP = pPpP, so &, (up) = 0. O

At this point, we would like to show that the image of &, is central in U] (G).
However, the proofs of this result which are known to the author for universal enveloping
algebras do not appear to work in this case. For example, a priori there is no reason why
ad(6?) = ad(d)P should hold when r # 0. Hence, to progress further we must move to
the case of reductive groups where calculations can be made more explicit.
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3.3. Reductive groups.

From now on, unless specified otherwise, G will be a reductive algebraic group over
an algebraically closed field K of characteristic p > 0.

Let B be a Borel subgroup of G with maximal torus 7" and unipotent radical U. Say
that T = (G,,)?, where G,, is the multiplicative group, and let X(T) = Hom(T,G,,)
be the group of characters of T. Let ® be the root system of G with respect to T. We
specify a set of positive roots ® with corresponding simple roots IT = {1, ..., a,} and
we fix an ordering on .

Denote g = Lie(G), b = Lie(B), h = Lie(T) and nt = Lie(U). As in [10, IL.1.11], g
has a basis {e,, h;; o € &,1 <t < d} (where e, = X, ®1 and hy = H; ® 1 in Jantzen’s
notation). We set h, = [eq,e_o]. Throughout this paper we shall abuse notation by
using the same symbols e, and h; for the corresponding elements over any base ring.
One may see this abuse, for example, in the following statement: the elements e, € gc
for @ € ® form a Chevalley system in gc, where a Chevalley system is as defined in [3,
Chapitre VIII, Section 12]. Here, gc is the complex reductive Lie algebra corresponding
to g over the field C.

Let us recall the construction of the standard bases for the universal enveloping
algebra U(g) and the distribution algebra Dist(G). In both cases we start by considering
the complex reductive Lie algebra gc, and we look at elements in the universal enveloping
algebra U(gc). Recall that U(gc) has C-basis

{H “*Hhk’ II ¢~ 0<ia,ja,kt}.

acedt acedt

We then look at the following Z-forms in U(gc):

{ H ZaHhkt H e ) Ogiaajavkt}’

aedt aedt
%)ZZ{ IT et~ H( ) IT <% Oéimja,kt}
aedt t=1 aedt

where eg“) = el /i,! and (22) = (hy(hy — 1)+ (hy — &kt + 1)) /K. We call e(()f”) and
(1,3:) divided powers of e, and hy.

It is easy to see that the first of these is a Z-form from the definitions of the commu-
tators, while the fact that the second is a Z-form was proved by Kostant in [15] in the
case when G is semisimple and simply-connected—the more general result can be found
in Jantzen [10, 11.1.12]. From this, we get U(g) = U(g)z ®zK and Dist(G) = U(g)z @z K.

To get a basis for the algebra U(G) we shall apply the same process with a Lpy-
form. Recall here that Z¢,) = {a/b € Q|hcf(a,b) = 1, p { b} is a commutative local
ring.

Given an integer M = a9+ a1p+ -+ a,p" where 0 < ag,...,a,_1 < p and a, > 0,
we shall define

e([EtM]] = e (eﬁf’))‘“ . (e((lp"i))ar € U(ge)
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for a € ®. Furthermore, define
)= (1) () ()
()= () G5 pr) €U
PROPOSITION 3.3.1.  The subset

d
Ul(g)z,, = Z<p>{ I1 eE[J“]]H<[[kt) IT % OSia,ja,kt} c Ulge)
t=1

aedt aedt

for1 <t<d.

is a well-defined Z,)-form of U(gc).

PrRooOF. For this to be well defined, we need to show that it closed under multi-
plication. It is clearly enough to show that certain commutators lie inside U["] (g)z(m.
Let us introduce the notation

I1 ewH( ) IT % ; 0<z’mjmkt<pr+l}v

acedt aedt

gl (0)z,) = Zp) {

which lies inside U(g)z,,, N Ul (g)z,,,-
One can now compute that, for o, 5 € &, 1 < t,t1,t5 < d and 0 < s,u < r + 1,
we have

e, ] e Ul (g)
e, e e Ul (g),,,

. /h Pl am)pt (b e~
[e“p)’< i)] > ( aifj)z])><lt>e£‘p)EUM(Q)ZW
p 1=0 p

Ge)-Go)l=»

More specifically, we know that when we write these commutators in the divided powers
basis we have coefficients in Z,) (this just follows from ﬁ(g)Z(p) being a Z)-form).
Hence, all we have to show is that none of the divided power indices exceed p"tt — 1.
The first two of these calculations can be checked directly using [15] and [4], while the
second two are clear. For example, if {a, §} form the fundamental roots for a root system
of type G2 with 8 the long root, then we have

pg p —kl k}g ]i)g 2k}4 k74) (p 71@1 2](:2 3]63 3’64)
E ekhkz,ks,l%eﬁ eja+5 e3a+26e

where the sum is over all kq, ko, k3, k4 > 0, not all zero, such that ki + ko + ks + 2k < p°
and kq +2ko +3ks +3ks < p* and €k, oy ks by € {1, —1} for all k1, k2, ks, k4. In particular,
none of the heights of the divided powers are greater than or equal to p"*'. The rest are
similar. O

Zpy>
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We can hence form Ull(g) := U] (9)z(,) @z, K.
PROPOSITION 3.3.2.  There is an isomorphism of algebras U} (g) = UIN(G).

PROOF. We prove this by constructing an algebra homomorphism Ul"] Q) —
ulrl (g) using the universal property and showing that it sends a basis of U [T](G) to
a basis of Ul"l(g).

Distr+1_1(G) has K-basis

{H ““)H( ) IT <% Z(ia+ja)+zd:kt<pr+l}.

aedt acd+ aEDT t=1

Define ¢ : Disty,r+1_1(G) — ulrl (g) by

d
o T TT(3) T o) = 0t T (1) T0 o2
acdt acdt €dt t=1 acdt

The fact that ¢(3p) = ¢(8)d(p) if § € Dist] (G), p € Distj(G) with ¢ +j < p"*! and
#(18, p]) = [0(0), p(p)] if 6 € Dist] (G), p € Distj'(G) with i+j < p"+1 is obvious from how
basis elements in Dist,,r+1_1 (G) multiply (since below the p"t1 level, the multiplication is
the same in UI"l(g) and Dist(G)). Hence we get an algebra homomorphism ¢ : U"(G) —
Ull(g) from the universal property.

We now need some notation for the elements in UI"l(G). Given an integer M =
agp+ap+ -+ a.p” where 0 <ag,...,a,_1 < p and a, > 0, we shall define

efMle — e & (e)*" &+ ()P € UMI(G)

for a € ®. Furthermore, define

()= ()" o (5 oo () <o

for 1 <t <d. Then

¢>< (129 eEfa]]@é(kt ®> (%9 eﬂhﬂ®> - 11 MH( ) IT Ul

acedt t=1 aedt aedt aedt

Furthermore, it is not difficult to see that the &, cq+ eki+le (o ([[kl:]t]ca)

Racar e[[_jg]]‘@, for ia, j_a, ke €N, span UN(G) as a vector space. They are also linearly
independent, since their images under the map ¢ are. Thus, ¢ maps a basis to a basis,
and the result holds. O

Hence Ull(g) = UI(G) as algebras and UI" (G) has the desired basis, which we
shall generally abuse notation to denote it as {Hae<1>+ tal Ht 1 (H;l:]]) Toco+ e[[ ol

Za7.7a>kt}-
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Note that the universal property of U(g) gives a K-algebra homomorphism U(g) —
U%N(@). This basis guarantees that this is an isomorphism of K-algebras (in fact, of Hopf
algebras, by considering the effect of the comultiplication, counit and antipode on the
corresponding bases). Hence, the representation theory of reductive Lie algebras over a
field of characteristic p > 0 as studied by Friedlander and Parshall in [6] and [7] exists
within our theory as the case when r = 0. One can also see this using Kaneda and Ye’s
construction U® and Proposition 3.5.1 below.

With a basis of U"l(G) in place, we can now prove the following proposition.

PROPOSITION 3.3.3.  If G is reductive, the image of &, is central in UI(G).

PRrROOF. By Propositions 3.2.2 and 3.2.3, it is enough to show that ¢ (eq (p )) and
57(( ﬁ)) are central for « € ® and 1 < ¢t < d. We know that §7.( e )) = (e & ))®p
and fr((hf;)) = (?f:)(@p — (:ﬁ). By the given basis of U"l(G), it is enough to show that
¢ -(e")) and &((; B4)) commute with each element of Dist,), (G).

Observe that in the notation coming from the Z,)-form the multiplicative notation

means the tensor product notation in UIl(G). This gives us that for a, f € ® with
a# —fFand 0 < s <r, Lemma 4.1 in [4] shows

r+1| +1
r s p . 7‘+1 r
[(e‘(ap ))pve(ﬂp )] — TaiL e((l )’e(ﬁp )] (pr')p [ ]](g)Zuo)’
r+1| r+1)
r s p . 7‘+1 r
(") e = el el € (p”),,Uﬂ Ng)z,-

In fact, the equations from [4, Lemma 4.1] show that these commutators lie in
(pr 11/ (pr)P)Ulrl (8)z,,, not just in ("1 ()P ) Ul (g)z,, . The reader can see this
with the observation that if, for example, {«, 5} form the fundamental roots for a root
system of type G with 8 the long root, then we have as in [4, Lemma 4.1] that

3
r+i N —k1—ko—ks—2k kj k rHl _ _
[e&p )7 e,(Bp )] :Z €k1,ka k3, k4e,§3p e g (H ega-&)-[3> eéa4—&)-2,6’e(p o~ 2hs 3k ~3ka)

where the sum is over all k1, ks, k3, ka > 0, not all zero, such that ki +ko+ks+2k, < p"+!
and kq +2ko 4+ 3k3 +3ks < p® and €x, kg ks ke € {1, —1} for all kq, ko, ks, k4. In particular,
none of the divided powers are greater than or equal to p™**.

