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Abstract. Let p be an odd prime number, and N a positive integer
prime to p. We prove that p-type subgroups of the modular Jacobian variety
J1(N) or J1 (Np) of order a power of p and defined over some abelian extensions
of Q are trivial, under several hypotheses. For the proof, we use the method
of Vatsal. As application, we show that a conjecture of Sharifi is valid in some
cases.

Introduction.

Let Jo(N) and J1(IN) be the Jacobian varieties of the modular curves Xo(N) and
X1(N), all defined over Q, attached to the congruence subgroups I'o(N) and I';(N) of
SL2(Z), respectively. The purpose of this paper is to study the p-type subgroups of
J1(N). In general, we say that a commutative group scheme over some scheme is a
w-type group if it is finite, flat and Cartier dual to a constant group scheme, following
Mazur [Ma].

As for Jo(N), when N > 5 is a prime number, Mazur proved, among others, the
following two results which had been conjectured by Ogg, in his celebrated paper [Ma,
Chapter III, Section 1]:

e The rational torsion subgroup Jo(IN)(Q)tors is @ cyclic group of order n := (N —
1)/(N —1,12), which is generated by the class of the cuspidal divisor (0) — (00).

e The maximal p-type subgroup of Jo(IN) over Q is the Shimura subgroup
Ker(Jo(N) — J1(N)), which is again of order n.

These two results were proved via the detailed study of the Eisenstein ideal in the
Hecke algebra acting on Jo(IN) or the space of cusp forms of weight two on T'g(N). As
remarked by Mazur [Ma, loc. cit.], if one disregards the two-torsion part, the study
of Jo(N)(Q)tors is much easier than that of the p-type subgroups. Indeed, the latter
required a deep result on the Hecke algebra, the Gorenstein property.

It is possible to extend this method of the Eisenstein ideal to study the rational tor-
sion subgroups of other modular Jacobian varieties, in the “easier” case, i.e. disregarding
the two-torsion part (and sometimes the three-torsion part also), cf. [06], [O7]. How-
ever, it seems rather difficult to extend it to study the u-type subgroups of, for example,
J1(N). In addition, in view of the application we expect, we wish to obtain the result
not only over Q, but also over some (abelian) extensions of Q.
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On the other hand, in [V] (in which the terminology “multiplicative” is used instead
of “u-type”), Vatsal has found a completely different approach to the study of the u-
type subgroups of modular Jacobians. He proved the following result which considerably
generalizes Mazur’s result for non-two-torsion u-type subgroups of Jo(N) with N not
necessarily prime, cf. [V, Theorem 1.1]:

e Let p be an odd prime number, and W a p-type subgroup of Jo(IN) over Q of
order a power of p. If Jo(IV) has semi-stable reduction at p (which is the case if p* does
not divide V), then W is contained in the Shimura subgroup.

It is the method of Vatsal we are going to follow. To state the main result of this
paper, we use the following notation: We let Q({,) be the cyclotomic field of p-th roots
of unity, and identify the Galois group Gal(Q(¢,)/Q) with (Z/pZ)* in the usual manner.
Thus for a subgroup A of (Z/pZ)*, we can consider the fixed field Q(¢,)*. We will prove
the following theorem (Part II, Theorem (5.1.4) in the text):

THEOREM. Let p be an odd prime number, and assume that Np(N) is not divisible
by p, where ¢ denotes the Fuler function. Let kg be a fixed finite abelian extension of Q
such that [ko : Q] s prime to p, and p is unramified in ko. For a subgroup A of (Z/pZ)*,
we set

ka = koQ(¢)".

Assume that A # {1}. If G is a p-type subgroup of J1(Np) over ka of order a power
of p on which the diamond action {(a), of each a € A C (Z/pZ)* is the identity, then G
is necessarily trivial.

Although this formulation of our main theorem is also convenient for our application
to cyclotomic fields, we actually prove it in a slightly different form. We consider the
quotient curve X (Np; A) of X1(Np) by the action of A through ( ),, and its Jacobian
variety Jy (INp; A) over Q. Then, under the same assumptions as above, our theorem can
be restated as follows: Ji(Np; A) has no non-trivial p-type subgroup of order a power of
p over k4 (Part IT, Theorem (5.1.7) in the text). An advantage of considering X (Np; A)
is that it has semi-stable reduction over Q(Cp)A at the prime above p, whose ramification
index is strictly smaller than p — 1 when A # {1}; while this method in turn necessitates
our assumption on the A-invariance of G in the above theorem. On the other hand,
one easily obtains from this a result in the prime-to-p level case; i.e. for N, p and A as
above, J; (V) has no non-trivial u-type subgroup of order a power of p over k4 (Part II,
Corollary (5.1.5) in the text). We also remark that the same results as above obviously
hold for u-type subgroups over any subfield of k4, notably over Q.

We next describe an application of our theorem to the theory of cyclotomic fields,
which in fact motivated our study of the u-type subgroups. We let N and p be as in
the theorem above, and assume moreover that p > 5 in the following application. Fix an
even Dirichlet character 6 of conductor N or Np, for which we assume that fw(p) # 1
when 0 |(z/,7)x = w™!, w being the Teichmiiller character modulo p. Let t be the ring
generated by the values of 6 over Z,. To state our result, we need a rather lengthy list
of terminologies. We refer the reader to Part II, 6.1 in the text for more details, and
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mention here only the following:

— Ay = t[[1 + pZ,]] is the completed group algebra of the multiplicative
group 1+ pZ,, the Iwasawa algebra.

— X is the ordinary part of the projective limit of the étale cohomology
groups H(X1(Np") ®q Q,Zy) ®z, ¢ for 7 > 1, localized at an appropriate
FEisenstein maximal ideal attached to 6.

— b* is Hida’s Hecke algebra acting on X, which is a finite and flat A.-
algebra.

— J* is the Eisenstein ideal of h*.

— A decomposition X = X_ @ X as an h*-module, where X is the fixed
subspace under the action of the inertia group at p (with respect to a fixed
embedding Q — @p). Here, X is known to be a free h*-module of rank
one, whereas X _ is isomorphic to Homy_ (h*, A;) as an h*-module.

— F is the imaginary abelian extension of Q corresponding to fw.

— F is the cyclotomic Z,-extension of F.

— Ly is the maximal abelian unramified pro-p-extension of Fi.

— Gal(Loo/Fuo)(pw)-1 is the (fw)~'-part of the Galois group.

We obtain from the natural action of Gal(Q/Q) on X the map
Gal(Q/Q) — Homy- (X4, X_) = X_

where we have fixed an h*-basis of X to obtain the isomorphism in the right hand side.
It is known that, when reduced modulo J*, this gives rise to a representation:

Gal(Loo/Foo) o)1 — X_/T*X_. (+)

In [Sha], Sharifi conjectured that this is in fact an isomorphism, as a part of more precise
conjectures. We will prove (Part II, Theorem (6.2.2) in the text):

THEOREM. Assume that the kernel of the restriction of 6 to (Z/pZ)* is non-trivial.
Then the homomorphism (x) is an isomorphism.

(One has to modify the A.-module structure of X_ (arising from the A.-algebra structure
of h*) by an involutive automorphism of A, to make (*) as an isomorphism of A.-modules;
cf. Part II, 6.1 in the text.)

As we already said, we will prove our main theorem by following Vatsal’s article [V],
in which he used the following results:

(I) Hida’s non-vanishing modulo p result for the values of Hecke L-functions attached
to Hecke characters of imaginary quadratic fields; cf. [H1], [H2], [H3].

(IT) Rubin’s proof of the Iwasawa main conjecture for imaginary quadratic fields;
cf. [Rul], [Ru2].

(III) Surjectivity of the supersingular reduction of CM points on Xo(M), due to
Vatsal and Cornut; cf. [C].

(IV) Thara’s theorem on modular curves over finite fields; cf. [I].
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An important feature of the modular curves Xo(M), X;(M) etc. is that they contain
many CM points, corresponding to elliptic curves with complex multiplication. The
method of Vatsal makes essential use of arithmetic properties of such points, as we will
see below.

We now explain how the proof of our main theorem proceeds: Let X;(Np; A) be, as
above, the quotient of the curve X;(Np) by the action via ( ), of A. Assume that there
is a non-trivial G as in our main theorem, equivalently a non-trivial u-type subgroup of
J1(Np; A) of order a power of p over k4. Then there is a Z/pZ-torsor (= an étale Galois
covering with Galois group Z/pZ) Z over X1(Np; A) ®q ka =: X1(Np; A) )i, with Z
geometrically irreducible over k4. To rule out such possibility, we want to choose a good
prime number ¢, such that the primes of k4 above g are of degree at most two, to obtain
a Z/pZ-torsor

Z/]qu — X1 (Np; A)/]qu

over Fg2 by reduction. We assume that ¢ = £1 mod Np in which case supersingular
points of X;(Np; A) /F,» are rational over Fg2. In choosing ¢, we further require that all
points of Z JF 2 above these points are rational over F,2. However, Ihara’s theorem (IV)
asserts that such an étale covering cannot exist. Our aim is thus to show that a prime ¢
having the above properties really exists (when non-trivial G exists).

It is therefore important to know what points of X1 (Np; A) (or X;(Np)) are mapped
by reduction to supersingular points in positive characteristic fibres, and how the fibres
of such points via Z — X1 (Np; A) /1, behave. As in [V], we take an imaginary quadratic
field K (in which prime factors of Np all split) and a prime number [ not dividing Np,
and consider points (corresponding to elliptic curves) having complex multiplication by
orders of [-power conductor of K. For Xy(Np), these are the points called Heegner
points and rational over the ring class fields of [-power conductor of K. We will consider
the points of X;(Np; A) (or X;(Np)) lying above such points, which are rational over
the anticyclotomic Z;-extension of some abelian extension of K. If ¢ is a prime number
(¢t Npl) which is inert in K, the result (IIT) of Vatsal and Cornut asserts that Heegner
points reduce surjectively onto the supersingular points of X(Np) JF2 It follows from
this that a similar result holds for X; (Np; A) (or X;(Np)) and the above mentioned CM
points on it by reduction to characteristic ¢ for certain ¢(= £1 mod Np); cf. Part II, 3.2.

The most important step for the proof of our main theorem is to show that the
“growth” of the inverse images of the CM points of X1(Np;A)/x, in Z is moderate.
Precisely, we show that there is a finite extension of K such that all points of Z above
such CM points are rational over the composite of this field and the anticyclotomic Z;-
extension of K, which will enable us to choose “good” primes q. After the study of
ramifications in the fibres of Z — X;(Np; A) /i, in Part II, Section 4, this reduces to
an analogue of Washington’s theorem [W] for anticyclotomic Z;-extensions of abelian
extensions of K. We will prove such a result under rather restrictive assumptions on the
abelian extensions of K (cf. Part 11, 2.1), but it is sufficient for our purpose. (It has been
done by Vatsal for the tower of ring class fields of I-power conductor using (I) and (II).)

To do this, aside from (II), we need an improvement of (I) for Hecke characters of K
whose conductor is divisible by primes above p. This occupies Part I of this paper (and
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also a part of Part II, Section 1). The proof depends heavily on Hida’s ideas, especially
on his Zariski density result of CM points, but we first followed Katz’s article [Ka2] to
study the Hecke L-values of K, and tried to be as self-contained as possible. See the
Introduction to Part I for our result in this direction.

Part I. A result on the non-vanishing of Hecke L-values modulo p.
0. Introduction to Part I.

Let K be an imaginary quadratic field with its ring of integers 0. Let
AN K /K* —C*

be a Hecke character of K, K being the idele group of K. We assume that its infinity
component A, satisfies

Ao(z) = 2% for z € (K @9 R)* = C*

with an integer k.
Let | be a prime number, and 0, := Z + [0 the order of conductor {"™ of K for
n > 0. Let Cl, be the group of proper o,-ideal classes, and set Cly := l'gln>0 Cl,.

—lc — —
Let Cl, = lim Hom(Cl,, QX) be the set of Q  -valued characters of Cly, that factor

through some Cl,, (n < o0). We may consider each ¢ € /C\ILCO as a Hecke character of K
of finite order. Here and below, Q denotes the algebraic closure of Q in C.

Let p be an odd prime number different from I. We fix an embedding of Q into an
algebraic closure of Q,, and let °B be the prime of Q corresponding to this embedding,.
We assume that p splits as (p) = pp in K and assume that p is the prime lying below 3.

Let ¢ be the conductor of \. We will assume the following conditions:

k>2,
¢ is prime to [,

¢ is a product of primes that split in K/Q.

Note that we do not assume that ¢ is prime to p. Let e (resp. €) be the exponent of p
(resp. p) dividing ¢. Let xp : (0/p°)* = (Z/p°Z)* — Q" be the character induced from A.
With these notation and assumptions, we will prove:

THEOREM 1.  There is a non-zero complex number Qo with which the following
assertion holds:

P (k= 1)1g(e™/P" x ) LD (0, X))k, € Q

and moreover these values are B-integral for all € € 6\13; Further, except for a finite
number of €, these values are P-adic units.

Here, g(e%i/f’e,xp) is the Gauss sum, L(s,\e) is the Hecke L-function, and the
superscript “O7” indicates the exclusion of the Euler factors at primes dividing 1.
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When ¢ is prime to p, this is a special case of Hida’s much more general result;
cf. [H1, Theorem 1.1], [H2, Theorem 4.3] and [H3, Theorems 8.17 and 8.31]. Actually,
we will prove this theorem under additional assumptions:

e>e,
¢ # (1) when k = 2,

in this Part I. In the first section of Part II, we will remove these assumptions after
recalling p-adic properties of Hecke L-values. (The case where k = 2 and ¢ = (1) is
already covered in Hida’s theorem; but we avoided the use of non-holomorphic Eisenstein
series in Part I for simplicity.)

The algebraicity of the special values of Hecke L-functions was first established
by Shimura [Shi2]. Katz [Ka2], [Ka3] then studied further the integrality and p-adic
properties of such L-values. As cited above, Hida obtained the non-vanishing modulo p
result for the L-values in [H1]-[H3]. All these results are proved for general CM fields
using Hilbert modular forms.

As noted in the introduction, we need the non-vanishing modulo p result for Hecke
L-values of imaginary quadratic fields when the conductor of the Hecke character is
divisible by primes above p, to prove our main result. The purpose of this Part I is
thus to supply such a result, and we will neither touch the general CM fields nor the
differential operators of Maass, Shimura and Katz. We basically follow the method of
Katz and Hida. The method of the proof of the above non-vanishing result is entirely
due to Hida [H1]-[H3].

1. Level structures on elliptic curves and test objects.

1.1. Basic level structures.
We first recall terminologies from Katz [Ka2, Chapter II]. Let M and T be positive
integers.

DEFINITION (1.1.1). Let E be an elliptic curve over a base scheme S.
(i) A T(M)"Ve_structure on E/S is an isomorphism

an : Z/MZ x ZJMZ = E[M]

of group schemes over S, where E[M] denotes the kernel of multiplication by M on E.
(i) A T(M)a ' structure on F/S is an isomorphism

By X Z/MZ = E[M)
of group schemes over S which satisfies

eM,E(BM(Ch m)7 6M(<23 n)) = CIL/CQL

Here, enr,p( , ) is the ep-pairing on E, and ¢; and (2 (resp. m and n) are sections of
s (resp. Z/MZ) over an S-scheme.
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(iii) A To(T)-structure Cr on E/S is a finite flat S-subgroup scheme of order T of
FE which is cyclic.

(iv) When T is prime to M, a I'(M)"vNT(T)-structure on E/S is a pair (apr, Cr)
of T'(M)"ave_ and T'o(T)-structures. Similarly for a T'(M )25 N Ty (T')-structure.

(v) A pair (E,ay) as in (i) is called a T'(M)"Ve-curve over S. Similarly for a
(M) cyrye, a T(M)"28ve N To(T)-curve and so on.

We remark that a I'(M)"®Ve-structure on E/S exists only when M is invertible in
S. As for a I'g(T)-structure, we will consider it only when T is invertible in S, in which
case C'r is étale over S and the meaning of cyclicity is the obvious one.

Let E be an elliptic curve over a Z[1/M]-scheme S. If apy is a ['(M)"¥Ve-structure
on F/S, we define its determinant by

det(anr) = enrs (aM (é) o (?)) ) (1.1.2)

where pf;™ is the scheme of primitive M-th roots of unity. There is a bijection [KaZ2,
2.0.8]:

{T(M)*¥e_structures on E/S} 5 pb™(S) x {T'(M)™* _structures on E/S} (1.1.3)

apf (det(aM),ﬁaM)
where we define f,,, by:
Beys (det(apr)™, n) := apr(m,n). (1.1.4)

There is a natural right action of G Ly(Z/MZ) on the set of I'(M)™#Ve_structures on
E/S:

ap — app oy fory € GLo(Z/MZ). (1.1.5)

It is easy to see that
det(aps 0 y) = det(an)®*; and (1.1.6)
Bacnson (€™ 10) = By (CIE0 T @m400) ey i) (1.1.7)

if y = (‘z Z). Especially, Ba,,00 = Bay, if and only if v is of the form (8 2)

We can consider the relatively representable moduli problems [['(M)"#¥¢] and
[[(M)2r1th] in the sense of Katz and Mazur [KM, (4.2), (4.13)]. [[(M)"2iv¢] is finite
and étale over (EIl/Z[1/M]), and [['(M)2'*h] is affine and étale over (Ell) in the sense
of [KM, (4.5)]. When M > 3, they are rigid [KM, (4.4)], and these moduli problems
are represented by an affine and smooth curve 9(T'(M)"#1V¢) over Z[1/M] and an affine
and smooth curve 9(T'(M)**h) over Z, respectively [KM, Corollary 4.7.1]. (1.1.3)
shows that 9U(T'(M)»aive) = M(T(M)>1th) @4 Z[1/M, (ar], where (yr € Q is a primi-
tive M-th root of unity. Also, it follows from (1.1.7) and the subsequent remark that
IM(T(M)*th) @, Z[1/M] is the quotient of M(T'(M)"2ive) by the subgroup of G Lo (Z/MZ)
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consisting of matrices of the form (g ?) Similarly for the “simultaneous moduli prob-

lems” (1.1.1), (iv). Especially, for M > 3, MM(L(M)>* N Ty(T)) is an affine and smooth
curve over Z[1/T], and another important property is that it is geometrically irreducible
over Z[1/T].

DEFINITION (1.1.8). A triple (E,w, ) consisting of a T'(M)*th_curve (E, Byr)
over S and a nowhere-vanishing invariant differential w on E/S is called a I'(M ) ith_test
object over S. Similarly for other moduli problems.

1.2. Relation with isogenies.
Let M be, as in 1.1, a positive integer. In this subsection, we assume that we are
given elliptic curves F and F' over S, and an isogeny over S

7 : E — F with its degree deg(w) prime to M. (1.2.1)

If apr is a T(M)"@Ve-structure on E, then 7o ay : Z/MZ x Z/MZ = F[M]
is obviously a I'(M)"@Ve_structure on F. We have ey <7roaM ((1J>77TOC¥M ((1))) =

eM,E (aM (é) , Qg (?))deg(ﬂ), ie.
det(m o apr) = det(avpy) 8™, (1.2.2)

On the other hand, when B is a I'(M)**h_structure on E, 7 o B); may not be
a ['(M)>* _structure on F, since the second condition in (1.1.1), (ii) does not hold in
general.

DEFINITION (1.2.3).  With the notation as above, we define
(0 Bur)™ : piag X Z/MZ 55 F[M] by ;
(o Bar)™(Com) =m0 Bar(¢*¥™ " ).
(Here, of course, deg(m) ™! is the inverse of deg(r) € (Z/MZ)*.)
It is easy to check that (7o By7)™ is in fact a I'(M ) _structure.

LEMMA (1.2.4).  Assume that S is a Z[1/M]-scheme, and we are given a T'(M)ive-
structure apr on E/S. Then, using the notation (1.1.4), we have

(ﬂ' © ﬁOtM)N = BTFOQM'

PROOF. We have 7 o ap(m,n) = Broa, (det(m o apr)™,n) by (1.1.4), and this
is equal t0 Broa,, (det(ans )™ n) by (1.2.2). On the other hand the left hand
side is also equal to 7 o f,,,(det(ap)™,n) by (1.1.4) again, and this is equal to
(7 0 Bay, )™ (det(apr)™4°8(™) n) by the above definition. O

COROLLARY (1.2.5).  Under the same situation, the following diagram commutes:
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T

E —_— F
BWT TBMM
piag X ZJMZ ———— iy x Z/MZ. O
deg(m)xid

Next suppose that the degree of the isogeny m : E — F' is prime to 1. Then 7
induces an isomorphism E[T] = F[T] of group schemes over S. Thus if Cr is a To(T)-
structure on E, we can consider its image 7(Cr) by this isomorphism, which defines a
To(T)-structure on F.

1.3. T (I®)maive_gtructures and I'(1°°)2*th_structures.
For our purpose, it is convenient to consider also the following variants of I'( M )naive.
and T'(M)21h_gtructures. We fix a prime number .

DEFINITION (1.3.1). Let E be an elliptic curve over S. By definition, a I'(]°°)naive-
structure agee = (qyn)p>1 on E/S is a system of I'(I")"®Ve-structures ay» on E/S for
which the following diagram commutes for all m > n:

Z/I™Z x 217 2" E[™)

CaHOD.J/ J/l'm,fn

ZJI"L x Z)I"L —— EI".

an

We define a T'(1°°)¥ " gtructure Bj = (Bn)n>1 similarly as a compatible system of
[ (1™)2rith_structures.

Thus if we define the projective systems of finite flat group schemes by

Zy = (Z[1"L)n>1,
Zy(1) := (pgn)nz1, (1.3.2)
T,(E) := (El"])n1

(with obvious transition morphisms), a I'(1°°)"8Ve_structure (resp. a I'(1°°)**_structure)
on E/S is an isomorphism e : Z; x Z; = Ty(E) (vesp. B : Z)(1) x Z; = Ty(E)) of
projective systems over S. (When [ is invertible in S, it may be also considered as an
isomorphism of smooth Z;-sheaves on the étale site of S.)

From now on, we assume that [ is invertible in S. The pairings e;» g on E[I"] induce

a pairing
oo T)(E) x T)(E) — Zy(1). (1.3.3)
If ayee is a T({%°)"@Ve_gtructure on E/S, its determinant is defined by
det(ayee) := (det(oyn))n>1- (1.34)

Also, if e = (gn)n>1 is a T(1%°)" Ve structure on F/S, we can define a I'(]>)2rith.
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structure B4, by

B(xloo = (/Bam )nzl (135)

cf. (1.1.4). Tt is obtained from a;e and the isomorphism Z, = Z,;(1) determined by the
projective system det(aye) of primitive {"-th roots of unity.

LEMMA (1.3.6). Let w : E — E’ be an isogeny of elliptic curves (whose degree
need not be prime to 1) over a Z[1/l]-scheme S. Suppose that we are given I'(1>)Paive.
structures ayss and s on E and E', respectively, and a matriz g € GLa(Qy) N M2 (Zy)
for which the following diagram commutes:

Ly X Zy s T,(E)

a sz

Ly x Ly —— LT,(E").

foo
Then we have

det(alw)deg(”) = det(agx)det(g).
(Here we have used the multiplicative notation for Z;(1).)

PRrROOF. The values det(oy~) and det(aj..) are constant on each connected com-
ponent of S. We are thus reduced to the case where S is the spectrum of an algebraically
closed field of characteristic different from [, and may replace Z; (resp. T;(E)) in the
above diagram by the “genuine” Z,; (resp. the usual Tate module T;(E)).

