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Abstract. Given a generic K3-surface Yj of the Apéry—Fermi pencil,
we use the Kneser—Nishiyama technique to determine all its non isomorphic
elliptic fibrations. These computations lead to determine those fibrations with
2-torsion sections T. We classify the fibrations such that the translation by
T gives a Shioda—Inose structure. The other fibrations correspond to a K3-
surface identified by its transcendental lattice. The same problem is solved for
a singular member Y2 of the family showing the differences with the generic
case. In conclusion we put our results in the context of relations between
2-isogenies and isometries on the singular surfaces of the family.

1. Introduction.
The Apéry—Fermi pencil F is realized with the affine equations

1 1 1
X+}+Y+?+Z+E—k, keC,
and taking k = s+ 1/s, is seen as the Fermi threefold Z with compactification denoted
Z [27].

The projection 7, : Z — P!(s) is called the Fermi fibration. In their paper [27],
Peters and Stienstra proved that for s ¢ {0,00,+1,3 + 2v/2, =3 4 2/2} the fibers of
the Fermi fibration are K3-surfaces with the Néron—Severi lattice of the generic fiber
isometric to Mg = Eg[—1] ® Eg[—1] @ U & (—2 x 6) and transcendental lattice isometric
toT = U@ (2 x 6) (U denotes the hyperbolic lattice and Es the unique positive definite
even unimodular lattice of rank 8). Hence this family appears as a family of Mg-polarized
K 3-surfaces Yj, with period ¢t € H. And we deduce from a result of Dolgachev [12] the
following property. Let Fy = C/(Z+tZ) and E; = C/(Z+(—1/6t)Z) be the corresponding
pair of isogenous elliptic curves. Then there exists a canonical involution 7 on Y} such
that Yy /(1) is birationally isomorphic to the Kummer surface E; x E}/(£1).

This result is linked to the Shioda—Inose structure of K3-surfaces with Picard num-
ber 19 and 20 described first by Shioda and Inose [33] and extended by Morrison
[21](Corollary 6.4).

As observed by Elkies [14], the base of the pencil of K3-surfaces can be identified
with the elliptic modular curve X(6)/{ws, ws) where wy and w3 denote the Atkin—Lehner
involutions [1]. Indeed it can be derived from Peters and Stienstra [27].

Shioda considers the problem whether every Shioda—Inose structure can be extended
to a sandwich, that is, given a K3-surface S, if there exists a unique Kummer surface
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K = Km(C; x C3) with two rational maps of degree 2, S — K and K — S where C4
and Cy are elliptic curves. In [31] Shioda proved a “Kummer sandwich theorem”, for an
elliptic K3-surface S (with a section) with two I1*-fibres.

In van Geemen—Sarti [16], Comparin-Garbagnati [10], Koike [18] and Schiitt [28]
(3.5, 4.4, 5.4), sandwich Shioda-Inose structures are constructed via elliptic fibrations
with 2-torsion sections.

Recently Bertin and Lecacheux [5] found all the elliptic fibrations of a singular
member Y5 of F (i.e. of Picard number 20) and observed that many of its elliptic fibrations
are endowed with 2-torsion sections. Considering the minimal resolution of the quotient
of Y5 by the symplectic involution defined by the 2-torsion section, a question arises:
are the corresponding involutions all Morrison-Nikulin? (see Section 4, Definition 4.1).
Observing also that the Shioda’s Kummer sandwiching between a K3-surface S and its
Kummer surface K is in fact a 2-isogeny between two elliptic fibrations of S and K, we
extended the above question to the generic member Y} of the family F and obtained the
following results.

THEOREM 1.1.  Suppose Yy is a generic K3-surface of the family with Picard num-
ber 19.

Let 7 : Y}, — P! be an elliptic fibration with a torsion section of order 2 which defines
an involution i of Yy (van Geemen—Sarti involution) then the minimal resolution of the
quotient Yy /i is either the Kummer surface Ky, associated to Yy, given by its Shioda—Inose
structure or a surface Sy with transcendental lattice T'(Sy) = (—2) ®(2) ®(6) and Néron—
Severi lattice NS(Sg) = U @ Eg[—1] @ E7[—1] & (—2) & (—6), which is not a Kummer
surface. Thus, m leads to an elliptic fibration either of Ky, or of Sx. Moreover there exist
some genus 1 fibrations 0 : K;, — P! without section such that their Jacobian variety
satisfies Jo(Ky) = Sk.

More precisely, among the elliptic fibrations of Yy, (up to automorphisms) 12 of them
have a two-torsion section. And only 7 of them possess a Morrison—Nikulin involution i
such that Yk/l = Kk

REMARK 1.1. The fact that S is not a Kummer surface follows from a result of
Morrison [21].

The K3-surface Sy is the Hessian K 3-surface of a general cubic surface with 3 nodes
studied by Dardanelli and van Geemen [13].

THEOREM 1.2. In the Apéry—Fermi pencil, the K3-surface Y3 is singular, mean-
ing that its Picard number is 20. Moreover Ys has many more 2-torsion sections than
the generic K3-surface Yi; hence among its 20 van Geemen—Sarti involutions, 13 of
them are Morrison—Nikulin involutions, 5 are symplectic automorphisms of order 2 (self-
involutions) and the two remaining ones exchange two elliptic fibrations of Ys.

The specializations to Yo of the T Morrison—Nikulin involutions of a generic member
Yy are verified among the 13 Morrison—Nikulin involutions of Y. The specializations
of the 5 remaining involutions between Yy and the K3-surface Sy are among the 7 van
Geemen—Sarti involutions of Yo which are not Morrison—Nikulin.

REMARK 1.2. The fact that the specializations to Y5 of the 7 Morrison—Nikulin
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involutions of Y, are Morrison—Nikulin involutions of Y5 can be deduced from a general
result of Schiitt [28].

This theorem provides an example of a Kummer surface K5 defined by the product
of two isogenous elliptic curves (actually the same elliptic curve of j-invariant equal to
8000), having many fibrations of genus one whose Jacobian surface is not a Kummer
surface. A similar result but concerning a Kummer surface defined by two non-isogenous
elliptic curves has been exhibited by Keum [17].

Throughout the paper we use the following result [36]. If E denotes an elliptic
fibration with a 2-torsion point (0, 0):

E :y? = 2> + Az® + Buz,
the quotient curve E/((0,0)) has a Weierstrass equation of the form
E/{(0,0)) : y* = 2% — 2A2? + (A? — 4B)x.

The paper is organized as follows.

In Section 2 we recall the Kneser—Nishiyama method and use it to find all the 27
elliptic fibrations of a generic K 3-surface of the family F. In Section 3, using Elkies’s
method of “2-neighbors” [15], we exhibit an elliptic parameter giving a Weierstrass equa-
tion of the elliptic fibration. The results are summarized in Table 2. Thus we obtain
all the Weierstrass equations of the 12 elliptic fibrations with 2-torsion sections. Their
2-isogenous elliptic fibrations are computed in Section 5 with their Mordell-Weil groups
and discriminants. Section 4 recalls generalities about Nikulin involutions and Shioda—
Inose structure. Section 5 is devoted to the proof of Theorem 1.1 while Section 6 is
concerned with the proof of Theorem 1.2.

It is not easy to obtain a theorem similar to Theorem 1.2 for other singular K3-
surfaces of the family, in particular to get all their fibrations. Nevertheless, in the last
Section 7, as a corollary of a result of Boissiere, Sarti and Veniani [7], we shall explain
why the existence of symplectic automorphisms of order two cannot be expected in all
the singular K3-surfaces of the family. Precisely we prove this existence only on the
singular K 3-surfaces Y5 and Yig.

Computations were performed using partly the computer algebra system PARI [26]
and mostly the computer algebra system MAPLE and the Maple Library “Elliptic Surface
Calculator” written by Kuwata [20].

2. Elliptic fibrations of the family.

We refer to [5], [29] for definitions concerning lattices, primitive embeddings, or-
thogonal complement of a sublattice into a lattice. We recall only what is essential for
understanding this section and Section 5.2.

2.1. Discriminant forms.
Let L be a non-degenerate lattice. The dual lattice L* of L is defined by

L* :=Hom(L,Z) ={x € L®Q/ b(z,y) € Z for all y € L}
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and the discriminant group G by
G :=L"/L.

This group is finite if and only if L is non-degenerate. In the latter case, its order is
equal to the absolute value of the lattice determinant | det(G(e)) | for any basis e of L.
A lattice L is unimodular if Gy, is trivial.

Let G be the discriminant group of a non-degenerate lattice L. The bilinear form
on L extends naturally to a Q-valued symmetric bilinear form on L* and induces a
symmetric bilinear form

bLZGL XGL%Q/Z.

If L is even, then by, is the symmetric bilinear form associated to the quadratic form
defined by

qr : G — Q/2Z
qr(z + L) — 2% + 2Z.

The latter means that q(na) = n2?qr(a) for all n € Z, a € G, and by(a,d’) =
(1/2)(qr(a + @') — qr(a) — qr(a")), for all a,a’ € G, where 1/2 : Q/2Z — Q/Z is the
natural isomorphism. The pair (Gr,br) (resp. (Gr,qr)) is called the discriminant
bilinear (resp. quadratic) form of L.

The lattices A, = (a1,az2,...,a,) (n > 1), Dy = (d1,da,...,d;) (I > 4), E, =
(e1,€2,...,ep) (p=06,7,8) defined by the following Dynkin diagrams are called the root
lattices. All the vertices a;, dy, e; are roots and two vertices a; and a;» are joined by
a line if and only if b(a;,a’;) = 1. We use Bourbaki’s definitions [8]. The discriminant
groups of these root lattices are given below.

An» GAn'
Set L
1a, =1/n+1) Z;L:l(n —Jj+1)a; ai ) as an,

then A* = (A,,,[1],) and
Ga, = A, /A, ~Z/(n+ 1)L
qa,([1]a,) = —n/(n+1).

D;, Gp,.

Set dl,1

[p, = (1/2)( 57 idi+(1/2)(1-2)di—1+(1/2)1dy ) l

[2]p, = Ximi di + (1/2)(d11 + di) i an 4.

3o, = (1/2) (527 idi+(1/2)ldi—1+(1/2)(1-2)dy)

then Dl* = <Dlv [1]D17 [3]Dz>a

Gp, = D} /D; = (1]p,) ~ Z/4AZ if | is odd,

Gp, =D} /D,y = (1]p,, 2lp,) ¥ Z/2Z x Z/2Z if | is even.
qu([]-]Dl) = _(1/4)7 qu([Q]Dl) =-1, sz([l]a [2]) = _(1/2)



Apéry—Fermi pencil of K3-surfaces and 2-isogenies 603

Ep, Gg,. p=6,7,8.

Set es

e, =16 = —(1/3)(2e1 4+ 3ea+4e3+6eq +bes +4eg), l

[1]E7 =nr = 7(1/2)(261 + 3ea +4des + Geq + Ses €1 €3 €4 T _e.p
+ deg + 3er),

then Eé = <E67776>7 E; = <£;7,7’]7>7 Eg = Eg.
Gp, = Et/Es ~ 7./3Z, Gp, = E%/E; ~7.)2Z,
qu(ﬂs) = _(4/3)7 qE7(777) = _(3/2)

Let L be a Niemeier lattice (i.e. an unimodular lattice of rank 24). Denote Lyoot
its root lattice. We often write L = Ni(Lyo0t). Elements of L are defined by the glue
code composed of glue vectors. Take for example L = Ni(A11D7Eg). Its glue code is
generated by the glue vector [1,1, 1] where the first 1 means [1]4,,, the second 1 means
[1]p, and the third 1 means [1]g,. In the glue code ([1,(0,1,2)]), the notation (0, 1,2)
means any circular permutation of (0, 1,2). Niemeier lattices, their root lattices and glue
codes used in the paper are given in Table 1 (glue codes are taken from Conway and
Sloane [11]).

Table 1. Some Niemeier lattices and their glue codes [11].