Since p"t11/(p"!)P € Z vanishes modulo p, the above equations hence show that the
commutators vanish in Ul"l(g) = Ul (9)z,, ®z,, K.

Furthermore,

e (5)] 5 () (-

where the last equality follows from the observation that (_O‘(pl;"l’l’wl) = 0 modulo p for
all 0 <[ < p® — 1. This comes from Lucas’ theorem and the fact that s < r + 1. This
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gives the centrality of fr(egfr)) For fr(( ﬁ)) we have

()73 ()
(-G - )
(B £
o (SCT () £0)

=0
Xp
-<(() - (7))
pr p"
h,

since ( ; )® ( ) for I < p”. This gives the centrality of fr(( )) Hence the image of
&, is central. O

3.4. Centres.
As always from now on, G is reductive. Let Z,.(G) be the subalgebra of Z(U'/(G))
generated by the £.(d) for § € Dist+ (@). Using Propositions 3.3.2 and 3.3.3, we can

casily see that Z,.(G) is generated by (e’ ))®P for a € ® and (ht)® (;‘f) for 1 <t <d.
From Proposition 3.3.2, it is clear that these elements are algebralcally independent over
K.

Note the semilinearity of &, induces an algebra homomorphism from S (Y;;r1 )) (the

symmetric algebra on the vector space Y;ﬁl) defined above) to Z,.(G). This map is bijec-
tive.

As a Z,.(G)-module under left multiplication, U"/(G) is free of rank p(r+1) dim(s)
with basis

{ 11 e“’“”H( ) II elel o0 <in, ok <PT+1}~
acd+ acdt

This leads us to the following proposition.

PROPOSITION 3.4.1.  The centre Z(U(Q)) of U'N(G) is a finitely generated alge-
bra over K. As a Z(U'(G))-module, UTN(Q) is finitely generated.

THEOREM 3.4.2. Let E be an irreducible UU/(G)-module. Then E is finite-
dimensional, of dimension less than or equal to p("+1) dim(e),

PROOF. This follows in exactly the same way as Theorem A.4 in [12]. O
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3.5. Comparison with Kaneda—Ye construction.
Recall that Kaneda and Ye in [14] construct the algebra U(") as

TK(DiSt2p1- —-1 (G))

") —
U = N hee, 509 — 5 @5 (6,01, 689 — 55" | A€ K, 5" € Distyy 1(G), 6,5’ € Disty (G))°

with eg the counit of K[G].
PROPOSITION 3.5.1.  The algebras U™ and UN(G) are isomorphic.

PROOF. The algebra U(") has a clear universal property, which causes the inclusion
Distoyr—1(G) < U(G) to induce an algebra homomorphism U™ — UI(G). The
surjectivity of this homomorphism is obvious from the basis constructed in Section 3.3.

It is left as an exercise for the reader to show that the proof of Proposition 3.3.2,
showing that the algebra U] (G) has the given basis, applies equally well to the algebra
U™, This guarantees that the algebra homomorphism U(") — U] (@) is an isomorphism.

O

4. Connection with other algebras.

4.1. Universal enveloping algebra.

Recalling that reductive algebraic groups are defined over F,, we may consider the
Frobenius kernel G ,) (s € N) as the kernel of the geometric Frobenius endomorphism F; :
G — G, i.e. the endomorphism of G corresponding to the Hopf algebra homomorphism
F,[G] ®r, K — F,[G] ®F, K which sends f ® a to fP" ® a. Applying the distribution
functor to I, we get a Hopf algebra homomorphism

2, : Dist(@) — Dist(G),  E(0)(f ®a) =" ®a).

PROPOSITION 4.1.1.  For each r,s € N, the map =5 induces a Hopf algebra homo-
morphism Y, s : U[T](G) _ ylr—s] (@).

ProOF. First, note that if f®Ra € If“, with f € F[G] and a € K, then Z,(6)(f®
a) = 5(f*" @a) € 5(IV Y. So if § € Dist,(G) for m € N, Z,(5) € Dist,(G) for
n > (m+ 1)/p®* — 1. Now, observe that (1 ® 1) = 0 implies E5(6)(1 ® 1) = 0, so
§ € Dist} (G) for m € N in fact implies that Z4(5) € Dist, (G) for n > (m +1)/p® — 1.
We can deduce that if § € Dist) (G) for m < p* then Z4(J) € Distd (G) = 0 since
(m+1)/p*—1 < 0. Hence, Z,(Dist,! (G)) = 0 for m < p°. Similarly, if § € Dist;,Hfl(G)
then Z,(8) € Dist;,,,,sﬂ_l(G).

Furthermore Z; : Dist;T+171(G) — Dist;r,s+171(G) — Ulr=}(G) is an indexed
algebra homomorphism. This follows because if § € Dist; (G) and u € Distj(G) with
i+j < p'T! then Z,(8) € Dist], (G) and Z4(u) € Dist (G) (here [x]

[(+1)/p°]—1 [G+1)/p*1-1
denotes the smallest integer > x), and

R

p? p? -opP
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and similarly for the commutator. Hence the universal property gives an algebra homo-
morphism Y, : U'(G) — UI=sl(@).

The fact that T, s is a Hopf algebra homomorphism follows from the fact that = is a
Hopf algebra homomorphism and the fact that the comultiplication, counit and antipode
of U"(G) come from the corresponding maps on Dist(G). O

Let M be a G-module. Since Fj : G — G is an endomorphism, it induces a new
G-module structure on M. We denote M with this induced G-module structure by M.

LEMMA 4.1.2. Y., :U'NG) — Ur=s(@Q)l) is G-equivariant for all r,s € N,

PrROOF. This will follow immediately from the same fact for Dist;T+1_l(G) —
Dist;},sﬂ_l(G)[s]. For this to hold, it is enough that the geometric Frobenius com-
mutes with conjugation (where in the codomain the conjugation is pre-composed with
the geometric Frobenius). This condition holds since F. 5 is a homomorphism. O

COROLLARY 4.1.3. 7Y, is surjective if r > s.

PrROOF. We can see by explicit calculation (cf. [10]) that =, (e(apT)) =e? ) and
() = () foracd 1<t <d. 0

p’V‘
A special case of the previous observation is that when r = s the above process gives

a surjective algebra homomorphism Y, ,.: U 'l(@) — U(g), and a surjective G-module
homomorphism Y,.,.: UI(G) — U(g)l".

5. Representation theory.

5.1. Deformation algebras.
In this section we start to consider the representation theory of the algebra U)(G).
From Theorem 3.1.3, we have the immediate result:

COROLLARY 5.1.1.  There is a bijection between the set of (isomorphism classes of)
indexed Dist;,+171(G)—m0dules and the set of (isomorphism classes of ) UN(G)-modules.

One of the most important differences between the representation theory of Lie alge-
bras in characteristic zero and in positive characteristic is the fact that in characteristic
p > 0 all irreducible representations of U(g) are finite-dimensional. Theorem 3.4.2 tells
us that we can conclude a similar result for irreducible U(G)-modules. The natural
question to ask is: how much of the representation theory of U(g) can be similarly ex-
tended to develop the representation theory of U"J(G)? To that end, let us follow the
path well-trodden in the » = 0 case and see how many difficulties we discover in the
generalisation.

Suppose that E is an irreducible U"l(G)-module, with G reductive. It is finite-
dimensional by Theorem 3.4.2. Hence, by Schur’s lemma, &,.(0) € Z,(G) acts as a scalar
on F for each ¢ € Dist;-(G). By the semilinearity of £, we can deduce that there exists
x& € Dist..(G)* (the vector space dual) such that
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&(0)|g = xp(6)Pldg  for all § € Dist.). (G).

Note that xg(§) =0 <= xg(d)? =0 < &.(§) = 0. In particular, this means that
XE(Xpr) =0, where X,r is defined as in Subsection 3.2.

Recall from Proposition 4.1.1 and Corollary 4.1.3 that T, : U'(G) — U(g) is a
surjective algebra homomorphism such that TT,T(Dist;} (@)) = g. The linear map (in fact
pistt (G) - Dist;(G) — ¢ has kernel X,
and hence x g passes to a linear map xg: g — K. Spimilarly, given y € g* we can extend
along Y, , Dist (0 to get a linear form yx : Dist;rT(G) — K. We shall abuse notation

indexed algebra subspace homomorphism) T, ,

slightly in the following way: given xy € g*, we shall also denote by x the linear form
Dist;l(G) — K induced by Y, .
This allows us to make the following definition for y € g*:

ulrl(@)
(€:(0) = x(6)7| 6 € Dist,. (G))

ulhG) =

We immediately get the following result:

PROPOSITION 5.1.2.  Every irreducible U(G)-module is a UE‘](G)—module for
some x € g*.