Write o and e (resp. ' and €’) for ag and ej g (resp. aje and eje ) for simplicity.
Then since ¢/ (7(x), 7(y)) = e(x,y)4°8™) we have

det(a)deg(ﬂ') — 6/ <7T0a (é),ﬂoa <?)> _ 6/ (OL/Og <(1)),Oélog <(;)> _ det(a')dEt(g).
O

COROLLARY (1.3.7).  Let the notation be as in (1.3.6). If deg(w) = det(g), we have
det(age) = det(a)o ). O

DEFINITION (1.3.8). Let M and T be relatively prime positive integers, and [ a
prime number not dividing MT. A T'(I°°M )2 O To(T)-curve (resp. a T'(1%°M)2ith N
To(T)-test object) is a triple (E, i pr, Cr) (resp. a quadruple (E, w, i, Cr)). Here,
Bisnr = (B, Bar) is a pair of T'(1%°)¥h. and T'(M)* it structures on F, and other
symbols have the same meaning as in (1.1.8). Similarly for the I'(1>°)"aiVe_structure.
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2. Modular forms.

2.1. Algebraic theory.

We recall basic terminologies on the algebraic theory of modular forms from Katz
[Ka2, Chapter IT]. As in Section 1, we fix positive integers M and T such that (M, T) = 1,
and set

T r i=D(M)™™ 0T (T) (2.1.1)

for the simplicity of notation. Recall (1.1.8) that a I'as,7-test object (E,w, Bar, Cr) over a
scheme S consists of an elliptic curve E over S, a nowhere-vanishing invariant differential
won E/S, and a T'(M)**h_structure (resp. a I'o(T)-structure) Bys (resp. Cr) on E/S.

DEFINITION (2.1.2). Let B be a Z[1/T]-algebra, and k an integer. A T'ps r-modular
form F of weight k over B is a rule which assigns an element F(E,w, 8y,Cr) € B’ to
every I'ys r-test object (E,w, By, Cr) over a B-algebra B’, which satisfies the following
two conditions:

(i) Let (E,w, By, Cr) over B’ be as above. If ¢; B — B” is a homomorphism of
B-algebras, and (E,w, Sy, Cr) @ B” = (E', ', B}, C%) over B”, then

F(E' W', By, Cr) = o(F(E,w, Bur, Cr)).
(ii) For any A € B’
F(E,\'w, Bx,Cr) = N*F(E,w, Ba, Cr).
The B-module consisting of all such forms is denoted by R¥(B, T 7).

When B is also a Z[1/M]-algebra, one can define the notion of I'(M)"#ve N T'y(T)-
modular forms of weight k over B in the same way.

To consider the Tate curve and the g-expansions of modular forms, we prefer to use
1/M instead ¢ in [Ka2] to be consistent with the classical terminology. We thus let g™
/MM and consider the Tate curve Tate(q) = “G,,/q”” over

q
be a variable and set ¢ = (

~

Z((q)). We remind of us that there is a canonical isomorphism Tate(q) = G,, of formal
Lie groups over Z((g)). On the other hand, for any positive integer n, Tate(q)[n] “is”
G /q%[n]. Precisely, Tate(q)[n] is isomorphic to the group scheme T'[n] in [KM, (8.7)],
and T[n](R) = (R*/q%)[n] for any Z((q))-algebra R. Thus for r € R* with r" € ¢%, we
use the symbol r “mod ¢%” to denote the corresponding element in Tate(q)[n](R). Over

Z((q"/M)), Tate(q) carries the following structures:

e canonical invariant differential we,, = “dx/x”, where x is the standard
parameter on G,,,

e canonical ['(M)**h_structure Bas.can : pas X Z/MZ = Tate(q)[M)] (2.1.3)
satistying Barcan(C,1) = Cg™ “mod g%,

e canonical I'o(T)-structure Cr can = pp “mod ¢2”.
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We can then define the g-expansion map

R¥(B,Tarr) = Bz Z((¢"™)) € B((d"/™)) (2.1.4)
F— F((Tate(q)vaamBM,cana CT,can)B) = Fq,

where the subscript “p” indicates the base extension from Z((¢*/*)) to B ®gz
Z((¢g*/*)); but when there is no fear of confusion, we express F, simply by
F(Tate(q), Wean, BM cans CT,can). The usual g-expansion principle (cf. [Ka2, 2.2]) holds
for this map thanks to the geometric irreducibility of 9(I'as, ) over Z[1/T7]; cf. 1.1.

2.2. Situation over C.

As for classical modular forms over C, we follow the formulation of Katz [Ka2,
Chapter I}, which we now recall.

Set

GLT := {(w1,ws) € C? | Im(wy/wy) > 0}. (2.2.1)

Via the map (wy,ws) = L = Zw; + Zws, GLT corresponds bijectively with the set of
lattices in C with oriented bases.
The group SLy(Z) acts on GL™ from the right, and

L:=GL"/SLy(Z) (2.2.2)

is the set of lattices in C. To L € L corresponds a pair (C/L, dz) where z is a variable on
C, to which then corresponds a pair (E,w) consisting of an elliptic curve E over C and a
nowhere-vanishing invariant differential w on it. Precisely, the Weierstrass theory gives
an isomorphism C/L = E(C), through which dz and w correspond. This establishes
a bijection between £ and the set of isomorphism classes of (C/L,dz), and also that
of (F,w) over C. In what follows, we will sometimes identify (C/L,dz) and (F,w),
especially C/L and E(C), when their correspondence is obvious.

Set
1
a(L) := ?(wle — w1Ws) with (wy,ws) an oriented basis of L (2.2.3)
i

where the bar indicates the complex conjugation. Then the ejs-pairing on E[M] =
(1/M)L/L is given by

e (ﬁ} j}) — exp (J\/./(z7r([,)(€1£2 - £1£Q)> . (2.2.4)

C* acts on GL' as A : (w1, ws) — (Aw1, Awz), and we have an isomorphism
GLT/C* 5 H := {r € C|Im(7) > 0} (2.2.5)
by (w1,ws2) — T = wa/wy. The action of v = (CCL Z) € SL3(Z) on the left hand side com-

mutes with the action 7+ (d7+b)/(c7 +a) on the right hand side via this isomorphism.
A function ' : GLT — C is said to have weight k € Z if it satisfies
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F(wi, A\ws) = A *F(wy,ws) for all A € C*, (2.2.6)

If a holomorphic function F' : GLT — C is invariant under the action of (é 1\1/1)7 ie.

F(wi,ws+ Mwy) = F(wy,ws), then the function on H, 7+ F(27i, 27iT) has the Fourier
expansion

F(2mi, 2miT) = Z ang™™M with /M = 2miT/M, (2.2.7)
nez

If moreover F' has weight k, F' is uniquely determined by this g-expansion:

N\ k .
211 2w
F(wy,ws) = <w> E A, exp ( wa n) ) (2.2.8)
n

DEFINITION (2.2.9). Let I'(M) and I'g(T") be the usual congruence subgroups of
SLs(Z). A holomorphic function F' : GL* — C is called a modular form of weight &k on
['(M)NTo(T) if it satisfies:

e F is invariant under T'(M) and T'g(T),

e I has weight k,

e Every transform of F' by an element of SLy(Z) has the g-expansion (2.2.7)
in C((g"/M)).

PROPOSITION (2.2.10) ([Ka2, 2.4]).  For an element F of R*(C,T 1), define the
function F?2 on GLT by:

C . awr + bwo w1
Fan = F d 27mia/M b) = 1 _ <7> )
(wl,WQ) <Zw1 +ZW2’ Z»ﬂ(e ) ) M 7C M

Then the correspondence F — F* gives an isomorphism of R*(C, T'yor) to the space of
modular forms of weight k on T'(M) NTo(T) in the sense of (2.2.9).

This isomorphism preserves q-expansions: the q-expansion (2.2.7) of F**(2mi, 2miT)
coincides with F((Tate(q),wean, BM,cans CT can)C)- O

2.3. Modular forms on T'(I°°M)2™ith O\ Ty (T).

We fix a prime number [ not dividing MT.

From now on, we fix I"-th roots ¢*/*"™ of ¢ in such a way that (
¢"/""M for all m > n. Then the Tate curve Tate(q) considered over Z((¢*/*"M)) carries,
in addition to the data (2.1.3), the canonical I'(I")*i*h_structure (to be precise, with
respect to this choice)

/M g MY

Bin can © tn X /1L 55 Tate(q)[I"]; (n,0) = ng”/" “mod ¢*” (2.3.1)
and further over lim | Z((g"/""M)), the canonical T'(1°°)21th_structure

ﬁl‘”,can = (61",Can)n21~ (232)
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By means of (2.3.1), with Bimarcan = (Bin cans BM can), We can define the injective g-
expansion map

RF(B,Tpnprr) — B @y Z((gH"M)) (2.3.3)

as in (2.1.4).

When m > n, there is an obvious correspondence (I'ymas r-test objects over S)—
(T'yn s, -test objects over S) for any Z[1/T]-scheme S. Thus for any Z[1/T]-algebra B,
we obtain a homomorphism

RF(B,Tynnir) = R¥(B,Tymr). (2.3.4)
The g-expansion maps clearly commute with this map
R¥(B,Tiiar) —— Bz Z((gV/"™M))
l lincl. (2.3.5)
RE(B,Tymmr) — Bz Z((¢/""M))
and especially (2.3.4) is injective.

DEFINITION (2.3.6). Let B be a Z[1/T]-algebra. A modular form F over B of
weight k£ on

Do prr = DI M) N Ty (T)

is a rule which assigns to each I'jepr p-test object (1.3.8), (E,w, B, Cr) over a B-
algebra B’, an element F(E,w, B;<ar, Cr) € B’ satisfying the same properties as (2.1.2),
(i) and (ii). We denote by R*(B,T= ) the B-module of all such forms.

We have a natural homomorphism

@Rk(B, Cinarr) — RE(B,Tieens 1) (2.3.7)

n

in a similar manner as (2.3.4).
LEMMA (2.3.8). The above homomorphism (2.3.7) is an isomorphism.

PrOOF. Giving an element F € RF(B,Tjnp7) is equivalent to giving a rule
f which assigns to each I'jnpsp-curve (E,Bimpr, Cr) over a B-scheme S an element
F(E, Binpr, Cr) € HO(S,w®*) compatibly with Cartesian squares, where w is the direct
image of QF, /s to S. The correspondence F' <+ f is given by

F(anv 6Z"M7 CT)w®k = f(E7 51”M7 CT)

cf. [Kal, 1.1, 1.2]. From this point of view, when ["M > 3 so that the I'jn s p-moduli
problem is representable, the “evaluation at the universal object” gives a canonical iso-
morphism
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RE(B,Tynnr) = HO(W(FMM,T)/B,QS?]C)

where w,, is defined as above for MM (T ps.7) ,B and the universal elliptic curve over it.
On the other hand, for m > n, the natural morphisms IM(Tympr7) — M(Tyinar,7)
are affine, and there is the projective limit

M(Lioepr,r) := Jm MM (Limp,7)

n

in the category of Z[1/T]-schemes. (Explicitly it is Spec(lim An) if M(Timarr) =
Spec(Ay,).) This scheme represents the functor

(schemes/Z[1/T]) — (isomorphism classes of I'je 57 r-curves).
Therefore for the same reason as above, we have an isomorphism
R¥(B,Tjsoprr) = HO(SJ?(onoM,T)/B,g?;’“)
with the obvious definition of w_ . Our claim is then equivalent to the isomorphy of

lim HO(W(FZHM,T)/B,Q%]C) — H M (T n1,7) 55 w)

n

which is clear. O
COROLLARY (2.3.9).  We have the injective g-expansion map

R¥(B,Tisnrr) = B @z imZ((¢"/"")). O

By (2.3.8), we may consider R*(B,I'np7) as a subspace of R*(B, = 7). This
allows us to apply the operators “|g¢g” studied below (cf. (3.3.6)) for elements of
R¥(B,Tjnp ) (though the image may not have the same level).

3. Some operators on test objects and modular forms.

3.1. Nebentypus.

Each element (a,b) € (Z/MZ)* x (Z/MZ)* determines an automorphism of g, x
Z/MZ by the rule (¢,n) + (¢%,bn). If Byr is a T'(M)2*_gtructure on an elliptic curve
Eover S, Bao(a,b) : pyy x Z/MZ = E[M] is a T'(M)**_structure on E/S if and only
if b=a"1. We thus set

ha := (a,a™ ") for a € (Z/MZ)* (3.1.1)
and make the following:
DEFINITION (3.1.2).  When (E,w, B, Cr) is a Iy p-test object, we set

ha(an76M7CT) = (an7BM o ha7CT)~
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When F € R*(B,Tx 1), we define F' | h, € R¥(B,Ta7) by
(F' | ho)(E,w, Br, Cr) == F(ho(E,w, Brm, Cr)).
If p: (Z/MZ)* — B> is a homomorphism, we say that F' € R*(B,Ty; ) has the
character p if
F|hg = p(a)F for all a € (Z/MZ)*.

3.2. Degeneracy operators.

Let d be a positive integer prime to M7T. Consider a I'p;q7-test object
(E,w, B, Car) over a Z[1/dT])-scheme S. Here, Cyr is a cyclic subgroup scheme of
order dT of E, and hence we have Cyr = Cp X g Cy with Cp = Cyr[T] and Cyq = Cyr[d].

DEFINITION (3.2.1).  With the notation as above, we define

[dlar,r = [d] : (T ar,ar-test objects over S) — (I'ps,r-test objects over .S),
[d](Ev w, ﬁMa CdT) = (Ela wlv ﬁ;\/fa Cé‘)

as follows:
o £/ := E/Cy with 7 : E — E’ the quotient morphism,
e o' := 7*w, where 7 is the isogeny dual to m,
o B4y = (moBu)~, cf. (1.2.3),
o Ch:=7(Cr).
When B is a Z[1/dT]-algebra, we define

Rk(BaFM,T) — Rk(B,FMdT)
by (F'|[d])(E,w, B, Car) == F([d|(E,w, B, Car)).

PROPOSITION (3.2.2).  Let F be an element of R¥(B,T ) with B a Z[1/dT)-
algebra. Let

Fq = F((Tate(q)awcana ﬁM,CaI]) CT,can)B) = Z anqn/M

be the q-expansion (2.1.4) of F'. Then we have
(F | [d)g =) ang™™.

PrROOF. We consider the effect of [d] on (Tate(q),wean; B can, Car,can) OVer
Z[1/dT)((¢"/™)).

First, Tate(q)/Ca.can = Tate(q)/py = Tate(q?), the isogeny 7 : Tate(q) — Tate(q?)
corresponds to the d-th power homomorphism on G,,, and T*wWcan = Wean ON Tate(qd),
cf. [Kal, pages Ka-22 and Ka-23].
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db/M  « dZ»

Then, since 7 0 Bascan(n,b) = nq mod ¢**”, it follows from the definition
(1.2.3) that (7 o Barcan)™~ (0, 0) = "M “mod ¢%”, i.e. (7 o Bucan)”™ = BM,can O1
Tate(q?). It is clear that 7(Cr can) = Cr can on Tate(q?).

Therefore, if g : Z[1/dT]((¢"/™)) — Z[1/dT]((¢"/™)) is the Z[1/dT]-algebra homo-
morphism sending ¢'/M to ¢*/™ | the quadruple computed above is the base extension of
(Tate(q), Weans B, cans CT,can) by 4. Our claim follows from the property (2.1.2), (i). O

COROLLARY (3.2.3). Letd and d’ be positive integers prime to MT. Then, for any
Z[1/dd'T)-algebra B, the following diagram commutes

RE(B.Tar) —9 s RMB,Tarar)

I[d’]l l\[d/]

R*(B,Tmar) W R*(B,T m,aar)

and the composites of the consecutive arrows in fact coincide with [dd'].
Proor. This follows from (3.2.2) and the g-expansion principle. O

3.3. Action of GL2(Q;) and its subgroup G(I).
We return to the situation considered in 1.3 and 2.3.

LEMMA (3.3.1). Let (E, ) be a T'(1°%°)"Ve_curve over a Z[1/l]-scheme S. For a
matriz g € GL2(Q) N Ma(Zy), there is an elliptic curve E'/S, a T'(1°°)"*Ve_structure o/je
on it, and an S-isogeny w : E — E' whose degree is a power of I, making the following
diagram commutative:

Ly X Zy — T,(F)

gl lzm

Zy <2 —— Ty(E').
1

[e7ES)
The triple (E', o, ™) is unique up to canonical isomorphisms over S.

PROOF. Let Q;/Z; (resp. E(l)) be the constant I-divisible (Barsotti-Tate) group of

naive

height one (resp. the [-divisible group attached to E). Then giving a I'(I°°) -structure
aj~ on E/S, defined as an isomorphism of projective systems in (1.3.1), is equivalent
to giving an isomorphism of I-divisible groups Q;/Z; x Q;/Z; = E(l) over S which we
denote by the same symbol q;~. Our claim is then equivalent to the existence of the
following commutative diagram for the [-divisible groups over .S:

Q/Z x Q)% ——— E(])

] I =

Q/Zy x )2y —— E'(1).
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Now given g, g~ *(Z; x Z;)/(Zi x Z;) determines a finite subgroup scheme F of E/S
of order a power of [ via aj. If we set E' := E/F,; and let 7 : E — E’ be the quotient
morphism, there is the unique isomorphism at the bottom horizontal arrow making the
diagram (%) commutative, which gives ojw.

Conversely, if we have the commutative diagram in our claim, m, whose degree is
naive

assumed to be a power of [, must be the quotient morphism by F, and the I'(I°°)
structure aje is uniquely determined by 7. O

With the above notation, we write g(E, oye ) for (the isomorphism class of) (E’, o/« ).

COROLLARY (3.3.2). Let g and g' be two elements of GLo(Q;) N M2(Z;). Then we
have

9'(9(E, =) = (9'9)(E, e ).

This action of the semigroup G La(Qi)NMa(Z;) uniquely extends to the action of GL2(Qy)

on the set of isomorphism classes of I'(1°°)"®Ve-curves over S.

PROOF. Let us denote by Fi () the set of isomorphism classes of I'(1°°)"#iVe_curves
over S. The uniqueness in (3.3.1) implies that (E, <) — g(F, a;=) in fact gives the
action of GL2(Q;) N Ma(Z;) on Fi(S). But i = ((l) (l)) acts trivially on Fi(S), and hence
the latter claim follows. O

REMARK (3.3.3). Let F5(S) be the set of isomorphism classes of the pair consisting
of an elliptic curve up to isogeny of l-power degree, E ® Z[1/l], and an isomorphism of
Q-sheaves Q, x Q, 5 (the Q;-sheaf associated with T,(E)) on the étale site of S. Then
according to Deligne(’s argument) [D, Corollaire 3.5], the natural map Fy(S) — F»(S5)
is bijective. The action of GL2(Q;) on Fy(S) we have just described is nothing but the
one corresponding to the obvious action on F5(S). We have preferred the above rather
elementary description.

We now choose and fix a system ({m),>1 C @X of primitive {"-th roots of unity
satisfying (/.1 = (» for all n > 1. Let S be a Z[1/l, (o] := Z[1/1, {n (n > 1)]-scheme.
The choice of ((jn)n>1 determines isomorphisms pyn = Z/I"Z ((n <> 1 mod ™) and
Z,(1) 2 Z, over S. For an elliptic curve E/S, we identify a I'(1°°)*!*"_structure S~ with
a [(I°°)"aive_gtructure aye of determinant ((j»),>1 by means of this latter isomorphism,
cf. (1.3.5), and similarly for I'(1")2*h_ and T'(I™)"Ve_structures. Set

G(l) :=={g € GLy(Q;) | det(g) is a power of I}. (3.34)

Let g be an element of G(I) N Ma(Z;). If (E,qu=) is a T(I°°)"*Ve-curve over S and
9(E, =) = (E', o)), it follows from (1.3.7) that det(aye) = det(aj ). We can therefore
consider the action of G(I) on the set of isomorphism classes of T'(1°)arith
via the above identification which we write as (F, B ) +— g(E, Bi).

Now let M and T be relatively prime positive integers, and assume that [ does not
divide MT. Let S be a Z[1/IT, (o ]-scheme.

-curves over S
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PROPOSITION (3.3.5).  Let the notation and the assumption be as above. Then there
is the unique action of G(I) on the set of isomorphism classes of T'jec pr 7-test objects over
S (cf. (1.3.8)), described as follows: Let X = (E,w, Bi~, By, Cr) be such an object. Let
g be an element of G(I) N M2(Z,), and g(E, Bie) = (E', Bl ) with the quotient morphism
m:E — E'. Then we have

9X = (B, 7w, B, (7 0 Bar)™, 7(CT)).

PrOOF. Take g,¢9' € G(I)NM3(Z;). For (E, Bi=), let (E', Bj«) and 7 : E — E' be
as above, and define ¢'(E’, fj~) = (E", f]~) and 7’ : E’ — E” similarly. To show that
' (gX) = (¢'g) X, the only non-obvious point is the relation

("o (mo Bu)™)™ = ((n" o m) 0 Bur)~
which follows from the computation

deg(n’om) ™1 b

G296 (moBar)™ (15" 1) “2Y (2 o) o Bar(n b).

("o (moBar)™)™ (n,0)
When g = (lg l%) (a>0), 7: E— E' = F is multiplication by [ so that

l—2a

(,’ToﬁM)N(nvb) :laﬁM(ﬂ ab) :ﬂMohl_“(nvb)

(cf. 3.1.1). We therefore have

“ 0
<O la) (E7wvﬂl°°7/8MaCT) = (Ea law,ﬂlm,ﬂM o hl—a,CT).

This action of (zg l%) is bijective on the set of isomorphism classes of I'j 7, 7-test objects
over S (in which [ is invertible). We can thus extend the action of G(I) N M2(Z;) to the
whole group G(I). O

DEFINITION (3.3.6). Let B be a Z[1/IT, (;=]-algebra. For F € RF(B,T 1)
(cf. (2.3.6)) and g € G(1), we define F|g € R¥(B, T pr,7) by
(F9)(X) := F(9X)
for all I'jeo o7, 7-test objects X over B-algebras.

Actually, in our later applications, we only need the action of the following matrices
in G(I) with 4,5 € Z:

(l Z?L> which we have already described,

0
= (1 _ZM) cand A =1"a,; = (1/1 —iM/l > : (3.3.7)

o I 0 1
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PROPOSITION (3.3.8).  Let F be an element of Rk(B,Floo]V[’T) with its q-expansion
Fo=>, anq™" M for some positive integer c. With the same notation as in (3.3.6) and
(3.3.7), we have

(F'| Ari)q Zan zic+v Lt )",

(F ‘ B, ,J Zan <1c+r /e M)

PrROOF (cf. [Kal, 1.11]). We give the proof only for the second formula,
since the first one is similar. We consider the effect of B,; on the Tate quintuple
(Tate(q)7wcan7ﬁl°°,can; BM,can7 CT,C&m) over h_H}m Z[l/lTa le’o]((ql/lmM)) = Roo Write

Br,j (Tate(q), Wean El“,canv ﬂM,cana CT,Can) = (E/’ w/’ Blloo , B;\/Iv Cé“)

Recall that Bym can on Tate(q) is defined by (2.3.1), and we have identified p;m» with
Z/1"™Z by our chosen (;= . Recall also that the action of I7" = (l; 197,) was described

in the proof of (3.3.5). Since b_l = (1/0lr ]1\14//;2*)7 we see from the proof of (3.3.1) that

" is the quotient by H,.; := ((r, gg;? I “mod g

The quotient of Tate(q) by (¢ “mod ¢%”) is isomorphic to Tate(q! ), and the quo-
tient homomorphism 7, : Tate(q) — Tate(¢'") corresponds to the I"-th power homomor-
phism on G,,. The image of H,; by m is the subgroup <(jleMq “mod ¢'"#”), and the
quotient of Tate(q'") by this subgroup is Tate((lj}Mq). Let my : Tate(q"") — Tate((lerq)
be the quotient homomorphism. We may therefore identify E’ = Tate(q)/H,; with

Z77>.

Tate((lj,.Mq), and the quotient morphism 7 with w5 o 7. We have:

® T Wean = T3 O TiWean = TaWean = I Wean, 50 that W’ = wean.