Lioot L/ Lyoot glue vectors
B3 (0)

A%Ds ZJ10Z x 7./ 27
AZD? Z/8Z x L]AZ

[2,4,0],[5,0,1],[0,5,3])
[1,1,1,2],[1,7,2,1])

D1 Eg Z/2Z <[170]>

DwE; | (Z)2Z)° ([1,1,0],[3,0,1])

A7Er Z/6Z (3. 1])

Doy Z/2Z (1)

D7, (z/22)? ([1,2],[2,1])

Dg (Z.)27.)3 ([1,2,2],[1,1,1],[2,2,1])

A15Dg Z/8Z (2, 1])

Eg (z/32)? ([1,(0,1,2)])

AnD7Eg | Z/127Z ([, 1,1])

D¢ (Z)27)* (even permutations of [0,1,2, 3])
(
(

2.2. Kneser—Nishiyama technique.

We use the Kneser—Nishiyama method to determine all the elliptic fibrations of Yj.
For further details we refer to [3], [5], [25], [29]. In [3], [5], [25] only singular K3 (i.e. of
Picard number 20) are considered. In this paper we follow [29] we briefly recall.

Given an elliptic K3-surface S, recall that H?(S,Z) with respect to the cup-product
has the structure of an even lattice of rank 22 and the frame W (S) is the orthogonal
complement in the Néron Severi lattice N.S(.S) of the lattice generated by the zero section
and the general fiber. Nishiyama aims at embedding the frames W (S) of all elliptic
fibrations into Niemeier lattices that are negative definite lattices of rank 24. For this
purpose, Nishiyama determines an even negative definite lattice M such that
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qm = —qns(s), rank(M)+ p(S) = 26,

p(S) being the Picard number of S.

By Nikulin ([23], Corollary 1.6.2), M @ W (S) has a Niemeier lattice as an overlat-
tice for each frame W(S) of an elliptic fibration on S. Thus one has to determine the
(inequivalent) primitive embeddings of M into Niemeier lattices L. To achieve this, it is
essential to consider the root lattices involved. In each case, the orthogonal complement
of M into L gives the corresponding frame W (S).

Let us describe how to determine M in the case of the Apéry—Fermi pencil.

Let T(Y}) be the transcendental lattice of Yy, that is the orthogonal complement of
NS(Yy) in H*(Yy,Z). The lattice T(Y}) is an even lattice of rank 7 = 22 — p(Y}) = 3
and signature (2,1). Let ¢t := r — 2 = 1. By Nikulin’s theorem ([23], Theorem 1.12.4),
T(Yx)[—1] admits a primitive embedding into the following indefinite unimodular lattice:

T(Yy)[-1] — U @& Eg[-1],

where U denotes the hyperbolic lattice and Eg the unique positive definite even unimod-
ular lattice of rank 8. Define M as the orthogonal complement of a primitive embedding
of T(Yy)[-1] in U & Eg[—1]. Since

0 0 -1
TYV)[-1]=| 0 -12 o0 |,
-1 0 0

it suffices to get a primitive embedding of (—12) into Eg[—1]. From Nishiyama [25]
(p- 335) we find the following primitive embedding:

v = (9es + 6ey + 12e3 + 18e4 + 15e5 + 12e6 + 8er + deg) — Fg[—1],

giving (/U)Eg[—l] = A2 ® D5. Now the primitive embedding of T'(Yy)[—1] in U @ Es[—1] is
defined by U @ v; hence M = (U © U)éeaEB[—l] = Ay ® Ds. By construction, this lattice
M is negative definite of rank equal to 8 —1 =7 = r+4 = 26 — p(Y},) and its discriminant
form satisfies by Nikulin ([23], Proposition 1.6.1),

qM = —q7(Y)[-1] = 97 (Yr) = —4NS(Yi)-

Hence M takes exactly the shape required for Nishiyama’s technique.

All the elliptic fibrations come from all the primitive embeddings of M = As & D5
into all the Niemeier lattices L. Since M is a root lattice, a primitive embedding of M
into L is in fact a primitive embedding into L;oot. Whenever the primitive embedding
is given by a primitive embedding of Ay and Dy in two different factors of Lygo, or
for the primitive embedding of M into Eg, we use Nishiyama’s results [25] (4.1 and
p.-335). Otherwise we have to determine the primitive embeddings of M into D; for
1=8,9,10,12,16,24. This is done in the following lemma.

LEMMA 2.1.  We obtain the following primitive embeddings.
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1. Ay @ D5 = (ds, dg,d7,ds5,dy, d1,d2) — Ds

(dg,dg,d7,d5,d4,d1,d2>f,8 = (2dy +4dy +6ds +6dy +6d5 +6ds +3d7 +3ds) = (—12)

2. Ay ® D5 = (dg,dr,ds, ds,ds, d3, d2) — Dy
<d9,d7,d8,d6,d5,d3,d2>fg = (do+ds+2d7+2ds+2ds+2dy +d3 —dy, d3 +2d2 +3dy )

6

with Gram matriz (_g _12> of determinant 12.

3. A2 ¥ D5 = <dn7 dn—27 dn—17 dn—37 dn—47 dn—'?a dn—6> — Dna n Z 10
<dn> dn727 dnfla dn737 dn747 dnf'ﬁ dn76>%)n = <a7 dn76 + 2dn77 + 3dn787 dn797 cey d1>

with a = dp + dp—1 + 2(dp—2 + -+ + da) + d;.

((A2 @D5)$n> =D, _s.

Toot

We have also the relation 2.]2|p, = a + dy, a being the above root.

n

THEOREM 2.1.  There are 27 elliptic fibrations on the generic K3-surface of the
Apéry—Fermi pencil (i.e. with Picard number 19). They are obtained from all the non
isomorphic primitive embeddings of As @ Ds into the various Niemeier lattices. Among
them, 4 fibrations have rank 0, precisely with the type of singular fibers and torsion:

A112A52A1 6 — torsion
EsD11 0 — torsion
E;A5Ds 2 — torsion
EsFEgAs 0 — torsion.

The list together with the rank and torsion is given in Table 2.
REMARK 2.1. Fibrations of rank 0 are also already computed in [30].

PROOF. The torsion groups can be computed as explained in [5] or [3]. Let us
recall briefly the method.

Denote ¢ a primitive embedding of M = Ay & D5 into a Niemeier lattice L. Define
W = (¢(M))f and N = (qS(M))imot. We observe that Wyoot = Nygot- Thus computing
N then Nyt gives the type of singular fibers. Recall also that the torsion part of the
Mordell-Weil group is

Wroot/Wroot (C W/N)

and can be computed in the following way [3]: let I + Lyt be a non trivial element of
L/Lyoot. If there exist k£ # 0 and u € Lyoot such that k(I + u) € Nygot, then I +u € W
and the class of [ is a torsion element.

We use also several facts.
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Table 2. The elliptic fibrations of the Apéry—Fermi family.
Lyoot L/Lyoot type of Fibers | Rk | Tors.
2 (0)
#1 As C Eg Ds C Eg EgAsE3s 0 (0)
#2 Ao @ D5 C Eg EgEg 1 (0)
DigFEs 7./27
#3 As C Eg D5 C D1g EeD11 0 (0)
#4 Ao @ D5 C Eg Dis 1 Z/QZ
#5 Ds C Eg Az C Dis AsD13 1 (0)
#6 A2 ® D5 C Dis EgDg 1 (0)
Dy E2 (7./27.)?
#7 Ao C Er Ds C Do E7As5Ds5 0 Z/QZ
#8 A C Er D5 C Er A5A1D10 1 Z/QZ
#9 Ao @ D5 C Do E7E7A1 Ay 1 Z/QZ
#10 Ds C E7 Az C Dio A1D7E7 2 (0)
Ai7E7 Z7/67
#11 Ds C E7 As C A7 A1A14 2 (0)
Doy 7./27
#12 A2 @ D5 C Doy D1g 1| (0
D, (z/22)
#13 Az C D12 D5 C D12 Dg D7 1 (0)
#14 Ao & D5 C D12 D4D1o 1 Z/2Z
D (2./27,)3
#15 Ao C Dg Ds C Dg D5 A3 Dg 1 Z/QZ
#16 As @ D5 C Dg DgDsg 1 7/27
A15Dg Z/8Z
F#17 Ao @ D5 C Dg A1s 2 Z/QZ
#18 Ds C Dg As C Ars DyA12 1 (0)
B} (2./37)?
#19 Ag C Fg Ds C Eg Ao AsEgFEg 1 Z/SZ
A11D7FEg ZJ12Z
#20 As C Fg Ds C D7 Ao A A1 A1 A1 0 Z/GZ
#21 A C A1 Ds C D7 AgA1A1Eg 1 (0)
#22 A C A1 Ds C Es AgDr 2 (0)
#23 Ds C Es Ag C D7 A11Dy 2 Z/QZ
DI | (22"
#24 As C Dg D5 C Dg A3z DgDg 2 Z/QZ
AZDs 7/2 x 7.]10
#25 Ds C Dg Ag C Ag AgAg 2 (0)
AZD? Z/4 x /8
#26 Ds C Ds Ag C D3 A1 A1 A7 A 1 Z/4Z
#27 Ds C Ds Ag C Ay DsA4A7 1 (0)

1. If the rank of the Mordell-Weil group is 0, then the torsion group is equal to W/N.
Hence fibrations #1(A3E6E8), #S(DllEG), ;’%ﬂé'Y(D5145EW7)7 #20(A112A12A2) have
respective torsion groups (0), (0), Z/2Z, Z/6Z.

2. If there is a singular fiber of type Fs, then the torsion group is (0).

fibrations #1, #2 and #6 have no torsion.

Hence the

3. Using Lemma 2.2 below and the shape of glue vectors we prove that fibrations #11,
#18, #21, #22, #25, #27 have no torsion.
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4. Using Lemma 2.3 below and the shape of glue vectors we can determine the torsion
for elliptic fibrations #5, #10, #13, #15, #23.

LEMMA 2.2.  Suppose As primitively embedded in A, As = (a1,as) — A,. Then
for allk #0, k[1]a, ¢ ((Ag)jn)mot.

Proor. It follows from the fact that [1]4, is not orthogonal to a;. O

n

LEMMA 2.3.  Suppose Az primitively embedded in Dy, Ay = (d;,d;—2) — D;. Then
2.[2]p, € ((A2)B,)root but there is no k satisfying k.[i]p, € ((A2)B,)roots i = 1,3.

Proor. It follows from Nishiyama [25] (Ag)él = (y,x4,dj—4,...,d1), | > 5, with
y=di+2dj1+2djo+di—3, x4 =dj +di—1 +2(dj—2 + dj—3+ - -- + d2) + d1 and Gram
matrix

—4|1-1 1 0 ... O
-1
4 1
Lis = D3

0
Moreover ((Ag)ﬁl)root = (24,dj—4,...,d1). From there we compute easily the relation
2.2]p, =xa+di—a+2(dj_5+---+dy). The last assertion follows from the fact that [i]p,
is not orthogonal to As. O

We now give some examples showing the method in detail.

2.2.1. Fibration #17.

It comes from a primitive embedding of A@ D5 into Dg giving a primitive embedding
of As @ D5 into Ni(A15Dg) with glue code ([2,1]). Since by Lemma 2.1(2) Nyoot = Ais,
among the elements £.[2, 1], only 4.[2, 1] = [8,4.1 € Dy| satisfies 2.[8,0+u] € Nyoor = A1s
with u = 4.1. Hence the torsion group is Z/2Z.

2.2.2. Fibration #19.

It comes from a primitive embedding of Ay = (ej,e3) into Eél) and Dy =
(€9, €3, €4, €5,€6) into E((f) giving a primitive embedding of Ay @ D5 into Ni(Eg).
In that case Ni(E§)/E¢ ~ (Z/37)% and the glue code is ([1,(0,1,2)]). Moreover
(Dg,)f@6 = 3ey + 4ey; + bes + bey + des + 2e¢ = a, (AQ)EG = (e2,y) @ (es,e6) with
y = 2es + €1 + 2e3 + 3e4 + 2e5 + eg. From the relation

1
(15 = =5 (2e1 + Bea + deg + Gea + Ses + 4eg)
we get

—3.[1]g, = a—2e; —e3 + e5 + 2eg € Fg
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—3.[1]p, =2y —ea +e5 + 2e6 € (A2)§6

and deduce that only [1,0,1,2], [2,0,2,1], [0,0,0,0] contribute to the torsion thus the
torsion group is Z/3Z.

2.2.3. Fibration #10.

The embeddings of Ay = (d10,ds) into D1g and D5 = (ea, €3, €4, €5, €g) into E§1) lead
to a primitive embedding of Ay ® D5 into Ni(D1oE?) satisfying Ni(D1gFE2)/(D1gE?) ~
(Z/27)?* with glue code ([1,1,0], [3,0,1]). We deduce from Lemma 2.3 that no glue vector
can contribute to the torsion which is therefore (0).