It is straightforward to show that as a vector space over K this algebra has dimension
p(rtDdim(e) with basis the classes of

d
{ H elial H ([[ﬁ) H e“f;]] i 0<"a, Ja, Ky <PT+1}
t=1 t

a€Edt aedt

in U}CT'](G). At times, it will also be beneficial to consider another basis of this algebra,
which can be derived easily from properties of divided powers. This basis consists of the
classes of

. h , o .

IR (P RN
acdt t=1 acdt

in UQ[CT](G).

Using this basis, and the fact that in Dist(G/,41)) we have (e&p ))p =0 and (;‘ﬁ)p =
(;‘ﬁ), it is straightforward to show that U(gT](G) = Dist(G(,.41)). One can also show that,
for x € g* and s < r, we get that Y, ,_s: ULT](G) — ULS](G) is a well-defined algebra
homomorphism. So we get the sequence of algebra homomorphisms

UPNG) — UY™H(G) = - > U(G) - Up(g).

Given g € G we get an adjoint action of g, Ad(g), on Dist;,.(G). This leads to a
coadjoint action of g on Dist;T(G)*. We furthermore have a twisted coadjoint action of
g on (g*)"), corresponding to the twisted adjoint action Ad(Fy(g))
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LEMMA 5.1.3.  Given (x € g")"l and g € G, there is an isomorphism ULT](G) =
USA(G).

Proor. Consider the coadjoint actions of G on Dist;,.(G)* and on g* (untwisted
and twisted respectively). A priori, the actions need not be compatible when we switch
between considering (x € g*)["! as a linear form on g and a linear form on Dist;T(G).
However, the G-equivariance of T, - (see Lemma 4.1.2) means that this is not a problem—
the actions are compatible.

As a result, one can show by inspection that

ul(@) = Ui (@)

where we mean by g - x the twisted coadjoint action of g on xy—by Section 4.1, it doesn’t
matter here if we consider the action of g on (y € g*)" or x € Dist;(G)*. O

In particular, much like in the » = 0 case, to understand the representation theory
of U"N(@) it is enough to understand the representation theory of ULT] (@) for (x € g*)l"l
in distinct G-orbits.

5.2. Frobenius kernels.
We would now like to show that Dist(G|,) is a subalgebra of ULT] (G) for any choice
of x € g*. We saw earlier that

Ul (@)
(6®P — 4P| € Dist;,,(G))’

Dist(G (r41)) =

so it is enough to show that

U[rfl](G) o Ul (@)
(08P — 67 |6 € Dist), . (G))  (6%P — 67 — x(8)P1|4 € Dist,.(G))

Dist (G(,-) ) &

Inclusion gives us a map 4: Dist or—1(G) = Dist:T+171(G) « UIl(G) which clearly
satisfies all the conditions for the umversal property, so we get an algebra homomorphism

i: Ur1(G) —» ul@) - vll(a).

It is straightforward to see from the basis description of Ul(G) that Im(i) N (§%P —
0P — x(0)P1]|d € Dist;}(G)) = 0, so we just need to show that ker(i) = (6%? — §P|§ €
Distf,.,l(G)>. This follows easily from the basis descriptions of U""1(G) and U(G)
once we notice that i(e. ") p) =0 and {((pf,‘jl)p) = (pf,lfl).

In particular, we have the following diagram of inclusions and projections:

=G Ulrl(@) U[r+1] (@)

\l\ e

--C—— Dist( (Gr-1)) I —— Dist(G ) I —— let(G(T+1))C—> e
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This hence provides us with a direct system --- — U'~1(G) — U'(G) - Uvl+1(G) —
- with direct limit lim UlMl(G) = Dist(G). From what we have already shown, we can
use this to deduce some details of the module theory of ULT] (G).

PROPOSITION 5.2.1.  Every U>[<T](G’)—m0dule is a Dist(G (5))-module for all0 < s <.

PROPOSITION 5.2.2.  Every ULS] (G)-module can be lifted to a U,[(T] (G)-module via
Tr,rfs'

We can put these two results together in the following theorem. The proof follows
easily from Subsection 4.1.

PROPOSITION 5.2.3.  Let M be a U@(G)-module. If M is lifted from a U. >[<
module along Y, ,_, then Dist*(G(s))M = 0. On the other hand, if Dist™ (G(5)) M
then M is a U;] (G)-module via a lifting along T, 5.

(G)-
=0,

5.3. Examples.

EXAMPLE 1. Consider the additive algebraic group G = G,. We know from [10,
1.7.8] that Dist,r+1_1(G) has basis 1,72, ...,Vpr+1_1 and that in Dist(G) the multipli-
cation is v,y = (kz_l)"}/k+l. Using these facts one can show that

Klto,t1, ...t
lo<i<r—1y

ulr(G,) =

Furthermore, given y € g* = K, we get

Klto, t1,. .., t,] Ki) KA K

@—xrdlo<i<r—1) (@) W) =Xy’

~

U>[<T] (Ga) =

ExaMpLE 2. Consider the multiplicative algebraic group G = G,,. We know
from [10, 1.7.8] that Dist,r+1_1(G) has basis 61,02, ...,0,+1_1 and that in Dist(G) the

multiplication is §xd; = me(k l)((k +1 =)/ (k=9 —i)i)0ksi—i. Using these facts
one can show that

Klto, 1, ... t]
(t—t;10<i<r—1)

UG, =

Furthermore, given y € g* = K, we get

Klto, t1,- .., ts]

— 2Kx--xK
(=t — x5t — ;10 <i<r—1)

where there are p copies of K in the final expression, since t —t; and t2 — ¢, — x? are
separable polynomials. This tells us that the algebra ULT] (Gy,) is semisimple.

5.4. Higher baby Verma modules.

One of the main constructions which we use to study U, (g)-modules is that of baby
Verma modules. We would like to construct a similar module for this higher case. We
shall assume that there exists a G-invariant non-degenerate bilinear form on g, so that
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as in [11] we can also assume that x(n*) = 0. One of the benefits of the work we
have done so far is that assumptions like these are nothing new—any conditions on y
hold independently of the power of p we are working with, except that the G-action is
twisted by the corresponding geometric Frobenius. In particular, this is a reasonable
assumption for exactly the same reasons as in the standard case. This assumption in
this case also tells us that, when x is viewed as a linear form on Dist;} (@), we have that
x(Dist,}. (U)) = 0.

Let 0 # M be a ULT](B)—module. We have that X(egk)) = 0 for all @ € ® and
0 < k <p" and that fr(e&k)) = (e((f))@)p. This means that every e acts nilpotently on
M. As a result, using an argument similar to that of Rudakov in [17] we get that

{m e M |Dist].,,_,(U)ym =0} #0.

Let us consider the action of Dist;TH_l(T) on this set. Since Dist;T+1_1(T) is
commutative as an indexed algebra subspace (i.e. du = ud whenever § € Dist;" (T) and
e Distj+ (T) with i + j < p™™1) and UQ] (T') is semi-simple by Example 2 there exists
0 # mo € M such that Dist;rrﬂ_l(U)m = 0 and there exists A € Dist;;.ﬂ_l(T); (the
indexed algebra subspace dual) such that, for each ¢ € Dist;r,ﬂﬂ_l(T)7 dmg = A(6)mg.

Now, given A € Dis‘c;iﬂ_l(T);7 we can define the one-dimensional Dist;rrﬂ_l(B)—
module Ky where Dist;rrﬂ_l(U ) acts as zero and § € Dist;rrﬂ_1 (T) acts as multiplication
by A(8). This Dist?,.,_,(B)-module will give a UY)(B)-module if and only if A € A7,
where

Ay = {x e Dist) . (T)*[M8)P — A(67) = x(8)” for all§ € Dist,y, (T)}.

Note that for § € Dist;,,‘(T) we in fact have that d” = §, so the criterion can also be
written as A(§)P —A(d) = x(d)P for all § € Dist;,.(T). A necessary and sufficient condition
for A € Dist:T+171(T)¥ to lie inside A7, is hence that )\((?,ﬁ:))p —)\((;‘,ﬁ)) =0forl<k<r
and A((%))” = A((%)) = x((%))", for all 1 < ¢ < d.

Given A € A} we can hence define the higher baby Verma module:

Zr(\) = UN(G) Dyt () K-

Letting vy = 1® 1, we get that a basis of Z}(}) is
{ H e(_ig)w D 0<iy < prﬂ}
aedt

and thus that Z7(\) has dimension pr+DIET,
As in the r = 0 case, Frobenius reciprocity gives the following lemma:

LEMMA 5.4.1.  Every irreducible U@(G)-module is a homomorphic image of ZJ,(\)
for some X € AT,

Observe that when r = 0, we just get baby Verma modules as in the existing theory.
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6. Special linear group.

Let us examine the particular case of the algebraic group G = SLso, and try to under-
stand the module theory of U)ET](SLQ) for (x € sl5)l"). We assume p > 2 in this section.
Recall from Lemma 5.1.3 that to understand the irreducible modules of UI(SLy) it is
enough to understand the irreducible ULT](SLQ)—modules up to the G-orbit of x under
the twisted coadjoint action.