® Bl = (Bjm)m>1 is the unique compatible system of I'(I™)**h_structures making
the following diagram commutative, for all m > 1:

Blm can

ZJIML X L) IML —=— pym X L1M7 —> Tate(q)[I™]

ol l |

L)1 X L)L ——s g X Z)I™Z, % Tate(¢M q)[I™).

m

The element (a, b) in the top left group is sent to (ﬂr,lf ¢/ “mod ( JMq)Z” in the bottom
right group, if we go clockwise. So, one easily checks that f.(n,b) := n(¢/M, ¢"/"™ )P
“mod (¢}M¢q)?” for m > 1 give the desired system.

e Since

(70 Batcan)™ (0,0) = ' "M “mod (¢JM )%
_ nl_r(cljrql/M)lrb “mod ( JMq)Zn’

we have
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B (m,b) = n(¢g*/*)® “mod (M q)™".

o We clearly have 7(Cr can) = top-

Now the Z[1/IT,(~]-algebra automorphisms of Z[1/IT,(]((¢"/""M)) sending
g M g C{m,+rq1/lm”[ for m > 1 give rise to an automorphism of the ring R.,. The
above argument shows that B, ; sends the Tate quintuple to the one obtained by the
base extension by this ring automorphism, and hence our conclusion follows. O

3.4. Hecke operator U(I") on R*(B,Trrs7)-

Let M, T and [ be as in the previous subsection. Let E be an elliptic curve over a
Z[1/IT)-scheme S. If ays (resp. fs) is a T'(1%)"Ve(resp. a I'(1%)21h.) structure on E/S,
we call Cim = ays (I°"™Z/JI°Z x {0}) (resp. Bi=(pym)) the To(I™)-structure associated
with s (resp. =) for 1 < m < s. Via the correspondence 8= — Cjs, we have a
g-expansion preserving injection

R¥(B,Tpsr) — R¥(B,Tisprr) (3.4.1)

as (2.3.4), for any Z[1/IT)-algebra B. By means of this, we will consider R*(B, Ty s7)
as a subspace of Rk(B,I‘lsM’T) or Rk(B,I‘looMJw).

We now consider the Hecke operators U(I") for » > 1 (which are well-known for
modular forms on T'o(N) or I'1(N)) on R¥(B,T s s7) for s > 1.

Let X = (E,w,Bum,Clsr) be a Ty sp-test object over a B-algebra B’. There is
a faithfully flat B’-algebra B” over which E admits a I'(I")"Ve_structure a; whose
associated T'g(l)-structure is Cysp[l]. The cyclic subgroups of Z/I"Z x Z/I"Z of order
I" which have trivial intersection with Z/I"Z x {0} (equivalently with [""1Z/I"Z x {0})
are given by the subgroups <<111\4>>, 0 <14 < 1" —1; and note that these correspond
to subgroups a;il(Zl X Zi)/(Zy x Zy) of (1/I")Z)Z x (1/I")Z/Z in the notation (3.3.7).
Set K, ; = ayr (<<”1V[)>> C E[l"], E; := E/K,;, and let m; : E — E; be the quotient

homomorphism. We can then consider the I'jz ;s 7-test object
XZ‘ = (Ei,l_rir;‘w, (7TZ' 9] BJW)N o hlr, Wi(ClsT)).
For F € R¥(B,Tp:7), we define

"1

(FIUIM)(X):=1""> F(X;). (3.4.2)
1=0

PROPOSITION (3.4.3).  Let the notation be as above. Then F|U(I") belongs to
R¥(B,Targs7). If F has the g-expansion F, = >on ang™M | we have

EUE), = awrq™.

PROOF. Set S := Spec(B’). The universal situation giving the above a;- is as
follows: Let [[o(l)] and [['(I")"v¢] = [I'(I")] be as in [KM, (5.1)]. Then to the g(l)-
structure Cisp[l] on E/S corresponds a section S — [['o(l)] /5. Form the fibre product
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[ )aive] g g X[Lo()]gys S = S = Spec(B) with respect to the “associating the I'o(l)-
structure” morphism [ (I"mavel g g — [To(l)]pys. There is the tautological I'(I")raive-
structure ayr on E/ S and the above «y- is the base extension of a;» by the unique
B-algebra homomorphism B — B". We may thus take B and &~ for B” and oy-.

Now S/S is a torsor under the group {g € GLy(Z/I"Z) | gmodl is upper
triangular}. The value (3.4.2), a priori lying in B, is ecasily seen to be invariant under the
action of this group, and hence belongs to B’. It is straightforward to see that the rule
F|U(I") thus obtained satisfies (2.1.2), (i) and (ii), so that it belongs to R*(B, sz 7).

On the other hand, we considered R¥(B, Ty s7) as embedded in R*(B,Ti=n 1),
and it is further embedded into the bigger space R*(B @z im) L[1/IT, oo ], Tioo pg,7), in
the notation of the previous subsection. Being considered in this last space, we have
defined F'|U(I") as

"—1
FIUW") =1""Y F|A;
=0

(cf. (3.3.5)—(3.3.7)), and hence our claim on the g-expansion follows from (3.3.8). O

4. CM test objects over C.

4.1. Preliminaries on imaginary quadratic fields.
In this section, we fix an imaginary quadratic field K, and denote by o its ring of
integers. We also fix a prime number [, and denote by

0, :=Z+1"0 (4.1.1)

the order of conductor {" of K for n > 0. Let I,, be the group of proper (fractional)
o,-ideals, and Cl,, the group of proper o,-ideal classes. If a is a proper o0,-ideal, we
denote by {a},, the class of a in Cl,,. We have the well-known formula

K
|Cl,| = | Clo| - I"[0™ : 0|7t (1 - (l) l_l) for n > 1. (4.1.2)

Here, (K/l) = +1,—1 or 0 according as [ splits, remains prime or ramifies in K, respec-
tively.

Let K, be the idele group of K, and K (resp. K ) its infinite (resp. finite) part.
For z € K and a prime number ¢, we denote by z, € (K ®g Qq)* the g-component of
x. When a is a lattice in K and z € K, we let za be the unique lattice in K such that
(xa)y = zqa, for all ¢, the subscript “,” for lattices meaning the completion at ¢. Thus,
if we let Z be the profinite completion of Z and @ := a ®7, Z, we have za = za N K. We
have the canonical isomorphism

K /KXo = Kgyo/a; = [, by z— xo0, (4.1.3)
which in turn induces

K} /KX8XK* = Cl,. (4.1.4)
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Denote by || - || the idele norm quasi-character of K. For any n > 0 and a = ao,, with
a € K, we can define its norm by

N(a) := [|al| 7. (4.1.5)

If n = 0, this is of course the usual norm, and N(a) = N(ao) in general.
When n and m are non-negative integers, we have the obvious commutative diagram
with exact horizontal lines

0 —— KX0%,, K* K Closm —— 0
incl.l H lp:frm (416)
0 —— KXoXK* K Cl, — 0.

It follows that the kernel of the natural homomorphlsm pt™ 2 Clyym — Cly, is canon-
ically isomorphic to KXoy K* /KXo, ,K* = o), /o) where as above the sub-

00 n+m n+m lon ’

script “;” means the l—adlc completion. When n > 1, 0% = {£1}, and hence this group
is equal to on l/on+m ;> and it has order ™.

It also follows from (4.1. 3) that the kernel of the natural homomorphism I, 4., — I,
is canonically isomorphic to on o

n+m,l*
PROPOSITION (4.1.7).  Choose a complete set {eq,...,e;m_1} of representatives of
oy /or . for fizedn > 1 and m > 0. Let a = ao,, be a proper o,-ideal with a € K,

and set a; := l_melaoner.

1) (™) " {akn) = {{a0tngm, - {arm—1}bnim}-

(2) a; contains a, and a;/a is a cyclic group of order I for each i. Further, these
groups constitute all cyclic subgroups of K/a of order I which have trivial intersection
with the cyclic subgroup ao,_1/a of order l.

PROOF. The first assertion is clear from (4.1.6).
It is easy to see that a; O a, and we further have

ai/a = ﬁl/a = l_meiﬁner/ﬁn = l_m0n+m/0n
which is cyclic of order ™. On the other hand,
aon_1/a = ao,_1/a0, = o,_1/0, £ Z/IZ.

Thus, if a;/a has non-trivial intersection with ao,_1/a, we must have ao,_; C a;. This
implies that {"0,,—1 C 0,,4+m, which is impossible.

It is clear that a;/a # ay /a if i # /. Since there are exactly "™ cyclic subgroups of
K/a of order I"™ that have trivial intersection with ao,_1/a (cf. 3.4), the assertion (2)
follows. O

Let {w, 1} be a Z-basis of o so that 0,, = ZI"w + Z. We consider {{"w, 1} also as a
Z;-basis of 0, ; = 0, ®z Z;. In the following, we fix a positive integer M prime to [ and
set
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eni = 1+il"Mw € oy, for i € Z. (4.1.8)

PROPOSITION (4.1.9).  Let the notation be as in (4.1.7).

(1) The elements e, for 0 < i <™ —1 form a complete set of representatives of
o;l/o;_km’l, If we define a; from a = ao,, using e; = en; as in (4.1.7), then a;; is a free
Z;-module with basis {a 1™ w, a)l~™(1 + il Mw)}.

(2) ep,i mod o:er’l depends only on i mod ™. When n > m, we have an isomor-
phism of groups

X X ~ m .
on,l/0n+m,l = ZJ/IZL by e, — i

PROOF. (1) We first prove the second assertion. For this, it is enough to treat the
case a; = 1. We thus want to show that

a1 = l*men,iomrm,l = Zl(l”w) + Zl(lim(l + zl”Mw)) =: bi,l-

The left hand side is a free Z;-module with a basis consisting of [7™e,; and
I=™e, i (I"F™Mw) = ["w + il> Mw?. Since b;; contains 1 and w? = aw + b with a,b € Z,
we see that a; ; C b; ;. But both a;; and b;; contain a; as a submodule of index [, and
hence a;; = b; ;.

It follows from this that all a;; (0 <1 <{™ — 1) are different, and hence e, ; in the
X

same range are different mod o/ .

(2) Since
14+i"Mw+ 1" c=14+i"Mw mod o* for any c € o,

n+m,l

X

bl depends only on ¢ mod ™. If n > m, it also follows that

én,; mod o

(1 +4d"Mw)(1+i1"Mw) =1+ (i +1i)"Mw mod o

n+m,l
for any 4,1 € Z. O

4.2. CM test objects over C.
We let M and T be positive integers such that (M,T) =1 and (I, MT) = 1, which
are subject to the following data on which our construction below depends.

e There is an integral ideal § of K such that (f,§) = 1 and M = N(f)

(so that all prime factors of M splits in K), (4.2.1)
e There are prime ideals t;,...,t of K and T'= N(t; - - - t;) is square free -

(so that each t; splits or ramifies over Q).

Let a be a proper o0,-ideal for some n > 0. In general, when b is an integral o-ideal
prime to [, we say that a is prime to b if ao is prime to b in the usual sense. We assume
that a is prime to M (i.e. prime to Mo) in the following. Thus a; = 0, 4 = 04 for all
prime numbers ¢ dividing M, and we have a/Ma = 0/Mo canonically. Now to the lattice
a corresponds pairs
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(C/a,dz) and (E(a),ws(a)), (C/a=E(a)(C), dz +> ws(a)) (4.2.2)

as in 2.2, which we will often identify. Under the fixed data (4.2.1), we equip E(a) with
the following level structures:
We define the I'(M)"®Ve_gtructure

anr(a) : Z/MZ x T/MZ 5 B(a)[M] = %a/u (4.2.3)

as the inverse of the composite of canonical isomorphisms
1 ~ ~ ~ -~
Ma/a = a/Ma—=o/Mo—=o/fxo/f >Z/M x Z/M.
We define the I'(M )P _structure

Bur(a) s ppy X Z/MZ = E(a)[M] by Ba(a) := Bay(a), cf. (1.1.4). (4.2.4)

We define the T'g(7T')-structure by
t t
Cr(a) = P E(@)[tin] = Ptira/a with t;, = t; Noy. (4.2.5)
i=1 i=1

Finally, when n > 1, we define the I'g(I)-structure by
Ci(a) :==ao,_1/a, cf. (4.1.7). (4.2.6)

DEFINITION (4.2.7).  'With the above notation, we define I'ys - or I'as p-test ob-
jects over C respectively by

{XOO,M,Tm) = (E(a), wee (a), Bas (0), O (0)),
XOO,MJT(C‘) = (E(Cl), woo(a)v BM(a)a CT(a)7 Cl(a))

The tuples without differentials

{xM,T(a) = (E(a), Bum(a), Cr(a)),
ryr(a) == (E(a), Bu(a), Cr(a), Ci(a))

determine C-valued points of the modular curves MM(I'ys 1) and M(Tarr) (cf. 1.1).
LEMMA (4.2.8). Let a be a proper o0,-ideal prime to M. Then we have
det(apr(0)) = det(aps(a))t V@
the norm N(a) being defined by (4.1.5).

PROOF. We can express a as a = a; agl with integral proper o,-ideals a; and as
prime to M. From the inclusion of lattices
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we have quotient homomorphisms
E(0) < E(0,) — E(ay') « E(a)

corresponding to the natural C/o < C/o,, etc. These homomorphisms commute with the
D(M)*ith_structures aar(0), arr(0,) ete. For example, if we denote by 7 the morphism
E(a) — F(ay '), it has degree N(a;), and 7o apr(a) = apr(ay ') so that we have

det(apr(az 1)) = det(aps(a))N D)
by (1.2.2); and similarly for other homomorphisms. Our result then follows. O

4.3. Effect of operators on CM test objects.
We keep the notation of 4.1 and 4.2. We study here the effect of operators considered
in Section 3. First we have

LEMMA (4.3.1). Let a be a proper o,-ideal prime to M with n > 1.
i) For the T ppr-test object Xoo arar(a) (cf. (4.2.7)) and the degeneracy operator [l
(¢f. (3.2.1)), we have

[Z]XOO,M,ZT(a) = (E(Clﬂn_l), lwoo(aon—l)a ﬁM(ao’ﬂ—l)y CT(aUn—l))a

the Ty r-test object Xoo prr(a0,—1) with the differential multiplied by 1.
ii) Take a divisor s of t; -+t and set S := N(s) and s, := s N o,. Then we have

[S]XOO-,M,ZT(CI) = (E(ﬁ;la)7 Swoo(ﬁgla)a 5M(5;1a)7 CZT/S(E;IQ))a
the Tnpi7)s-test object XOO’MJT/S(sgla) with the differential multiplied by S.

PrOOF. We only give the proof for the first assertion, since the second can be
proved similarly.

Set [l|Xoo,mr(a) = (B, W', B4y, CF). From the definition (4.2.6), we have E' =
E(ao,_1). Let 7 : E(a) — E(a0,,_1) be the quotient homomorphism which has degree .
Then we have

o W = T Weo () = lweo(A0,_1) since T weo (A0,_1) = woo(a),

1.2.4
o By = (70 B (@)™ "2V Bronns @) = Bur (a0, 1),

and it is clear that C. = Cr(ao,_1). O

We next consider I'(1°°)"aive_ and T'(1°°)a*h_gtructures. In general let E = C/L be a
complex elliptic curve (not necessarily of CM type). Then we may consider a I'(]°°)aive.
structure oy on E (1.3.1) as an isomorphism of Z; X Z; to the l-adic Tate module T}(FE).
This is equivalent to fixing a Z;-basis {wy, w2} of T}(E) = L®zZ; oy (a,b) = awy +bws.
In the following, we take an oriented basis {wy, ws} of L itself and use it to define qe.
The determinant of such aje is (e27/1"), 51 (cf. (2.2.4)).
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By the action of the matrices given in (3.3.7), we obtain a,;(F,qe) =
A i(E,aqee) =: (Epy i, Qoo ;) which can be described as follows: E,, ; = C/L,,,; with
L., i the Z-lattice having basis {wq, ™™ (iMw, + w2)}, and aqee 4, is defined by this
basis. Here, L,, ; and E,, ; depend only on the residue class i of ¢ mod I"™, and hence we
write them L, ; and E,, ;. From the matrix relation By, jam,i = @m,i+j, we obtain

Bm,j (Em’g, Oél‘”,m,i) = (Em’m, alvo’m,i+j). (432)

We return to elliptic curves with CM. In what follows, we fix an integral basis {w, 1}
of o such that Im(w) < 0 (so that this basis is oriented), and take {I™w, 1} for the basis
of 0,,. When n > 1, non-zero principal o0,-ideals correspond bijectively with the set
K> /{£1} (c <> co,). We fix a set of representatives of K*/{£1}, which is stable under
multiplication by powers of I, and take the generator of each principal o,-ideal (#£ (0))
from this set.

Now fix integers n > 1 and m > 0. We will consider elliptic curves attached to
proper o,4m,-ideals belonging to Ker(Cl,, 4., — Cl,,). We first take a principal o,-ideal
copn, # (0) and equip with E(co,) = C/co,, the I'(1°°)"8Ve_structure aye(co,,) defined by
the basis {cl™w, c}. Starting with this, we can apply the above construction, and obtain

(E‘(U"rn,f)7 Qoo (a7n,{>i) = am,i(E(co’ﬂ)’ Qe (Cﬂn)) (433)

for each i € Z. Thus a,, 7 has {cl"w,cl™™(1 +iMI"w)} as its Z-basis, and ;= (a,, 7); is
the I'(1°°)"aive_structure given by this basis.

LEMMA (4.3.4).  Let en; € 0, be as in (4.1.8). Then we have
a, s =1""epni(contm) foralliecZ.

PrROOF.  We need to show that (a,, ;)¢ = (I7™en,i(cont+m))q for all prime numbers
g, the subscript “;” meaning, as before, the g-adic completion. For ¢ # [, the both sides
are equal to co,, while the l-adic completions agree by (4.1.9), (1). O

It follows that, since Ker(Im — In) =07, /oy, (cf. 4.1), a, 5 for i € Z/I"Z
constitute all proper 0,4 .,,-ideals projecting to [=™co,, € I, by (4.1.9). Then when ¢
moves over the fixed representatives of K /{+£1}, the ideals a,, ; range over all proper
0n+m-ideals belonging to Ker(Cl,,4,, — Cl,). We have defined on each elliptic curve
E(a,, ;) the T(I™°)"*¥structures a;e(a,,7); for i € 7. (If i’ = i 4+ al™ € i, we have

e (0, 7)i = e (a,,5)ir © (é ﬁiM).) All these I'(I°°)"*Ve_gtructures have the same

determinant (¢27%/!"),>1, and we may identify them with T'(1°°)*!*h_structures, denoted

Bie=(a,, 7)i, via the basis (e2™/!"),>1 of Zy(1). Similarly B (con) on E(co,) corresponds
to e (c0y,). Therefore, when ¢ or a,,7 is prime to M, we can consider the I'je p77-test
objects

{Xoo,le,T(cm ‘= (B(con), woo (€0n), Bi (¢0,), Bar(c0,), Cr(co,,)), (435)

Xoo oo, 1 (0, 5)i i= (B0, 7), Woo @y, 7), Bie (0, 5)6 Bar(a,, 7), O (ay, 5))-
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In Section 7, we will need the following rather technical result: Fix, aside from n
and m, an integer r such that 0 < r < m, and set

=" + k,
i= G+ 4k

with integers j, d and k.

LEMMA (4.3.6). Assume that r < n. Then we have

e”+m*7ﬂdamﬁ = am,,i"

When a,,7 is prime to M, we have

B aXoo0om, (0, 7)i = Xoo oo ns,r(a,, 7)ir-

PrROOF. For the first assertion, in view of (4.3.4), we need to show that
€ntm—r,d€n,i = €n, Mod 07>1<+m7l' But a simple computation shows that e, {m—rden, =
en,i + P"TM="C with C € 0. Since 2n +m —r > n+ m, our claim follows.

As for the second, if co,, and a,,; are related as before, we see, as in the proof
of (4.3.1), that am, ;Xoo oo 1(C0p,) is/equal to Xoo,le,T(ﬂmg)i with the differential
woo(am);) multiplied by I, and similarly for am, i» X oo 10c a7 (c0p). The conclusion follows
from the identity B, 4@, i = am, i’ O

5. Eisenstein series and their special values.

5.1. Eisenstein series.

We first recall Katz’s description [Ka2, Chapter III] of the Eisenstein series on
F(M)arith'

Recall that lattices in C correspond bijectively with (isomorphism classes of) pairs
consisting of an elliptic curve and a nowhere-vanishing invariant differential over C
(cf. 2.2). In the following, we let the symbols L and (F,w) correspond in this sense.

In general, for a function f: Z/MZ x Z/MZ — C, we define

P Yf iy xZ/MZ — C (5.1.1)
by (P A(Gm) =2 3 flam)c
a mod M

(the “inverse partial Fourier transform” of f, [Ka2, 3.2.2, 3.6.1]).
Define, for any function h : (1/M)L/L = E[M] — C, the k-th Epstein zeta function
(r and its variant ¢y for k € Z by

' h(¢/M)
R

Cr(s; Lo h) = Ge(si Byw, h) o= )

LeL

s L) = e ) =T (54 ) <Q(L))Sm e

2 M
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where the sum “3_" is over £ # 0 and a(L) is defined by (2.2.3). These functions converge
for Re(s) > 1, and extend to entire functions of s on C when k£ > 0.

Now if Bas @y X Z/MZ = E[M] is a T'(M)®h_structure on E, we can consider
the C-valued function P~ f o 83, on E[M] for any f : Z/MZ x Z/MZ — C. Set

(-1 k g a1
Gk,s7f(an76M) = 92 Pk 5+§7E7W7P foﬁM

_ (=D* a(L)\* ~~ P~1f o By (¢/M)
= T(s+h) (MW) ; (@/M)k\AZ/MPs : (5.1.3)

It converges for Re(s) > 1 — k/2, and extends to an entire function of s if k > 0.

THEOREM (5.1.4) ([Ka2, Theorem 3.6.9]). Let f be a complex valued function on
Z/MZXZ/MZ, and denote by Q[f] the subring of C generated by the values of f over Q.
Let k be a positive integer, and assume that, when k = 2, Ej f(4,0) = Zj f@0,5) =0.
Then Gy .5 := Gr.s. tls=0 belongs to RF(Q[f], D(M)aith).

