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Abstract. We consider a compressible viscous fluid e¤ected by general form external

force in R
3. In part 1, an analysis of the linearized problem based on the weighted-L2

method implies a condition on the external force for the existence and some regularities of

the steady flow. In part 2, we study the stability of the steady flow with respect to the

initial disturbance. What we proved is: if H 3-norm of the initial disturbance is small

enough, then the solution to the non-stationary problem exists uniquely and globally in

time.

1. Introduction.

The motion of a compressible viscous isotropic Newtonian fluid is formulated by

the following initial value problem of the Navier-Stokes equation for viscous com-

pressible fluid:

rt þ ‘ � ðrvÞ ¼ GðxÞ;

vt þ ðv � ‘Þv ¼
m

r
Dvþ

mþ m 0

r
‘ð‘ � vÞ �

‘ðPðrÞÞ

r
þ FðxÞ;

ðr; vÞð0; xÞ ¼ ðr0; v0ÞðxÞ;
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>

>

>

>
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>

>

>

>

>

:

ð1:1Þ

where tb 0, x ¼ ðx1; x2; x3Þ A R
3; r ¼ rðt; xÞ ð>0Þ and v ¼ ðv1ðt; xÞ; v2ðt; xÞ; v3ðt; xÞÞ

denote the density and velocity respectively, which are unknown; Pð�Þ ðP 0 > 0Þ denotes

the pressure; m and m 0 are the viscosity coe‰cients which satisfy the condition: m > 0

and m 0 þ 2m=3b 0; F ðxÞ ¼ ðF1ðxÞ;F2ðxÞ;F3ðxÞÞ is a given external force and GðxÞ is a

given mass source. The stationary problem corresponding to the initial value problem

(1.1) is

‘ � ðrvÞ ¼ GðxÞ;

ðv � ‘Þv ¼
m

r
Dvþ

mþ m 0

r
‘ð‘ � vÞ �

‘ðPðrÞÞ

r
þ FðxÞ;

8

>

<

>

:

ð1:2Þ

where x ¼ ðx1; x2; x3Þ A R
3; r ¼ rðxÞ ð>0Þ and v ¼ ðv1ðxÞ; v2ðxÞ; v3ðxÞÞ are unknown

functions; FðxÞ;GðxÞ and the other symbols are the same as in (1.1). Here and

hereafter, we use the standard notation in the vector analysis. For example, we put for

scalar u, vectors v ¼ ðv1; v2; v3Þ;w ¼ ðw1;w2;w3Þ and matrix f ¼ ð fijÞ1ai; ja3
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Du ¼
X

3

i¼1

q2u

qx2
i

; Dv ¼ ðDv1;Dv2;Dv3Þ; ðv � ‘Þu ¼
X

3

i¼1

vi
qu

qxi
;

ðv � ‘Þw ¼ ððv � ‘Þw1; ðv � ‘Þw2; ðv � ‘Þw3Þ;

‘ku ¼ ðqa
xu j jaj ¼ kÞ; ‘kv ¼ ðqa

xvi j jaj ¼ k; i ¼ 1; 2; 3Þ;

‘ � v ¼
X

3

i¼1

qvi

qxi
; ‘ � f ¼

X

3

j¼1

qf1j

qxj
;
X

3

j¼1

qf2j

qxj
;
X

3

j¼1

qf3j

qxj

 !

;

where a ¼ ða1; a2; a3Þ is multi-index, jaj ¼ a1 þ a2 þ a3 and qa
x ¼ qjaj=qxa1

1 qxa2
2 qxa3

3 .

Before stating our results, we introduce some function spaces. We put for scalars

u1; u2 and vectors v ¼ ðv1; . . . ; vnÞ, w ¼ ðw1; . . . ;wnÞ

ku1kLp
¼

ð

R
3

ju1ðxÞj
p
dx

� �1=p

; kvkLp
¼

X

n

i¼1

kvik
p
Lp

 !1=p

ð1a p <yÞ;

ku1kLy

¼ sup
R

3

ju1ðxÞj; kvkLy

¼ max
1aian

kviðxÞkLy; ðu1; u2Þ ¼

ð

R
3

u1u2 dx;

ðv;wÞ ¼
X

n

i¼1

ðvi;wiÞ; kvkk ¼
X

0anak

k‘nvk2
 !1=2

; k � k ¼ k � kL2
:

Let Lp denote the usual Lp space, S
0 the set of all tempered distributions both on