We observe that the G-orbits of (sl5)I"] are the same as the G-orbits of slj. This
follows from Proposition 1.9.5 in [10], since SLg') and SLy are isomorphic through the
arithmetic Frobenius homomorphism. It is well-known (see, for example, Subsection 5.4
in [11]) that each element of s[5 is conjugate under the SLs-action to a linear form of
one of the following types:

e— 0, f—0, h—t—s,
e—0, fi1, h~ 0,

where t,s € K and we are using the standard notation of e, h, f € sl; to mean

e=(02). n=(3 %) =(10)

A linear form conjugate to the first type is called semisimple, and a linear form
conjugate to the second type (or 0) is called nilpotent. From now on we shall assume
that x takes one of the above forms. In the rest of this chapter we shall classify the
irreducible U@(G)—modules for x non-zero semisimple, y non-zero nilpotent, and y =0
in Subsections 6.1, 6.2 and 6.3 respectively.

From the above discussion, we see that given x € sl; and A € A} we can form the
higher baby Verma module Z (). In the case of SLs, this module has basis {v; [0 <
i < p"t1}, where we denote v; = D @ my—here my is a generator of Ky. With a little
work, we can write down how generators of U,[(T] (G) act on the basis:

0 if p? >,

"), _ v’ P
e (Z)\ ((}t‘)) (Z. _;)>vi_pj if pl <,
t=0

J

()= G2 R ())-

(pjpj'— Z) Virgps it i+p? <p"t,
£y, ={ o if j#7r and i+p’ >prt (1)
1

mX(f(pr))pvk if j=rand i+p" =pt+k for k>0.

Note that here we are defining A(1) to be equal to 1.
In fact, we can even say that
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0 if 1>k,

S T (G K 0321 () [V ST R
YRR () S of Gy (65)) EC

for 0 < k,l < prt1.

Before going any further, let us recall some properties of the divided powers of e, h, f.
Suppose that k= ag + a1p+---+a,_1p" ' + a,p” with 0 < a; < p for each i. Then we
have

and

1
aplar!---a,!
1

aplar!---a,!

(2) N (2)) (a}:p) (ar_f;or‘l) (a;}’”>
= @D a1 (7))
O )~ ¢
Since A is an indexed algebra subspace homomorphism, this tells us that
(1) - s mom-v--om-wen (3 (7))
G- 0(G) =r2) () =)

Another useful observation to make is that e(v, = /\((lt‘))vo. Let us now examine the
different cases for x.

e(k) — e(ao)e(alp) . e(arflpril)e((h‘pr) o eaU (e(p))al e (e(pril))(]"‘*l (e(pr))aT‘

£(B) _ glao)glarp) .. glar—1p" ) plarp™) _ )

fao (f(p))m . (f(p )awl (f(zf'))ar

6.1. Non-zero semisimple Y.
The definition of A7, in this case tells us that )\((h)) (( )) = X(( ))p #0
p")

and hence that )\(( 1)) ¢ Fp. We also know that y(f(
above notation, we get that /\((k)) = 0 if and only if a; > /\(( )) for some 0 < i < r
(here we are abusing notation slightly to treat I, as the subset {0, 1,2,...,p—1} of the
integers—observing that /\((;‘i))p = /\(( 1)) for 0 < < r means that all such /\(( 1)) lie
inside F,).

Consider the vector subspace of Z} (\) with basis

) = 0. In particular, using the
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()
>>\(<;1)> for some ie{(),l,...,r—l}}.

We shall denote this subspace by M7 (X). Note that MY (X) = 0 for all choices of x, \.

By above this is the same as

{Uao +aipt--tar—1p" " +arp”

LeEMMA 6.1.1. My ()) is a ULT] (G)-submodule of Z}/(\).

PROOF. We need to show that this subspace is preserved by e(®), (}l') and f® for

0 <1< ptl It is clearly preserved by all (}l‘), so we just need to show it for e and
£,

Let ] = ag+a1p+- - +ar—1p" ' 4a,p" and k = bg+bp+- - -+b,p" with 0 < a;,b; < p
for all 5. Then we have
1

f(l)vk =
aO!a1! e ar,ﬂar!bolbll cee brfllbrl

% fao-‘rbo (f(P))al-i'bl L. (f(pril))ar—l"!‘bw“—l (f(pr))ar"‘l'br ® my.

If a; + b; > p for some 0 < i < r then this expression is zero, since (f(pl))p =0. If
a; +b; < pfor all 0 < ¢ < 7, then we have just increased the exponent in each term,
which clearly will preserve M ().

The only remaining case is if a; + b; < p for all 0 < ¢ < r and a. + b, = p+ s for
some 0 < s < p. In this case, we get that

X(f(pr))p
aolal! s a,«,llarlbolbll s brfllb,,!
> fao+bo (f(p))a1+b1 - (f(Pril))ar_ri-br—l(f(PT))S ®Rmy=20

f(l)vk —

as x(f*")) = 0 by assumption. Hence, we get that M ()) is preserved by the £,

Observe that over C, we have for [ < k < p"t! that th:o (};) (ll:’z) = (h+§_k) and

that (hH*k)( b )= (k) (2) In particular, this means that in ULT](G) we have

06000
EE)EI)-O ) w

Now let us compute eWuy, for k with )\((2)) = 0. When [ > k the expression is 0
and the result follows, so we may assume ! < k. Using Equation (2), we get that

and hence
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o= (S () (4))

Since )\((2)) = 0, Equation (4) tells us that either (Zi:o )\((}t‘)) (ll:l;)) = 0, in which case
e(Dy, = 0 by above, or A((,,)) = 0 in which case vy_; € MZ()) and so ev, € MZ(N).

In either case, My (\) is preserved by the e and we are done. g
PROPOSITION 6.1.2.  MJ(A) is a mazimal submodule of Z ().

Proor. It is enough to show that the quotient module L} (A) := Z} (\)/M; (}) is
irreducible. From the above description it is clear that L] ()\) has as basis the images
under the quotient map of the elements

o () %2}

We shall abuse notation to denote by v both the element in Z} (\) and its image in the
quotient.

We can see that ey, = )\((Z))vo = 0 for the v in this basis.

Let N be a non-zero submodule of L} (A). There hence exists a non-zero element
v =Y vy € N where the sum is over all 0 <t < p"*! with )\((}t‘)) # 0. Suppose s is
the largest such element with oz # 0. Then we have

h
(S) — (6) g )\ 0.
ey E ore' vy = o ((5)> vy #

Hence vg € N and it easy to see that we must have N = L] ()), so L} (}) is irreducible.
O

PROPOSITION 6.1.3.  MJ(\) is the unique mazimal submodule of Z}()).

Proor. Let N be a maximal submodule of Z} (\) with N # MJ()). Hence, there
exists

pr+1_1

w = Z a;v; € N
i=0

with «; # 0 for at least one ¢ with /\((}Z‘)) # 0. Let [ be the largest such integer. Then
we have

prtl_q prtiog
h
ey = Z aeWu; = g\ <<l>) v + Z Bivi € N
i=0 i=1

where we have §; = 0 whenever )\((?)) # 0. This follows from the description of the
action and from Equation (4). Let k; < --- < k4 be the integers between 1 and p"t! — 1
with )\((,?)) = (0. Rescaling, we can assume
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S
v =1y + Z’y?vki eEN
i=1

where 7Y € K (here the superscripts are used for indexing).
Now, we see that for 1 < j < s we have

S

£y = £ka)yy + 27?f(k’)vki = Uk; + 27?( k; J)“ki+kj €N.
We know f(kj)vki = (ki,;:_kj)vk,ﬁkj. Since X(f(”T)) = 0, we get that f(kj)vki = 0 if
ki 4+ k; > p™*1. On the other hand, f*)v,, € MI(X) for i = 1,...,s, since MZ()) is
a submodule of Z} (). Thus, f (ki) is a linear combination of those basis elements of
M, (X\) whose index is at least k; + k;. In other words,

S
£ki)y = Vg + Z vaki eN
i=j+1

for some ’yf ek
In particular, this tells us that

£ke)y = v, € N,
flhety =g 4457l €N,

fFe2)y = vy, + 9 ok, 1+ 95 v, €N

and so on. This tells us inductively that vy, € N for all 1 < ¢ < s, and hence that
M3 (A) € N. But since we know that My (\) # N, we must have that N = Z}(}),
contradicting maximality.

Hence, M} () is the unique maximal submodule of Z7 ()). O

We have constructed all irreducible U,[cr](SLg)—modules in the case when x # 0 is

semisimple. Given A € A’, we therefore get a unique irreducible ULT] (SLs)-module of

X

o () ) (1) )

where we view )\((;)) as elements of the set {0,1,2,...,p—1} for 0 <i <.
We can also say something about the structure of these irreducible modules as
Dist(G(,)) modules.

dimension:

PROPOSITION 6.1.4.  Fach irreducible ULT] (G)-module M decomposes as Dist(G ;))-
modules into a direct sum of p copies of the same irreducible Dist(G ,y)-module. In
particular, if M is a quotient of Zy (X) for X € A%, then this irreducible Dist (G (,y)-module
is the module L.()\) defined in [10].
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Note that we are abusing notation slightly to identify A € A} with A € X,.(T') (as
defined in [10]), but it is straightforward to see how this can be done. Specifically, each
A€ Dist )y (T) with A((%))" = A((;h) =0 for 1 <k <rand A((;1)" = A((,1) =
x((;))p, restricts to A € Distl. ()" with )\((p}}c))p - )\((p},‘c)) =0for 1 <k < r. This
then induces an algebra homomorphism X : Dist(7(,)) — K, which gives A € X,.(T).