When k > 2, its g-expansion Gy, o,5(Tate(q), Wean, B can) s given by:

0 Zf f(faﬂ 7b) = (71)k71f(a7 b)a
SE—k f )+ 3 (3 a d’))WM

n>1 \ n=dd’
d,d’>1

Zf f(_av _b) = (_1)kf(aa b)

Here, L(s, f(n,0)) is the L-function continuing 3, f(n,0)/n® (Re(s) > 1) analytically.
(Katz also computed the g-expansion when k = 1, but we will not need it.) O

We next specialize the above general result to the following situation: Let x; and
X2 be primitive Dirichlet characters defined modulo M and M’, respectively, and assume
that M’ is a divisor of M. As usual, we consider x; and x2 as functions on Z/MZ, and
7./ M'Z, respectively, and also consider y2 as a function on Z/MZ through the projection
to Z/M'Z. We set

le,Xz(avb) = Xl(a)XQ(b)' (5.1.5)

In general, if y is a Dirichlet character modulo M and ¢ is an M-th root of unity, we
define the Gauss sum by

g(Cx) = > xla)¢ ™ (5.1.6)

a mod M

It follows from the definition (5.1.1) that

P s B) = (b)) (5.17)

On the other hand, let ay; be a T'(M)"®Vestructure on E, and let 3,,, be the
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['(M)>#*h_structure associated with it, (1.1.4). Let (,,, be the determinant of a7, and
write ay; (€/M) = (ag,by) for an element ¢/M € (1/M)L/L = E[M]. We then have

(P~ Feanca) © B (6/M) = 2% (@)xa(be)g G 1), (513)

COROLLARY (5.1.9).  Let the notation be as above. We assume that k > 2, and
x1(=1)x2(=1) = (=1)*. When k = 2, we also assume that M > 1. Then G0, fx, o
belongs to R¥(Q[x1, x2], T'(M)>*) and we have

—1)* _ 4 (a b
G0, 1y, ng (B> W, Bany) = %M’“ Yk - 1)!9(CanX1)Z W
leL

It has the following q-expansion

C;k’,O,fX1 X2 (Tate(q)v Wean ﬂM,can)

1
—L(1 -k, when =1 _ n
_ ]Sl x1) X2 +Z< > xald)xa(d)d" 1>q /MO

0 when xo # 1 n>1 \ n=dd’
d,d’>1
We note that the sum “Z;e ;7 in the above corollary converges for Re(s) > —1/2
when k > 3. Hence that term is simply the (convergent) sum 3y, X1 (ac)x2(be)/¢* in
this case.
Finally, with the notation (3.1.1), it follows from (5.1.7) that

(P~ ) 0 (6D) = P~ a0 0b) = Soxa(@xa(abg(Co )

Therefore Gk,o’fxw(2 has the character y;x2 in the sense of 3.1:
G1,0,fx, s | he = X1(G)X2(G)Gk,o,f,q,x2 for all a € (Z/MZ)*. (5.1.10)

5.2. Eisenstein series Gy, ) attached to a Hecke character.
We let K be an imaginary quadratic field, and use the same terminology as in 4.1
for K. We start with a Hecke (quasi-)character

A KJ/K* — C* such that M(a) = a* for all a € KX = C* (5.2.1)

for an integer k. We denote by ¢ the conductor of A, and set K ((¢c) := {z = (z,) €
Ko |2, =1 mod co, for all v|c}. Then we have an isomorphism

K o(e)/ K o(c) N0* 5 I(c) := (fractional o-ideals prime to c) (5.2.2)

by a + ao in the sense of 4.1. The restriction of A to K ,(c) therefore induces a
(quasi-)character of I(c), the ideal character associated with A\, which we hereafter denote
by A4, Thus if a = (a) is a principal ideal with a € K[ o(c) N KX, we have ANd(a) =
a~F. Moreover, N4 also induces a character of K o(¢)/K; o(c) N0y (= K /0 = I;
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cf. (4.1.3)). Therefore for any proper o,-ideal a = ao,, with a € K, ,(c), we can define
Ald(a) := A(a). In other words, this left hand side is defined as A\9(ao) with the above
terminology.

From now on, we make the following:

ASSUMPTION (5.2.3). e k> 2, and when k = 2 we assume that ¢ # (1);

o (Lo)=(1);

e ¢ is a product of primes that split in K/Q.

We fix a decomposition ¢ = §ff' as a product of integral ideals such that
(f.f) = (1), and [} (5.2.4)
and set
M := N(§), and M’ := N(f) (so that M'|M). (5.2.5)
Writing o; and oy the f-adic and §'-adic completions of o, respectively, we have characters

Aj o= A x 10— (05/) -0,
7 o T R (5.2.6)
/\f/ ::/\|0;</:0f/_>(07u/f) - Q.

DEFINITION (5.2.7).  Via the canonical isomorphisms oj/f = Z/M7Z and oy /§ =
Z/M'Z, we let x; and xy be the Dirichlet characters defined modulo M and M’ corre-
sponding to A; and Ay, respectively. Letting

f(a,b) :== x;(a)xy (b) for a,be€ Z/MZ
we define

Gk,)\ = Gk,O,f c Rk(Q[XﬁXf/]a F(M)arith).

(Though the subscript “;” in Gy, 5 is superfluous, we keep it to emphasis the infinity type
of A and the weight of this Eisenstein series.)

Since xj(—1)xy(—1) = (—1)¥, and M > 1 when k = 2, G is in fact non-zero, and
its g-expansion is explicitly given by (5.1.9).

We next consider the special value of this Eisenstein series at CM test objects. To
do this, for a proper o0,-ideal class {a},, € Cl,,, we consider the (partial) L-functions of
orders studied by Hida [H3, 8.1.5, 8.1.7] and Yoshida [Y, Chapter V, Section 3]

Ly, (s,2) :=>_ X4(b)N(b)~* (5.2.8)
b

where the sum ranges over all integral proper o,,-ideals b € {a},, prime to ¢ (equivalently,
b is of the form bo, with b € K, (c)). This function converges for Re(s) > 1 — k/2,
extends to a meromorphic function on C, and holomorphic at s = 0 even when k = 2; cf.
the proof of the following proposition.
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PRrOPOSITION (5.2.9). Let a be a proper op-ideal prime to M, and consider the
[(M)*ih = T'pr 1 -test object

Koo, ma(a) = (E(a), weo(a), Bar(a))

cf. (4.2.7). Then we have
_ X (_1)k k—1 _ | id n
G (Xoonr1(a)) = Jog | =M (k = Dlg(Cas xp)A (@) Lg1y, (0, A).

Here and henceforth, we set
Cu = det(aM(a)).

ProoOF. With the same terminology as in (5.1.9), we need to show that

' Xj(@e) Xy (be) i

Z EGEIEEE = o) [ N(a) LY, 1y, (0, ).
lea s=0

By the definition of (4.2.3), we have aj/(a)~1(¢/M) = (¢ mod f,¢ mod ), and hence

Xi(ae)Xy (be) is equal to Aj(£)Ap (€) if £ € o and { € o, and 0 otherwise. Therefore

letting o := o; X oy and A := A X Ay, the left hand side is equal to

s A0 g )
gk‘€|25 |€|25
Lea, Leol s=0 f€a, Leo =0
since A(£) = 1 = £*X4((£)) A (¢). Here, ¢ € a if and only if fa~! =: b is an integral proper
0,-ideal, and in this case, £ € 0 if and only if b is prime to ¢. Thus this sum is equal to
the one over such b each with multiplicity |0 |:

>\1d >\1d ) ; )\ld(b)
n | Z = loy | N(a) S O
N (b)
s=0 b s=0
5.3. Modified Eisenstein series G » and its special values.
We keep the notation in 5.1 and 5.2.

DEFINITION (5.3.1). We set
Gra = Grx =Xy (DGra|[l] € RF@Q[xj, x7])s Tart)
where [I] is the degeneracy operator; cf. 3.2.

PROPOSITION (5.3.2).  The g-ezpansion Gy x(Tate(q), Wean, B can, Cl,can) 15 given
by

Z( Z Xf’(d/)dk 1) n/M

n= dd’
,r



u-type subgroups of J1(N) and application to cyclotomic fields 365

and Gy, x belongs to RF(Z[xs, xy],Tar)-

PrROOF.  The g-expansion of Gy, is given by (5.1.9) with x1 = x; and x2 = X}, and
the g-expansion of Gy | [[] is obtained from this by the change of variable ¢*/* s ¢!/M by
(3.2.2). The first assertion then follows from a simple calculation. The second assertion
follows from this by the g-expansion principle. O

COROLLARY (5.3.3). Gy, is an eigenform of the Hecke operator U(l):
Gr | UW) = XD Gy

Proor. This follows from (3.4.3) and the above proposition by comparing the
g-expansions of both sides. O

We next consider the special values of Gy, ».
PROPOSITION (5.3.4).  Let a be a proper o,-ideal prime to M with n > 2, and let
Xoom1(a) = (E(a), weo(a), Bar(a), Ci(a))
be the T yp,-test object as in (4.2.7). Then we have
G (Xooar1(a))
= (=1 MP (k= Dlg(Gax)N(@) (Lfamy, (0,0) = XL,y (00).

PrOOF.  The left hand side is equal to G\ (Xoo,n,1(@)) = Xy ()G A ([[] X oo, ar,1(a))-
The first term is equal to Gy A (Xoo ar,1(a)) since Gy is of level M, and it is given by
(5.2.9). The second term is equal to Xy (1)l "*Gg x(Xoo,ar,1(a0,-1)) by (4.3.1), i), and
this is also described by (5.2.9). Since A4(a0,,_1) = A(a) and |0} || = |0} | =2, our
conclusion is equivalent to

Yf’ (l)likg(é.aon_l ) Xf) = Aid((l))g(gm Xf)

But it follows from (4.2.8) that (ue, , = ¢, and hence g(Cao, ,,Xj) = X;(1)9(Cas X5)-
Since Xp ()I7"X;(1) = I7FAc(1) " = A4((1)), our conclusion follows. O

DEFINITION AND PROPOSITION (5.3.5).  For a proper o,-ideal a prime to M with
n > 2, we set

Gra{atn)oo 1= X4(a) "3 (N (@) )G (Xoo 1r,(a))-
This value depends only on the class {a},, € Cl,, and we have
Gra({atn)oo = C(N)x;(I™) (L?afl}n (0, ) = N, . (0 A)) :
Here C()) is a constant depending only on A and the decomposition ¢ = §f' defined by

C\) := (1) M1k — 1)1g(Co, x5)-
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PROOF. Let o € K* be prime to M. Then by (5.3.4), we have

)\id(a)Xf(N(a)) g(Caquf))‘id(aa)
Ad(aa)xj(N(aa))  g(Ca, xp)N4(a)

Gk)\({aa}n)oo = Gk,)\({a}n)oo X
But by (4.2.8), we have

{g@a,Xf) = X ("N (@))g(Cos Xj):
9(Caas Xj) = X5(I" N (@a))g(Co, Xj)-

Thus the value Gy x({a},)oo indeed depends only on {a},,. The remaining assertion is
also clear from the above discussion. O

Slightly more generally, we have

COROLLARY (5.3.6). Let s be a divisor of t; -t (cf. (4.2.1)) and set S = N(s).
Let a be a proper 0,-ideal prime to M with n > 2. Then

(Gl ISD{a}n)so = X () xj (N (@) 1) (Gi,n

[S])(Xoo,a1,15())
depends only on the class {a},, € Cl,.

PROOF. By (4.3.1), ii), we in fact have that the above value is equal to
STFGr ({5, atn)so x X (s) " x5(S) 71 O

PROPOSITION (5.3.7). Let e : Cly — Q" be a character for some f > 0. For
n > max{f, 1} + 1, we have

Y e@Gia({atn)e = CX; ()" LY (0,27,
{a},€Cl,

In the right hand side, we consider ¢ as a character of K via (4.1.4), and L1 (s, \e™1)
is the Hecke L-function with the Euler factor at (the primes dividing) | removed.

PROOF. By (5.3.5), the left hand side is the difference of
(i)=Y e(@)Liy 1y, (s,A) and
{a}eCl,
()= > (@MYL (552,

{a}eCl,

multiplied by C(A)x;(1)" and evaluated at s = 0.
Since n > f, e(b) = e(a™!) for b € {a~'},, and we have

(i)=Y XU0)e (BN (0)~* =D (A" () bII".
b

b
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Here, the first sum is over all integral proper o,-ideals b prime to ¢, and the second is
over (K, (c) N0y,)/(K;,(c) N0y ). Tt has the Euler product

(1) = LO (s, e™) x LP(s, Ae ™)
(cf. [Y, Chapter V, Section 3]), where

LY (s, e7t) = > Ney ta)|all;

a€(K [ Non1)/or,

the subscript “” indicating the [-factor (i.e. the restriction to (K ®q @Q;)*). Similarly,
we have

(it) = INY((1)LO (s, e ™) x LY (s, 267 1),
Therefore, since A\1((1)) = \;(1) and &;(I) = 1, our conclusion is equivalent to the equality
L0, 2™ — 1(e DO L 10,0671 = 1.

Since n > f, this follows from [H3, (8.1.29)] when f > 0; and from [H3, (8.1.28)] when
f=0. O

6. CM test objects over ring of integers, integrality of special values and
the measure on Cl .

6.1. CM test objects over Wg.

Let the notation be as in 4.1 and 4.2. We are going to modify the CM test objects
defined in 4.2, and consider them over some rings. For this, we fix a prime number p,
and also an embedding of Q into @p. We will always assume the following:

ASSUMPTION (6.1.1). e p is an odd prime not dividing T,
e p splits completely in K; (p) = pp,
e the prime of K induced by the above embedding is p.

We let

{ICO := QN (the maximal unramified subextension of @p /Qp), (6.1.2)

Wo := Ko (the ring of integers of @,).

Thus W) is the strict localization of Z,), the localization of Z at (p).

Let a be a proper o,-ideal. Then it known that F(a) has a model E(a),k, defined
over Ko which has good reduction, i.e. there is an elliptic curve E(a),y, over Wy whose
generic fibre is E(a)/k,; cf. Serre and Tate [ST, Theorems 8 and 9]. The complex
multiplication by o0, on E(a)/k, is also defined over Ko, and, as usual, we normalize
the embedding o, — End(E(a)/k,) in such a way that the representation of o, on
Lie(E(a)/x,) = Ko is the inclusion. Since W is strictly local, all points of E(a),x,[m]
are Ko-rational, for any m prime to p. It follows that the above model E(a),x,, and
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hence E(a)/y, also, is unique. In the following, we will always consider these models
over Ko and W.

We have 0, , = 0, = 0, @ oy for the p-adic completion. Thus for any o,-module X,
Xp = X @z 7Z, is the direct sum of X, := X, ®,, , 0y and X7 := X, ®,, , op. Similarly,
the finite flat group scheme E(a),yy,[p™] on which o, /p™0, = o/p™0 = o/p™ G o/p™
acts, is the direct sum of E(a),w,[p™]p, and E(a)/w,[p"]5- E(a)w,[p"]p is a group
scheme of p-type over Wy, while E(a)/w, [p™]p is constant.

DEFINITION (6.1.3). We henceforth take and fix a nowhere vanishing invariant
differential w(o) on E(o0) yy,. We define the complex number Q. by

w(0) = Noowoeo(0),
and in general set
w(a) := Qoowoo(a).

When a and o’ are proper 0,,-ideals such that @’ D a, the natural (quotient) morphism
E(a) — E(a’) induces E(a)/x, = E(a')/x, and E(a)/w, — E(a’)w, over Ky and W,
respectively. When a and o' are prime to p (i.e. a, = o/, = 0,), the latter morphism
is étale. Arguing as in the proof of (4.2.8), it follows that the above defined w(a) is a
nowhere vanishing differential on E(a),yy, whenever a is prime to p.

Recall that in 4.2, we started with the data (4.2.1), especially Mo = ff with (f,f) = 1,
and used it to define aps(a) and Bas(a) etc. From now on we assume

ASSUMPTION (6.1.4). When M is divisible by p, p divides f§.

LEMMA (6.1.5). Let a be a proper o,-ideal prime to M, and assume (6.1.4). Then
the T'(M)*h _structure Bar(a) and the To(IT)-structure Cir(a) on E(a) are defined over
Ko. Further, they extend uniquely to the same structures on E(a)w,. Similarly, any
D(1>°)raive_structure agoo and T(1%°)* 1 _structure B on E(a) are defined over Ko, and

extend uniquely to those over Wy.

PROOF. Write M = p°M, with My prime to p. Then we may consider Sy (a) as
a pair (Bpe(a), Bar, (@) consisting of I'(p¢)2ith and T'(Mp)**-structures.

As for S, (a), it is an isomorphism of py, x Z/MoZ to E(a)[M] both of which
are already constant groups over Ky. Thus any such morphism is defined over Ky. Also,
since pyy, X Z/MoZ and E(a)/w,[Mo] are constant over Wy, any morphism between
them on the generic fibre uniquely extends to the one over Wy. Similarly for o;~ and
Biee, and the assertion for Cjr(a) is also clear.

It thus remains to consider fBpe(a) : p e x Z/p°Z = E(a)[p°]. By our definition of
Ba(a) in 4.2 and our assumption (6.1.4), this is in fact given by the product of

{ch@# e 3 E(a)[pps
Bpe (@)« Z/p°Z "5 E(a)[p°l.

The latter is defined over Ky, and extends uniquely to Wy, for the same reason as above.
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Considering the Cartier dual, the same assertion holds for the former also. d

Let us use the same symbol Sar(a) ete. as in the case over C for the level structures
obtained in the above lemma in the following:

DEFINITION (6.1.6). With the notation as above, for a prime to M (resp. prime
to pM), we define the 'z 7-test objects Xz 7 (a) /i, over Ko (resp. Xarir(a)/w, over
Wo) by

{XM,lT(a>/)C0 = (E(a)/x,,w(a), Bar(a), Cir(a)),
Xrr (@) jw, = (E(a) jwy,. w(a), Brr(a), Cir(a)).

Similarly for XM,T(a)/;CO and XM,T(a)/WO-

6.2. Integrality of special values.

In 5.2 and 5.3, starting with a Hecke character X\ satisfying (5.2.3), we studied
special values of Eisenstein series at CM test objects. In doing this, we decomposed the
conductor ¢ of A as ¢ = ff’ as in (5.2.4) and defined the level by M = N(f). To apply
the result in the previous subsection in which we assumed (6.1.4), the condition (5.2.4)
forces us to assume the following:

CONDITION (6.2.1). Let e (resp. €) be the exponent of p (resp. p) dividing ¢. Then
e > e.

Conversely, if this condition is satisfied, we can clearly choose § and §' satisfying
(5.2.4) and (6.1.4). We thus henceforth assume that A satisfies (6.2.1), and fix such a
choice. We then set

KC : the field generated over Ky by the values of A;, Ay and Aid
and |Cly|-st roots of unity, (6.2.2)
W := KN (the ring of integers of Q,), cf. (6.1.2).

Since |Cl,,|/|Cly| is a power of I, W contains all |Cl,,|-th roots of unity, and hence any
Q” -valued character of |Cl,,| takes values in W, for all m > 1.

PROPOSITION (6.2.3). (1) Let a be a proper o,,-ideal prime to M withn > 2. Then
the following value belongs to WW:

Gra({a}n) == QFGra({a}n) oo
= O\ (M0 (L?a_l}” (0,0) = XML, ., O, A)) :
(2) For any character € : Cly — @X,
CNQLFLO 0,171

also belongs to W.
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PrOOF. By (5.3.2), Gy belongs to R¥(W,T;). To show (1), we may assume
that a is prime to p. Then by the very definition of the modular form (2.1.2), we have

G (X (a) jw) = QLG (Xoo,mr,1(a) €W

and also A (a)y;(N(a)) € W*. Our claim follows from (5.3.5).
The second assertion then follows from (5.3.7). O

COROLLARY (6.2.4).  Let the notation and the assumption be as in of (5.3.6) and
(6.2.3), (1). Then the following value also belongs to W:

(G 1S ({a}n) = QF(Gron | 1S ({a}n)oo

PrROOF. This follows from the same reason as above because Gy |[S] €

Rk(W,FMJs); cf. 3.2. O
6.3. W-valued measure on Cl,, attached to Gy x.
We set
Cly := @Cln (6.3.1)
n>0

cf. (4.1.6). This group can be decomposed as
Cloo = A x I' with A a finite group and I" = 7. (6.3.2)

PROPOSITION (6.3.3).  There is a unique W-valued measure o x = ¢g, , on Cly
enjoying the following property: For each locally constant function ¢ : Clee — W factor-
ing through Cl,, (n > 2), we have

/ ¢dorr =x; (1) D ¢({a })Gra({aln).

{a}n€Cl,
More generally we have

PROPOSITION (6.3.4).  Assume that f € RE(W,Tapir) satisfies the following four
conditions for all n > ng for a fized ng > 0:

i) For each proper oy-ideal a prime to M, there is an element y(a) € K* such that

f{a}n) == v(a)f(Xnrur(a) k) depends only on the class {a}, € Cl,. Further, y(a) € W

if a is prime to p.

i) fIU) =46f with § € W*.

iil) flh = ef with e € W* (cf. 3.1).

iv) For a as in i), let ag,...,a;—1 be as in (4.1.7) with m = 1. Then v(a;) = ny(a)
with n € W* which is independent of a and a;.

Then there is a unique W-valued measure py on Cly satisfying

/C odoy = 1) Y oa s (ab)

{a},€Cl,
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for ¢ as in (6.3.3).

We first prove (6.3.4). First of all, f({a},,) € W by i). The rule
pr=rb" Z ¢({a~}n) f({a}n)
{a}n€eCl,
(b € WX) gives a measure on Cly, if and only if
flat) =01 > f({@2ar)
{2} n+1€Clyt1

{Anp1—={akn

holds for all n > ny and {a},, € Cl, (the distribution relation). If {ag,...,a_1} is as in
iv), the right hand side is equal to b~* Zi;é fHa;}nt1), by (4.1.7), (1).
On the other hand, it follows from i) and ii) that

6f({a}n) = 1()(fIUD)(Xarir(a) /x)-

But by (4.1.7), (2) and the definition of U(l) (cf. 3.4), (f|JU(I))(Xnr(a)/x) =
It Zi;é f(X;) can be described as follows: Let m; : E(a),x — E(a;)/xc be the quo-
tient morphism. Then
Xi = (E(a:)/xc, 1 w(a), (mi o B (a)™ o by, wi(Crr(a))
= (E(a;) /x,w(a;), Bar(as) o hy, Cir(a;)).
Therefore iii) implies that

-1

U)X nrar(a) ) =11 F(Xarar(ai) )

i=0
We conclude that
-1 -1
Faln) =1""ev()6 > F(Xnrar(ai) ) =1en 671> f({aitnia)
i=0 i=0

by iv). This completes the proof of (6.3.4).

We next show (6.3.3). When f = Gy » and T = 1, we have:

i) holds with y(a) = A4(a)~1x;(N(a))~! by (5.3.5) and (6.2.3).

ii) holds with § = x;(1)I*~! by (5.3.3).

iii) holds with € = x;(I)x (I). Indeed, Gy x has the character x;X; by (5.1.10) and
(5.2.7), and it follows easily that the same holds for Gy x.

By the definition of a; given in (4.1.7), we have

A (a;) = Ad(a;0) = Md(17tao) = A4((1)) "t Aid(a),
N(a;) = N(a;0) = N(I~tao) = 172N (a)
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whence iv) holds with n = X4((1))x;(1)2.
(6.3.3) is therefore a consequence of (6.3.4), since A\(I) = lk)\id((l))xf(l)yf,(l) =1.
From (5.3.7) and (6.3.3), we immediately obtain the following:

COROLLARY (6.3.5). Lete: Cly — Q be a character, and consider € also as a
character of K. Then we have

/ cdgrr = COVLO(0,1e) /2L, € W. O
Cloo

7. Non-vanishing modulo p of Hecke L-values.

7.1. Conjugation of CM test objects.
We keep the notation of previous sections. We begin with an easy

LEMMA (7.1.1).  Assume that we are given an open subgroup H of [, p 0 where
P is a finite set of finite primes of K. Let n be a non-negative integer. Then for any
class in K /K* KX, we can take its representative a € K satisfying

{(av)veP S H,

a€ K N(KZL x0,).

PrROOF. We may assume that P contains all primes above [. We may also assume
that, for ¢ € H and v dividing [, ¢, € 0, .

Since K* is dense in [],.p K,
the first condition. Write ao = ab~! with mutually coprime integral ideals a and b.
There is a positive integer h such that b" = (b) is principal and b € H. We can then

replace a by ab. 0

we can choose a representative a € K satisfying

For the moment, we fix a proper 0,-ideal a and o € Aut(C/K). We take an s € K
such that o|k,, = [s, K], the Artin symbol for K. Then the main theorem of complex
multiplication (Shimura [Shil, Theorem 5.4]) asserts that

E(a)° = E(s™'a) (7.1.2)
and we moreover have the commutative diagram

9 E)(©)

-1 |- (7.1.3)

K/s7la T) (a)7(C).
Here, £(a) : C/a = E(a)(C) is the canonical isomorphism through which we have often
identified the both sides (cf. 2.2), and ¢’ : C/s~1a = E(a)?(C) is the (necessarily unique)
complex uniformization which makes the diagram commutative. From now on, we assume
that s € K N(KZX x0,) so that s7'a D a. Then there is an isogeny A(a) : E(a) — E(a)”
which makes the following diagram commutative:
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c/a 9% E(a)(©)

canon.l l)\s (a) (714)
C/s™'a — E(a)?(C).