2.2.4. Fibration #18.

The embeddings of As = (a1, as) into Ay5 and D5 = (dg, d7,ds, dgs, ds) into Dy lead
to a primitive embedding of As @ D5 into Ni(Ay5Dy) satisfying Ni(A15Dg)/(A15Dg) ~
(Z/8Z) with glue code ([2,1]). We deduce from Lemma 2.2 that no glue vector can
contribute to the torsion which is therefore (0).

2.2.5. Fibration #s8.

The primitive embeddings of As = (e1,e3) into E&l) and D5 = (eo, €3, ¢4, €5,66)
into E§2) lead to a primitive embedding of Ay @ Ds into Ni(DioE?) satisfying
Ni(D1oE?2)/(D1oE?) ~ (Z/27)? with glue code ([1,1,0],[3,0,1]). From Nishiyama [25]
we get (AQ)JE_(I) = (eq,y,€7,€6,€5) ~ Ay with y = 2es + €1 + 2e3 + 3e4 + 2e5 + e and

7
(Ds5)g, = ((—4),ea+es+2(es+es+es+er) = (—2)). Hence N = D1 A5 & (—4) & Ay
and Wioot = Nioot = D1o @ As & A1. Now

—2n; = —2.[1]p, =2y — ea + €5 + 2e5 + 3¢y € ((A2)$7)r00t

and for all k # 0, k.[1]g, ¢ (Ds)%.. Hence only the generator [1,1,0] can contribute to
the torsion group which is therefore Z/27.

2.2.6. Fibration #24.

The primitive embeddings Ay = (dg, d4) into Dél) and D5 = (dg, ds,dy4, ds, d2) into
D give a primitive embedding of Ay ® Ds into L = Ni(DZ) with L/Lueot ~ (Z/27)*
and glue code ( even permutations of [0,1,2,3]). From Nishiyama [25] we get (A)5, =
(y = 2ds5 + ds + 2dy + ds, x4 = ds + dg + 2(dsg + d3) + dg,dg,d1>, ((Ag)ﬁﬁ)root =
(x4,d2,d1) ~ As and (D5)i‘)6 = <;L‘%> = <d5 + dg + 2(d4 + ds + do + dl) = (—4)).
We deduce Nyoot = A3 @ Dg @ Dg. From the relations 2.[2]p, = x4 + d2 + 2d; and
2.[8]ps = y + x4 + d2 + dy we deduce that the glue vectors having 1, 2, 3 or 0 in the
first position may belong to W. From the relation 2.[2] p, = x5 we deduce that only glue
vectors with 2 or 0 in the second position may belong to W. Finally only the glue vec-
tors [0,2,3,1],[1,0,3,2],[1,2,0,3],[2,0,1,3],[2,2,2,2],[3,0,2,1], 3,2, 1,0, [0,0,0,0] be-
long to W. Since y and zj are not roots, only glue vectors with 0 or 2 in the first position
and 0 in the second position may contribute to torsion that is [2,0, 1, 3], [0, 0,0, 0]. Hence
the torsion group is Z/27Z.
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2.2.7. Fibration #26.

The primitive embeddings of As = (ds,d3) into Dél) and Ds into D§2) give a
primitive embedding into L = Ni(A2D2) with L/Lyoot ~ Z/8Z x Z/AZ and glue
code ([1,1,1,2],[1,7,2,1]). From Nishiyama we get (Ag)ﬁ5 = (y,x4,dy) with y =

—4-1 1
2dy +ds +2d3 +ds, x4 = ds+dy + 2d3 + 2ds + dy and Gram matrix Mé =|-1-2 0
1 0-2

of determinant 12. We also deduce Nyooy = E2A%, 2.[2]p, = x4 +d; € ((Ag)ﬁs),.oot.
Moreover neither k.[1]p, nor k.[3]p, belongs to (Az)5_ . Thus only glue vectors with 2
or 0 in the third position can belong to W and eventually contribute to torsion, that is
[2,2,2,0], [4,4,0,0], [6,6,2,0], [2,6,0,2], [6,2,0,2], [4,0,2,2], [0,4,2,2], [0,0,0,0]. Since
there is no uy € Dj satisfying 2.(2 + uy) = 0 or 4.(2 4 uyg) = 0, glue vectors with the last
component equal to 2 cannot satisfy k(I + u) € Nyoot With I € L and u € Ly = AZD2.
Hence only the glue vectors generated by ([2, 2,2, 0]) contribute to torsion and the torsion
group is therefore Z/47. O

3. Weierstrass Equations for all the elliptic fibrations of Y.

The method can be found in [5], [15]. We follow also the same kind of computations
used for Y5 given in [5]. We give only explicit computations for 4 examples, #19, #2,
#9, and #16. For #2 and #9 it was not obvious to find a rational point on the quartic
curve. All the results are given in Table 3. For the 2 or 3-neighbor method [15] we give
in the third column the starting fibration and in the forth the elliptic parameter. The
terms in the elliptic parameter refer to the starting fibration.

3.1. Fibration #19.
We take u = XY/Z as a parameter of an elliptic fibration and with the birational
transformation

r=—u(l4+uZ)(u+Y), y=u*(u+Y)uY —1)Z+Y (Y +2u+k)—1)
we obtain a Weierstrass equation
y? + ukyx + u? (u2+uk—|—1)y:x3,

where the point (z = 0,y = 0) is a 3-torsion point and the point (—u?, —u?) is of infinite
order. The singular fibers are of type IV*(0,00), I3(u? + uk + 1) and I; (27u? — k(k? —
27)u + 27). Moreover if k = s + 1/s the two singular fibers of type I3 are above u = —s
and —1/s.

3.2. Fibration #2.

Using the 3-neighbor method from fibration #19 we construct a new fibration with
a fiber of type IT* and the parameter m = ys/(u + s)?. Then we obtain a cubic C,, in
w,u, with © = w(u + s)

Cr : (s +u)m® 4+ u (s*w + u’s + w4 u) m — w’s* = 0.
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From some component of the fiber of type I3 at u = —s we obtain the rational point on
Cm Wi = (u1 = (ms —1)/(s —m),w; =m(s* —1)/s(s —m)) which is not a flex point.
The first stage is to obtain a quartic equation Qua : y? = ax* 4+ bx3 + ca? + dx +e2. First
we observe that wy, is on the line w = u+1/s, so we replace w by K with w = u+1/s+ K
and v = uy; + T. The transformation K = WT gives an equation of degree two in T,
with constant term fWW 4 g where f and g belong to Q(s,m). With the change variable
Wf+g=ax we have an equation M (2)T? + N(x)T + 2 = 0. The discriminant of the
quadratic equation in T is N(z)? — 42 M (z), a polynomial of degree 4 in z and constant
term a square. Easily we obtain the form Qua.
From the quartic form, setting y = e + dx/2e + 22 X', x = (8¢3 X' — 4ce® +d?)/Y’

we get

Y 4 de (dX' —be) Y + 4e? (8¢’ X' — dce® + d*) (X* —a) = 0.

Finally the following Weierstrass equation follows from standard transformations where
we replace m by t

1
Y2 — X3 4 §t4(32 + 1)(s5 + 219s* — 2152 +1)X

2t5 .
-5 (—8645°t% + (s* + 14s% + 1)(s® — 548s° 4 198s* — 44s” + 1)t — 864s”) = 0,

with a section @ of height 12 corresponding to (8¢>X’ — 4ce? +d?) =0 and Y’ = 0. The
coordinates of ®, too long, are omitted but we can follow the previous computation to
obtain it.

Writing the above form as

1
y2:x3—30zx+<t+t> —2p

we recover the values of the j invariants of the two elliptic curves for the Shioda—Inose
structure (see Paragraph 4.5.1 and Corollary 4.1 below).

3.3. Fibration #9.

Let g = XY/Z?. Eliminating X and writing Y = ZU we obtain an equation of
bidegree 2 in U and Z. If k = s + 1/s there is a rational point U = —1, Z = —s/g on
the previous curve. By standard transformations we get a Weierstrass equation

yr =2+ 392 (54 + 1452 + 1) v+ s%g3 (g + 52) (g52 + 1) x

and a rational point

2g—1)2 (g + 5?) (s2g +1)
(2 —1)?
152 (g2~ 1) (94 5%) (s2g 1) (2% + g (s* — 657 +1) + 26)

T3 (s>~ 1)°

xr = 5
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The singular fibers are of type 2I11*(00,0), 2I5(—s2, —1/s%), 41I;.

3.4. Fibration #16.
Using the fibration #9 we consider the parameter ¢t = z/g(g + s?) and obtain a
Weierstrass equation

V2= X% (4t (7 + 5%) + 17 (s 4+ 145° + 1)) X* + 16571 X.
The singular fibers are of type I5(00,0), 41;.

4. Nikulin involutions and Shioda—Inose structure.

4.1. Background.
Let S be a K3-surface.
The lattice H?(S,Z) admits a Hodge decomposition of weight two

H*(S,C) ~ H* aH" ' o H".
Similarly, the transcendental lattice T'(S) has a Hodge decomposition of weight two
T(S) ® C ~ T*°a1 1 eT%2.

An isomorphism between two lattices that preserves their bilinear form and their Hodge
decomposition is called a Hodge isometry.

An automorphism of a K3-surface S is called symplectic if it acts on H?°(S) triv-
ially. Such automorphisms were studied by Nikulin in [24] who proved that a symplectic
involution ¢ (Nikulin involution) has eight fixed points and that the minimal resolution
Y — S/i of the eight nodes is again a K 3-surface.

We have then the rational quotient map p: S — Y of degree 2. The transcendental
lattices T'(S) and T'(Y') are related by the chain of inclusions

2T(Y) Cp'T(S) =T(5)(2) € T(Y),

which preserves the quadratic forms and the Hodge structures.

In this paper, K 3-surfaces are given as elliptic surfaces. If we have a 2-torsion section
7, we consider the symplectic involution ¢ (van Geemen—Sarti involution) given by the
fiberwise translation by 7. In this situation, the rational quotient map S — Y is just an
isogeny of degree 2 between elliptic curves over C(¢), and we have a rational map ¥ — S
of degree 2 as the dual isogeny.

4.2. Fibrations of some Kummer surfaces.
Let E; be an elliptic curve with invariant j, defined by a Weierstrass equation in the
Legendre form

B y? =a(x—1)(xz—1).

Then [ satisfies the equation j = 256((1 — 1 +12)3/1%(1 —1)?). For a fixed j the six values
of l are given by lor 1/1,1—1,(1—-1)/l,—-1/(1—1),(I = 1)/l.
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Table 3. Weierstrass equations of the elliptic fibrations of Y.
Weierstrass Equation From Param.
Y2+ thyr + 2k(t + 1)y = 2° — 2t + 1)3 ,
#1 1% (00), IV*(0), 14(=1), 211 YX4ZPEHY)
r=20
y? =ad — %t4(52 +1)(s% +219s% — 2152 + 1)z
+ 27 (—8645° %+ (s +145%+1) (55— 54850 +1985% —445% +1)t—8645) ys
#2 31T (00,0, 41 #1O1 oroe
rp = [}
y? = a% + Tt(4t2sT + (sT — 1052 + 1)t + 12)a?
—t2(2ts? — 3)x 4 t3 v
#3 I3(c0),IV*(0), 31 #7 s1t?
r=20
2 = o5+
(315 — & (s2+1) (s +219s* — 212 + 1) ¢
#4 | +515 (s° — 54855 + 198s* — 4452 + 1) (s* + 1452 + 1)) 2 + 165102 | #2 o
I35 (00), 611
Tp
2 —k(t+ Dyzr+ky =23+ > —3)2? + 3z — 1
zp =0
y2 =13 + (%t2 (84 + 1452 + 1) + t3s2) x2
#6 +tts2 (st + 1)z + 556 #9 -
I} (00), 1T*(0),411 (t+s2)(ts?+1)
zp
y? = a3 + it(t(s4 — 1082 + 1) + 8s)x? — 1252 (t — s2)3x
#T I1T%(c0), I (0), Is(s?), 211 #15 z
r=20
y2 —k(t — Dyz = z(x — 1)(x — t3)
#8 15 (0), I6(0), I2(1), AT XAZ)Y+Z)
zp =1
y? =ad + %t2(54 + 1482 + D)a? + t3s2(t + s2)(ts® + Dz
49 211T*(0,0), 21> (—32, —s%) 20 xy
— S2(t—1)%(t+s2) (ts2+1)
rp = (Z2-1)2
2+ t(s2 + 1) (z + 1252y = (z — t352)(x2 + t3s7)
#10 I;(oo),[[f*(()),lg(—l),4[1 %
TP, = 1352, rp, =0
Y2+ t(st — 1 — 82 )yx — sSy = 22 (x + s(t(s® — 1) — s(s? + 1)))
#11 I15(0), I2(s), 711 #8 ytse
xp, =st, xp, = —s3t + s2(s2 + 1)
y? =28+t (t2s% + T (sT+ 1452 + 1) + (sT + 1)) 22
— (26254 352 (s 41452+ D)t (sP 1))+ s0 4+ L5t (5T +145% 1) o, 52
#12 T7,(c0), 611 #14 ol
rp
y? = a3 + it(4t2 + (s* — 1052 + 1)t + 4s%)2?
3y _ 44 5.8
413 +2t3s*(t — s*)z + s 415 2