This argument is independent of , so shall also be used in subsequent sections.

Proor. By Lemma 6.1.1 and Propositions 6.1.2 and 6.1.3, we know that each
irreducible U>[(r] (G)-module is obtained as the unique irreducible quotient module of Z} ())
for some A € A} and has as basis the images under the quotient map of

{vk A ((:)) #£0and 0<k < pT“}

h
O<ai<)\<< l)) for all i € {0,1,...,r — 1}, 0<ar<p}.
p

or equivalently those of

{Uao +a1p+-Far_1p7 +arp”

We shall denote this module as L} (A). We shall abuse notation to denote by vx both the
element in Z} (\) and its image in L] ()).
Let N be the subspace of L} (\) with basis

{ua((})) o md o<y}
() oranie -1,

We claim that N is a Dist(G/;))-module. It suffices, by Equations (2) and (3), to check
that f{ON C N for 0 < [ < p”. This, however, is clear since £y, = (k‘l"l)ka and so
cither k+1 < p” and we are done, or k+1 > p” and then Lucas’ theorem gives (*') = 0.

From the basis description and Lucas’ theorem it is straightforward to see that
Ly(\) = @g;é £ ) N. So to get our result, we just need to show that N is irreducible
and that N = £(@P") N as Dist (G ,y)-modules for all 0 < a < p. That N is irreducible (and
in fact isomorphic to L, ()\)) follows easily from the well known representation theory of
Dist(G(,y) (see [10, I1.3] or Subsection 6.3 below).

We now define, for 0 < a < p, the linear map ¢, : N — £(*»") N which is defined on
the basis of N as

= {Uao+a1p+---+ar_1p7‘1

(ap™)

Yao+aipt+--+ar—1pr=1 f Yag+aip+--+ar_1p7=1 = Vag+aip+-+ar_1p™"T+ap"-

This map is clearly surjective and, by the irreducibility of IV, it will be injective once
we show that ¢, is a homomorphism of Dist(G/,))-modules. To show this, it suffices
to show for 0 < [,z < p" that f(l)qﬁa(vz) = (ba(f(l)vz), (}l’)qba(vz) = ¢a((ll“)vz) and
e(l)¢a(vz) = ¢a(e(l)vz)-
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That fOp,(v,) = ¢a(fWv,) follows easily from the action of ULT](G) on Z7(A)
(Equation (1)) and Lucas’ theorem.

Observe that if bg,b1,...,b, < p and | < p" then (b°+b1p+‘"+b;*1pr71+b”’7') =
(b"+b1p+"'frbr”pril)(bOT) = (bﬁblp%'fb“lppl). In other words, the coefficient of p”

does not matter when computing such a binomial coefficient.

For (}l‘), by Equation (3) we need to show that (—2alpjt—22) = (l_ff) forall0<t<I.
Observing that (72“17’:;22) = (=1)i-t (2‘1”T+§7J{17t71), the previous observation tells us
that this is equal to (fl)l’t(%‘il__tt_l) (unless z = 0 and [ = ¢ in which case the result is
trivial) and this is equal to (112:) Hence (}l’) 0o (v,) = (ba((}zl) vz).

For e(®), suppose first that | < 2.  Then Equation (2) gives ey, =
(Cimo M) (ZD))vemt and eDugrie = (i AM(D) (717, 7))vaprssi. Since
(l_‘;i_z) = (—l)l_t(“pr'*l'f;t_l) = (—1)l_t(zizl) = (ll:‘:)7 the result holds. On the
other hand, if I > z then eWv, = 0 and e(l)vapurz = /\((hfapzfzﬂ))vapwz,l. Since,
as in the proof of Lemma 6.1.1, )\((h_“p;_z"'l)))\((apriz_l)) = (“prl+z))\((ap,]fl+z)), and
(aprl“) = 0, we get that either /\((h_“prl_z"‘k)) =0or A((ap’"iz—l)) = 0. The first option
clearly gives e(l)vapmrz = 0, while the second shows that e(l)vap1»+z € M;(/\) and so is
zero in L} (\). Thus ey (v,) = pa(eDuv,).

The result follows. O

6.2. Non-zero nilpotent .
In this case, we have x(f*")) = 1 and, from the definition of AL, )\((h))p = )\((h)),

p’V'
which hence implies )\((;)) eF,.
For this case we consider the vector subspace of Z () with basis

{u

By a similar argument to the semisimple case, this is the same as

h
a; >)\<(pi>) for some 17 € {O,l,...,r—l}}.

We shall once again denote this subspace by M} (). Again, M?(\) = 0 for all choices of
X5 A

h
A((Z>):O where k = ap” + z with O§z<pr,0§a<p}.

{Uao+a1p+~~+ar_1p’"1+arp"‘

LEMMA 6.2.1. My ()) is a U)[:] (G)-submodule of Z}/(\).

PROOF. We need to show that this subspace is preserved by eV, (}l‘) and f® for

0 <1< ptl Itis clearly preserved by all (1;), so we just need to show it for e and
£,

Let l=ao4+aip+ -+ ar_1p" *+ap” and k =bg+bip+---+b_1p" "' + bp"
with 0 < a;,b; < p for all i. Then we have

1

W, _
N BUSPY P| T 0 DY ST
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~ fao+bo(f(p))a1+b1 .. (f(p )ar 14br— 1(f(P ))u, +hr @ my.

If a; + b; > p for some 0 < i < r then this expression is zero, since (f(pl))p =0. If
a; +b; < p for all 0 < i < r, then we have just increased the exponent in each term,
which clearly will preserve M, (\).

The only remaining case is if a; + b; < pfor all 0 < ¢ < r and a,. + b, = p+ s for
some 0 < s < p. In this case, we get from Equation (1) that

x(£@))P
o ao!a1! s aT,llaT!bolbll cee brfl!brl
« fa0+bo (f(p))a1+b1 . (f(pril))ar—l"!‘br—l (f(p"))s ® mo.

f(l)Uk _

By the second interpretation of the basis this clearly preserves M} (), since we have just
increased the exponents in the £(P)) with i < 7. Hence, we get that M;()\) is preserved
by the £,

Recall from the semisimple case that we have for [ <k < p

VD)D) o

Now let us compute e®uy, for k = ap” + z with 0 < a < p and 0 < z < p” such that
)\((121)) = 0. When [ > k the expression is 0 and we are fine, so we may assume [ < k.

First, let us assume that k& < p". So vy € M () is equivalent to )\((1,:)) = 0. Using
the above formula, we get that

(S (B ()

Since )\((lkl)) = 0, Equation (4) tells us that either (Zizo )\((}t‘))(ll:f)) = 0, in which
case ey, = 0, or )\((klil)) = 0. Since k < p", we also have k — 1 < p", so )\((k}il)) =0

if and only if v, € M](\), and we are done.

r—1

Now suppose that k = ap” + z for 0 < z < p”. One can easily check that £f*) =
£(ar)f(2) 50 vy, = £(@ )y, . Hence, we get

min(ap”,l) "
Wy = Dfa)y, = 3 glar D (h —ap” =1+ 215) o=y,
t
t=0

where (h_“prt_l+2t) = Z);:o (2’5 - _l)( ) Since z < p", we know by the previous case
that et € M () for all ¢ since )\(( )) = 0. Hence, since we have already shown that
M ()) is preserved by the ( ) and the £(@" =) we get that eDvy, = e(Df(@P )y, € M (N).
Hence, M () is preserved by the e and we are done. O

PROPOSITION 6.2.2.  MJ(A) is a mazimal submodule of Z ().



250 M. WESTAWAY

PrROOF. It is enough to show that the quotient module L} (A) == Z} (\)/My()) is
irreducible. From the above description it is clear that L} (A) has as basis the images
under the quotient map of the elements

{u

We shall abuse notation to denote by vy both the element in Z7()) and its image in the
quotient.
Let vg be an element of this basis, with k = ap” + 2 for 0 < z < p", 0 < a < p. Then

we have
= h —ap”
e Uk Vapr -
prd t z—1

We can calculate that (_za_pt) =(-1)*"¢ (“prtz_;t_l). Hence, for z # t, we have

ap" +z—-t—1 n ap" +z—t—1\ fap"+z—1
z—t z—t—1 B z—t )
Using Lucas’ theorem, since z,t < p”, we get that (apwz*t’l) =1 and (a”T‘LZ’t) =1.

z—t—1 z—t
This tells us that (ap”rzft*l) = 0 when z # t, and when z = t we clearly get

z—t
e(z)vk — )\ <<h>> 'Uapr 7& 0.
z

(apwz*t*l) = 1. Hence,
Now, let N be a non-zero submodule of L} (A). There hence exists a non-zero element

z—t
V= Zoztvt eN

where the sum is over all 0 < ¢ < p"+! with )\((2)) #0whent =ap"+2z with0 < z < p".
Suppose s = ap” 4+ z with 0 < z < p” and 0 < a < p is the largest such integer with
as # 0. Then we have that the term of e*)v € N that has the largest index and non-
zero coefficient is of the form v,,- (this has non-zero coefficient since )\((121)) # 0). Then
either our new vector has a vo constituent or we can get that (f(*"))?~% € N has a v
constituent (since y(£®))? = 1).