The following is a slight generalization of de Shalit [dS, Chapter II, 1.5].

PROPOSITION (7.1.5).  Let the assumption be as above. Then As(a) is the unique
isogeny E(a) — E(a)? having the following properties:

i) Ker(As(a)) = E(a)[b] with b = so,,

ii) Let ¢ = co, be an integral o,-ideal with ¢ € KJ such that s, € o if
cqg & 0y, (so that we can consider the action of s~' on E(a)[cJ(C) = ¢ 'a/a =
D, .. cafoX c;tag/ag). Then for any t € E(a)[c](C), we have

t7 = (@) (s ).

PROOF. The first assertion is obvious, and for ¢ = &(a)(u) € E(a)[c](C) (u €
¢ 'a/a), we have

17 = &(a)(w)” = €' (s7u) = As(a)(€(a) (s Mu)) = As(a) (s ')

which shows ii). Since the points ¢ as above are Zariski dense, the uniqueness of \;(a)
also follows. d

With the above notation, we define Aq4(s) € @X by
As(@)*w(a)? = Ag(s)w(a). (7.1.6)

LEMMA (7.1.7).  For fized o, s and n, A4(s) does not depend on the proper o,-ideal
a. We thus henceforth write it Ap(s).

PROOF. Let a and a’ be proper o,-ideals. To show that A4(s) = Ay (s), we easily
reduce to the case where a C o', which we now assume. Let ¢ : E(a) — E(a’) be the
quotient morphism. We claim that ¢7 o As(a) = As(a’) 0 q.

Indeed, for any ¢ and ¢ € E(a)[c](C) as in (7.1.5),

{qff o As(a)(s™1t) = ¢7(t7) = q(t)°,
As(a’) og(s™1) = As(a’) (s q(t)) = q(t)°.

Zariski density of the points s~'t implies our claim.
From this, we obtain

PROPOSITION (7.1.8).  Consider the T'pr1-test object
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Xar(a)c = (E(a),w(a), B (a), Cr(a), Ci(a))

obtained by base extension to C of the one defined in (6.1.6), for a proper 0,-ideal a. For
o € Aut(C/K), take s € K such that 0|, = [s, K| and

sy =1 mod "™ MTo, for all finite v|IMT,
se KX N(KE x0y).

Then we have

(Xnar(a))c)” = (BE(sta), An(s)w(sta), Bur(sta), O (s~ a), Ci(s ta)).

PROOF. Let ¢ : E(a)? = E(s~ ) be the isomorphism such that ¢ o /\ (a) is the
quotient homomorphism 7 : E( ) = E(s7'a). Then to¢& : C/s ta — E(s 'a)(C) is the
canonical isomorphism &(s~ta).

The relation (v o As(a))*w(s™'a) = m*w(s 1a) = w( ) and (7.1.6) imply that
An(s)*w(s™a) = w(a)?, ie. via ¢, (E(a)?,w(a)?) = (E(s™ta), A, (s)w(s™1a)).

Further viewing the map labeled £(a) : K/a — E(a)(C) above as giving an embed-
ding of the ind-finite constant group scheme K/a to E(a) over C, which we call £(a), w
obtain from (7.1.3) the commutative diagram:

(1/iMT)afa  —" ko 29%  Ba)e

H [+ I

(1/IMT)s ta/s ta E—— K/s7ta —— E(s7(a)).
mc é(s—la)

It follows that ¢ o apr(a)? = ap(s™ta), tCr(a)® = Cr(s~'a) and Ci(a)” = C(s™'a).
Finally, recall that 8y (a) was defined as the I'( M )2 *h_structure associated with o/ (a),
cf. (4.2.4). Tt is easy to see that Sy(a)? is associated with aps(«)?, from which we
conclude that ¢ o Bp(a)® = Bar(s~a). O

We now return to the situation considered in 6.3.

COROLLARY (7.1.9). Let F' be the extension of K generated by the values of xj,

Xy and A4 together with |Cly|-st roots of unity. Let € : Cl,, — @X be a character. If o
is an automorphism of K (= FKy, cf. (6.2.2)) over F which induces an automorphism of
W,

/ edorx € W if and only if/ e%dpr\ € WX,
Cloo Cloo

PrROOF. We may assume that n > 2. The left hand side is equal to

i)™ Y e )N (@) T (N (@) T G (X ara(a) /)

{a}n€eCl,

by (5.3.5), (6.2.3) and (6.3.3), where we take a to be prime to pM.
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Extend o to an automorphism of C and take s € K as in (7.1.8). If we set b := so,,
we see that (A9(a) " x;(N(a)) " Gy x (Xar,(a) /)7 is equal to

A (s) 7PN (0) (N (6) 1 x N6 a) " x(N (b7 a)) T G a (X s (67 a) k)

by (7.1.8). By (7.1.1), we can assume here that b, and hence deg(As(a)) also, is prime
to p. Then A4(b), as well as the root of unity x;(N (b)), belongs to W*. Further, since
w(a)? is a nowhere vanishing differential on E(a)7,,,, we see that A, (s) € W*; cf. (7.1.6).
Thus (fCIw edpy,x)° and fCloo €%dyy, 5 differ only by a multiple of an element of WX*. [0

7.2. Decomposition of Cl,.

So far we have already relied on ideas of Hida, in constructing the measures on Cl,
through the special values of the Eisenstein series, in previous sections. We follow his
method more closely in the following.

Recall that Cloe =lim _ Cl, (6.3.1), and Cloe = A x I’ (6.3.2). We set

I',:= (the image of I" in Cl,, via Cly, — Cl,,). (7.2.1)
It is easy to see that the composite of A < Cl,, — Cl,, is injective for n large, and
Cl, = A x I, for n > 0. (7.2.2)

DEFINITION (7.2.3). For an idele z € K whose [-component z; is one, the system
(x0p,)n>0 of ideals determines an element of Cl,. This depends only on the ideal ¢ = zo,
and hereafter denoted by {r}... We denote by CI1™8 the subgroup of Cly, formed of such
elements.

We set A?8 := AN (Cl2e,

Thus if ¢ is an integral ideal of o prime to I, {r}co = ({tn}n)n>0 where g, =rNo,.
We recall

PROPOSITION (7.2.4) (Hida [H3, Lemma 8.23]). i) Complex conjugation acts as
the inverse on Cly.

ii) Each element of A is represented by a square free product of primes ramified
in K/Q and prime to 1. A™® is an elementary abelian group of type (2,...,2).

iii) Each element of Clo/AMEI is represented by (the class in Cl1e of) a prime
ideal split in K/Q and prime to .

iv) When ¢ is a fractional o-ideal prime to 1, we denote by {r}r (resp. {r}a) the
projection of {t}oo to I' (resp. A).

When ' is also prime to 1, if {x}a & {¥'}aA8, then {x}r{r'} ;" & CI7E. O

We then take and fix a complete set of representatives R of A8 as in (7.2.4), ii),
and also a complete set of representatives Q of Cly, /A8 as in (7.2.4), iii). We will
always assume that each q € Q is prime to p/M, and N(q) (q € Q) are all different
(which is of course possible).

We therefore have
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Cle = H I'{gqt}o = H I'{qe}Z}, and

qeQ qeQ

tER TER (725)
Cl, = ] Tndantatn = J] Tu{anta}, ' for n>>0.

1R 1R

DEFINITION (7.2.6). Fix a character v : A — @X, and consider it also a character
of Cly through the projection to A. For an o-ideal ¢ prime to IM, we set ¢z, (r) =
v({r}oo) N ()" A (1)x; (N (r)), and define

Hixw = Y ckan(®)Crn | [N(x)].

t€ER

Hy ., is an element of R¥(W, T'ar, k), where R is the product of norms of all primes
in R. Indeed, cx . (xr) € W by the definition (6.2.2), and Gy x | [N ()] € R*W, s ino))s
of. (3.2.1).

In the following argument, we take the set of ideals {t1,...,t} in (4.2.1) to be the
set of all prime ideals dividing some element of Q UR. We will use it to define I'ps ;-
test objects (6.1.6), and the special values Gy x| [S]({a}n) (6.2.4), and also the values
(Hiro | V(@) ({} ) figuring below.

LEMMA (7.2.7). Let ¢ = v x ¢r : A x I' = Q be a function on Cly, factoring
through Cl, = A x I, for an n large. We have

ddorr = x; (07" Y cm,y(q)< Y orlarrdel ) i | [N(Q)])({g}n))
Cloo q9€Q {a}n€l,
Here and below, {q}r, is the projection of {q}ec € Clos to I,.

PROOF. The left hand side is equal to
i)™ Y v({rateo)or({adn, {a}n NGra({tndn}y {a}n)
va,{an}

where the sum is over t € R, q € Q and {g},, € I',. But (5.3.6) and its proof show that,
with the same notation as loc. cit.,

Gra({s, "atn) = v({s}oo) "k w(8)(Gra [ [N(5)]))({a}n)

from which our claim follows. O

7.3. Main theorem of Part I.
Let m be the maximal ideal of WW. The following is the main result of Part I:

THEOREM (7.3.1).  Assume (5.2.3), (6.1.1) and (6.2.1). Consider locally constant
characters € : Cloe — W, i.e. characters that factor through some Cl,, with finite n.
Then except for a finite number of exceptions, we have
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/ edpr,x 0 mod m.
Cloo

In view of (6.3.5), this theorem implies Theorem I in the Introduction to Part I
under (5.2.3) and (6.2.1).

In this subsection, we give preliminary calculations toward this theorem. We write
F,, for the residue field WW/m, an algebraic closure of F, = Z/pZ. By reduction modulo
m, we obtain from ¢  an Fp—valued measure on Cl,,, which we denote by the same
symbol, and we will work in characteristic p.

To prove the theorem, we may restrict ourselves only to characters € : Cl,, — Ej of
the form v x e, where a character v of A is fixed and characters e of I" vary. From now
on, we assume that there is an infinite set £, of locally constant characters e = v X ep
such that fCLx, edprx = 0 (until we arrive at a contradiction at the end of the next
subsection). Let I be the field generated by the values of v and all I-th roots of unity
in F,, over the residue field of F' (7.1.9) at the prime defined by F € Q@,. When [ = 2,
we also add all fourth roots of unity to define F. I contains the values ¢ » . (q) (reduced
modulo m).

Now take e = v x ey € &, and let F(er) be the field generated by the values of ep
over FF. If € factors through Cl, = A x I,, we have by (7.2.7),

ch,mq)( > m{q}pﬂ{g};l)(Hk,x,A[N(q)])({g}n{a}w) ~0

qeQ {g}n€ln

for any fixed {a},, € I, because e is a character. By (7.1.9), we may replace e above
by €% for any Gal(F(er)/F), and consequently er by Trg(.,.)/r(er) which satisfies

0 if ep(z) &F,
Tes(epyye(er)(a) = s
[F(er) : Flep(x) if ep(x) € F.
Here, [F(er) : F] is a power of I, and hence non-zero (in characteristic p).
Let {" be the number of elements of [-power order in F*, and denote by g the
subgroup of such elements; p;r = F*[I°°]. We obtain

> Ck,x,u(q)< > fr({g}n)1(Hk,x,u|[N(q)])({q}rn{g}n{a}n)> =0.

qgeQ {g}ne€ln
er({etn)enr

If Cl,, = A x I, with I, = I'/T"™° for one ng, then Cl,ym = A X Iy m with
Ingtm = I’/Flsﬁm for all m > 0. Therefore if Ker(ep) = I'" with t > s + r, we have
that

i) er induces an injection I,y — ?; with n(e) = ng + t — so; and moreover

ii) {g}n(g) € Fn(g) satisfies &‘F({g}n(g)) € - if and only if {g}n(s) € Ker(Fn(E) —
Lae)—r) = Ker(Clye) = Clye)—1) =1 G(e),r-

Thus replacing &, by a smaller infinite subset if necessary, we henceforth assume
that every ¢ = v x ep € &, satisfies i), ii) and also

iii) n(e) > 2r.



378 M. OHTA

By this condition, the correspondence i = {€;,(c)—r,i0n(c) }n(e) gives an isomorphism
of groups Z/I"7 = G,y (c),», where e, (o)—y; = 14+~ Muw e 0:(5)_“, by (4.1.9). Thus
replacing &£, again, we may also assume that

iv) the primitive ["-th root of unity e ({€,(c)—r,10n(c) n(e)) is independent of ¢ € &,.
Call this value (.

Thus, for any {a},(c) € (), we have

I"—1
> k(@) ( > T Hpaw [N(q)])({q}%{en@)-r,ia}n(e))) =0.
=0

qeQ

Next, for each q € Q, take and fix proper o,-ideals 0(q), such that {q}r =
({o(q)ntn)n>0. We further assume that each d(q), is prime to pMT, and that
(q)nt+10n = 0(q)y for all n > 0. Such a choice of 9(q),, is of course possible.

Recall that in general,

(Hr o N (@)]) ({0}0) = N4(0) 7 x5 (N (6)) ™ (e

[N (@)])(Xar,7(b) /5, )

for any proper o,-ideal b prime to pMT'. In the above situation, we have

{Aid<o<q>n<a>en<g>_r,ia> = X (2(q)0)A (@),
Xf(N(a(q)n(s)en(e)—r,ia)) = XT(N(D(q)O))Xf(N(a))'

Setting
e ((@)0) 1= N4 (@(@)0) " x5 (N (2(0)0)) ' ex a0 (a) (7.3.2)
we have
"1
DD i @@0)C T i x [ IN (@D (X vt 17 (€n(e)—ri (@) n(e))) j5,) = 0
=0 qeQ

for any a prime to pMT such that {a},) € I'y()-

From now on, we set ny := min{n(e) —r | ¢ € &,}, and consider only a such
that {a},) € Ker(I'yy — T'n,) = Ker(Cl,) — Cl,;). On the other hand, from
the outset we could choose each q in such a way that {q}y € Ker(I' — I3,,) so that
{0(@)n(e) tn(e) € Ker(Iye) — I},) also. In Section 4, we have defined for such 9(q),-)a
a collection of I'(1°°)*h_structures Bio (3(q),(c)@)1 on E(2(q),(c)a) for I in a congruence
class T € Z/1™&)=™ 7, (The indices n, m and i in 4.3 are now replaced by ny, n(¢)—n; and
I, respectively.) These I'(1°°)**h_structures extend to W (6.1.5), and we can consider the
T'joo v, 7-test objects XlNM,T(D(CI)n(E)Cl)I/Fp in a similar manner as (4.3.5). The I'ps jp-test
object associated to them (cf. 3.4) is X717 (0(q)n(s) a)/?p, which is independent of I.

LEMMA (7.3.3).  With the same notation and assumptions as above, set

-1

Hig = Z ¢ Hy 2w |[N()]|Bri € RF(Fp, Tizrpsr).
i=0
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Then we have

Z C;c,)\,y(a(q)o)ﬁk,)\,u,q(Xl‘x’M,T(a(q)n(e)a)[/ﬁp) =0 (%)
qeQ

for all e € £,. Here a is any proper oy,(.)-ideal prime to pMT such that {a},.) €
Kel"(Cln(E) — Clnl).

PrOOF. It is easy to see that I’PV]IIC,>\7,,7q in fact belongs to R¥(F,,j2rps 7). From
(4.3.6), we have

BriXioonr,r (0(@)n(0)8) 15, = Xieenr,7(€n(e)—r,i (@) n(e)®) 1/,

for 0 < <I"7' (I' = I +4l"®~™). Since Hy »,|[N(q)] € R*(F,,Tarir), the value
Hge 3, 0| [N ()] (Br,i Xioo 1,7 () n(e)@) /7, ) Is equal to

[N(@)(X a7 (€n(e)—r,i @(d)n(e)a)) /7, )- O
7.4. Application of Hida’s Zariski density theorem.

In general, let £/ be an ordinary elliptic curve over an Fj,-scheme S, equipped with
an Igusa structure of level p

Hg x,0

Yp : b, = E; a closed immersion of S-group schemes. (7.4.1)
Then there is the unique nowhere-vanishing invariant differential wp.can on E such that
VpWp-can = dx /T (7.4.2)

where z is the standard parameter on p, or G,. For example, when E = Tate(q) over
F,((g)) with the canonical Igusa structure of level p, Wy can is the reduction modulo p of

wcan M

Especially, if we set
d'(E, Bp) := (Wp-can on E with respect to S, |, ) (7.4.3)

for each T'(p)*th-curve (E,,) over an F,-scheme, the formation of this association is
compatible with Cartesian squares, and hence gives a modular form of weight one belong-
ing to RY(F,, ['(p)®*™") in the sense recalled in the proof of (2.3.8). The corresponding
element a € R'(F,, T'(p)*i*") in the sense of (2.1.2) is thus given by

a(B,w,B,) = c b if w=cwpcan (7.4.4)

for T'(p)™ith_test objects (F,w, f,) over F,-algebras. We set

M- {M when M is divisible by p, (7.4.5)

Mp when M is not divisible by p

and consider a also as an element of R*(F,, ['(M")**™") or RY(F,, T 7).
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In what follows, as in the previous subsection, we continue to work in characteristic

LEMMA (7.4.6). Choose w(o) on E(o)/ﬁp(: E(0)w, ® Fp) in such a way that
w(0) = w(0)p-can- Then for a proper o,-ideal a prime to p, we have

w(a) =1"N(a)w(a)p-can on E(a) 5 .

p

PROOF. In (6.1.3), we have fixed our choice of w(0) over Wy which is unique only
up to Wy -multiples. It is thus possible to choose it in such a way that w(0) = w(0)p-can
in characteristic p.

In general, let a and a’ be proper o,-ideals prime to p such that a C a’. We have,
from (1.2.5), the commutative diagram:

deg(m)

where 7 is the natural quotient morphism of degree |a’ : a|, and ~,(a) and 7,(a’) are
induced from B,(a) and B,(a’), respectively. (Indeed, (1.2.5) gives us a similar diagram
over Ko, which extends to Wy.) It then follows that

W*W(a/)p-can = deg(’ﬂ')W(a)p-can

(and similarly when a and a’ are respectively replaced by 0, and 0). Our conclusion
follows from the argument similar to that of (4.2.8). O

We now return to the equation (xxx) in (7.3.3). Let us denote by XlSM’,T(b)I/FP
the T'yspv p-test object attached to XZDOJM/,T([")I/FP for s < oo. We then denote by
XlsM/’T(b)’I)_/%n the test object obtained from it by replacing w(b) by w(b)p-can. Also let
xlsM',T(b)[/?p be the geometric point of the modular scheme SJT(I’lsM/’T)/Fp (cf. 1.15 it
exists because M’ > 3) corresponding to Xjsar (b)), /F, with the differential removed.
Now if we set

ek aw(@(@)o) == N(0(a)o) et 5., (0(a)o) (7.4.7)

we obtain from (xxx) that

> CZ,A,D(D(q)o)ﬁk,A,u,q(XI%'M’,T(D(CI)n(e)a)?'/cin) =0.
qeQ

Since

Q(Xzz"~Mf,T(D(Cl)n(e)ﬂ)?_/cﬁn) =1

by (7,4,4), (xx*) now becomes a relation of modular functions on W(FlQTM,7T)/ﬁp
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Hk,,\,u,
Z Ck A, 1/ a,k i (l’ler/7T(D(q)n(g)0)1/?[)) = 0 (****)
qeQ

Consider the set
X = {(leTM’,T(a(q)n(s)a)[/ﬁp)qeg ‘ €€ 5V7 {a}n(e) € Ker(CIn(s) — Clnl)}

(here, we consider only those a prime to M'T) of geometric points on the product of #Q
copies of M(Tj2rpr 1) JF,- It is a deep result of Hida that this subset is Zariski dense; [H3,
Proposition 8.28] or [H1, Proposition 2.8]. Indeed, if we denote by Vj the coarse mod-
uli scheme classifying ordinary elliptic curves over F, (i.e. Vo = (affine j-line over F,) —
(supersingular points)), there is a natural morphism f : m(FP"M’,T)/Fp — Vy, “for-
getting the level structure”, and the resulting f#< : DJY(FlzTM/7T)#9 — VO#Q for the

/Fp
#0Q-fold self-products. Since 9(Tj2- M/,T)j%g is irreducible and f#< is finite, our claim

is equivalent to the Zariski density of f#2(X) in VO#Q, which is certainly guaranteed by
Hida’s result mentioned above

Since ¢, ,(0(q)o) € ]F , it follows form this property that (##%%) contradicts the
following lemma, and hence completes the proof of Theorem (7.3.1).

LEMMA (7.4.8). For each q € Q, ]IT]IkyAﬁ,,’q/ak is a mon-constant function on
m(Fler/7T)/Fp .

PROOF.  Since the g-expansion of a is one by (7.4.4) and the remark after (7.4.2),
it is enough to show that the g-expansion of ]IT]Ik, A,v,q 18 non-constant. For this, recall that
]ﬁ[k’)\,y’q was defined by (7.3.3) using Hy, x ., Hi x,, was defined by (7.2.6) using Gy, », and
the g-expansion of Gy  was given by (5.3.2).

Let

(Hrxv)q Zanq

be the g-expansion of Hy, » ,. We obtain from (3.2.2) and (3.3.8) that

(Hy x| [N (0)][Br.i)q ZanC o N (@yn/M

with ¢» = €2™/!" (reduced modulo m). Thus if we write ¢ = ¢} ((u,1) = 1), we have

"1
Frada =3 ( $ (v ) g N O

n

But by(7.2.6), Hrxo = D ier Choaw(t)Gra|[N(v)] with cg . (t) E FX Therefore if
N(q)n = umod I” and n # 0 mod N (t) for t # o, the coefficient of ¢V ( "/M in (HT]IkyA,V,q)q
is a non-zero multiple of >, _ ;. x;(d)Xy (d')d*=1 € F,, by (5.3.2). Consequently, further
assuming that m is a prime number congruent to one mod M, it is a non-zero multiple
of 1 4 1. Since p is odd, our claim follows. O
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Part II. p-type subgroups of Jq(N).
1. Preliminaries on Iwasawa theory for imaginary quadratic fields.

1.1. p-adic L-functions.

We will use the same notation as in Part I, Section 0: We let K be an imaginary
quadratic field with its ring of integers 0. We fix an odd prime number p which splits as
(p) = pp in K. We fix an embedding of Q into @p such that the prime p corresponds to
this embedding.

We also use the following notation: If a is an integral ideal of K, we set

K (a) :=(the ray class field modulo a of K). (1.1.1)
We take and fix an integral ideal § of K prime to p and set
Fn = K(fp™), for n>0,
Foo 1= G Fas (1.1.2)
G() = Gal(Fou /).
On the other hand, let

K := (the unique Zp-extension of K unramified outside p),
K,, := (the subextension of K., /K of degree p"™ over K),
I':=Gal(K/K),

H(F) = Gal(Foo / Koo)-

(1.1.3)

The extension 0 — H(f) — G(f) — I" — 0 splits, and we fix an identification isomorphism
G(F) = H(f) x I. (1.1.4)

H(F) is isomorphic to Gal(F; /F1 N K ), and we identify it with a quotient of Gal(F;/K)
by this isomorphism.

In what follows, we will consider a grossencharacter n of (the infinity) type (k,0)
(k € Z) of K in the terminology of de Shalit [dS, Chapter II, 1.1]. To be consistent
with the notation of Part I, we mean by this that 7 is a continuous homomorphism
K /K* — C* such that n(z) = 27% for z € KX, and denote by 7'¢ the associated
(quasi-)character of the group of fractional ideals of K prime to the conductor cond(n) of
1. When cond(n) is a divisor of fp*°, we denote by n* : G(f) — @: the associated p-adic
Galois (quasi-)character satisfying 7" (Frobg) = 7'4(q) for a prime ideal q of K prime to
cond(n)p and a Frobenius element Frob, € G(f) at q.

We now quote the following theorem due to de Shalit. For references to works
preceding it, see the introduction to [dS, Chapter II].