Ig(oo)7 I§(0),4]1
Tp = —tst
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Table 4. Weierstrass equations of the elliptic fibrations of Y.

zp =0

No Weierstrass Equation From Param.
y?=a5+ (B3P +1)+ %t2(34 + 1452 + 1) + ts2) 2? 4 s*5a
1 P
#14 I(0),13(0): 41 (3~ gy, ) #9 | st
o =205
(s2—1)
(y —tx)(y — s%tx) = x(x — ts?)(z — ts2(t + 1)?)
2 2
#15 I3 (00), I} (0), I+ (~1), 314 (i (<) ) xvsnz
Tp = 2t
y? =23 + t(4(t7 4 s?) + t(sT + 14s% + 1))a? + 1655t%x
I3 (00,0),41, z
#10 4_ —4ts0 (14 1)° o tt+s?)
Sl (=)
y? — %(54 + 1452 + 1 — s°t%)yx = x(x — 45%)(z — 455)
s2+ds—1
#17 I16(00), 811 (:ET,.. #16 ﬁ
— 452: _ 4s (ts+32—1)2
Tpy = 4as7; Tp, = (ts+1—s2)2
Y2+ (12 + (82 — 1)t — 28%)yx + s1t%y = 22 (x — s%)
* y—tx
#18 113(00)71() (0)»511 #15 t(x—ts?)
zp =0
Y2 + ktyx + 2 (12 + th + 1)y = 23
#19 2IV*(00,0), 213 (—s,— 1), 21 2X
rp = —t2
Y2 —yx(t? —kt +1) = z(z — 1)(z + 1% — tk)
#20 I12(00), 213 (s, 1) ,215(0, k), 211 X+Y+Z
r=20
y? =2 + 22+ 2(s% — Dt + (s* — 1057 + 1))a?
#21 +%t354(t —(s2=1)z + %sgt‘L #15 y—slz—tst(t>—1)
Ig(00), IV*(0), 212(1, —s2),311 x—ts2(t+1)2
rp = $2t2
Y2+ (t(1 — s2) + s2)yx + 1352y = x(x — s%t)(z + t2s%(1 — 1))
+ Z(XY Z
#22 I3 (o), 19(0), 611 ZXYZte)
zp =1, zp, = s%¢
2+ (212 — th + Dyz = x(x — t2)(x — %)
* 1
493 I5(00), I12(0), 61 (m) -
— 2 _ (k=1)°
rp, = ’ Tpy = k2 —4
y2 + (82 + Dityxr = x(x — t252) (x — s2t(t + 1)?)
#24 215 (00,0), I4(—1), 414 £
zp, =t+1; xp, = 252
2+ (s +t)(ts + Dyz +t2s2(L(s2 — 1) + s)y =
425 x(z — st)(x — t2s(t — 5)) Y_s
]7(00),]10(0),7[]_ XY +sZ
rp, =1ts; xp, = —1252
Y2+ (ts — 1) (t — s)zy = x(x — t252)?
#26 2I5(0,0), 12 (s, 1), 411 Z
rp =1ts
y? = (t(s® = 1) + s yz + 33 (t + 1)y =
427 a?(z +t?s%(t + 1)) Z—s
I} (00),18(0), Is(—1)411 X+Y

613
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Consider the Kummer surface K given by Ej, x Fj,/+1 and choose as equation for
K

X1 (l‘l — 1)($1 — l1)t2 = xg(l‘g — 1)(1‘2 — lg)

Following [19] we can construct different elliptic fibrations. In the general case we
can consider the three elliptic fibrations F; of K defined by the elliptic parameters m;,
with corresponding types of singular fibers
Fgimg = 2L 213,415
T2
(w2 — Ip)(21 — m3)
ZQ(ZQ — l)xl(xl — 1)
(1‘1 — 1‘2)([2(1?1 - ll) + (ll - 1):62)
(lgil?l — 1’2)((E1 — ll + (ll — 1)£C2)

ngmgz III*,IS,?)IQ,Il

Fs5:ms = Ig,ﬁjg

In the special case when F; = F, and j; = js = 8000 we obtain the following
fibrations

Fs:li=1ly=3+22 m6:% oI5, 14, 21
2
1 (1’2 — 12)(x1 — fEQ)
Fs: 1 =34+2v2,ls = — = T 15, 14,15, 1
81l +2V2,1 I mg Io(ls — Da1(z1 - 1) s dgsdas 42, &y
Gg: 11:3+2\/§,12:ll ms III*,IE;,gIQ

Foilimlh=3+2v3  my— i 22)l@ —l)+ (= D)

15, 14,415,
(121'1 — LL‘Q)({,El — 11+ (ll — 1)1‘2) 6,74 2

4.3. Nikulin involutions and Kummer surfaces.

PropoSITION 4.1.  Consider a family S, , of K3-surfaces with an elliptic fibration,
a two-torsion section defining an involution i and two singular fibers of type I,

Sap:Y2=X3+ <t+1+a)X2+b2X.

Then the K3-surface Sqp/i is the Kummer surface (Eq x Es)/(£Id) where the j; invari-
ants of the elliptic curves F;, i = 1,2 are given by the formulae

(a® - 34 1262)°
b2
1024a2 (202 — 9 — 722)°
2 '

ProOOF. Recall that if F;, i = 1,2 are two elliptic curves in the Legendre form

7172 = 4096

(J2 — 1728)(j1 — 1728) =

E;:y? = z(x —1)(x —1;),

the Kummer surface K

K (E1 X EQ)/(:tId)
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is defined by the following equation
xl(xl — 1)($1 — l1)t2 = .132(332 — 1)(]}2 — lg)

The Kummer surface K admits an elliptic fibration with parameter u = mg = 21 /2
and Weierstrass equation H,,

Hy,: Y%= X(X —u(u—1)(uly — ))(X —u(u—11)(lau — 1)).
The 2-isogenous curve S, ;/((0,0)) has the following Weierstrass equation
V2=X (X —t(®+(a—20)t+1)) (X —t(>+ (a+2b)t + 1))

with two singular fibers of type I3 above 0 and oo.
We easily prove that S, /((0,0)) and H,, are isomorphic on the field Q(,/w3) where

1
llzwiwgz% , lo=——F =wiwe and t =wu,
w1y whwh
wy,w) and wq,wh being respectively the roots of polynomials ¢* + (a — 2b)t + 1 and
t2 + (a+2b)t + 1.
Recall that the modular invariant j; of the elliptic curve E; is linked to [; by the
relation

(1—1;+12)°

-,
=T

By elimination of w; and ws, it follows the relations between j; and jo
(a2 — 3+ 1202)°
b2

102402 (202 — 9 — 722)°
2 '

J1j2 = 4096

(jo — 1728)(j1 — 1728) = 0

In the Fermi family, the K 3-surface Y}, has the fibration #16 with two singular fibers
I}, a 2-torsion point and Weierstrass equation

=2+ 2%t (4 (P + %) +t(s* + 145 + 1)) + 16t s%x.
Taking
y=y't (2\/5)3 . x=a't? (2\/§)2 and t =t's,
we obtain the following Weierstrass equation

RS (S SRk ik ) )
t 4 s

By the previous proposition with a = (1/4)(s* + 1452 + 1)/s, b = s%, we derive the
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corollary below.

COROLLARY 4.1.  The surface obtained with the 2-isogeny of kernel {(0,0)) from
fibration #16, is the Kummer surface associated to the product of two elliptic curves of
j-invariants j1, jo satisfying

(824 1)7 (55 4+ 2195% — 2182 4 1)°
Jij2 = 510

. , s 1452 +1)° (88 — 54850 + 198s% — 4452 + 1)°
(]1_123) (.]2_123): ( ) ( 810 ) .

REMARK 4.1. If s =1 we find j; = jo = 8000.

REMARK 4.2. If b =1 we obtain the family of surfaces studied by Narumiya and
Shiga, [22]. Morover if a = 9/4 (resp. 4) we find the two modular surfaces associated
to the modular groups I'; (7) (resp. I'1(8)). In these two cases we get j; = jo = —3375
(resp. j1 = jo = 8000).

REMARK 4.3.  With the same method we can consider a family of K3-surfaces with
Weierstrass equations

1 1
EU:Y2+XY—<U+—I<:)Y:X3—(U+—k)Xz,
v v

singular fibers of type 217,214,217 and the point P, = (0,0) of order 4. The elliptic
curve E! = E,/(2P,) has singular fibers of type 2I5,4l;. An analog computation gives
E;) = (E1 X EQ)/(:tId) and

jija = (256K — 16k — 767)°
(j1 — 12%) (j — 12%) = (32k — 1) (128%> — 8k — 577)°.

4.4. Shioda—Inose structure.

DEFINITION 4.1. A K3-surface S has a Shioda-Inose structure if there is a sym-
plectic involution ¢ on S with rational quotient map S 2 Y such that Y is a Kummer
surface and p* induces a Hodge isometry 7'(5)(2) ~ T'(Y).

Such an involution ¢ is called a Morrison—Nikulin involution.

An equivalent criterion is that S admits a (Nikulin) involution interchanging two
orthogonal copies of Fg[—1] in N.S(S).

Or even more abstractly: 2Es[—1] < NS(S) [21] (Theorem 6.3).

Applying this criterion to fibrations #17 and #8 and the van Geemen—Sarti involu-
tion we get the following result.

PROPOSITION 4.2.  The translation by the two-torsion point of the fibrations #17
and #8 endowes Yy, with a Shioda—Inose structure.

PrROOF. Fibration #17 has a fiber of type I1s at ¢ = co. The idea [16] is to use
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the components ©_5,0_1,0, 01, ©5,03,0, of I and the zero section to generate
a lattice of type Eg[—1]. The two-torsion section intersects Og and the translation by
the two-torsion point on the fiber 14 transforms ©,, in ©,,, 5. The translation maps the
lattice Es[—1] on an another disjoint Eg[—1] lattice and defines a Shioda—Inose structure.

For fibration #8, the fiber above ¢t = 0 is of type I and the section of order 2
specializes to the singular point (0,0). Then after a blow up, it will not meet the 0-
component. If we denote Og;, 0 < ¢ < 5, the six components, then the zero section
meets ©g o and the 2-torsion section meets © 3. The translation by the 2-torsion section
induces the permutation g ; — g ;3.

The fiber above ¢t = oo is of type I§. The simple components are denoted O o, Oo,1
and O 2, O 3; the double components are denoted C; with 0 < i < 6 and O4,9.Cy =
O0,1.Cp = 1; O 2.06 = O5,3.C5 = 1. Then the 2-torsion section intersects ©, 2 or
O3 and the translation by the 2-torsion section induces the transposition C; +— Cg_;.

The class of the components Cy,C1,Co, O 0,00,1, the zero section, Oy and
©9,1 define a copy of Eg[—1]. The Nikulin involution defined by the two-torsion section
maps this Eg[—1] to another copy of Es[—1] orthogonal to the first one; so the Nikulin
involution is a Morrison—Nikulin involution. O

4.5. Base change and van Geemen—Sarti involutions.
If a K3-surface S has an elliptic fibration with two fibers of type IT*, this fibration
can be realized by a Weierstrass equation of type

1
By y? =2% — 30z + (h—l—h—?ﬁ).
Moreover Shioda [31] deduces the “Kummer sandwiching”, K — S — K, identifying the
Kummer K = E; x Ey/ £ 1 with the help of the j-invariants of the two elliptic curves
E1, E5 and giving the following elliptic fibration of K

1
y2z33o¢x+<t2+t225>.