Suppose our vector still contains a term whose index is not divisible by p”. If the
new largest term of our vector is divisible by p”, apply f®") until the largest term is not
divisible by p", say it has remainder y < p”. Applying e(¥) will remove the vy term and
make the index of the largest term divisible by p”. Our new vector has fewer terms.

We can keep applying this process until all the terms in our vector are divisible by

h
A(( >)7é0 where k = ap” + z with 0<z<pr,0<a<p}.
z

p", since at each step we are decreasing the number of terms and our vector has only

finitely many terms to start with. Furthermore, we never make the largest term zero
when we apply our steps. Hence, our final vector cannot be zero. Finally, since N is a
submodule, our final vector lies inside N. Hence we get that N contains an element of
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the form

p—1
v = E Q;Vipr,
=0

where «; € K are not all zero. In fact, it is easy to see that we may assume ag = 1 by
applying powers of f?") and rescaling. We can further assume that )\((i;)) = 0 for all
i # 0 with a; # 0 by applying e?") enough times.

One can calculate that (;.)Uipr = ()\((;)) — 2i)v;,r and hence we get

) 5 e R e

By applying (k];r) for sufficiently large k, we therefore (for p # 2) end up with a vector
w € N which is a non-zero scalar multiple of a basis element whose index is divisible by
p". Applying f*") enough times, we get that vy € N and therefore get that N is the
whole module.

Hence, we get that M () is irreducible. O

PROPOSITION 6.2.3.  MJ(\) is the unique mazimal submodule of Z}()).

PROOF.  Suppose that N is a maximal submodule of Z7 ()) distinct from M} ()).

Since My (\) + N = Z(A), there exists v € N with v = vy + > a;vs, where the
sum is over the set of numbers 0 < t < p"+! such that ¢t = ap” + z with 0 < a < p and
0 <z <p" with /\((l;)) =0.

Let k1 < k2 < -+ < ks be the set of integers between 1 and p” — 1 (inclusive) with
)\((;‘)) = 0. Recall from the proof of Lemma 6.2.1 that if z = 2o+ z1p+-- -+ 2,_1p" ! <
pland k=0bg+bip+ -+ b.p" with 0 < z;,b; < p for all 4 then we have

1

£y, =
Uk iz 1 lbolby - b1 b

% fZO+b0<f(P))Zl+b1 . (f(p""l))zrfﬁbrfl(f(p”))fw ® mo.

In particular, we can compute f(kf)vap7-+z. If 2 #4 0 and 2z + ks < p" then by the
maximality of ks we have )‘((sz:)) # 0 and hence, as M ()) is a submodule, that
f(ks)vap7~+z = 0. On the other hand, if z # 0 and z + ks > p” then, setting ks_1 =
bo +bip+ -+ b.p", we get z; +b; > p for some 0 < i < r —1, and hence the above
formula gives f*)v,,r,, = 0. Therefore, (as /\((g)) = 1) we get that f(ks)M;()\) =0.
We conclude that vy, = f(ks)vo = f(k)y € N and hence Zz;é Kvgpr 4, < N.

Now, we can compute f(kS*l)vaer. If z# 0 and z + ks < p” then by the maxi-
mality of k, we either have that )\((Z_FESJ)) # 0 and, as M} ()) is a submodule, that
fFsDy,ry. = 0, or that 2z + ke = kg and that £fF-u,rt . € K{vgprir, |0 <
a < p} € N. On the other hand, if z # 0 and z + ks—1 > p" then, now setting
ks—1 =bp+bip+ -+ b-p", we get z; + b; > p for some 0 < ¢ < r—1, and hence
the above formula gives f*s~1)y, ... = 0. Therefore, (as )\((18)) = 1) we get that
f(kS*l)M;()\) C N. We conclude that vy, , = flham1) gy = flka-1)g) — Zatf(k“l)vt € N.
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An inductive argument gives that vy, € N for all 1 < ¢ < s, and hence that
M} (\) € N. This contradiction tells us that M} (}) is the unique maximal submodule
of Z7(A). O

Hence, we have constructed all irreducible U (S Ls)-modules in the case when x # 0
is nilpotent. Given A € A{, we hence get a unique irreducible UXT] (SLz)-module of

oo () ) (1))

where we view )\((;)) as elements of the set {0,1,2,...,p— 1} for 0 <i < r.
Again, we can also say something about the structure of these irreducible modules
as Dist(G,y) modules.

dimension:

PROPOSITION 6.2.4.  Fach irreducible U)[CT] (G)-module M decomposes as Dist(G ;))-
modules into a direct sum of p copies of the same irreducible Dist(G,)-module. In
particular, if M is a quotient of Z}(\) for X € A}, then this irreducible Dist(G,))-module
is the module L.()\) defined in [10]

Proor. By Lemma 6.2.1 and Propositions 6.2.2 and 6.2.3, we know that each
irreducible ULT] (G)-module is obtained as the unique irreducible quotient module of Z} ())
for some A € A} and has as basis the images under the quotient map of

{u

or equivalently those of

h . :
A(( ))7&0 where k = ap” + z with O§z<p7,0§a<p}
z

h
ogaig/\<<pi>> for all ¢ € {0,1,...,r —1}, OSaT<p}.

{Uao+a1p+~~+ar1prl+arpr

We shall denote this module as L} (\). We shall, as before, abuse notation to denote by
vx, both the element in Z} (\) and its image in L} (A).

We proceed as in the proof of Proposition 6.1.4. The only part of the proof that
has to be modified for the nilpotent case is the proof that e ¢, (v,) = ¢,(eMv,), for
0<l,z<p"and 1 <a < p. When!l < z the result follows as in Proposition 6.1.4. When
1 > z we still get that e(Vv, = 0 and e(l)vapr+z = )\((hfap;*zﬂ))vaprﬂ_g, but now we
need to observe that /\((hfapr”l))/\((hf(afl)pr)) = /\((hf(afl)pr)) (prfz) (this comes

pr4z—l prtz
from the similar result over C, using the Z,-form). Since (” /%) = 0, we have that

either )\((hfapzfzﬂ)) =0, in which case we are done, or )\((hﬂ(‘jr;i)fT)) =0.

We now observe that )T\((h_p(‘j__zl_)f)) = >rs TRy ((lt‘))(;(_ﬁz__lgﬁt) and that
(;ﬁ;ﬁgft) = (—l)puz_l‘t(“ppf_f;_l;le). If t # p" + z — [ then Lucas’ theorem gives
that (‘;’lrjzz_j:t) =1 and (“pﬁ?j_}:ﬁf) =1, so since (“pr;z_fl:'ffl) + ((lgj;:l:t:ll) =

(“;ﬁrjzz_}:t) we get that (’”’th*ll:tt*l) = 0 for all t # p" 4+ z — I. In particular,

M) = ST M) G = MG )
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Hence, e(l)vapTH = )\((h_“p;_”l))vapr“,l € Mj, (M) and its image in Ly (M) is zero,

as required. The result follows as in Proposition 6.1.4. g

6.3. Zero .

Recall that U(gr](G) = Dist(G(,41)). This case has hence been well-studied before
(see, for example, [10, I1.3]), but let us understand how the results can be derived in our
context.

As in the semisimple case, we take

A((Z)) =0 and 0§k<pr+1}.

The main difference in this case is that this vector space is now equal to

h
a; > A (( >) for some i € {0,1,...,r}}
pl
since )‘((;)) elF,forall 0 <j<r.

The proofs in the semisimple case now work almost exactly the same in the xy = 0

MI(\) =K {vk

{Uao +a1p+-tar_1p” " +arp”

case. Hence we get that, for each A € Ajj, we have a unique irreducible UO[T](G)—module,
and this module has dimension

o () ) () )

where we view )\((;)) as elements of the set {0,1,2,...,p— 1} for 0 < i <r.

Let us now examine the structure of the irreducible UQ[:] (G)-modules when we con-

sider them as Dist(G ,)-modules.

PROPOSITION 6.3.1.  Fach irreducible U)[:] (G)-module decomposes as Dist(Gy))-
modules into a direct sum of)\((;)) +1 copies of the same irreducible Dist(G ;.y)-module.
In particular, if M is a quotient of Z;(A\) for A € A then this irreducible Dist(G/,))-
module is the module L,.(\) defined in [10].

PROOF. Very similar to Propositions 6.1.4 and 6.2.4, adapted for the appropriate
basis. Details are left to the interested reader. O

6.4. Classification.
Now that we know the irreducible modules for ULT] (@), we can reinterpret them

using a different construction. Define the subalgebra ULT] (B) of UI"(@) as the subalgebra
generated by Dist(G(,)) and Ug] (B), which has basis {f(*) (z)e(j) [0 < i< prand0 <
j.k < p"*'}. Suppose that N is an irreducible Dist(G/,)-module, coming from A\,_; €
AL~ Note that N has a unique (up to scalar multiplication) highest weight vector vy [10,
11.3.10], and so has a basis consisting of the non-zero elements of {fDvy |0 < i < p"}. By
choosing an extension of A1 to A, € A}, we can extend the Dist(G(,))-module structure

-

h

on N to a ULT] (B)-module structure on N by letting e®") act as 0 and (pr) act by scalar
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multiplication as it does on the basis elements {f (i)UO}OSi<pT of the higher baby Verma
modules (which depends on \,.).
We can then define the teenage Verma module ZLT] (N, )\,) as

ZU(N,A) = UNG) ® B N

Recall that throughout this section we assuming p > 2.