THEOREM (1.1.5) ([dS, Chapter II, Theorem 4.12]). Let Qo € C* be defined by
Part1, (6.1.3), and f a non-trivial integral ideal of K prime to p. Then there is a p-adic

unit Q, € C), and a p-adic integral measure p(f) on G(§) having the following property:
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For any grossencharacter n of K of type (k,0) with k € Z and k > 1, and of conductor
dividing fp>°, we have

id
0t [t =ozeon (1- T ) - o). o
(40)) p

In this theorem, G(n) is the “like Gauss sum” defined in [dS, Chapter II, 4.11], and
will be recalled in the next subsection. We have used the usual convention that n'd(p) = 0
when the conductor of 7 is divisible by p, and L (s,~') is the Hecke L-function with
the Euler factors at the primes dividing f removed. The measure u(f) takes values in
the ring of integers of C,, and the theorem especially claims that the right hand side of
the above equation is algebraic and belongs to this ring. (See also the remark by Vatsal
[V, Remark 3.8] for the right hand side.) We note that de Shalit’s theorem also gives
a pseudo-measure satisfying the same property as above when f = 0. For our purpose,
the case where f is non-trivial suffices, and hence for simplicity, we do not touch the case
f = o here and below.

If we denote by R the ring generated by all |H(f)|-th roots of unity over the ring of
integers of the completion of the maximal unramified extension of @Q,, the measure p(f)
actually takes values in R; u(f) € R[[G(f)]] = R[H(f)][[T]]. Take an R-valued character
x of H(f), which defines a ring homomorphism R[[G(f)]] - R[[I']]. We fix a topological
generator g of I, and by means of this, identify R[[T']] with the formal power series ring
R[[T]] by 70 <> 1+ T. Let

fix(T) € R[[T]] (1.1.6)
be the power series corresponding to the image of u(f) to R[[T]].

COROLLARY (1.1.7).  Let n be a grossencharacter of K as in (1.1.5) and assume
that n® is of the form x x 771’1 according to the decomposition (1.1.4). Then we have

id
fintiko0) =) =98 - 026 (1- =) - 0

The method of the construction of the measure u(f) given in [dS], originally due to
Iwasawa, Coates and Wiles, has the following additional information on it: Let U(F,)
be the group of principal units of F,, @k K, and let U(F) 1= lim U(F,). There is
the subgroup of elliptic units C(F) of U(F), [dS, Chapter III, 1.6].

THEOREM (1.1.8) ([dS, Chapter III, Lemma 1.10]).  Let x be a character of H(f)
such that cond(x) = g or gp with g prime to p and non-trivial. Then the characteristic
ideal of the R[[T]] & R[[T]]-module

(U(Foo)/C(Foo))x = (U(
= (U(

)/C(Foo)®2,R) @riig(hy.x RIT]
)/C(Feo)) @z, 110(01.x RIT]

is generated by fq - O

7

Since the power series f,, depends only on x, we will henceforth denote it by f,.
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1.2. Comparison of special values and application.
In general, if @ and b are elements of C\, we write a ~ b if a/b is a p-adic unit.

LEMMA (1.2.1). Let n be a grossencharacter of K of type (k,0) with an integer
k > 1, and let e be the exact power of p dividing cond(n). Let n, be the restriction of
n to oy, and denote by the same symbol n, the induced Dirichlet character (Z/p°Z)* =

(0/p°)* — Q. Then we have

G(n) ~ p=FDg(e®™/P" ot

where g(e2™/P" n,t) = > ae(@/pen) np H(a)e2™/P" s the Gauss sum (Part I, (5.1.6)).

PrROOF. We first recall the definition of G(n) [dS, Chapter II, 4.11]: We take
an integral ideal § of K prime to p such that cond(n) is a divisor of fp™, and
wy := (the number of units of K congruent to one modulo f) = 1. Take a grossenchar-
acter ¢ of type (1,0) of conductor dividing f, and write n = @*¢. ¢ is thus of type
(0,0) and may be considered as a Galois character. Then we have the expression
G(n) = (P (p®)E(q)T(€), where £(q) is a (harmless) root of unity, and

)=~ 3 e

yE€Gal(Fe/Fo)

Here, F,, is defined by (1.1.2), (e is a primitive p®-th root of unity, and & : Gal(F./Fy) —
(Z/p°Z)* is a Galois character giving the action on p°-th division points of certain
elliptic curve or a Lubin—Tate formal group. The extension F./Fy is totally ramified
at the primes dividing p, and via the Artin map o, — Gal(F./Fy), £ is given by
0, 3 u— v~ mod p¢, cf. [dS, Chapter I, 1.8]. Since ¢ is unramified at p, this shows
that pe7(€) ~ g(e?™/P",my "), and it is clear that (¢'9)(pe)p=e ~ pelh=1), O

In Part I, we considered the following situation: Let A be a Hecke character of K
such that A(z) = 2 for z € KX with an integer k¥ > 2. Let e be the exponent of p
dividing the conductor ¢ of A, and x, : (Z/p°Z)* — @X the Dirichlet character obtained
from the restriction of A to o,". We then studied the following value for the twist Ae by
a character ¢ of Cl,, = K /KX 0XK* (0, = Z+ ["0) whose conductor divides a power
of a prime number [ prime to pc:

P (k= 1)1g (™2 xp) LD (0, Xe) /QE =: L1 (Ne). (1.2.2)

PROPOSITION (1.2.3).  Let the notation and the assumption be as above. Then the
value L1(Xe) is algebraic and we have
7 ()
p

Li(xe) ~ QZFG(n) <1 - > (k— )LD (0,n7Y) =: La(Ne)

with n = (A\e)~1 and f = (the non-p-part of ¢) x I with ¢ > 0 such that cond(\e) | fp=.

PROOF. We already know that L2()e) is algebraic.
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It is clear that LU (0, \e)/QF = Q*L(M (0,7~ 1). Since we assumed that k > 2, it
is also clear that (1 —n'd(p)/p) ~ 1. Our claim therefore follows from (1.2.1). O

Especially, if we denote by B the prime of Q corresponding to Q — @p, L1(Xe)
and Lo()\e) are both P-integral elements of Q and £;(\e) = 0 mod P if and only if
Lo(Ae) =0 mod B.

We can now complete the proof of Theorem I in Part I, Section 0, which we proved
under additional assumptions on A:

(i) e > € (= the exponent of p dividing c¢),

(ii) ¢ # (1) when k = 2.

Now assume that A as in that theorem is given. We can take a Hecke character u of K of
type (0,0) and of conductor p¢, which, considered as a Galois character, factors through
T, with C so large that Ap satisfies (i) and (ii). Then for any ¢ as above, it follows from
(1.1.7) that Lo(Ae) = La2(Aue) mod P. We conclude that Theorem I holds for A if and
only if it holds for Ay, which completes the proof.

1.3. The main conjecture proved by Rubin.
Let K and p be as in 1.1. We fix a finite abelian extension E of K, and assume:

{pﬂox . (1.3.1)
p1[E: K].

Let Ko be the Z,-extension of K as in (1.1.3), and set

E,:=FK, for1 <n < o0,
A = Gal(E/K), (1.3.2)
G:=Gal(Ex/K),

so that § = A x T with I' = Gal(K«/K). Let M. be the maximal pro-p abelian
extension of E., unramified outside the primes above p, and set

X = Gal(Mso/Exso). (1.3.3)

It is a module over Z,[[G]] = Z,[A][[T']]. On the other hand, let U(Es,) := lim U(E,)
be defined as in 1.1, and C(E) its subgroup of elliptic units as defined in Rubin [Rul,
Section 1, Section 4].

For a Z,[A]-module Y and an irreducible Z,-representation xo of A, we denote by
YXo the xo-isotypic component of Y. Since | A| is prime to p, it is a direct summand
of Y. The following is the “main conjecture” proved by Rubin in the case under our
consideration:

THEOREM (1.3.4) ([Ru2, Theorem 2, (i)]). For any irreducible Z,-representation
xo of A, XX and (U(Ew)/C(Ex))X° are finitely generated torsion Z,[A]X[[T]]-modules,
and they have the same characteristic ideal. (|
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Let f be the non-p-part of the conductor of the extension E/K. By our assumption
(1.3.1), E C F; = K(fp), Exo C Foo = K(fp*°), and A is a quotient of H(f) in the
notation of 1.1. Let y be an R-valued character of A, R being as in 1.1. We can then
consider (U(Fw)/C(Foo))y and (U(Ex)/C(Eoo))y as in (1.1.8). It is straightforward to
see that these R][[[']]-modules are pseudo-isomorphic, and we obtain from (1.3.4) and
(1.1.8) the following:

THEOREM (1.3.5).  Let the notation be as above and assume that the non-p-part of
cond(x) is not 0. Then the characteristic ideal of the R[[[']]-module X, is generated by

fx- 0

2. An anticyclotomic analogue of a theorem of Washington.

2.1. Statement of the result.

As is well-known, Washington [W] proved the following theorem: Let k be an abelian
number field, and K the cyclotomic Z;-extension of k. Let p be a prime number different
from I. Then for any finite subextension k' of K/k, the order of the p-Sylow subgroup
of the ideal class group of k' is bounded independently of k’. Washington deduced this
theorem from a result on the non-vanishing modulo p of the Dirichlet L-values under
twists by [-cyclotomic characters. Later, Sinnott [Si] gave a more transparent proof of
this latter result, and it was a prototype of the far-reaching theorem of Hida which we
have to some extent generalized in Part I. Although the original theorem of Washington
is an easy consequence of the non-vanishing modulo p result by virtue of the analytic
class number formula, its analogue for the anticyclotomic situation is not. It is an idea
of Vatsal to use the main conjecture to deduce an analogue of Washington’s theorem
from the non-vanishing result, cf. [V, Section 3]. We thus follow his idea to prove
Theorem (2.1.6) below; and further use it to obtain results on the u-type subgroups of
J1(N) in the subsequent sections always following Vatsal’s method.

Throughout this section, we use the following notation: K is an imaginary quadratic
field, and o is its ring of integers. We assume that

0* = {+1}. (2.1.1)

We fix an odd prime number p which splits in K, and an embedding Q — @p as
in 1.1.

We also fix an odd prime number [ different from p and unramified in K. We assume
that

(I—1,p) =1 if [ splits in K, (2.1.2)
(I+1,p) =1 if | remains prime in K. o
We set
H,, := (the ring class field of K of conductor i), n > 0,
(2.1.3)

Ho = Loj H,.
n=0
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Especially Hy is the Hilbert class field of K. The Galois group Gal(H,,/K) is canonically
isomorphic to the group of proper o,-ideal classes Cl,,, and the p-part of its order is
independent of n, under (2.1.1) and (2.1.2); cf. Part I, (4.1.2).

Now take an extension PNIO of Hy satisfying

ﬁo is finite and abelian over K,

ETO /K is unramified at the primes above [,

~ 2.1.4
primes that ramify in Hy/K are split primes for K/Q, ( )
[Ho : Hy) is prime to p,
and set
I;fn = Hnﬁo for 0 <n < oo. (2.1.5)

The purpose of this section is to prove the following theorem. When fIO = Hy, it has
been proved by Vatsal [V, Proposition 3.19]:

THEOREM (2.1.6).  Let the notation and the assumption be as above. We especially
assume (2.1.4) for Hy. Let ﬁ];f be the mazimal unramified abelian (pro-)p-extension of
ﬁn for 0 <n < oo. Then there is a non-negative integer ng such that ﬁ];f = ﬁﬁzﬁn for
all n > ng. Especially ﬁgor is a finite extension of ﬁoo.

The following corollaries are consequences of this theorem:

COROLLARY (2.1.7). Let X be a finite set of primes of K satisfying:

each prime in ¥ is a split prime for K/Q,
Y. does not contain primes above p.

Let MZ. be the maximal abelian pro-p extension of Ho unramified outside Y. Then

Gal(MZ/Hw) is a finitely generated Z,-module.

PROOF. See [V, Theorem 3.20]. The points are:

(i) primes in ¥ are finitely decomposed in H,, and hence in He,

(ii) for each prime § of H,, lying over a prime in ¥, the inertia group of § in
Gal(MZ /H,.) is pro-cyclic. O

COROLLARY (2.1.8).  Fiz an integer v > 1. Let L, be the composite of all abelian
extensions of I;Tn which are unramified outside ¥ and of degree dividing p". Then each
Zn s finite over ﬁ[n, and there is a non-negative integer ny such that En = Emf{{n for
allm > nq. O

2.2. Reduction of the proof.
We follow the argument of [V, Section 3.

LEMMA (2.2.1). In general, let K be a finite extension of Q, and let F' and F’ be
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finite abelian extensions of K such that F' D F. Let A (resp. A") be the Galois group
of F/K (resp. F'/K). Let p be a prime number, and assume that p{ [F' : K|. Take an
irreducible Zy-representation xo of A, and consider it also as a representation of A’

(1) Let A (resp. A’) be the p-Sylow subgroup of the ideal class group of F' (resp. F').
Then the norm map induces an isomorphism

AX0 5 gxo,

(2) Let Ko be a Zy-extension of K withT = Gal(Kw/K), and set F, := FKo, and
F! = F'K.. Fiz a set P consisting of primes of K dividing p. Let N' (resp. N') be the
mazximal abelian pro-p extension of Fu, (resp. F..) unramified outside the primes lying
above P. Thus X := Gal(N/F) (resp. X' := Gal(N'/F.))) is a module over Z,[A][[L']]
(resp. Zp[A'|[[T']]). The restriction map induces an isomorphism

x/xo = xXo
of Zy[A]X°[[I']]-modules.

ProOOF. This must be more or less well-known. We outline the proof of (1) for
completeness.

Let Lo be the maximal abelian subextension of L'/F. We first claim that Lo = LF".
Let L be the maximal sub-p-extension of Lo/F. Then it is everywhere unramified since
the ramification index of any prime in L'/F is prime to p. It follows that L” = L and
Lo = LF".

We can identify Gal(L’'/F") with A" as Gal(F’/F)-modules by class field theory. The
exact sequence

0 — Gal(L'/F") — Gal(L'/F) — Gal(F'/F) = 0

splits, and hence we can identify the commutator subgroup of Gal(L'/F') with the sub-
module D of A’ generated by all (6 — 1)z (§ € Gal(F'/F), x € A’). Consequently, the
first claim implies that A’/D = A, from which our assertion follows. O

We now return to the situation considered in 2.1, and set

{én = Gal(ﬁn/K)’ (222)

G, = Gal(H,/K),

for non-negative integers n. Since the extension H,/Hy ramifies totally at the primes
dividing , it follows from the second condition in (2.1.4) that

H. N Hy = Hy (2.2.3)
so that

|G| = |G|+ [Ho: Ho] = | Cl, | - [Hy : Ho). (2.2.4)
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Therefore, under (2.1.4), the p-Sylow subgroups of G,, and G,, have the same order which
is independent of n. The natural surjections G — Gn7 Gm — G and G, — G, induce
isomorphisms on their p-Sylow subgroups for all m > n. We identify these p-Sylow
subgroups and denote it simply by 0. Set

F, = fNIS : the fixed field of 0 < én,
(2.2.5)
on = Gal(F,/K).
Thus the order of g, is prime to p, and we have the canonical isomorphism
Gn 20 X gn (2.2.6)

through which we identify the both sides.

Let A, (resp. By,) be the p-Sylow subgroup of the ideal class group of F,, (resp. }Nln)
It is a module over Z,[g,] (resp. Z, [G]). When xq is an irreducible Z,-representation
of g,, we may consider it also as representations of g,, and G for all m > n.

LEMMA (2.2.7). Let xo be an irreducible Z,-representation of g, as above. Then
the norm maps induce the following isomorphisms

AXo — AXo
BXo 5 BXo

for all m > n.
PROOF. Apply (2.2.1) to the situations F,/F,/K and H,,/H, /HS". O

PROPOSITION (2.2.8).  Let xo be an irreducible Z,-representation of g,,. Then for
any m > n, if BX° is non-trivial, AX° is also non-trivial.

Proor. It is enough to treat the case m = n by the previous lemma.

Assume that BX° # {0}. By class field theory, there corresponds an unramified
extension H' of H,, such that Gal(H'/H,) is isomorphic to BX° as a module over G,, =
0% g,. Since 0 is a p-group, the maximal quotient of Gal(H’/Hn) on which 0 acts trivially
is non-trivial. Let L’ be the extension of I;fn corresponding to this quotient.

Take a cyclic subgroup P of 9, and let H], be its fixed subfield; Ijln D H/, D F,.
Then since Gal(L'/H,,) is central in Gal(L'/F,), L' /H/, is an abelian extension. On the
other hand, we claim that ﬁn/Fn is unramified. Indeed, since [H,, : Hy] is prime to p, the
ramification index of any prime in the extension H,, /K is prime to p. Thus H,, /H?, and
hence H, = F,H,/F, also, is unramified. Consequently, L'/H], is also unramified. It
follows that the xg-isotypic component of the p-Sylow subgroup of the ideal class group
of H/ is non-trivial.

Starting from this H and repeating the above argument, we arrive at our conclusion.

O
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2.3. End of the proof of (2.1.6).
First set

Fy = U F,, Joo ‘= Gal(Foo/K)v

n>0
—X

On := Hom(g,, Q, ), the set of @;—valued characters of g,,
aoo = %nn ﬁ’nu
g% := (the set of irreducible Z,-representations of g,),

a3 = lim @),

(2.3.1)

Thus each element of g% may be identified with the Gal(Q,/Qp)-orbit of an element of
Goo. For an element y (resp. xo) of ge (resp. g2 ), we write n(x) (resp. n(xo)) for the
minimal integer n such that x (resp. xo) belongs to g, (resp. gb).

By virtue of (2.2.7) and (2.2.8), (2.1.6) is now a consequence of the following:

THEOREM (2.3.2). We have
AX* = {0} for n = n(xo)
for all but finitely many xo € g% .

Now let K /K be as in (1.1.3), and let

Fn,oo = FnKoov

My, 00 := (the maximal abelian pro-p extension of F, , (2.3.3)
unramified outside the primes above p), o

X, = Gal(M,,00/Fr,00)-
Thus X,, is a module over Z,[g,][[T]].

LEMMA (2.3.4). Let g2 3 xo be non-trivial. For n > n(xo), if the characteristic
ideal of the Zy[g,|X°[[I']]-module XX° is trivial, then AX° vanishes.

PROOF. First note that XX° is independent of n > n(xo) by (2.2.1), (2).

Since XX° has no non-zero finite submodule by Greenberg [Gre, Section 4], the as-
sumption implies that XX0 = {0}. But if AX0 # {0}, there is a non-trivial abelian unram-
ified p-extension L,, of F,, such that g, acts via xo on Gal(L,,/F,). Since F, o is abelian
over K, the action of g, on Gal(F,, ~/F,) is trivial. This implies that L, F, oo/Fn 00 is
non-trivial and hence XX° # {0}. O

For each non-negative integer n, we can apply the consideration in 1.3 for Fj, in
place of E there. Take xo € g and let x € @, be one of its absolutely irreducible
component. Then the main conjecture proved by Rubin, in the form (1.3.5), asserts that
the characteristic ideal of X, ,, the base extension of XX° by Z,[g.X[[[]] = R[[T]], is
generated by the power series f, giving the p-adic L-function whenever cond(x) # o, p.
Thus finally (2.3.2) follows from the following:
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THEOREM (2.3.5).  fy is a unit power series for all but finitely many x € Goo with
cond(x) # o, p.

PROOF. Recall that d is the (common) p-Sylow subgroup of G, and G,, and
F,, 2 H?. The quotient homomorphism g,, — go induces an isomorphism Gal(F,,/H?) —
Gal(Fy/HQ) for each n > 0. Indicating by “~” the group of @: -valued characters again,
we have the commutative diagram:

0 +—— Gal(F,/H2)™ On Gal(HY)/K)"+—— 0
| | I
0 +——— Gal(Fy/HS)™ 90 Gal(HY/K)"«+—— 0
with injective vertical maps. Let ¢1,..., ¢, € go be the complete set of representatives

of Gal(Fy/HJ)™, and consider them also as elements of g,,. We have
On={pic|1<i<h, ec€Gal(H)/K)"}.

Each element of g, takes values in Q and hence may be considered as a Hecke character
of K of finite order by class field theory. Note that, under (2.1.4), the conductor of each
; is prime to [, and the primes dividing it are split primes for K/Q.

Under (2.1.1), there exists a grossencharacter of type (2,0) and of conductor o of
K. We take and fix its positive power £ such that the associated Galois representation
&P factors through I' = Gal(K . /K). Let (k,0) be its type.

Now fix ¢; and consider y = ;€ € goo. To prove the theorem, we may exclude finite
number of € of conductor o, and hence we assume that cond(e) # o. Then we have

Fe(€(v0) = 1) = QpLa(Ae™)

with A == (£p;)~! by (1.1.7), where we used the notation as in (1.2.3). The same
proposition (1.2.3) asserts that this value is a p-adic unit if and only if so is the value
L1(Ae™t). But for the fixed A, the main result Theorem I of Part I, Section 0 asserts
that, when & moves over the characters of Gal(H?/K) (« Gal(H,,/K)) for all n > 0,
this value is a p-adic unit except for a finite number of €. This completes the proof. [

3. Supersingular reduction of CM points.

3.1. Review of the case of Xo(M).

In the argument of Vatsal, one of the important points is the surjectivity of the
supersingular reduction of certain CM points (or Heegner points) on Xo(M), cf. [V, 4.6].
This is due to Vatsal and Cornut, and we first recall this result following Cornut [C].

For a positive integer M, we denote by Xo(M) the usual modular curve over Q
attached to I'o(M). It has the natural model Xo(M) zp1/n proper and smooth over
Z[1/M], and for any Z[1/M]-algebra R, we denote by Xo(M), g its base extension to R.

As in previous sections, we take and fix an imaginary quadratic field K with its ring
of integers 0. We again assume that
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0 = {£1}. (3.1.1)

We fix a positive integer M whose prime factors are all split primes for K/Q, and also
an integral ideal m of K satisfying

o/m = Z/MZ. (3.1.2)

We start with a fixed elliptic curve F over C having complex multiplication by o;

End(E) 2 o, the isomorphism being normalized so that the associated representation
of 0 on Lie(F) gives the inclusion o — C. Let

C = E(C)[m] (3.1.3)

be a cyclic subgroup of E(C) of order M.
On the other hand, fix a prime number [ prime to M. As in (2.1.3) we denote by
H,, the ring class field of K of conductor ", and set Hy, := UZO:O H,. Let

L; = (the set of cyclic subgroups of E(C) of order some power of [) (3.1.4)
and define
H:L— Xo(M)(Hx) by H(X) :=[E/X = E/(X +O)]. (3.1.5)

Here the brackets indicate the isomorphism class of the cyclic M-isogeny in it. It is
well-known that this indeed defines a point of X (M) with values in some H,, a CM
point (or a Heegner point), for which we use the same symbol H(X).

Take a prime number ¢ which is prime to [M and remains prime in K, and a prime
Q of Hy, above gq. The residue field of 9 is Fg2, the finite field with q* elements. We
have the “reduction modulo Q map”

redg : Xo(M)(Hs) — XO(M)/qu (Fg2). (3.1.6)

More generally, let V' be a discrete valuation ring of mixed characteristic (0, q) with the
quotient field & (resp. the residue field k). Then through the bijection Xo(M)(R) =
Xo(M) z11/m1(V') (the valuative criterion of properness), we obtain the reduction map
Xo(M)(R) = Xo(M)/z11/0 (k). If a cyclic M-isogeny C between elliptic curves over 8 is
given and if it extends to Cy over V, this reduction map sends the point of Xo(M)(R)
corresponding to C to the point of Xo(M) 71/ (k) corresponding to Cy @y k. Thus,
by our assumption on ¢, the image of H(X) under red, is a point of the supersingular
locus X33 (M) /F,2 Of Xo(N) /F,2- The result of Vatsal and Cornut referred to above can
now be stated as follows:

THEOREM (3.1.7).  The composite map
redg oM : Ly — X (M) jr , (Fo2) = X5° (M), (F,)

1S surjective.
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As is well-known, points of X§*(M) JF,2 are all rational over IF2, and hence the last
equality holds. Actually in [C], much more general results are proven, and the above
statement is a very particular case of Theorem 3.1 or Corollary 3.2 in [C]|. Although
the proof of these results requires a theorem of Ratner in ergodic theory, only the com-
mutativity of the diagram in [C, 3.4] (with R = {1} and S = {one prime}) suffices for
(3.1.7).