This can be viewed as a base change of the fibration Ej, of S.

4.5.1. Alternate elliptic fibration.

We shall now use an alternate elliptic fibration of S ([29], Example 13.6) to show
that this construction is indeed a 2-isogeny between two elliptic fibrations of S and K. In
the next picture we consider a divisor D of type I;, composed of the zero section 0 and
the components of the IT* fibers enclosed in dashed lines. The far double components of
the IT* fibres can be chosen as sections of the new fibration. Take w as the zero section
and p for the other one. More precisely with the new parameter u := z (x from Ej,) and
the variables Y = yh and X = h, we obtain the Weierstrass equation

Y2:X3—|—(u3—3au—2ﬁ)X2—|—X.

The section p defined by X = h =0 and Y = 0 is a two-torsion section.
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w o h =00 |
-2 ‘ |

| oe |
9 1
p h=0 |

In this equation, if we substitute X (= h) by t2, we obtain an equation in W, ¢t with
Y = W2, which is the equation for the 2-isogenous elliptic curve. Indeed the birational
transformation

Y +U3

y=4Y +4U> +2UA, T=2—p

with inverse

(—y2 +22% +422A+ 233A2) Y
(x + A)3

Yy
x+ A’

_1 _1
) 8

transforms the curve Y2 = US + AU* + BU? in the Weierstrass form
y*=(z+A) (2 —4B).

This is an equation for the 2-isogenous curve of the curve Y? = X3+ AX?+ BX [36]. On
the curve Y2 = US + AU* + BU?, the involution U + —U means adding the two-torsion
point (x = —A,y = 0).

Using this above process with A = (u® — 3au — 23), the 2-isogenous curve E, has a
Weierstrass equation

E,:Y?= (X + (u* — 3au—28)) (X* —4)

with singular fibers of type I, 61.
The coefficients « and § can be computed using the j-invariants

o = Jidy; BEP=(1—T)1—Jy); j; = 1728J;.

If the elliptic curve is put in the Legendre form 32 = /(2' — 1)(2’ — 1) then j = 256((1 —
I+12)3/12(1 — 1)?), so

s 16 -6+’ (1-1L+5)°

729 3(l —1)213(ly — 1)2
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= 27 Lia(lh —1)(l2 — 1)

On the Kummer surface £y X Fy/ £ 1 of equation
X1(X, = 1)(X1 —1)Z% = Xo(Xo — 1)(Xo — )
we consider an elliptic fibration (case J5 of [19]) with the parameter

(12X — X0) (X1 — 11 + Xao(l; — 1))
Xo(X1—1)

(in fact z = —(I1(la — 1)) /(ms — 1) cf. 4.2) and obtain the Weierstrass equation
V2= (X = 2lly(l — 1)l — 1))(X + 2hls(ly — 1)(I2 — 1))
(X +42° +4(-2ll + Iy + 1o +1)2°
+ 4(l1l2 — 1)([1[2 -1 - lg)z + 2l1l2(l1 — 1)([2 — 1))
Substituting z = w — (1/3)(—=2l1ls + 11 + l2 + 1) it follows
Y? = (X —2lla(li — 1)(ls — 1))(X + 2lla(ly — 1) (I — 1))

<X+4w3 % B-L+1) (B -L+1D)w
2
t+ 5ol = 2)(2 = 1l = 2)2h = D + 1)(h + 1)) :

Up to an automorphism of this Weierstrass form we recover the equation of F,,.
The previous results can be used to show the following proposition

PRrROPOSITION 4.3.  The translation by the two-torsion point of the elliptic fibration
#4 gives to Yy, a Shioda—Inose structure.

5. Proof of Theorem 1.1.

NotATION 5.1.  If we consider an elliptic fibration ¢ of a K3-surface S with a
two-torsion point T', we will write ¢(T) for the elliptic fibration of S/i if ¢ denotes the
involution given by the fiberwise translation by 7.

From the Shioda—Tate formula (cf. e.g. [32], Corollary 1.7]) we have the relation

Nt
| Tor|?

where A is the determinant of the height-matrix of a set of generators of the Mordell-
Weil group, mgl) the number of simple components of a singular fiber and |Tor| the
order of the torsion group of the Mordell-Weil group. From a set of infinite sections this
formula allows us to determine generators of the Mordell-Weil group except for fibration
#4. Using the 2-isogeny we determine also the Mordell-Weil group of #n(T). The
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discriminant is either 12 x 2 or 12 x 8.

ProproSITION 5.1.  The translation by the two-torsion point of the fibration #16
gives to Yy a Shioda—Inose structure.

PrROOF. From the Proposition 4.1, the translation by the two-torsion point of
#16 gives to the quotient a Kummer structure. The fibration #16 is of rank one, its
Mordell-Weil group is generated by the point P of z-coordinate xp in Table 4, and
the two-torsion point. By computation we can see that the Mordell-Weil group of the
2-isogenous curve on C(t) is generated by the image of P and torsion sections. So we
can compute the discriminant of the Néron—Severi group which is 12 x 8. The second
condition, T'(Yy)(2) ~ T(K}), is then verified. O

REMARK 5.1.  The K3-surface of Picard number 20 given by the elliptic fibration

1 3 1
Y2=X3—(t4+--2 )X+ =X
<+t 2) TG

or

y? :x3—%t(2t2+2—3t)332+%t4x

has rank 1. The Mordell-Weil group is generated by (0,0) and P = (z = 1/4,y =
(t —1)?/8). The determinant of the Néron-Severi group is equal to 12. By computation
we find that the image of P by the 2-isogeny is equal to 2Q with Q = (¢t(t — 1)(t* —t +
1), —t3(t—1)(t> —t+1)) of height 3/4. The determinant of the Néron—Severi group of the
2-isogenous curve is then 12 not 12 x 22. So the involution induced by the two-torsion
point is not a Nikulin—Morrison involution. Moreover the 2-isogenous elliptic curve is a
fibration of the Kummer surface £ x E/ + 1 where j(E) = 0.

For fibrations #n(T) with discriminant of the transcendental lattice 12 x 8 we
prove the Shioda-Inose structure in the following way: from corollary 4.1 this is true
for #16(T), from Proposition 4.3 this is true for #4(7T) and from Proposition 4.2 this
is true for #17(T), #8(T'). The other fibrations #n(T") can be obtained by 2- or 3-
neighbor method from #16(T"), #8(T") or #17(T"). The results are given in the Table 5.
In the second column are written the Weierstrass equations for the #n elliptic fibration
and its 2-isogenous fibration, singular fibers and the z-coordinates of generators of the
Mordell lattice of #n(T). In the third column we give the starting fibration for the 2- or
3-neighbor method and in the last column the parameter used from the starting fibration.

5.1. The K3-surface Sg.

For the remaining fibrations, (discriminant 12 x 2), using also the 2- or 3-neighbor
method, they are proved to lie on the same surface Si. Except for the case #7 the results
are collected in the Table 6 with the same format. The case #7 needs an intermediate
fibration explained in the next paragraph.

Starting with fibration #7(7T") and using the parameter my; = y/xt(t — s?) it follows
the Weierstrass equation
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Table 5. Fibrations with discriminant 12 x 8 (Fibrations of the Kummer K}).

Weierstrass Equation
#4 see Prop 9
y? —k(t—Dyz =z(z — 1) (z — t9)
1§(00),16(0), I2(1), 411
y? =3 + % (4¢3 — t2k? + 2tk? + 4 — k?) 2
#8 (- 1) <4t2 Ft(4—k2) + (k- 2)2)
(AP +t(4—kK)+(k+2)?)z
Ig (00)7 13(0)’ 14(1)7 41y
zg=—1(t-D A2+t k) + (k—2)?)
2 =a3 +t (4 (t2 + 52) +t (34 + 1452 + 1)) 2 + 1655t%x
215 (00,0),41;
y2 :z(m—t(4(t2+32) +t(s4+1452+1+833)))
#16 (x—t(4(t2+82)+t(s4+1432+1—853)))
215 (00,0), 412
2 (12 +2) (3452 +t(—sT+852+1))7
(t+1)2(t+52)°
y2 — % (54 +14s2 +1— s2t2) Yyr = x (x - 452) (x — 456)
I6(c0), 811 (:I:M .
y2 :m(mf (t2 - (s4+1432+1) i85(32+1)))
(x— (ts+82:|:4s—1) (ts—s2:|:4s+1))
#17 Is(00), 81 (i$>

From Param.

rQ =

(ts—i—s —45—1)(ts—s +45+1)
(t25§—(5 + 1452 +1)+85(s +1))
TQy=1g E;_BQ (ts + 5% +4s — 1)
(ts—52+4s+1) (t25 —(4+1452+1)—85(52+1))
y2+(2t27tk+1) w—x(zftQ)(acft‘l)

I3 ( ),112(0), 611 (kiQ"‘ y—y20+ 5 (@—20g)
v=z(+ Itk—2)—1) (42— (k+2)t+1)) #8 gy,té”i;fé‘j),l)z
#23 (x4 Ft(k+2) —1) (42 — (k—2)t + 1)) #26 Py A

t(z—ts(ts—1)2)
5(00), 15(0), 1 () #24| (y—yag,) + 2 (r—wa0,)

% T4t — (k= 2)t + 1) (t(k — 2) — 1); D (z—220,)
a:QF oT ((k+2)—1) (482 — (k—2)t +1)
+ (s> + 1) tyz = x (x — t25?) (z — s%t(t + 1)?)
215 (00,0), I4(—1),4I1
Y 3 4 t(4t252—t(s — 10s2 +l)+4s)x2
424 + 4:522 (;lt252 + (852 — (s . 1)) ¢+ 4s?)
1252+ (852 — (s+ )M t+4s) x
215 (00,0),5I2(—1,)
T, = i(2t282 +1t(s?—1) —2)%
rQ, = 7it (41252 + (852 — (s + 1)* )t+452)
v+ (ts—1)(t — s)zy =z (z — t252)2
2Ig(0,0), I (s, 51),41,
#26 y?2 = (z 4+ 4252) (z + L (t — 5)%(st — 1)?)
414 (00,0, s, ) 415
rg, = ts(ts — 1)?

u>‘l II
o
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Table 6. Fibrations with discriminant 12 x 2 (Fibrations of Sy).

No Weierstrass Equation From Param.
y? =23+ it (t (54 — 1052 + 1) + 884) x? — 1252 (t — 52)3 T
I1T*(c0), I (0), Is (52) 214
y2*x3— lt( (s — 10s2 +1)+8s4)x2

#7 43 (641262 + (58 — 2058 — 908 — 2052 + 1) ¢
+16s* (s + 1)2) T
111*(00),15(0), I5 (s?) , 212
y2 =23 + i (54 + 1452 + 1) 222 4+ 352 (52 + t) (ts2 + 1) T
201T*(0,0), 212< 2 —Siz) 26
y?2 =3 — 1(8 + 1452 +1)t22
#9 | — 3 (64125 +1 (=58 4+ 3650 — 1985* + 3652 — 1) +64s*) x| #20 Tl
2111*(c0,0), 213 (732, *52) 20
1 (D2 (2672 +1(sT =657 +1)+252)”
4 (s2-1)%(t—1)2
y? =23 + (t3 (54 + 1) + itQ (34 + 145 + 1) + tsQ) 22 + 185z

15 (00), 1;;(0) 4L (*Tl, ﬁ)

rQ =

= (z—f(s +1 i(s4+1432+1)t2—t52) 2 2
14 1 1 (.4 #15 | s
( 1 ( 31 3 (s*+ 1452 +1) 12 432) w+t352— 112 (s2-1)
1 —4s2
I (00), I3 (0), 415 ( , (sz_glf’")

zg = 112 (s2 = 1)% (4t + 1)
(y — tx) (y — thx) =z (x — ts2) (x — t82(t + 1)2)
* * 1 s2-1 2
I(00). 17 (0), Ia(-1).30 (§ (552)
415 y —x(w+t3 T 1t2(s2 - 1)?%)
(z+t3s2 — 1 1(s? —4s— 1)(5 +4s — 1)t2 + 4ts?)
2
27 (00, 0), 412( 1,1 ( S—l) )
xQ = ZtQ(s —1)?
y2 — (t%s— (s2+ 1)t +3s)yz — s2(t — s)(ts — Dy = a3
I12(00), 213 (S7 %) , 215 (0’ .92:1) , 21
y? 4+ (1%s — (s> + Dt — 3s) yw — s(t — 5)%(ts — 1)%y = 3
316 (00,8, 1), 215,21 (o, 52j1>

#20 T2

#20

Y?+2(m3s® —2) YX — 16mzs'Y = (X — 8mis?)
(X—|—8m78 ) (X—&—m% (54—682—1—1) —4)

with singular fibers Is(c0), IV*(0), 81;.