R
3 and

H k ¼ fu A L1; loc j kukk <yg ¼ fu A S
0 j kF�1½ð1þ jxj2Þk=2ûu�k <yg;

ĤH k ¼ fu A L1; loc j‘u A H k�1g; Hy ¼ 7
kb0

H k;

where u is either vector or scalar. Further we put

H
k;l ¼ fðs; vÞ j s A H k; v A Hlg; ĤH

k;l ¼ fðs; vÞ j s A ĤH k; v A ĤHlg;

H
j;k;l ¼ fðs; v;wÞ j s A H j; v A H k;w A Hlg;

and

kðs; vÞkk;l ¼ kskk þ kvk
l
; kðs; v;wÞk j;k;l ¼ ksk j þ kvkk þ kwk

l
:

Definition 1.1.

I ke ¼ fs A H k j kskI k < eg; J k
e ¼ fu A ĤH k j kvkJ k < eg;

where

kskI k ¼ kskL6
þ

s

jxj

�

�

�

�

�

�

�

�

þ
X

k

n¼1

kð1þ jxjÞn‘nsk þ kð1þ jxjÞ2skLy

;

kvkJ k ¼ kvkL6
þ

v

jxj

�

�

�

�

�

�

�

�

þ
X

k

n¼1

kð1þ jxjÞn�1
‘nvk þ

X

1

n¼0

kð1þ jxjÞnþ1
‘nvkLy

:
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Moreover we put

I
k;l
e ¼ fðs; vÞ j s A I ke ; v A Jl

e g;

_II
k;l

e ¼ fðs; vÞ A I
k;l
e j‘ � v ¼ ‘ � V1 þ V2 for some V1;V2

such that kð1þ jxjÞ3V1kLy
þ kð1þ jxjÞ�1

V2kL1
a eg;

kðs; vÞk
I

k; l ¼ kskI k þ kvkJl :

In this paper, we consider the case where the external force F is given by following

form

F ¼ ‘ � F1 þ F2; ð1:3Þ

where F1 ¼ ðF1; ijðxÞÞ1ai; ja3 and F2 ¼ ðF2; iðxÞÞ1aia3. The first theorem is concerning

the existence of stationary solution of (1.2) and its weighted-L2, Ly estimates.

Theorem 1.1. Let r be any positive constant and Pð�Þ is smooth (at least C 2) in a

neighborhood of r. Then, there exist small constants c0 > 0 and e0 > 0 depending on r

such that if ðF ;GÞ satisfies the estimate:

X3

n¼0

kð1þ jxjÞnþ1
‘nFk þ kð1þ jxjÞ3FkLy

þ kð1þ jxjÞ2F1kLy
þ kF2kL1

þ kð1þ jxjÞGk þ
X4

n¼1

kð1þ jxjÞn‘nGk

þ
X1

n¼0

kð1þ jxjÞnþ2
‘nGkLy

þ kð1þ jxjÞ�1
GkL1

a c0e

for some ea e0, then (1.2) admits a solution of the form: ðr; vÞ ¼ ðrþ s; vÞ where

ðs; vÞ A I
4;5
e . Furthermore the solution is unique in the following sense:

There exists an e1 with 0 < e1a e such that if ðrþ s1; v1Þ and ðrþ s2; v2Þ satisfy (1.2)

with the same ðF ;GÞ, and kðs1; v1ÞkI3; 4 ; kðs1; v1ÞkI3; 4a e1, then ðs1; v1Þ ¼ ðs2; v2Þ.

Next we consider the stability of the stationary solution of (1.2) with respect to

initial disturbance. Let ðr�; v�Þ be the solution of (1.2) obtained in Theorem 1.1. The

stability of ðr�; v�Þ means the solvability of the non-stationary problem (1.1). Let us

introduce the class of functions which solutions of (1.1) belong to.

Definition 1.2.

Cð0;T ;Hk;lÞ ¼ fðs; vÞ j sðt; xÞ A C0ð0;T ;H kÞVC1ð0;T ;H k�1Þ;

wðt; xÞ A C0ð0;T ;HlÞVC1ð0;T ;Hl�2Þg:

Then, we have the following theorem.

Theorem 1.2. There exist C > 0 and d > 0 such that if kðr0 � r�; v0 � v�Þk3;3a d

then (1.1) admits a unique solution: ðr; vÞ ¼ ðr� þ s; v� þ wÞ globally in time, where
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ðs;wÞ A Cð0;y;H
3;3Þ, ‘s;wt A L2ð0;y;H 2Þ, ‘w A L2ð0;y;H 3Þ. Moreover the ðs;wÞ

satisfies the estimate:

kðs;wÞðtÞk23;3 þ

ð t

0

kð‘s;‘w;wtÞðsÞk
2
2;3;2 dsaCkðr0 � r�

; v0 � v�Þk23;3

for any tb 0.