THEOREM 6.4.1 (Classification of irreducible ULT](SLQ)—modules). We have the
following classification of irreducible ULT](SLQ)—modules, for (x € st3)lr]:

o If x # 0 is semisimple, then the irreducible modules are the ZLT](N, Ar) for N an
irreducible Dist(SLs . )-module with weight A\,_1 € Ag_l, and A, € A} extending
Ar—1. Furthermore, these are all non-isomorphic, so there are exactly p"+1 non-
isomorphic U>[<T] (SLs)-modules.

o If x # 0 is nilpotent, then the irreducible modules are the Z>[<T] (N, \;) for N an
irreducible Dist(SLs,.)-module with weight A\,_1 € A{fl, and A € A} extending
Ar—1. Furthermore, Zg] (N, A\) = ZLT](M, AL) if and only if N = M and A, = A, or
)\;((;)) = p—Ar((;)) —2 and /\,«((;T)) < p—2 (as an element of {0,1,...,p—1}),

so there are ezactly p"((p + 1)/2) non-isomorphic U,[(T] (SLsy)-modules.

o [fx =0, every irreducible U(gr] (SLs) is the unique irreducible quotient of ZLT] (N, A\)
for N an irreducible Dist(S Lo ,)-module with weight A\,_1 € Ag_l and A € A}
extending Ap_1.

PRrROOF. Most of this theorem is proved in Subsections 6.1, 6.2 and 6.3. All that
remains is to prove the isomorphism conditions. Observe that Propositions 6.1.4 and
6.2.4 show that for x # 0 we have that Z>[:](N7 Ar) & Z>[<T] (M, X)) for distinct irreducible
Dist(Gyy)-modules N and M, independent of the choice of A, and A;.

When x # 0 is semisimple, one can show using Proposition 6.1.4 and methods similar

to those used in the rest of this chapter, that
h
/L. = pT’)\T <<Z)> # 0} '

Letting z be the largest integer less than to p” such that )\T((}Z‘)) = 0, we hence have
that

{ve ZLT](N, Ar) |e(pr)v =0} = K{vi

e(z){v S Z;T] (N, \) |e(pr)v = O} = Kuyg.

In particular, A, is determined by the action of the (2) on this subspace.
When x # 0 is nilpotent, fix a = /\T((;})) e F, ={0,1,...,p—1}. One can similarly

show that
h
Z.<pr’)\’r <<Z>> ;é 0} .

{ve Z>[<T] (N, M) |e(pr)v =0} =K {Ui, Vapr+i
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Letting z be the largest integer less than to p” such that )\T((i‘)) # 0, we hence have
that

e(z){v S Z&T](N, )\r) ’e(pr)v = O} = KU() + KU}\T(( ))p,,..

h
By calculation, one can check that the line KUAT((E.))M is a ULT] (B)-module isomor-

phic to K, where ,ur((;)) = )\T((;)) for i < r and ,ur((;.)) =p— /\T((;)) —2. In
particular, Z>[:](N7 Ar) & Z;T](N, tr). On the other hand, the description of e*){v €
ZLT] (N, \.)|e®)v = 0} guarantees that these are the only possible (non-identity) iso-
morphisms. The uniqueness when x = 0 is well known (see [10]). O

COROLLARY 6.4.2. Let (x € sl3)"l and let A\, € AL with i # . Keeping the
notation from Subsections 6.1, 6.2 and 6.3, let L} () and L (u) be the corresponding

irreducible ULT](SLQ)—mOdules. If x is zero or non-zero semisimple then L7 (\) % L} (u).
If x is mon-zero nilpotent, then L (\) = L} (1) if and only if u((;)) = /\((;’7)) for all
j<rand ,u((;)) = f)\((;})) - 2.

6.5. Conjectures.
Based on our understanding of the case in Section 6 and of the r = 0 case (see [11]),
we can formulate some conjectures about the representation theory of ULT](G).

CONJECTURE.  Let N be an irreducible Dist(G,y)-module with corresponding

—

weight A\,—1 € Aj~". Let ULT] (B) be the subalgebra of ULT] (G) generated by Dist(G )

—

and ULT] (B). Then each extension of A,y to A, € A} determines an irreducible ULT](B)-

module structure on the Dist(G ,y)-module N, and every irreducible U)[g'] (B)-module re-
stricts to an irreducible Dist(G/;))-module.

A proof of this result would immediately lead to a proof of the following conjecture,
an analogue of the result from the r = 0 case that every irreducible g-module is the
quotient of a baby Verma module.

CONJECTURE.  FEvery irreducible ULT] (G)-module is a homomorphic image of
Z)[CT] (N, A) = U)[(T](G) ®Uﬁ(\B) N for some irreducible Dist(G ,))-module N and A, € A}
X

extending the weight of N, where N is given the structure of a U>[<T] (B)-module as in the
previous conjecture.

These conjectures are proved in the sequel [22].

7. Hopf algebra structure.

7.1. Hopf subalgebra structure.
Corollary 3.1.2 tells us that, much like the universal enveloping algebra and distri-
bution algebra, the higher universal enveloping algebras U [T](G) have the structure of
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cocommutative Hopf algebras. This Hopf-algebraic structure is not used substantially in
the rest of this paper, but is a key focus in the sequel [22]. Nonetheless, in the case of
reductive groups, it is worthwhile to take a moment and use the results of this paper to
derive some Hopf-algebraic properties of the higher universal enveloping algebras.

We start with some important observations.

LEMMA 7.1.1.  For a reductive algebraic group G, the algebra UN(G) satisfies the
following properties:

Dist(G () is a normal Hopf subalgebra of url(@).
UlN(Q) is free as a left and right Dist (G (,y)-module.

UUN(Q) is faithfully flat as a left and right Dist (G (,y)-module.

Ul (G)/DistJr(G(r))UM (G) is isomorphic to the Hopf algebra U(g).

5) Dist(G(,)) C UMN(@G) is a U(g)-Galois extension, with Dist(G () = Ulrl(@)eevio),

PROOF. Recall that a Hopf subalgebra B of a Hopf algebra A is said to be normal
if ad;(a)(b) € B and ad,(a)(b) € B for all a € A and b € B where, using Sweedler’s
Y.-notation,

adi(a)(b) = Y ambS(aw),  ad.(a)() =D S(aq))baa).

Since U"(@) is cocommutative, these two conditions are equivalent, so it is enough
to prove closure under the left adjoint. Since ad;(aa’)(b) = adi(a)ad;(a’)(b) and
ad;(a)(bb') = > (adi(aq))b)(adi(a(z))t’) for a,a’ € A and b,b’ € B, it is enough to
show closure for generators of A and B. When G is reductive, Dist(G,y) C Dist(G) is
generated by Dist,-_1(G) and U"l(G) is generated by Dist,-(G). Let § € Dist,(G) and
w € Distyr_1(G). Then

adi(8) (1) = D 6y © @ S(3z)),

where the ® represents the multiplication in UIl(G), and we have 01y € Disty(G),
d(2) € Dist;(G) with i + j = p". In particular, i + p” — 1+ j < p"*! and so in fact

ady(8) () = D 51)mS(S(2)),

with the multiplication now in Dist,r+1_;(G), the restriction of the multiplication in
Dist(G). Since Dist(G(,) is normal in Dist(G) [10, 1.7.18], we hence conclude that
ad;(9)(u) € Dist(G(yy). This proves (1).

Part (2) then follows from Theorem 2.1(2) in [19], and (3) follows from (2). Further-
more, (4) is easy to see from the results of Section 4, and (5) follows from Remark 1.1(4)
in [18]. O

Recall that X(T') = Hom(T,G,,) is the character group of T, where G,, is the
multiplicative group and T is a maximal torus of G. Let Y(T) = Hom(G,,,T) be
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the cocharacter group of G. Then, as in [10, I1.1.3], there exists a bilinear pairing
X(T) x Y(T) given by (A, u) — (A p), where (A, u) is the integer corresponding to
wo X € End(G,,) =Z.

As always, we have ® is the root system of G with respect to T', and we choose ®*
a system of positive roots and II a set of simple roots inside ®*. Given a € ®, we define
a” € Y(T) be the coroot of a. We hence define

XM ={Ae XM (N\a")>0 forall acll}
to be the set of dominant weights of T' with respect to ® and, for r > 1, we set
X (T)={XAe X(T)|0 < (\a") <p" forall acll}.

Throughout this section we shall make the assumption that the abelian group
X(T)/p"X(T) has a set of representatives X (T) with X/ (T) C X, (T). We shall call
this assumption (R).

Now, suppose N is an irreducible left Dist(G/;))-module and M is an irreducible left
Ul(G)-module. Since N is an irreducible left Dist (G (,y)-module it is a left Dist(G 11))-
module by Proposition I1.3.15 in [10] (using assumption (R), the fact that X,.(T) C
X,41(T), and the fact that the irreducible Dist(G(,y)-modules are indexed by X.(7)—
see [10, 11.3.10]). Hence, as U"/(G) surjects onto Dist(G(r41)), N can be extended to a
UlM(G)-module.