3.2. The case of X;(M).

We keep the notation of 3.1.

We henceforth denote by X (M) the modular curve over Q attached to I'y(M),
of which the cusp at infinity is rational over Q. It is the generic fibre of the curve
X1(M) jzp1 /v proper and smooth over Z[1/M], which is the smooth compactification
of the moduli scheme classifying pairs (E,«) consisting of an elliptic curve E and a
closed immersion « : p,; < E[M] (rather than Z/MZ — E[M]) of group schemes over
Z[1/M]-schemes. We use the notation X;(M),g in the same sense as Xo (M), g.

Let X be an element of £;, and consider the elliptic curve E/X. End(E/X) is
isomorphic to the order 0,, = Z + {"0 of conductor {" for some n. m’ := mnNo, is then a
proper o,-ideal, and (X + C)/X = (E/X)[w'](C) is cyclic of order M. Giving the data
E/X — E/(X + C) considered in the previous subsection is equivalent to giving the pair
(B/X, (E/X)[w]).

LEMMA (3.2.1). Let the notation be as above. The residue field of the point H(X)
of Xo(M) generates Hy, over K. Let H1(X) be any one of the point of X1(M) lying over
H(X). Then the residue field of H1(N) generates over K the field H, K (m), K(m) being
the ray class field of K modulo m; (1.1.1).

PROOF. We only prove the assertion for H;(X), because that for H(X) is well-
known and simpler. From the above remark, H;(X) corresponds to a pair (E/X, « :
ty — (E/X)[m]), and the residue field of H;(X) is the field of moduli of this pair.
But it is also the field of moduli of (E/X,Z/MZ = (E/X)[m’]) obtained from it by
the Cartier duality, and hence that of the pair (E/X, P) where P is a generator of the
cyclic group (E/X)[m](C). As we assumed (3.1.1), it is given by Q(jg,x) h%E/X)(P))
in the notation of [Shil, 4.5], and our conclusion follows from [Shil, Theorem 5.5]. (One
can also deduce this directly from the main theorem of complex multiplication [Shil,
Theorem 5.4].) O

Now set
H) := H,K(m) for 0 <n < oco. (3.2.2)

Let Xo(M)(Hs)®M be the image of £, under (3.1.5). Each point of X;(M) lying above
a point in this set is rational over H. by the previous lemma, and we set

X1 (M)(H! )™ := (the inverse image of Xo(M)(Hs)™ in X, (M)). (3.2.3)

Take a rational prime ¢ not dividing IM which remains prime in K and splits
completely in K(m)/K. (Let K'/Q be the Galois closure of K (m)/Q. There are infinitely
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many prime numbers ¢ unramified in K’/Q such that the Frobenius element of some
extension of ¢ for K’/Q is the complex conjugation, by Cebotarev density theorem. Any
such g 1 IM works.) Thus g also splits completely in H._ /K. Let Q' be a prime of H._
above . We obtain the reduction modulo Q' map

red; : X1 (M)(HL) — Xl(M)/qu (Fg2) (3.2.4)
as in the previous subsection.

PROPOSITION (3.2.5).  Take ¢ as above. Then we have XTS(M)/]qu (Fp2) =
st(M)/qu (F,), the superscript “*” meaning the supersingular locus again. The re-
duction map (3.2.4) induces a surjection

X1(M)(Hy) ™M — X35(M) v, (Fy2).

Proor. Take a point = € XTS(M)/]FQ2 (F,). By (3.1.7), its image to
X (M), F,) = X (M) e, (Fg2) is of the form redg(#(X)). There is a finite ex-
tension K of K such that the M-isogeny giving H(X) is defined over &. Take a prime of
RH!_ above Q' and let V be the valuation ring of its restriction to & Taking K large
enough, we may assume that the above M-isogeny extends to (E/X)y — (E/(X +C))y
over V, and further that (E/X)y[m’] is a constant group scheme over V, since ¢ is prime
to M. Then it follows from the argument of the proof of (3.2.1) that the given point x
lifts to H1(X) € X1(M)(R) = X1(M) /21101 (V) above H(X), which actually belongs to
X1 (M)(H.,) by (3.2.1). We thus have z = red; (H1(X)). O

REMARK (3.2.6). We have seen that all supersingular points of X1(M) , are
rational over F > under our choice of g. This is in fact an instance of the common feature
of Thara’s model of modular curves over finite fields [I].

In general, let ¢ be a prime number and n a positive integer not divisible by ¢. Let
X (n)z[1/n) be the compactification of the modular curve classifying pairs consisting of
an elliptic curve E together with an isomorphism Z/nZ x Z/nZ = E[n] (i.e. I'(n)ive-
curves in the terminology of Part I, (1.1.1)) over Z[1/n]-schemes. There is a natural
morphism X (n) 71 /n] — pPHm to the scheme of primitive n-th roots of unity. Consider
the base extension from Z to Fy:

X(n) e, = ME™ 5 — Spec(Fy).

Fix a primitive n-th root of unity ¢, € F,. This defines a morphism Spec(F,(¢,)) —
u?f‘m/Fq, and we let X (n)(¢") — Spec(FF,((,)) be the base change of the above situation
by this morphism. Let f be the minimal positive integer such that ¢/ = 1 mod n, so
that Fy((n) =F s

There is a natural action of GLo(Z/nZ)/{£1} on X(n)z;1/m)- Its subgroup

G := {g € GLy(Z/nZ)/{£1} | det(g) is a power of ¢} leaves X (n)(¢n) stable. A :=
( ( )) ® 042, where i(g 2) € G and o, is the ¢°-th power automorphism of
F,

, gives an automorphism of X (n)(¢n) ®F, ; Fy2r of order f. The quotient curve
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X (n)(n) ®r,; Fgor/(A) is Thara’s model X(n)l/%aqu of X(n)©) over F,2. An impor-
tant property of this model is that its supersingular points are all rational over F2; cf.
[I, Proposition 1.3.1].

Let us take and fix a primitive n-th root of unity ¢, for each n prime to ¢ compatibly

(i.e. whenever n divides m). The above construction then gives us a projective

system {X (n )I/}]%aga}qm of proper, smooth and geometrically irreducible curves over F .

Ihara . Ihara
Set X (oo L atn /]qu .

In [I] the main theorem is stated in several equivalent ways. In the form [MT 3],
it gives the following beautiful characterization of the tower {X (n)l/}fFa;a}qm: For each

integer r > 1 prime to ¢, a covering ¥ — X (T)I/}Fg"‘ over Fg2, with an irreducible curve
q

(r )Ihaer if and only

( )I/harQa

Y proper and smooth over F,2, factors through X (oo )I/}I}afj - X
if it enjoys the following properties: (1) the supersingular points of X all split
completely in Y; (2) it is étale over the non-cuspidal points of X (r)%ir;; and (3) it is
tamely ramified over the cusps of X (r)I/}I‘Fal;a.

Now let us return to the situation considered before this remark. In our discussion,
we assumed that ¢ is inert in K and also that it splits completely in K (m)/K. Since
we are assuming (3.1.1), this implies that ¢ = £1 mod M. When this is the case, it
is clear from the construction that X (M )I/%am coincides with X (M )(/%q‘lz). Therefore we
have the canonical surjective morphism X(M)I/%izd - X(M)%FJZIZ) — X, (M)/qu. In this
paper, we will ultimately reduce our main theorem (5.1.4) (i.e. the first theorem in the

Introduction), or its equivalent form (5.1.7), to a variant of IThara’s theorem using this
covering. See 5.3 below for this.

4. Etale coverings of curves and Jacobians.

4.1. Good reduction case.
We use the following notation in this subsection:

L: a finite extension of Q,

or: the ring of integers of L,

S = Spec(t): a non-empty open subscheme of Spec(oy,),

X: a proper, smooth and geometrically irreducible curve over L, (4.1.1)
X: a proper and smooth curve over S such that X ®. L = X,

J: the Jacobian variety of X over L,

J: the Néron model of J over S.

Note that, for any point s of S, the fibre of X at s is geometrically irreducible by Zariski
connectedness theorem [Grothl, (4.3.12)]. J is an abelian scheme over S.

In the following, we assume that the genus of X is not zero, and that we are given a
closed immersion of L-group schemes w,, < J for a positive integer n. Set J' := J/pu,,.
We have an exact sequence of group schemes over L
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0—p, —J—J —0 (exact). (4.1.2)
Indicating by “¥” the dual abelian variety, we have
0+« JY + JV «+ Z/nZ + 0 (exact) (4.1.3)

over L. Here, JY may be identified with .J, and hence if we let 7’ be the Néron model
of J'V over S, we have a complex of group schemes over S

0+ J «+ J « Z/nZ + 0. (4.1.4)

LEMMA (4.1.5). Assume either one of the following conditions:

(i) n is invertible in S;

(ii) n is a power of a prime number 1, and the absolute ramification index of each
prime ideal | of v above [ is strictly less than | — 1.

Then the sequence (4.1.4) is exact.

PROOF. More generally, suppose that abelian schemes A and A’ and a complex

0—2Z/nZ—A —-A—0

over S are given. Then if the generic fibre of this sequence is exact, it is also exact under
(i) or (ii).

Indeed, A" — A is an isogeny of abelian schemes, and hence it is faithfully flat and
its kernel K is a finite flat group scheme over S of rank n whose generic fibre is isomorphic
to Z/nZ.

In the case (i), K is an étale group over S and hence K = Z/nZ.

In the case (ii), we obtain the same conclusion by Raynaud [Ra, Théoréme 3.3.3]. O

Now assume that X (L) is non-empty. We take and fix P € X(L) and let i : X — J
be the canonical closed immersion sending P to the origin.

PROPOSITION (4.1.6).  Let the notation be as above. We continue to assume that
there is a closed immersion p, — J over L, and assume either (i) or (ii) in (4.1.5).
Then there is a Z/nZ-torsor

Z— X over S

such that each fibre of Z — S is geometrically irreducible (whose construction we describe
in the course of the proof).

PROOF. i : X — J extends uniquely to an S-morphism X — J by the Néron
property. By the previous lemma, J' — J makes J' a Z/nZ-torsor over J, and hence

Z=Xx7J

is a Z/nZ-torsor over X. The geometric irreducibility of Z ®. L is well-known; cf. Milne
[Mi, Proposition 9.1]. It follows that all fibres of Z/S are geometrically irreducible as
well. O
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We let Z := Z ®, L be the generic fibre of Z, and Spec(or) — S := {v,...,v:} the
set of finite primes of L outside S.

COROLLARY (4.1.7).  Let L' be a finite extension of L, and assume we are given a
point x € X(L'). Then the fibre product obtained by using this x : Spec(L’) — X and
Z — X is of the form

Spec(L') xx Z = H Spec(L;)
i=1

with fields L;. Each L; is an abelian extension of L' of degree dividing n, which is
unramified outside the primes above v; (j =1,...,1).

PROOF. Let w be a prime of L corresponding to a closed point of S. Take a prime
w’ of L' above w, and let v/, C L’ be its valuation ring. Since X is proper over S, the
morphism Spec(L’) % X — X uniquely extends to an S-morphism Spec(t/,,) — X. The
base extension Spec(t!,,) X x Z — Spec(t),,) of Z — X by this morphism is a Z/nZ-torsor
by the previous proposition, of which Spec(L’) x x Z — Spec(L’) is the generic fibre. O

4.2. Semi-stable reduction case.
In this subsection, we let p be an odd prime, and F' a finite extension of Q, whose
ring of integers we denote by tp.

PROPOSITION (4.2.1). Let A and A’ be abelian varieties over F. Let A and A’ be
their Néron models over v, respectively, and assume that they have semi-stable reduction.

Assume that the ramification index of F/Q, is strictly less than p—1. Let f : A’ - A
be an F-isogeny such that Ker(f) = Z/p"Z for some r > 0.

Denote by the same letter f the associated homomorphism A" — A. Then its kernel
is isomorphic to Z/p"7Z over tr, and we have the exact sequence

0 ZWpZ AL A0
of group schemes over tp.

Proor. f: A" — Ais an isogeny of Néron models having semi-stable reduction,
and hence Ker(f) is a quasi-finite, separated and flat group scheme over tp. Since tp is
complete, we have the decomposition

Ker(f) = X" ] x’

where X is finite and flat over tx, and the closed fibre of X’ is empty. Since we have
the complex Z/p"Z — A’ — A, the first morphism factors through Ker(f), which in
fact factors as Z/p"Z — X' < Ker(f). Looking at the generic fibre, we conclude that
Z/p"7 = X! = Ker(f) by [Ra, Théoréme 3.3.3].

It remains to show the surjectivity of f : A" — A. For this, we may replace tr by
its strict localization 5. Let s be the closed point of Spec(t5t") and r(s) the residue

field of s, so that (s) is algebraically closed. We need to show that f, : A, — A,,
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the fibre of f at s, is surjective. For this let A% be the identity component of Ay, and
®(As) := A,/ A2 the group of connected components of Ay; and similarly for A.. Since
fs induces surjective morphism on the identity components, our problem is reduced to
showing that the homomorphism ®(f,) : ®(A) — ®(A,) induced by fs is surjective.
To see this, we recall Grothendieck’s description of ®(Ay), [Groth2, (11.5.3)]; cf.
also Ribet [Ri2, Section 3]. Let X (A) be the character group of the maximal torus T" of
As; X(A) = Homy () (T, Gy,). Grothendieck’s monodromy pairing induces a homomor-
phism X (AY) — X(A)* := Hom(X (A),Z), and ®(A;) is canonically isomorphic to its
cokernel; and similarly for A’. We have the commutative diagram, cf. [Ri2, loc. cit.]

0 —— XAY) —— XA —— o(A) —— 0

| | |

0 —— X(A4Y) —— X(4)* —— d(A4A;) —— 0.

Here, fs : A, — A, induces the homomorphism 77 — T of their maximal tori, and the
middle vertical homomorphism is obtained from this by functoriality. Therefore, it is
enough to show that this 77 — T is an isomorphism. By our assumption, there is an
F-isogeny g : A — A’ such that go f = p". It follows that Ker(T' — T') is a subscheme
of T'[p"] so that Ker(T" — T')(k(s)) consists of only one point. On the other hand, it
follows from the first step of the proof that Ker(7" — T') is a subscheme of the constant
group scheme Z/p"7Z. We conclude that Ker(T” — T) is trivial, and hence 7" — T is an
isomorphism, as desired. O

We keep the notation and the assumption of (4.2.1). Let X be a proper, smooth
and geometrically irreducible curve over F', and suppose that a non-constant F-morphism
g: X — Ais given. The base change

72 =XxsA =X (4.2.2)
of f: A — Aby gis aZ/p"Z-torsor.

COROLLARY (4.2.3).  Under the same assumption as above, let F' be a finite ex-
tension of F, and suppose that a point x € X (F") is given. Form the fibre product

Spec(F') xx Z = H Spec(F;)

i=1

using x, with field extensions F; of F'.

Assume that the composite of Spec(F') = X 2 A — A extends to an tp-morphism
Spec(tp) — A for the ring of integers tg of F'. Then each F; is an unramified extension
of F'.

Proor. This follows from the same reasoning as in the proof of (4.1.7) using
(4.2.1). O
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For example, when F’ is an unramified extension of F, the Néron property of A
assures us that the extension Spec(tp/) — A always exists. In the general case, we have
the following:

COROLLARY (4.2.4).  Let the situation be as in (4.2.3), and assume that a proper
and flat curve X — Spec(tr) whose generic fibre is X is given. Denote by XSmOt the
smooth locus of X over Spec(vp). If x € X(F') extends to an tp-morphism Spec(tp/) —
Asmooth e have the same conclusion as (4.2.3).

PROOF. By the Néron property, g : X — A extends uniquely to an tp-morphism
Asmooth . A Thus our claim follows from (4.2.3). O

5. p-type subgroups of J; (Np).

5.1. Our main result.

As in 3.2, we denote by X1(M),zp1/a the smooth compactification of the modular
curve classifying pairs (F, ) consisting of an elliptic curve E and a : p,, < E[M] over
Z[1/M]-schemes. We write Xy (M) for X;(M) g and let J1(M) be its Jacobian variety
over Q.

In what follows, we fix a positive integer N and an odd prime number p not dividing
N. There is a natural (diamond) action of the group (Z/NpZ)* on X1(Np) z1/np) given
by

(a)(E,a) = (E,a0) (5.1.1)

for a € (Z/NpZ)* and pairs (E,a) as above. We may consider « as a pair (o, a;)
consisting of closed immersions ay : py < E[N] and o : p, < E[p]. The diamond
action ( ) of (Z/NpZ)* accordingly decomposes as actions ( )y of (Z/NZ)* and ( ),
of (Z/pZ)*:

((BYn, (c)p) (B, an, ap) = (E, bay, cayp). (5.1.2)

The automorphisms (a), (b)n and (c), of X7(Np) induce automorphisms of J;(Np) (or
its Néron model) covariantly (i.e. via Albanese functoriality), which we express by the
same symbols.

DEFINITION (5.1.3). In what follows, we fix a finite abelian extension &y of Q such
that [ko : Q] is prime to p, and p is unramified in ky. Let A be a subgroup of (Z/pZ)*.
We denote by Q((,)? the fixed field under A of Q((,), the field of p-th roots of unity,
via the canonical isomorphism (Z/pZ)* = Gal(Q(¢,)/Q), and set

ka = koQ(Gp) ™.
The following is the main result of this paper:

THEOREM (5.1.4).  Let the notation and the assumption be as above. Assume that
p does not divide p(N), where ¢ denotes the Euler function, and that A D {1}. Let G
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be a finite ka-subgroup scheme of Ji(Np)p, = Ji(Np) ®q ka of p-type whose order is
a power of p. If (a), acts as the identity on G for all a € A, then G is trivial.

We will complete the proof of this theorem in 5.3 below. Although the proof of the
following corollary is similar and simpler, we derive it here directly from (5.1.4):

COROLLARY (5.1.5).  With the same assumption on N, p and A, let G’ be a finite
ka-subgroup scheme of J1(N) i, of u-type and of order a power of p. Then G' is trivial.

PROOF. The degree of the covering X1 (Np) — X1(N) is (either p>—1 or (p>—1)/2
and hence) prime to p. Thus the order of the kernel of the corresponding homomorphism
Ji(N) — Ji(Np) is also prime to p. Since the image of G’ to Ji(Np),, is invariant
under (a), for all a € A, our claim follows from (5.1.4). O

DEFINITION (5.1.6).  We let X (Np; A) be the quotient of X;(Np) by the action
of A through ( ),. We denote by J;(Np; A) its Jacobian variety over Q.

Let us denote by J; (Np)# the maximal abelian (especially connected) subvariety of
J1(Np) invariant under A:

Ji(Np)? = Ker< [T =<a)y) : n(Np) = [ Jl(Np)> :

a€A a€A

The endomorphism . 4(a), of Ji(Np) gives a (surjective) homomorphism Ji (Np) —
Ji(Np)A. Since | A| is prime to p, it follows that the group G satisfying the condition
in (5.1.4) must be contained in J; (Np)’/“kA. On the other hand, it is easy to see that the
quotient morphism X;(Np) — X;(Np; A) induces an isogeny J;(Np; A) — Jy(Np)4 of
degree prime to p. Therefore (5.1.4) is equivalent to the following:

THEOREM (5.1.7). Let N, p and A be as in (5.1.4). Then there is no non-trivial
finite k a-subgroup scheme of Ji(Np; A) i, of u-type and of order a power of p.

Let A and A’ be subgroups of (Z/pZ)* such that A’ O A 2 {1}. Then ka C kq
and the statement of (5.1.4) or (5.1.7) for A clearly implies that for A’. Thus only the
case where | A| is a prime number is essential for (5.1.4) or (5.1.7).

We will prove our main result in the form (5.1.7) below. To do this, we may make
the simplifying assumption that N > 5 so that X (V) /z;1/n) is the fine moduli scheme
(of generalized elliptic curves). Indeed, when p = 3 and N < 4, dim J;(Np) = 0, and
hence there is nothing to prove. When p > 5, we can take a prime satisfying [ #Z 0, £1
(mod p) and [ 1 N so that the degree of the covering X;(Nlp) — X;(Np) is prime to p.
Hence we may replace N by NI to prove (5.1.4) or (5.1.7).

We thus assume that N > 5 in the rest of this section.

5.2. A model of X;(Np; A) over Z[1/N,,]4.
In this subsection, we describe a natural model of X;(Np;A) over the ring
Z[1/N,(,]* following Deligne and Rapoport [DR] and Gross [Grol.
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Let X (Np)/zj1/np) be the modular curve proper and smooth over Z[1/Np| corre-
sponding to the I'(Np)"*¥¢-moduli problem as in (3.2.6). We denote by X (Np),z1/n)
the normalization of X (1),z;1,n7 (= the projective j-line over Z[1/N]) in X (Np) /z11/np)-
This is a scheme over Z[1/N,(y,] in a natural manner, (y, being a primitive Np-th
root of unity. The group GLy(Z/NZ) x GL2(Z/pZ) acts on this scheme, and this ac-

tion is compatible with the action on Z[1/N, {np] through the canonical homomorphism:
det

GLy(Z/NZ) x GLo(Z/pZ) = (Z/NpZ)* = Gal(Q(¢np)/Q).
Consider the following subgroups of GLy(Z/NZ) and GLy(Z/pZ):

Hy = {(g ll)) € GLQ(Z/NZ)},
H, = {(g i’) € GLQ(Z/pZ)},

HY = {(é ’;) € GLQ(Z/pZ)}, (5.2.1)
H,y(A) := {(g Z) € GL,(Z/pZ) | d € A} ,

HI(A) = {(8 2) € GLy(Z/pZ) | a,d € A} .

The group H), (resp. H},(A)) is the image in G Lo (Z/pZ) of T';,,(p) (resp. I',,(A)) in the no-
tation of [DR, IV, 4.1] (resp. [DR,, V, 2.14].) The quotient scheme X (Np) /z;1 /np)/(Hn %
H,) is the model X1 (Np),zpn/np we have been considering (cf. [Gro, Proposition 2.1]),
and X (Np) zi1/n1/(Hn x Hy) is the model of X (Np) over Z[1/N, (;] considered in [Gro,
Proposition 7.1]. Thus

X1(Np; A) i /np) := X(Np) jzpnp)/ (Hn x Hy(A)) (5.2.2)
is a proper and smooth model of X;(Np; A) over Z[1/Np]. We are interested in

X1(Np; A) jzpyn .14 = X(Np) japyny/(Hy x Hy(A)) (5.2.3)
which is a model of X;(Np; A) ®g Q(¢p)* over Z[1/N, ¢,

THEOREM (5.2.4). (1) X1(Np; A)/zj1/n,c,)4 @5 a regular two-dimensional scheme
proper and flat over Z[1/N, (4.

(2) X1(Np; A)jzp/nc,)a — Spec(Z[1/N, Cp)?) is smooth over Spec(Z[1/Np, (,]4).