Then the parameter mys = Y/(X + 8m2s?) leads to the fibration #15(7T).

For the last part of Theorem 1.1 we give properties of Sj. First we prove that Sy, is
the Jacobian variety of some genus 1 fibrations of Kj.

Starting with the fibration #26(7") and Weierstrass equation

y? =z (2 + 4t%s7) (x + i(t —5)2(ts — 1)2> ,
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the new parameter m := y/t(x + 1/4(t — s)*(ts — 1)?) defines an elliptic fibration of
#26(T) with Weierstrass equation

Ep:Y?—m(s+1)YX = X (X — s*m?) <X + i(?m —s)*(2m + 5)2)

and singular fibers are of type 414(0, £(1/2)s, 00), 81;.
Then setting as new parameter n = X/m?, it follows a genus one curve in m and Y.
Its equation, of degree 2 in Y, can be transformed into

w? = —16n (—n + %) m* +n (s*(8 + n) — 10ns> + n(1 +4n)) m* — ns* (—n + s?)..

Let us recall the formula giving the Jacobian of a genus one curve defined by the equation
y? = ax* + b3 + ca? + dx + e. If ¢y = 2*(12ae — 3bd + ¢?) and ¢ = 2°(72ace — 27ad? —
27b%e + 9bed — 2¢3), then the equation of the Jacobian curve is

7 =73 — 27¢4T — Hdc.

In our case we obtain
2 32 1 9.9 2
Yy =x|x+n"s —Zn (8 —1)
1
<x+n352—4(32—45—1)(52+43—1)n2+4n82>,

which is precisely the fibration #15(7).

REMARK 5.2.  Using the new parameter p; = Y/m?(X + 1/4(2m — s5)?(2m + s)?)
another result can be derived from F,, leading to

E, :Y?—25(2p1 — 1)(2p1 + )Y X =
X (X + 6452p%) (X 4+ (2sp1 + 1)(2sp1 — 1)(s + 2p1)(s — 2p1)),

with singular fibers 213,415,41,. From E,, and the new parameter k = X/p? we obtain
a genus one fibration whose Jacobian is #14(T).

Starting from the fibration #26(7T) (previous equation), the parameter ¢ = z/t?
leads to a genus one fibration whose Jacobian is a fibration of Sy leading to #15(7T).

5.2. Transcendental and Néron—Severi lattices of the surface Sg.

We shall indentify the K 3-surface Sj by its transcendental and Néron—Severi lattices.
As a corollary, using again the Kneser—Nishiyama technique this allows to recover the yet
known elliptic fibrations of S but also all of them. We shall see that all the fibrations
can be obtained from the primitive embeddings of M = A; & A; & As into the various
Niemeier lattices. Since M is composed of 3 root lattices of type A,,, the K3-surface Sy
will possess probably more twice elliptic fibrations than Yj.

LeEMMA 5.1.  The K3-surface Sy has the transcendental lattice
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T(Sk) = (-2) & (2) ® (6)
and Néron—Severi lattice
NS(Sk) =U @ Eg[-1] ® E7[-1] ® (—2) & (—6).

PrROOF. We consider the elliptic fibration #7(T) with Weierstrass equation given
in Table 6 and draw the graph of the singular fibers, the zero and two-torsion sections of
the elliptic fibration

1 1
Y2=X3+ ((—234+5s2—2> t2—4s4t) X2

1 45 5 5 1
<4s2t5+(1658854452456+16>t4+s4(52+1)2t3)x

with singular fibers I17*(00), I5(0), I3(s%), 215(t1, t2).

With the parameter m = X/t we obtain another fibration with singular fibers
I1*(00) (shown by ®), I5(0) (shown by ®), I3((1/4)s?(s?> — 1)?) (part of it shown by H),
I5(4s*) (part of it shown by [), I1(0g), where o9 = —(s? — 65 + 1)(s% + 65 + 1)(s? +
1)%/1728s2.

This new fibration ¥ has no torsion, rank 0, Weierstrass equation

y? =23+ 2m ((—54 +10s% — 1) m+ 2s* (52 + 1)2) x?
+ (m — 434) m3 (38 — 2055 — 905" — 20s% + 1) x + 256m° s> (m — 454)2
and Néron—Severi group

NS(S) =U @ Es ® Dg @ Ay ® Ay .

By Morrison ([21], Corollary 2.10 ii), the Néron—Severi group of an algebraic K 3-surface
X with 12 < p(X) < 20 is uniquely determined by its signature and discriminant form.
Thus we compute gy g(s,) with the help of the fibration ¥;. From
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gi = ([1ps. [8]ps) and gp,([1]ps) = ape([3]Ds) = _;

we deduce the discriminant form, since bp, ([1]p,, [3]ps) = 0,

(GNs(sk), ANS(SK))

— 727 <—g> ®7/2Z (—‘2) ®7/3Z (—2) ®7/2Z (—;) mod.27
— 72 (;) & Z/67 <é> Yy <;) .

From Morrison ([21], Theorem 2.8 and Corollary 2.10) there is a unique primitive embed-
ding of NS(Si) into the K3-lattice A = Eg[—1]? ® U3, whose orthogonal complement is
by definition the transcendental lattice T'(Sy). Now from Nikulin([23], Proposition 1.6.1),
it follows

)L

Gns(sy) = (Gnssy))™ = Gr(sy)s  4r(s,) = —ANS(Sk)-

In other words the discriminant form of the transcendental lattice is

(Gr(sy), ar(sy)) = Z/2Z (—;) P7LJ6Z (é) ®7Z)27 (;) )

From this last relation we prove that T'(Sx) = (—2) @ (6) ® (2). Denoting 7" the lattice
T = (=2) @ (6) ® (2), we observe that 77 and T(Sk) have the same signature and
discriminant form. Since |det(T”)] = 24 is small, there is only one equivalence class
of forms in a genus, meaning that such a transcendental lattice is, up to isomorphism,
uniquely determined by its signature and discriminant form ([11], p. 395).

Now computing a primitive embedding of T'(Si) into A, since by Morrison ([21],
Corollary 2.10 i) this embedding is unique, its orthogonal complement provides N.S(Sy).
Take the primitive embedding (—2) = (e3) < FEg, (2) = (uy + us) < U, (6) = (uj +
3ug) < U, (u1,uz2) denoting a basis of U. Hence we deduce

NS(Sk) =U & Eg[-1] ® E7[-1] & (—2) & (—6). O

COROLLARY 5.1.  All the elliptic fibrations of Sy are obtained from the primitive
embeddings of A1 & A1 & As in the various Niemeier lattices.

PROOF. In that purpose, embed T'(Si)[—1] into U & Eg[—1] in the following way:
(—2) & (—6) primitively embedded in Es[—1] as in Nishiyama ([25], p. 334) and (2) =
(up + ug) — U. We obtain M = (T(Sk)[_l])éEBEg[fl] = A @& A & A;. Now all the
elliptic fibrations of Sy are obtained from the primitive embeddings of M into the various
Niemeier lattices, as explained in Section 2. O

Using their Weierstrass equations and a 2-neighbor method [15], it was proved in
the previous subsection that all the fibrations #7(T"), #9(T), #14(T), #15(T"), #20(T)
are on the same K 3-surface. Using the Kneser-Nishiyama method we can identify each
of these elliptic fibrations with a primitive embedding into a certain Niemeier lattice.
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This identification will be performed comparing singular fibers and Mordell-Weil
lattices.

5.2.1.

Take the primitive embedding into Ni(DgE?), given by As = (ea, €4, €5, €6, €7) —
FE7 and A% = <d10,d7> — D1g.

Since (Ag,)i:7 = Ay and (A%)j-)m = A18A 168 Dg, it follows N = Nyoot = 241 A3 DgFEr,
det N = 24 x 4, thus the rank is 0 and the torsion group Z/2Z. Hence this fibration can
be identified with the elliptic fibration #7(T).

5.2.2.
The primitive embedding is into Ni(DjoE?), given by

As & A% = (di0,ds, d7,ds, d5,d1o + dg + 2(ds + d7 + dg + ds + dy) + ds, d3> — Dqg.

We get
(A5 ® A2) 3. = (~6) @ (z)  (d1) = (—6) & Ay & Ay
with
x =dy +dyo+2(ds + dy + dg + ds +dy + ds + dz) + dy
and

(—6) = 3dg + 2dyo + 4ds + 3d7 + 2dg + ds.

Thus Nyoot = A1A1E2 and the rank of the fibration is 1. Since 2[2]p,, = * + d; and
there is no other relation with [1]p,, or [3]p,,, among the glue vectors ([1, 1, 0]), ([3,0, 1]
generating Ni(DyoE?), only ([2,1,1]) contributes to torsion.

Hence the torsion group is Z/27Z. Moreover the 2-torsion section is

2F + 0+ 2], [1), [1]]
with height 4 — (1/2 4 1/2 + 3/2+ 3/2) = 0. The infinite section is
3F +0+([(—6),0,0]

with height 6. Hence this fibration can be identified with the fibration #9(T').

5.2.3.

Take the primitive embedding into Ni(D3), given by As = (ds, dg, ds, d4, d3) — Dél)
and A? = (dg,d;) — Déz). We compute (As)p, = (—6) ® (z1 = (—2)) & (d1) with
X :d7+d8+2(d6+d5+d4+d3+d2)+d1

(AD) b, = (dr) @ (z1 = dr + ds + 2(dg + d5 + dy + d3 + dp) + d1)
©® <d5,d4,.’1)3 = d7; + dg + 2dg +d5,d3> =A1 DA & Dy.
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We deduce Nyoot = 441 D4Ds (hence the fibration has rank 1) and the relations

2[2|p, = w1+ dy (1)

2([2]ps — (d1 + d2)) = @3 + 2d3 + 2d4 + d5 (2)
2[3|py = @1 + 223+ ds +2dy + ds + dr (3)

2([1)ps — (de + dg)) = 1 + w3 + d3 + 2d4 + 2d5 + dr (4)
2([1]ps — (de + d7 + dsg)) = 23 + 3ds + 4dy + 3d3 + 2ds + dy — d7. (5)
Thus, among the glue vectors ([1,2,2],[1,1,1],[2,2,1]) generating the Niemeier lattice,
only vectors ([0, 3, 3], [2, 1, 2]) contribute to torsion and the torsion group is Z/2Z x Z /27Z.

From relations (1) to (5) we deduce the various contributions and heights of the
following sections (see Table 7).

Table 7. Contributions and heights of the sections of 5.2.3.

Cont. Cont. Cont. Cont. Cont. Cont. ht.
0+ 2F+ Ay Ay Aq Aq D, Dg
[0,[3],[3]] 0 0 1/2 1/2 1 2 0
[[2],[2)— (d1+d2),[1]] 1/2 1/2 0 0 1 2 0
[[2],[1]—(ds +ds),[2]] 1/2 1/2 1/2 1/2 1 1 0
[[2]—(d1+d2),[1]—(ds+d7+dg),[2]] 0 0 1/2 0 1 1 3/2

Hence this fibration can be identified with the fibration #14(T).

5.2.4.
The primitive embedding is into Ni(D3) and given by

A5 = <d8,d6,d5,d4,d3> — Dél) Al = <d8> — DE(BQ) A1 = <dg> — Dés)

As previously (45)p, = ((—6)) & (x1) & (d1); we get also (ds)p, = (d7) & (x4 = d7 +
dg + 2dg + d5,d5,d4,d3,d2,d1> = Ay & Dg. Hence N,oor = 4A412Dg, and the rank is 1.
Moreover it follows the relations

2[2]py =21 +dy (6)
22 ps = 3 + ds + 2dy + 2d3 + 2dy + 2d; (7)
2([1)ps — (ds + de + d7 + dg)) = 2z3 + ds + 4dy + 3d3 + 2da + dy — dy (8)
23] py = 33 + dy + 2ds + 4dy + 3d3 + 2ds + dy € A1 ® Ds. (9)

We deduce that among the glue vectors generating Ni(D3), only ([0,3,3],[2,1,2]) con-
tribute to torsion. So the torsion group is Z/2Z x Z/2Z. From relations (6) to (
deduce the various contributions and heights of the following sections (see Table 8

9) we
)
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Table 8. Contributions and heights of the sections of 5.2.4.