We can also define a left U["l(G)-module structure on Homp (N, M) as follows (defin-
ing D := Dist(G/,)) for ease of notation):

T-Pimnr Zx(l)qb(S(x(g))n) for e UM(G), ne N, ¢ € Homp(N, M),

where here we are using the U")(G)-module structure on N defined in the previous
paragraph. It is a straightforward calculation that this makes Homp (N, M) into a
UlMl(G)-module, and that the ideal U[T](G)DistJr(G(,.)) acts trivially upon it. Hence,
Homp(N, M) has the structure of a U(g) = U'(G)/UM(G)Dist* (G(,)-module.

Putting these two observations together and again using the Hopf algebra struc-
ture of UI(@), we can define a UI"l(G)-module structure on N ® Homypiy g, (N, M).
Furthermore, if € Dist(G (), n € N and ¢ € Homp(N, M), then

z-(n®d) Zx(l nRT (2P = Zaz HN®e(z ()9 (Zl‘u >®¢— ¢, (6)

using here that elements of Dist(G(,)) act on Homp (N, M) via ¢, the counit. So we see
that the Ul")(G)-module structure on N®@Homp,q,,,) (N, M) restricts to the Dist(G ,))-
module structure on copies of N.

The following result should be compared to Propositions 6.1.4, 6.2.4 and 6.3.1 above.

THEOREM 7.1.2.  Suppose assumption (R) holds. Let M be an irreducible U (G)-
module. Then there exists an irreducible Dist(G,))-module N such that M = N ®
HomDist(G(T))(N, M) as U"N(G)-modules.
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PROOF. Let N be an irreducible Dist(G/;))-submodule of M. As above can then
equip N ® Homp (N, M) with the structure of a U"/(G)-module.
We define the map

U : N®Homp(N,M) — M, U(n® o) = ¢(n).

It is straightforward to check that this is a homomorphism of U")(G)-modules. Since M
is irreducible, it is clearly surjective. Hence, using Equation (6), as Dist(G,)-modules

for some k € N. In particular, this implies that Homp (N, M) =2 K* and so dimg (M) =
k dimg (N). Furthermore, dimg (N ® Homp (N, M)) = kdimg N. Hence, ¥ is an isomor-
phism. O

So Theorem 7.1.2 shows that an irreducible U"/(G)-module can be decomposed into
an irreducible Dist(G/,)-module and a U(g)-module.

There is another way to obtain this result. This alternative method shall be more
useful in the sequel [22], and is inspired by papers of Schneider [18] and Witherspoon
[23].

LEMMA 7.1.3.  Suppose assumption (R) holds. Let N be an irreducible left
Dist(Gyy)-module, and define the algebra E = EndU[r](G)(U[T](G) ®p N)°P. Let U be
an irreducible left E-module. Then N @k U can be given a left U[T](G)-module structure
which restricts to the natural left Dist(G,))-module structure.

PROOF. The proof of this lemma can essentially be found in [23], but we include
elements of it here for completeness. As described above, N can be extended to a
Ull(G)-module. Remark 3.2(3) of [18] shows that N is Ul"J(G)-stable (i.e. there is a
left Dist(G ,)-linear and right U (g)-collinear isomorphism U[’”](G) ®bist(cyy) N =2 N ®k
U(g)— see, for example, [18] or [23] for the U(g)-comodule structures on these spaces).

It was proved in [20] that N ®x F is isomorphic to UI(G) ®Dist(G ) N as right
E-modules, using the U] (G)-stability of N. In particular, by applying — ®g U, this
implies that

N @x U = (UM(G) @pie,,, N) @5 U (7)

can be given the structure of a left Ul")(G)-module. Theorem 2.2(i) of [23] further shows
that this U"(G)-module structure restricts to the natural Dist(G(,y)-module structure
(although this theorem is not directly applicable to this setting, Witherspoon observed
in [23] that the result still holds in this situation). O

REMARK. Lemma 7.1.3 gives another way to get a U [T](G)—module structure on
N® HomDm(Gm)(N, M), using the observation that HomDiSt(G(r))(N, M) is a left E-
module (see, for example Theorem 2.2.(ii) in [23]).
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The key point of the proof of Lemma 7.1.3 is Equation (7), which in our context
gives an isomorphism of U(G)-modules

N ® Homp (N, M) = (U'(G) @p N) ® g Homy ) (U(G) @p N, M).
It is straightforward to show that the map
n - (UMN(G)@p N)@ gHomy i ) (UM (G)@p N, M) — M,  ny(a®pn®@pe) = ¢(a®pn)

isalU [T](G)-module homomorphism, and a similar argument to Theorem 7.1.2 shows
that it is an isomorphism. So we once again obtain the result:

THEOREM 7.1.4.  Suppose assumption (R) holds. Let M be an irreducible
U(G)-module. Then there exists an irreducible Dist(G(,y)-module N such that M =
N ® Hompq,,) (N, M) as UlM(G)-modules, where the UM (G)-module structure on
N® HomDist(G(r))(N, M) comes from Lemma 7.1.3.

REMARK. Partial credit for this proof and that of Lemma 7.1.5 below goes to
Dmitriy Rumynin, who was kind enough to share it with the author.

We observed above that Homp, (r))(N , M) is a left E-module. While at first blush
the algebra E may appear strange, it turns out to be an algebra we know very well, as
the following lemma shows.

LEMMA 7.1.5.  Suppose assumption (R) holds. Let N € Irr(Dist(G,)) and E =
Endysin ¢y (U(G) @piia,) N)P. Then E = U(g).

PROOF. As above, we can observe that the Dist(G,)-module N can be extended to
a Ul"(G)-module. Remark 3.8 in [18] then tells us that K C E is a trivial U(g)-crossed
product, and hence that E = K#U(g) = U(g). O

REMARK. The exact nature of this isomorphism shall be explored more in the
sequel [22]. The results there will show, in particular, that the action of U(g) on
Homyp(q,,,) (N, M) through the quotient Ur(G)/UM(G)Dist™ (G(,) and the action
of E on Homp, g (T))(N , M) described above are compatible with the isomorphism in
Lemma 7.1.5.

So we get another way of seeing that an irreducible U] (G)-module can be decom-
posed into an irreducible Dist(G ,)-module and a U(g)-module.

What is the benefit of this latter method of proof? Essentially, the initial approach
uses the Hopf algebra structure of U] (G) to give certain vector spaces a module struc-
ture, while the latter approach uses the Hopf algebra structure to get an isomorphism
U(g) & E and then uses just the algebra structures to define the modules. Once one
knows such an isomorphism exists, it is often-times easier in practice to work with an
action which only depends on the algebra structure rather than an action which depends
on the whole Hopf algebra structure.

For example, the second approach means that given a left U(g)-module U and left
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Dist(G(;))-module N, the equation
N @k U = (U(G) ®pisca,,) N) @ U

allows us to write the Ul"l(@)-action down very easily. This will have particular use
when considering the action of central elements of U] (G), such as elements of the form
§®P — P, Furthermore, the action on F on HomDist(G(rﬂ (N, M) is often easier to calculate
with than the action of U(g) on the same.

Let us now consider an application of the decomposition described above. Recall
that in the » = 0 case we have Premet’s theorem, under some weak conditions on p and
g (see [16] for details):

THEOREM 7.1.6 (Premet’s theorem [16]). Let g and p be as above. Let x € g*,
and let M be a U, (g)-module. Then pi™(EX)/2 djvides dim M.

Observe that the natural extension of this theorem would be that p("+1) dim(G-x)/2

divides dim M for any U@ (G)-module M. We know that this fails in G = SL,. Further-
more, since any U, (g)-module can be made into a U@ (G)-module, this extension will
not hold for any G we are interested in.

Theorem 7.1.2 suggests a way to generalise Premet’s theorem for the higher universal
enveloping algebras Ul"l(G). We announce this proposition here, although defer a key
part of proof to the sequel [22], where some necessary infrastructure will be developed.

ProposiTION 7.1.7.  Suppose that G is a connected reductive algebraic group
over an algebraically closed field K of positive characteristic p > 0 such that assump-
tion (R) holds. Suppose further that g and p are such that Premet’s theorem holds.
Let M be an irreducible ULT] (G)-module and N an irreducible Dist(G;))-module such
that M = N ® Hompi. (N, M) as Dist(G(y))-modules. Then pdim(G)/2 divides
dim HomDm(Gm) (N, M).

Whether one approaches this question through Theorem 7.1.2 and Premet’s theorem,
or through Theorem 7.1.4, Lemma 7.1.5 and Premet’s theorem, all that remains is to
show that for = € g, 2P — zPl acts on Homp (N, M) as x(z)?.

For the latter technique, given ¢ € Dist;r(G’), we know that d%P — 6P is central in
UlM(@). Hence, the map p(8) : U'(G)@p N — U(G)®@p N given by left multiplication
by 6% — 67 is a Ull(G)-module endomorphism of U"/(G) ®p N, and so lies inside F.
However, as we know that M is a ULT] (G)-module, p(d) € E acts on Homp(N, M) as
multiplication by x(0)P.

Hence, to show that Homp (N, M) is a U, (g)-module, we just need that, for a € @,
el maps to p(egpr)) and, for 1 < ¢ < d, hY — h; maps to p(?ﬁ) under the isomorphism
Ulg) 2 E.

As a result, completing the proof of this proposition relies on a more detailed un-
derstanding of the isomorphism U(g) = E. In fact, this is precisely the same question as
understanding how the elements e?, € U(g), for a € ®, and hY —h,, for 1 <t < d, act on
Homp,. o (T))(N , M) under the original action. This shall be explored in the sequel [22].
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