(3) Its characteristic p fibre X1(Np; A)r, has two irreducible components smooth
over F,. X1(Np; A) r, is smooth over ), except for a finite number of ordinary double
points where two irreducible components intersect at supersingular points (i.e. the points
above the supersingular locus of X1(N)/r,)-

PrOOF. Deligne and Rapoport proved similar result for groups of type “I'(n) N
I, (H)” for ptn >3 in [DR, V, 2.19]. Since we are assuming that N > 5, the same
result holds with T'(n) replaced by the inverse image of Hy in GL2(Z). O
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The curve X;(Np; A) JZ[1/N,¢,)4 thus has semi-stable reduction at the unique prime
of Z[1/N, (,]* above p. We obtain from this the following result (cf. [DR, V, Proposi-
tion 3.3]):

COROLLARY (5.2.5). J1(Np; A) @0 Q(¢p)? has semi-stable reduction at the unique
prime of Q((,)* above p. d

5.3. Proof of (5.1.7).

We let N(>5), p and A be as in (5.1.4) and (5.1.7). We now assume that there is a
non-trivial finite k4-subgroup scheme G of Jy(Np; A) i, of p-type and of order a power
of p for k4 defined in (5.1.3). G[p] is isomorphic to a product of several copies of K, We
thus assume that there is a closed immersion p,, < J (Np; A) i, of ka-group schemes
until we arrive at a contradiction at the end of this section. We have an exact sequence
of k4-group schemes

0—p, = Ji(Np; A) j, = J' =0 (5.3.1)

with J' := Ji(Np; A) /i, /14

Let oy, be the ring of integers of k4, and set S := Spec(ox,[1/Np]). Denote by
Ji(Np; A) (resp. J') the Néron model of Ji(Np; A) i, (resp. J') over S. By (4.1.5),
we have an exact sequence over S

0—Z/pZ — T — J1(Np; A) — 0. (5.3.2)

On the other hand, the cusp at infinity is a Q-rational point of X;(Np; A), and hence
there is the canonical closed immersion i : X;(Np; A) < J1(Np; A) over Q sending that
cusp to the origin. Since X;(Np; A) /s :=(the base extension of X1(Np; A),zn/np) to S)
is smooth over S, this uniquely extends to an S-morphism X;(Np; A),s — J1(Np; A).
From this and (5.3.2), we obtain a Z/pZ-torsor

Z = X1(Np; A) s X g, (npsay T’ (5.3.3)

over X1(Np; A)s. We already know that all fibres of Z/S are geometrically irreducible
by (4.1.6). We are going to show that a suitably chosen fibre of Z/X;(Np; A),s over S
contradicts a theorem of Thara [I].

To do this, we first take and fix an imaginary quadratic field K satisfying

primes dividing Np all split in K/Q,
primes that ramify in k4/Q also all split in K/Q, (5.3.4)
+1 are the only units of K.

We next take and fix a prime number [ satisfying

l does not divide 2Np,
! is unramified in k4/Q, (5.3.5)
[ is unramified in K/Q and satisfies (2.1.2).
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The choice of such K and [ is of course possible.
Now set

M := Np. (5.3.6)

Under (5.3.4), there is an integral ideal m of K such that o/m = Z/MZ for the ring o of
integers of K. Using this m, we can consider the set of CM points

Xo(M)(Ha)®™ =(the image of £; under (3.1.5))
as in 3.1 and 3.2, where H, is defined by (2.1.3). We set
Hy := kK () (5.3.7)

K (m) being, as before, the ray class field modulo m of K, and define I;Tn = Hnﬁo as
in (2.1.5). By our choice of K and [, this Hy satisfies (2.1.4). Indeed, [K () : Ho] =
©(Np)/2 is prime to p since p does not divide ¢(N), and [k4 : Q] is prime to p by the
definition (5.1.3). Consequently, [ﬁo : Hp] is also prime to p, and other conditions in
(2.1.4) are clear.

Since Hy contains K (), all points of X;(M) or X;(M;A) lying above points in
Xo(M)(Hu)M are rational over Hy, by (3.2.1). We let

X1(M)(Hs)®™ and X, (M; A)(Hyo)M
be the inverse images of Xo(M)(H. )™ in X;(M) and X;(M; A), respectively.

LEMMA (5.3.8). Let L, be the composite of all abelian extensions of H, of degree
one or p and unramified outside the primes dividing N, for 0 <n < oo (cf. (2.1.8)). For
any x € X1(M; A)(Hoo )M, all points of Z ®oy, , [1/Np) ka =t Z above x are rational over
L.

Proor. The given point x is rational over fIn for some n < co. Let Spec(fIn) —

X1(M; A) g, correspond to x, and form the fibre product Spec(H,,) XX (M;A) Z. Itis

of the form [] Spec(k;) with abelian extensions k; of H,, of degree one or p. By (4.1.7),
each extension k;/ fIn is unramified outside the primes dividing Np. It thus remains to
show that each such extension is unramified at the primes above p.

Take a prime p (resp. p’) of ka (resp. ﬁn) above p (resp. above p). Let F (resp.
F') be the completion of ka (resp. fIn) at p (resp. at p’), with its ring of integers
tp (resp. tyr). We know by (5.2.5) that J1(M;A),p has semi-stable reduction. Let
X1(M; A) e, be the base change to tp of the model Xi(M; A),zp1/n,,)4 considered in
(5.2.4). The F-morphism Spec(F”’) — X1(M; A),p corresponding to z uniquely extends
to an vp-morphism 7 : Spec(tp/) — X1(M; A) /... Composing this with the canonical
tp-morphism X1 (M; A) .. — X1(N) e, we obtain an vps-valued point of X1(N) /¢,
But on the generic fibre, this point corresponds to a pair (E’, «) over F’ with an elliptic
curve E' having complex multiplication by an order of K of I-power conductor. Since
p splits in K, this elliptic curve over F’ has ordinary reduction. The description of
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X1(M; A) e, given in (5.2.4), (3) then implies that & must be an vp/-valued point of the
smooth locus of X;(M; A) ., over tp. Therefore, since A D {1}, (4.2.4) assures us that
the extensions k;/ H,, are unramified at p. O

Let L, be the extension of H, as in the previous lemma. Then we know by (2.1.8)
that there is an integer n; > 0 such that L,, = L,, H, for all n > n, including n = oo.
We now take a prime number ¢ satisfying

q is prime to Npl,
q is inert in K, (5.3.9)
q splits completely in Enl /K.

For the same reason as in 3.2, Cebotarev density theorem guarantees the existence of
such ¢. Since ¢ splits completely in Ho, /K, it also splits completely in L., /K. Take and
fix a prime 9 of Hy above ¢g. As in 3.2, this allows us to consider the reduction modulo
£ map

X, (M)(Ho)™ = X5(M) s, (Fg2) = X3(M) s, (F,)

which is surjective, by (3.2.5). We therefore obtain the surjective reduction modulo Q
map

Xy (M; A)(Hoo )M = X5°(M; A) i, (Fp2) = X33(M; A) s, (Fy)

for the supersingular locus X35%(M; A)/Fq2 of Xy (M; A)/qu.
Now let Z, EN Xl(M;A)/]Fq2 be the base change of Z — X;(M;A)/s from S to

the residue field Fg2 of Q. Itis a Z/pZ-torsor with Z, geometrically irreducible over
F,2. We moreover have that all supersingular points of X;(M; A) JF 2 split completely
in Z,. Indeed, take an x € XfS(M;A)/]Fq2 (Fg2). We can lift it to a CM point €

X1(M; A)(Hy ). There is an integer n such that this point is the generic fibre of an
t,-valued point of X;(M; A) /g, where v, is the valuation ring of the restriction of  to
H,,. The fibre product Spec(t,,) XX, (M;A),s £ obtained from this is a Z/pZ-torsor over
Spec(t,) so that it is of the form Spec(R,,) with R, finite and étale over t,. It follows
from (5.3.8) and our choice of ¢ that Spec(R, @, F,2) = f~!(z) is a sum of several
copies of Spec(Fy2).

Under (5.3.9), ¢ splits completely in K (m), and in this case we have a canonical
morphism X(M)I/}ﬁ?aza =S¢ (M)/[Fq2 from Thara’s model, cf. (3.2.6). In general, for any
positive integer n Srime to ¢, the main result of [I], in the form [MT 2]

n’
there is no non-trivial étale covering ¥ — X (n)%a‘;a with Y a geometrically irreducible
q

asserts that

curve over Fg2 in which all supersingular points split completely. Since the morphism
¢ ramifies totally at the cusp infinity (cf. e.g. [I, 1.2] or [DR, VII, 2.4]), and the de-
gree of the morphism X; (M)/Fq2 — Xl(M;A)/Fq2 is prime to p, the base change of
f by X(M)I/%";‘; — X1(M;A)r , gives such a forbidden covering of X(M)I/}fi? This
completes the proof of (5.1.7).
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6. Application to the theory of cyclotomic fields.

6.1. Review of known results.

Throughout this final section, we let p be a prime number such that p > 5, and NV
a positive integer prime to p.

We first recall the connection between the modular Galois representation and the
theory of cyclotomic fields. Such connection was first studied by Ribet [Ril], and then
by Mazur and Wiles [MW], who proved the Iwasawa main conjecture for Q, and subse-
quently by Harder and Pink [HP], Kurihara [Ku] and the author, among others.

We use the same terminology as in [O4, 1.2]. Let t be the ring of integers of a finite
extension of Q,. We consider

ESp(N)e = (@721 HY(X1(Np") @0 Q, Zyp)) ¥z, T,

GESp(N). = (LiLnTZI H'(Y1(Np") ®g Q, Zy)) ®z, T

(6.1.1)

where we take the projective limits of the étale cohomology groups of the modular curves
X1(Np") (cf. 3.2) and their open subschemes Y7 (Np") := X7 (Np") — (cusps) relative to
the trace maps. The covariant action of the usual Hecke correspondences on these curves
defines the Hecke operators T*(n) for positive integers n and T*(q, ¢) for positive integers
g prime to Np, on the spaces ES,(N), and GES,(N),. We can especially consider Hida’s
idempotent

e*:= lim T*(p)™ (6.1.2)

n—oo

and the resulting ordinary parts e* ES,(N), and e*GES,(N),. We consider

{t[[@ (Z/Np Z)*]) = x[(Z/NpZ)¥][[1 + pZ,]] and its subring 6.1.3)
Av = t[[L + pZy]]. h
We let

im(Z/Np"Z)™ < «[[lim(Z/Np"Z)*]]* (6.1.4)

be the natural inclusion. We can then let the algebras in (6.1.3) act on ES,(N), and
GES,(N). in such a way that ¢(q) for a positive integer ¢ prime to Np acts as T*(q, q).
Hida’s universal ordinary p-adic Hecke algebras

{ e*h*(N;t) C End(e*ESp(N)r)a (6.1.5)

“H*(N;t) C End(e*GES,(N).)

are defined as the subalgebras generated by all T*(n) and T*(q,q) over A.. It is a
fundamental fact proved by Hida that these algebras are finite and flat over A.. There
is a natural surjection

e*H*(N;t) - e*h*(N;t) (6.1.6)
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sending T*(n) and T*(q, q) to T*(n) and T*(q, q), respectively.

We next consider the Eisenstein components of the above objects, cf. [04, 1.4, 1.5].
For this, we take and fix an even Dirichlet character 6 of conductor N or Np. It can
thus be expressed as

0 = xw' (6.1.7)

with x a primitive Dirichlet character modulo N, and w : (Z/pZ)* — @X — @; the
Teichmiiller character. We henceforth assume that:

p1e(N),
X(p) # 1 when ¢ = —1 mod p — 1, (6.1.8)
0 # w2
We set
t :=(the ring generated by the values of 6 over Z,) (6.1.9)

which is an étale Z,-algebra by our assumption. We define the Eisenstein ideal 7% =
Z7(0) of e*H*(N;x) as the ideal generated by all T%(n) — 32y, i 0(£)1e((t)), Where
(t) == tw(t)~! denotes the principal part of t € Zy. 1t is also the ideal generated by
T*(1) — (14 0(1)Ie({1))) for all prime numbers [ # p, T*(p) — 1 and T™*(q, ¢) — 0(q)({(q))
with ¢ prime to Np. We define the Eisenstein ideal I* = I*(0) of e*h*(N;t) as the ideal
generated by the elements of the same name as above; i.e. as the image of Z* by the
surjection (6.1.6).

As usual, we fix a topological generator ug of 1+ pZ,, and use it to identify A, with
the formal power series ring ¢[[T]] by letting ¢(ug) correspond to 1 +T. We set

(6.1.10)

m* =m*(0) := (I*,p,T) C e*h*(N;r),
M = M*(0) := (Z*,p,T) C e*H*(N;r).

M* is always a proper, and hence a maximal ideal of e*H*(N;t), whereas it can happen
that m* = e*h*(N;t). We set
X :=e"ESy(N)eom-,
h* :=e*h(N;t)on-, (6.1.11)
J* = I,

the localizations at the maximal ideal 9* via (6.1.6). On the other hand, let G(T, 0w?) €
A be the Iwasawa power series satisfying

G(ud — 1,0w?) = Ly(—1 — s,0w?), (6.1.12)

the right hand side being the Kubota—Leopoldt p-adic L-function. We then know, by
[04, Case (II) of (1.5.5), 3.2] that
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h* /3% = A /(G(T, 0w?)). (6.1.13)

Thus m* is a maximal ideal if and only if G(T, #w?) is not a unit power series, in which
case the modules in (6.1.11) are the same if we consider the localizations at m* instead of
9t*. Otherwise, X and h*, as well as the Iwasawa module Gal(Loo/Foo ) (9uy)-1 vanish, and
the assertions (6.2.1) and (6.2.2) below will be trivial. We thus assume that G(T,0w?)
s mot a unit power series, in the rest of this subsection.

The Galois group Gal(Q/Q) acts on X h*-linearly, and we are going to review the
nature of this Galois representation in connection with the Iwasawa theory, cf. [O4, 3.4,
Appendix]. This method is originally due to [HP] and [Ku].

Let I, be the inertia subgroup of Gal(Q/Q) at the prime corresponding to our fixed
embedding Q — @p, and set

X, =X, (6.1.14)

We know that it is a free h*-module of rank one, and also that X/ X ®,, Q(A,) is a free
h* @4, Q(A¢)-module of rank one where Q(A.) is the quotient field of A,. Further, there
is a natural way to choose a splitting image X_ of X — X/X as in [04, 3.4]; it is so
chosen to satisfy (6.1.19) below. We fix a h* ®5, Q(A)-basis e_ of X_ ®,, Q(A.) and
an h*-basis ey of X to define the representation

p: Cal(@/Q) = GLa(h* @a. QAY)): o — (Z(U) Z(")) (6.1.15)

by the rule

e_+—a(o)e_ +c(o)es,

Gal(Q/Q) >0 : { (6.1.16)

ey —b(o)e_ +d(o)es.

Elements a(c), d(o) and b(o)c(r) do not depend on the particular choice of bases of X
and X_ ®x, Q(Ay).
Let

k: Gal(Q/Q) — 2% (6.1.17)
be the p-cyclotomic character. We know that
det p(o) = (6w) " (o) k(o)) Le((k(0)) ™) € AX for all o € Gal(Q/Q). (6.1.18)

We recall that, there is an element ¢ € I, such that (k(cp)) = 1 and w™""!(og) # 1
when i # —1 mod p — 1, and a geometric Frobenius @, € Gal(Q,/Q,) C Gal(Q/Q) such
that x(®,) = 1, and the splitting image X_ was so chosen that

—i—1
plog) = (w 0 (o0) (1)> when i Z —1 mod p — 1,

I (6.1.19)
p(P,) = (X(p)T (p) 0 ) when ¢ = —1 mod p — 1.

0 T*(p)
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Using this and [O5, (4.1.12)], we have the following lemma; cf. [O5, 4.2]:

LEMMA (6.1.20).  Elements a(c), d(c) and b(o)c(r) belong to b*, and each of the
following sets generates the Fisenstein ideal J*:

{a(o) — det p(0) | 0 € Gal(Q/Q)},
{d(0) —1| 0 € Gal(Q/Q)},
{b(o)e(T) | o, 7 € Gal(Q/Q)}. O

Now let F' be the extension of Q corresponding to fw. F/Q is an imaginary abelian
extension of degree prime to p. We let Fi, be the cyclotomic Z,-extension of F', set

{A = Gal(F/Q), (6.1.21)

I':= Gal(F/F),
and identify Gal(Fi/Q) with A x I'. Set

B := (the h*-submodule of h* ®,, Q(A,) generated by all b(c), o € Gal(Q/Q)).
(6.1.22)
It follows from (6.1.20) that we have a representation

soz(}al(@/@)—>{((h*/g*)X B/T*B>} by ¢(o) == (detop(") b(f)) (6.1.23)

the bar indicating reduction modulo J*. The field corresponding to Ker(det p) is Fio, cf.
[03, (3.3.8)], and if we denote by L the field corresponding to Ker(y), the correspondence

o +— b(o) gives an isomorphism
Gal(L/Fx) = B/J3*B, (6.1.24)

cf. (04, (A.1.11)].
Let L, be the maximal unramified abelian pro-p-extension of F,, and consider the
“(fw)~L-part” of the associated Galois group

Gal(LOQ/FOO)(Gw)fl = Gal(Loo/Foo) ®ZP[A] T, (6125)

the tensor product being induced by (fw)~! : Z,[A] — r. The p-cyclotomic char-
acter £ gives an isomorphism I' = 1 + pZ,, and hence t[[[']] = A.. We consider
Gal(Loo/Fso)(gw)-1 as a A-module through this isomorphism. On the other hand, for a
A.-module M, we denote by MT the same group M on which the action of t(ug) € A,
is newly defined by that of uy 'e(ug'). The Galois group Gal(L/F,,) coincides with the
group (6.1.25), cf. [02, (5.3.20)], and we obtain:

PROPOSITION (6.1.26).  Under the above notation and the assumptions, the corre-

spondence o +— b(a) gives an isomorphism of A.-modules

Gal(Loo/Foo) (g1 — (B/3*B)1. O
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6.2. Application to a conjecture of Sharifi.

We have thus described the Iwasawa module Gal(Loo/F)(gw)-1 in terms of the
module B = Be_ C X_. In [Sha], Sharifi made the conjecture below about the nature
of this module. It is in fact a consequence of his much more precise conjectures (cf. Con-
jectures 4.12, 5.2 and 5.4, and the remark at the end of Section 5 in [Shal). See the work
of Fukaya and Kato [FK] for results in this direction. Our application is concerned with
the conjecture of the following form:

CONJECTURE OF SHARIFI (6.2.1). Be_ coincides with X_. In other words, via
the map o — cey — ey mod J*X, one has an isomorphism of A.-modules

Gal(Loo/Foo) (gu)-1 —+ (X— /3" X ).

Sharifi proved this conjecture under the assumption that e*H*(N;t)op- is a Goren-
stein ring, cf. [Sha, Proposition 4.10].

Since X_ is known to be isomorphic to Homjy, (h*, A;), [03, (2.3.6)], or a local
component of the space of ordinary A-adic cusp forms of level N, [O1, (2.5.3)], this con-
jecture describes Gal(Loo/Foo)(gu)—1 concretely in terms of such objects. As application
of our study of p-type subgroups of J; (M), we have

THEOREM (6.2.2). In addition to the assumptions in the previous subsection, as-
sume that (i,p — 1) > 1, i.e. the kernel of w' is non-trivial, in the expression (6.1.7) of
0. Then Sharifi’s conjecture (6.2.1) is valid for the character 6.

As noted in the previous subsection, we may and do assume that G(7, fw?) is not a
unit in A, in proving this theorem. We first note

LEMMA (6.2.3). Let M be the minimal submodule of X containing X4 and stable
under the action of h* and Gal(Q/Q). Then we have

(1) M=X, ® Be_.

(2) X/ M is annihilated by 3%, and Gal(Q/Q) > o acts as multiplication by det p(o)
on this module.

Proor. (1) By the definition (6.1.22) of B, X, @ Be_ is an h*-submodule of X.
It follows from the definitions (6.1.15) and (6.1.16) that M D X, @& Be_, and also that
the right hand side is Gal(Q/Q)-stable.

(2) Again by (6.1.16), 0 € Gal(Q/Q) acts as a(c) on X/M. Since a(or) =
a(o)a(t) + b(o)c(r), (6.1.20) shows that this module is annihilated by J*, and hence
the action of o on it is given by a(c) = det p(o) mod T*. O

The projection gives an isomorphism
e*ESy(N)/T = e*H*(X1(Np) ®g Q,t) (6.2.4)

by [O1, (1.4.3)] (with 7' = w1 0 € A, in the notation loc. cit.), which commutes with the
action of Gal(Q/Q) and the Hecke operators T*(n) and T*(q,q). Let h3(I'1(Np);t) be
the t-subalgebra of End(H!(X;(Np) ®g Q,t)) generated by all T*(n) and T*(q, q), and
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let e*h3 (I (Np);r) C End(e* H'(X1(Np) ®g Q,t)) be its ordinary part. Let m} be the
image of m* by the canonical surjection e*h*(N;t) — e*h5(I1(Np);t). It is a maximal
ideal, and we have an isomorphism

X/(p,T) = e H' (X1(Np) @g Q, t)ms /- (6.2.5)
On the other hand, we have a canonical isomorphism
H'(X,(Np) @ Q.v) = Hom (T (i (Np)), ¥) (6.2.6)

which is an isomorphism of h3 (I (Np);t)-modules if we let T*(n) and T*(q,q) act on
the right hand side via the contravariant action of Hecke correspondences of the same
kind on J;(Np). In the following, we denote by the same symbol m; the maximal ideal
of (It (Np);t) corresponding to the above mf in its direct factor e*h5(I'1(Np);t).

LEMMA (6.2.7). Assume that M # X. Then there is a non-trivial submodule of
(J1(Np)[p)(Q) ®F, €)[m§] on which Gal(Q/Q) acts via fw. Here € denotes the residue

field of t.

PrOOF. Since det p(0) = (fw)~1(c) mod (p,T) by (6.1.18), Nakayama’s lemma
and (6.2.3) imply that each module in (6.2.5) admits a non-trivial quotient as an
e*h3 (I (Np);t)-module on which Gal(Q/Q) acts via the character (fw)~!.

On the other hand, we obtain from (6.2.6) that

H' (X1 (Np) ®g Q,v)/mg = Home((J1(Np)[p](Q) @, €)[mg]. ¥).

Therefore, again by Nakayama’s lemma, the right hand side admits a non-trivial quotient
as a E-vector space on which Gal(Q/Q) acts via (fw)~!. O

We can now complete the proof of (6.2.2): Set A := Ker(w’). Assume that Be_ C
X_, equivalently that M C X. We first note that the (“dual”) diamond action (a)* =
()™t of a € (Z/NpZ)*, which is T*(q,q) for @ = ¢ mod Np, is given by 0(a) on
(J1(Np)[p)(Q) @, £)[m§]. Hence (a), =1 for all a € A on this group.

Let (fw)o denote the irreducible Z,-representation of Gal(Q/Q) containing fw.
It then follows from (6.2.7) and the above remark that the (fw)o-isotypic component
(X acala)p)i(Np)[p)(Q)) )0 is non-trivial. Let H be the finite subgroup scheme
of Ji(Np) corresponding to this Gal(Q/Q)-module. Then, if we let k4 be the field
Q(¢n)Q(¢p)™A, the action of Gal(Q/ka) on H(Q) is given by w, that is, H ®q k4 is a
subgroup scheme of p-type of Ji(Np) i ,[p] on which we have (a), = 1 for all a € A.
This contradicts our main theorem (5.1.4), and finishes the proof.

In (6.2.2) and the main result (5.1.4) on which it depends, we needed the assumption
“A D {1}”. Tt was essential in order to apply Raynaud’s result in Section 4 (cf. (4.2.1)
and its corollaries), which enabled us to show the unramifiedness of the primes above p
in (5.3.8). We thus do not know at present whether or not it is possible to modify this
assumption in our argument.

Finally, as an example, consider the case where x in (6.1.7) is even. Then, since we
are assuming that 6 is even, the kernel of w® must be non-trivial. When N = 1, this is



u-type subgroups of J1(N) and application to cyclotomic fields 411

automatically the case. In the excluded case where § = w™2, both A.-modules figuring
in (6.2.1) vanish, and therefore Sharifi’s conjecture (6.2.1) is valid when N = 1.
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