Cont. Cont. Cont. Cont. Cont. Cont. ht.
0+ 2F+ A1 A1 A1 D6 A1 D6
[0,31,[3]] 0 0 /2 1+1/2  1/2 1+41/2 0
[[2],11]—(ds+dg+dr+ds),[2]]  1/2 1/2 /2 1+41/2 0 1 0
[121,[2],[1] - (ds+de+dr+ds)]  1/2 1/2 0 1 /2 141/2 0
[131,0,[3]] 0 1/2 0 0 /2 1+1/2 3/2

Hence this fibration can be identified with the fibration #15(7).

5.2.5.

Take the primitive embedding onto Ni(AfD,) given by As — Az, Ay & Ay =
(dy,dy) — Dy. Since (dy, d1>$4 = A3, we get N = Nyoor = 3452A1; thus the rank of the
fibration is 0 and since det(N) = 24 x 62, the torsion group is Z/6Z.

This fibration can be identified with the fibration #20(T).

REMARK 5.3.  From fibration #20(T") the surface Sy appears to be a double cover
of the rational elliptic modular surface associated to the modular group I'g(6) given in
Beauville’s paper [2]

(x4+y)y+2)(z+z)(t—s)(ts — 1) = 8szyz.

6. Proof of Theorem 1.2.

We recall first on Table 9 the results obtained by Bertin and Lecacheux in [5].

Comparing to the fibrations of the family, you remark more elliptic fibrations with
2-torsion sections on Y. Some of them are specializations for s = 1 of the generic
ones. They are denoted for example #17(18 —m) which means the following: it is the
fibration (18 —m) in the last Table of [5] (m denotes the elliptic parameter of the fibration
numbered 18) and the specialization for k = 2 of the fibration #17 of the generic case.
Those generic elliptic fibrations with Morrison—Nikulin involutions possess specializations
to Y2 with Morrison—Nikulin involutions, by a Schiitt’s Lemma [28], namely #4(16 — o),
#8(9 — ), #16(14 — t), #17(18 — m), #23(2 — k), #24(5 — d) a), #26(1 — s). Others
(#5(17 — q), (24 — ), #10(10 — e), #15(6 — p) ¢), #24(5 — d) b),c)) are specific to Ko
and cannot be deduced from elliptic fibrations of the generic Kummer. To identify them,
we have to use the distinguished property of Y5, that is, Y5 is a singular K 3-surface with
Picard number 20.

Hence Y5 inherits of a Shioda—Inose structure, that is the quotient of Y5 by an
involution is isomorphic to a Kummer surface K, realized from the product of CM
elliptic curves [33], [34] provided in the following way.

Since the transcendental lattice of Y5 is T'(Y2) = <(2) 2) = (Zba 2bc> , we get b2 —4ac =

—8, 11 = (=b+ V1% — 4ac)/2a, 7 = (b + Vb2 — 4ac)/2, hence 1, = 79 = i/2.

We deduce Ky = E x E/+1 with E = C/(Z+7Z) and j(E) = j(iv/2) = 8000. The
fact that the two CM elliptic curves are equal and satisfy j(E) = 8000 can be obtained
also by specialization from the Shioda-Inose structure of the family (see Remark 4.1).
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Table 9. The elliptic fibrations of Ya.

Lroot L/Lroot Fibers R Tor.
Eg ©0)

#1(11 — f) Ay C Eg Ds C Eg E7A3Eg 0 (0)

#2(13 — h) A1 ® D5 C Eg A1EsEg 1 (0)
EsDig 7/27

#3(30 — (15) A1 C Eg Ds C Dis | EvD11 0 (0)

#4(16 — O) Ay ® D5 C Eg A1 D¢ 1 Z/QZ

#5(17 — q) Ds C Eg Ay C Dig A3A1D14 0 Z/QZ

#6(25 — 5) A1 ® D5 C Dig EgA1Dg 0 (0)
EZ2 D (7.)27.)?

#7(29 — B) Ay C Er Ds C Dyo | EvDgDs 0 | Z/2Z

#8(9 — ’I”) A1 C E7 Ds C E7 DgA1D1g 1 Z/?Z

(24 . 1[)) A1 6 D5 C Er E7D1g 1 Z/QZ

#9(12 — g) A1 6 D5 C Dig E7E7;A1 A3 0 Z/QZ

#10(10 — e) Ds C E7 A1 C Do | A1A1DgE7 1 Z/QZ
E7A17 7./67

(21 —¢) Ay ® D5 C Er A7 1 7/37

#11(19 —n) | Ds C E7 A1 C A7 | A1Ass 2 (0
Doy 7./27

#12(23 —14) A1 & D5 C Doy A1D17 0 | (0)
D, (z/2z)*

#13(26 — 71') Ay C D12 Ds C D12 | A1D1oD7 0 Z/QZ

#14(22 — u) A1 @ D5 C D12 A1D5Dq2o 0 | Z/2Z
D3 (2/27)3

#15(6 — p) A1 C Ds D5 CDs | AiDsAsDs | 0 | (Z/2)?

#16(14715) A1 ® D5 C Dg A1 DgDsg 1 Z/2Z
DgAis 7./87

#17(18 — m) A1 ® D5 C Dg A1A1A1A15 | O Z/4Z

#18(28 — Oé) Ds C Dy A] C A DyAqs 1 (0)
E} (7./37)?

#19(8 — b) A1 C Es Ds C Es AsEgEg 1 Z/3Z
A11FEsD7 | Z/12Z

#20(7 — w) Ay C Eg D5 C Dy As5A1A1A11 | O Z/ﬁZ

#21(27 — u) Ay C A1r Ds C Dy AgA1A1Eg 1 (0)

(20 — ]) Ay ® D5 C Dy A11EgAy 0 Z/3Z

#22(15—1) | Ay C Ay Ds C Eg | AgD7 2 1 (0

#23(2 — k‘) D5 C Eg A1 C Dy A11A1D5 1 Z/4Z
D¢ (7./27.)*

#24(5 — d) A1 C Dg Dy C Dg A1DyDgDg 1 (Z/2)2
D¢ A2 72 x 7./10

#25(3 —v) Ds C Dg A1 C Ag A7 Ag 2 | (0)
D2 A2 7]4 x /8

#26(1 — S) D5 C D3 A1 C Ds A1 A3 A7 A7 0 Z/8Z

#27(4 — a) Ds C Ds Al C Ay DsAs A7 1] (0)

The elliptic curve E can be also put in the Legendre form:
E y*=a(@—1)(z-1),

| satisfying the equation j = 8000 = 256(1 — [ + 12)3/12( — 1)%. Thus | = 3 +2v/2 or
l=-2+2V20rl=(1++2)/2.
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PROPOSITION 6.1.  The elliptic fibrations (24 — »)(T) and #10(10 — e)(T') are
elliptic fibrations of Ks.

ProOF. It follows from the 4.2 fibration Fg that the fibration #10(10 —¢)(T") with
Weierstrass equation

Y?=X3 20U - 1)X?+UU+1)*(U - 4)X,

singular fibers I11*(0), I5(oc0), I4(—1), I2(4), I1(—1/2), and Z/2Z-torsion is an elliptic
fibration of K5. Similarly from the 4.2 fibration Gg, we deduce that the elliptic fibration
(24 — ¢)(T) with Weierstrass equation

V2= X% +2(t+5t%) X?+ 3 (4t + 1) (£* + 6t + 1) X,

singular fibers I11*(00), 15(0), 3I5(—1/4,t> 4+ 6t + 1) and Z/2Z-torsion is an elliptic
fibration of Ks. ]

To achieve the proof of Theorem 1.2 we need also the following lemma.

LeEMMA 6.1. The Kummer surface Ko has exactly 4 extremal elliptic fibrations
given by Shimada—Zhang [35] with the type of their singular fibers and their torsion

group
(1) E; A7 A3 Ay, Z)2Z,
(2) Do Ar A, Av, Z,)27,
(3) D¢ D5 Az, Z/2Z,
(4) Ar Ag As As Ay Av, Z)27 x /AT

From Lemma 6.1 (2) we obtain the fibration #5(17 — ¢)(7) and from Lemma 6.1
(3) the fibration #15(6 — p)(T).

We notice also that fibrations #17(18 — m)(T") and #26(1 — s)(T") obtained by
specialization are also fibration (4) of Lemma 6.1 and fibration #23(2 — k)(T), by a
2-neighbor process of parameter m = X/(k*(k* + 4)), gives fibration (3) of Lemma 6.1.

Finally, by a 2-neighbor process of parameter m = X/(d?(d+1)), fibrations #24(5—
d)(T) b) and c) give fibration #16(14 — ¢)(T), hence are elliptic fibrations of Ks.

COROLLARY 6.1.  As a byproduct of the proof we get Weierstrass equations for
extremal fibrations of Lemma 6.1 (2), (3), (4).

All these previous results are listed in Table 10. Other Van-Geemen—Sarti involutions
are in the Table 11, where we can see easily on the equations the self-involutions and
isogenies which exchange two elliptic fibrations of Y5.

7. 2-isogenies and isometries.

Theorem 1.2, where the 2-isogenous K 3-surfaces of Y5 are either its Kummer surface
K, or Ys itself, cannot be generalized in extenso to all the other singular K3-surfaces



Table 10.

Apéry—Fermi pencil of K3-surfaces and 2-isogenies

Morrison—Nikulin involutions of Y> (fibrations of K3).

631

Weierstrass Equation

From or to

#4(16 — o)

y2 =25+ (0° — 50% + 2)2% + =

I75(00), 12(0),411 (1,5, 0% — 4o — 4)

Y2 = X(X — 0% +50%)(X — 0% + 50% — 4)

I3 (00), 14(0),412(1,5,0% — 4o — 4)

Spec.#4(T)

#5(17 - q)

Y2 =%+ (¢ + ¢ +2q — 2)2% + (1 — 29)z

ITO(OO)v14(0)712(%)7211(‘12 +2¢+5)

Y2 = X5 —2(¢° +¢7 + 29— 2)X? + Xq*(¢" + 29 + 5)

13(0), 13(0), 212 (¢* + 2 + 5), 11 (3)

Lemma 6.1(2)

#8(9—r)

2 =a3 —r(r? —r +2)2% + iz

Ig(oo)7 I5(0), I2(1), 2171 (£24)

YZ=X3+2r(r? —r+2)X2+ (r — 1)2r2(r2 +4)X

Spec.#8(T)

(24-9)

13(0), 1*(0) 12(1), 215 (£20)
y? =2° — (¥ +5¢%)2” — ¢Px

1( ), 1IT*(0),30 (=L, ¢? + 69 + 1)

Y7 = X%+ 2(5¢7 + ) X2 + X0 (@ + D(¢7 + 60 + 1)

I11%(00), 15(0),3T2(—(3), %2 + 6¢ + 1)

Prop. 6.1

#10(10 — ¢)

y2 =x(2? —e?(e — Da +e3(2e + 1))

13 (00), 1117(0),212(=1, —3), 1 (4)

YZ=X3+22(e—1)X2+e3(e—4)(e+1)2X

I3 (00), I1T7(0), Ia(=1), I2(4), I (— 3)

Prop. 6.1

#15(6 — p)
T = (p,0)

y? =z(z —p)(z —plp+1)?)

13 (00),15(0), 14(=1), I2(=2)

Y2 =X —p(® +2p - DX? - pP(p+2)X

I;(OO), Iik(o)v IS(_I)v Il(_2)

Lemma 6.1(3)

#16(14 — t)

Y2 =ad +t(t? + 4t + 1)a? +tlx

215 (00,0), Io(—1),2I; (2 + 6t + 1 = 0)

Y2 =X3—

2t(t7 + 4t + 1) X2 + 2t + )22 + 6t + 1)X

215(00,0), 14(—1), 21 (t? + 6t + 1)

Spec.#16(T)

#17(18 — m)

y? = x(2? —I—a:( (m?2 —4)2 —2)+1)

I16(c0), 312(0, :|:2) 211 (£2v/2)

Y? = X(X — Zm A rom?)(X — m +2m? — 4)

Is(00),314(0,+2), 212(+2+/2)

Lemma 6.1(4)
Spec.#17(T)

#23(2 — k)

2 =a® + 223k — K5+ K2 —2k) + K=

112(00)1 If(o)v 12(2)1 31 (47 :tQZ)

Y2 — X3 _ (%k4 _ 2]4:‘5 _ 4k)X2 + k3(k—4)(k126+4)(k—2)2

Is(00), I5(0), I4(2), 312(4, £217)

X
k2 (k24+4)

X [to Lemma 6.1(3)

#24(5 — d)

a)T = (0,0)
b)T = (d+ d?,0)
e)T = (d? + d?,0)

y? =a(z — (d+ d)(x — (d&° + d?%))

215 (007 0)7 15(—1)» 12(1)

a): Y2 =X3+2d(d+1)°X? +d?(d?® —1)2X

217(0,0), I (=1), Is(1)

b): Y2 = X3 +2d(d+ 1)(d—2)X? +d*(d+1)2X

13 (00), 13(0), 15 (—1), 11 (1)
€): Y2 =X3-2d(d+1)(2d — 1) X2 + Xd?(d + 1)?

a)Spec.#24(T)
__ X
bIm = tarm
to #16(14 — ¢)(T)
¢) similar to b)

#26(1 — s)

y? = a3 +x2(%(s — 1% —2s%) + sz

2I5(00,0), I4(1), I2(—1), 211 (3 £ 2v/2)

Y2=X(X-1(s-DT+4s5)(X — (s — DY)

Is(1),314(0, —1,00), 2I2(3 £ 2v/2)

Spec.#26(T)
Lemma 6.1(4)
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Table 11. Self and exchanging involutions of Y.

No Weierstrass Equation
y? =2 +26%(8 — 1)2® + B5(8 — 1)’z
13(00), 1117 (0), IT (=1)
Y2 = X3 —4B%2(8 - )X +483(B — 1)3X
T3 (50), 117" (0), 13(1)
v’ =2 +4¢°2° + g°(g + 1)%
211T*(0,0),14(—1), I2(1)
Y2 = X3 - 8¢°X? —4g3(g — 1)2X
211T*(00,0), I4(1), I2(—1)
y?2 =3 +2?n(n? — 21 — 2) + 2 (27 + D)z
15(0), I5(0), I2(=1/2), 11 (4)
Y2 =X3-2X2%27(r2 - 27 — 2) + (7 — 4)X
15(0), 15(c0), I2(4), 1(~1/2)

y? =23 +u(u® + du + 2)z? + v’z
13(00), I7(0), 12(=2), 11 (—4)
Y2=(X—-u(u—2)?) X(X —4u)
15(00), 13 (0), 14(=2), I2(—4)

y? =a(z —p)(z—plp+1)°?)
15(00), 15(0), 1a(=1), I2(=2)
j?f&% Q) YZ=X(X +4p+p° + °) (X + 1)

b)T — (p(p +’1)2 0) IZ(O),I;(OO),14(72),12(71)
’ b) Y2 = X3 —2p(2p% +4p + 1) X% + p°X
15(00), I7(0), 12 (=1), 11 (=2)

y? =z - (2—-w?— %w4)x2 — (w? — 1)z
T12(00), I6(0), 2T2(£1), 211 (£2iv/2)
Y2=X3+22-w? - Juh) X2+ Lwl(w? +8)X
I12(0), Is(00), 2T2(42iv/2), 211 (£1)

#7(29 - B)

#9(12 — g)

#13(26 — )

#14(22 — )

#20(7 — w)

of the Apéry—Fermi family. The first reason is the difficulty of exhibiting all the elliptic
fibrations of singular K3-surfaces Yj. For example, considering the K3-surface Yig,
these elliptic fibrations are given by all the primitive embeddings into Niemeier lattices
of the lattice Ay @ As @ N where N is not a root lattice. The fact that A; (resp. As)
embeds primitively into all the A,,, (resp. A,, n > 2) leads to considerably many more
elliptic fibrations on Yjg than on Y5. The fact that N is not a root lattice requires
new accurate techniques we shall explain in a forthcoming paper. Another reason is the
relation with a Theorem of Boissiere, Sarti and Veniani [7], telling when p-isogenies (p
prime) between complex projective K 3-surfaces X and Y define isometries between their
rational transcendental lattices T(X)g and T'(Y)g (these lattices are isometric if there
exists M € Gl(n,Q) satisfying T'(X)g = M'T(Y)oM). Let us recall the part of their
Theorem related to 2-isogenies.

THEOREM 7.1 ([7]). Let vy : X — Y be a 2-isogeny between complex projective
K3-surfaces X and Y. Then rk(T(Y)q) = rk(T(X)q) =: r.

1. If r is odd, there is no isometry between T(Y )g and T(X)g.

2. Ifris even, there exists an isometry between T(Y )q and T (X )q if and only if T(Y )g
is isometric to T(Y)q(2). This property is equivalent to the following: for every
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prime number g congruent to 3 or 5 modulo 8, the g-adic valuation v,(det T(Y)) is
even.

As a corollary we deduce the following result.

THEOREM 7.2.  Among the singular K 3-surfaces of the Apéry—Fermi family defined
for k rational integer, only Yo and Yio possess symplectic automorphisms of order 2 that
are “self 2-isogenies”.

PROOF. The singular K 3-surfaces of the Apéry—Fermi family defined for k rational
integer are

Yo, Ys, Y3, Ys, Yio, Yis, Y102, Yigs.

This list has been computed numerically by Boyd [9]. Using the notation [35], that is

(Z i) as T(Y) = [a b d] we get:

writing the transcendental lattice T'(Y")

T(Vo)=[4 2 4 T()=[2 0 4 T(¥)=[ 0 12,

They are obtained by specialization of fibration #20 for £k = 0, 2 and 6. For k =0
the elliptic fibration has rank 0 and singular fibers of type I12, 14, 213, 2I;. For k = 2,
the transcendental lattice is already known. For k = 6, the elliptic fibration has rank 0
and type of singular fibers 19, 213, 3I5. Now using Shimada—Zhang table [35], we derive
the previous announced transcendental lattices.

The transcendental lattices T(Y3) and T'(Y1g) were computed in the paper [4]. With
the method used there, we can compute the transcendental lattices of Y1, Y102 and Yigs.
We obtain:

T(;)=[2 1 § T(Yio)=[6 0 12] T(Yis)=[10 0 12]
T(Yio2) =[12 0 26] T(Yies) =[12 0 34].

Applying Bessiere, Sarti and Veniani’s Theorem, we conclude that only Y5 and Yiq
may have self isogenies. By Theorem 1.2, Y5 has self isogenies. We shall prove that Yjq
satisfies the same property.

Consider the following elliptic fibration of rank 0 of Y70 (one of the elliptic fibrations
of Yo obtained in a forthcoming paper):

y? =2+ 2% (9t +5)(t+3) + (t+9)*) — zt?(t +5)*

with singular fibers ITT*(00), I(0), I4(—5), I3(—9), I2(—4) and 2-torsion. Its 2-isogenous
curve has a Weierstrass equation

Y? = X% 4+ X? (—20u® — 180u — 432) + 4X (u + 4)*(u + 9)°

with singular fibers I11*(c0), Ig(—9), Is(—4), I3(0), Io(—5), rank 0 and 2-torsion. Hence
this 2-isogeny defines an automorphism of order 2 of Y1g given by t + u =9, x = —X/2,
y=iY/2V2. O
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Moreover we observe that

TR =2 0 4, TWVa)o= 0 1]

T(Ky)=14 0 8], T(K)gp=1[2 0 1],
Similarly

T(Yio)g=1[6 0 3], T(Kiw)o=1[3 0 6

Hence we suspect some relations between the rational transcendental lattices of K; and of
S; for singular Y;. We give some examples of such relations in the following proposition.

PROPOSITION 7.1.  Ewven if the 2-isogenies from Yy, Ys are not isometries, the

following rational transcendental lattices satisfy the relations
L T(Ko)g = T(S0)q
2. T(K¢)q = T(S6)q-

Moreover the K3-surfaces S3 and K3 are the same surface.

PROOF. 1. For k = 0 we get two elliptic fibrations of rank 0, namely #20 and
#8. The fibration #8(T) gives a rank 0 elliptic fibration of K, with Weierstrass
equation

P =a® 222 (P 1) +a(t— 12 (Bt +1)°,

type of singular fibers D7, 343, As, 4-torsion and T'(Ky) = [8 4 8], using Shimada—
Zhang’s list [35]. On the other end the fibration #20(7") gives a rank 0 elliptic
fibration of Sy

W=z (m _ %(t _ 3i)(t+i)3> <9c _ i(t—k?ﬂ')(t —i)3> (i = —1)

with type of singular fibers 345 (oo, +i), 34; (0,£3i), torsion group Z/2 x Z/6,
3-torsion points being ((1/4)(t2+1)2,+(1/2)(t>+1)2). Hence, by Shimada-Zhang’s
list [35], T'(Sp) = [2 0 6]. Now we can easily deduce the relation

1/2 0 8 4\ (1/2 1/2\ (20
1/2 =1/ \4 8 0 -1/ \06)"
. For k = 6 the elliptic fibration #20 has rank 0 and #20(7T) gives a rank 0 elliptic
fibration of Sg:

(t—3)°

2 3
T (t*—6t+1)",

. tt 3
y?=a® + 22 <2+6t321t2+18t+2> +x

with singular fibers 214 (% —6t+1), Is(c0), 14(3), 211(0,6), and torsion group Z/6Z.
Using Shimada-Zhang’s list [35], we find T'(S) = [4 0 6]. Since
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10 = (5 51) 5 (0 6)

and

we get straightforward
T(Ke)g = T(Ss)o-

Finally we prove that S3 and K3 are the same surface. Consider the elliptic fibration
#20 of Y3 with Weierstrass equation

1
y?=a® 4 o (= 687 + 1567 — 18t = 3) 2” — #(t = 3)z,

singular fibers I19(00), 213(t% — 3t + 1), 215(0,3), 21, (t* — 3t +9), rank 1 and 6-torsion.
The infinite section P3 = (¢, —(1/2)t(t> — 3t + 3)), of height 5/4 generates the free part
of the Mordell-Weil group, since det(T'(Y3)) = 15 by the previous theorem and by the
Shioda-Tate formula

_512x 3 x2?

det(T(¥s)) = 7 ————— = 15.

Its 2-isogenous curve has Weierstrass equation

1 15 1
Y (T VR T 2?4+ — (P =3t+9) (> =3t +1)z,
2 2 2 16
singular fibers 3/g(co,t? — 3t + 1), 215(t*> — 3t +9), 2I;(3,0), rank 1 and 6-torsion. The
section ()3 image by the 2-isogeny of the infinite section Pj is an infinite section of height
5/2. Since neither Q3 nor Q3 + (0,0) are 2-divisible, the section Q3 generates the free
part of the Mordell-Weil group. Hence by the Shioda—Tate formula, it follows
563 x 22
det(T'(S3)) = R 60 = det(T'(K3)).

We can show that K3 and S5 are the same surface. To prove this property we show that
a genus one fibration is indeed an elliptic fibration. We start with the fibration of K3
obtained from #26(T) and parameter m = y/t(z + (1/4)(t — 5)2(ts — 1)?). If k = 3 and
s =s3:= (3++/5)/2 we get E,,. Then changing X = s2z and Y = s3y it follows

y? —3myr ==z (x—mz) (x— é ((112 —48\/5) m* — 16m? —|—7+3\/5>) .

The next fibration is obtained with the parameter n = z/m?. Now if w = y/m? it gives
the following quartic in w and m
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1
2 3mnw + 2 (3\/5 - 7) n(n —1)m* —n(n —1)(n — 2)m? — g (3\/5 + 7) n(n —1).

Notice the point (w = —(1/4)(7+3V5)n(n+1)(n—1),m = (1/4)(2+V5)(2n — 1+\f))
on this quartic, so it is an elliptic fibration of K3 which is #15(T).

REMARK 7.1. The Kummer surface K is nothing else than the Schur quartic [7]
(Section 6.3) with equation

i xys =z%— 213,
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