Remark 1.1. When Theorem 1.2 holds, we shall say that the stationary solution

ðr�
; v�Þ of (1.2) is stable in the H 3-framework with respect to small initial disturbance.

Matsumura and Nishida [13], [14] first proved the stability of a constant state ðr; 0Þ

in H 3-framework with respect to initial disturbance, namely they proved Theorem 1.2 in

the case where ðr�
; v�Þ ¼ ðr; 0Þ. When the external force is given by the potential:

F ¼ �‘F, F2 ¼ G ¼ 0 in (1.2) and (1.3), where F is a scalar function, the stationary

solution ðr�
; v�ÞðxÞ of (1.2) in a neighborhood of ðr; 0Þ in H

2;2 has the form:

ð r �ðxÞ

r

P 0ðhÞ

h
dhþFðxÞ ¼ 0; v�ðxÞ ¼ 0:

In this case, Matsumura and Nishida [15] proved the stability of ðr�ðxÞ; 0Þ in the H 3-

framework with respect to initial disturbance in an exterior domain. Recently, even in

the large potential force case, the stability theorem was studied by Feireisl and Pet-

zeltová [7]; Matsumura and Yamagata [17] within a class of weak solutions.

The purpose of this paper is to consider the case where the external force is given

by the general formula (1.3) and also mass source G appears. In this case, the sta-

tionary solution ðr�
; v�ÞðxÞ is non-trivial in general, especially v� D 0. We are inter-

ested only in strong solutions. Then, when F is small enough in a certain norm

and G ¼ 0, Matsumura and Nishida [16]; Novotny and Padula [19] proved a unique

existence theorem of solutions to (1.2) in an exterior domain. In the proof of Novotny

and Padula [19], they decomposed the equations into the Stokes equation, transport

equation and Laplace equation. Since we consider the problem in R
3, that is, the

boundary condition is not imposed, we can solve (1.2) without any such decomposition

technique. In fact, in §2 we establish the corresponding linear theory to (1.2) in the

L2-framework by the usual Banach closed range theorem, after obtaining some

weighted-L2 estimates for solutions. On the other hand, Matsumura and Nishida [16]

used a regularization method. More precisely, for an approximation of the linearized

equation of the continuum equation: ‘ � vþ ða � ‘Þs ¼ g, they used not only eð1� DÞs

but also e 0s3 to control ða � ‘Þs and they consider the limit e # 0 and e 0 # 0 after

obtaining the suitable estimates. But in this paper we only use eð1� DÞs.

Another purpose of this paper is to prove the stability of the stationary solution

ðr�
; v�ÞðxÞ of (1.2) in H 3-framework. Matsumura and Nishida [16] mentioned a pos-

sibility of proof of the stability, but they did not give any proof. We shall give a proof

of the stability of ðr�
; v�ÞðxÞ in §3. The main step of our proof of Theorem 1.2 is to

obtain a priori estimates for solutions of (1.1) as usual. We shall obtain a priori

estimates by choosing several multipliers and using the integration by parts. Compared

with the case where v� ¼ 0, we have to give more consideration to choice of multipliers.
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Recently, Benabidallah [1], [2], Kawashita [9] and Danchin [3], [4] considered the

optimal class of initial data regarding the regularity. We think that our result will be

improved in this direction.

It is interesting to investigate the convergence rate of non-stationary solutions when

time goes to infinity. So far, this problem has been studied when F ¼ G ¼ 0 or

F ¼ �‘F and F2 ¼ G ¼ 0. In fact, Ponce [20]; Deckelnick [5], [6]; Ho¤ and Zumbrun

[8]; Wang [21]; Kobayashi and Shibata [12]; Kobayashi [10], [11] obtained a rate of con-

vergence. These works have been done in the small strong solution case. But to

obtain the rate of convergence in our case, we need more delicate argument to treat the

term: ðv� � ‘ÞwðtÞ in (3.4). We consider this problem in a fore-coming paper.

Acknowledgments. We wish to express our sincere gratitude to the referee for

his/her pointing out a paper due to Matsumura and Nishida [16] and finding many

typographical errors in the first manuscript.

2. Stationary problem.

We study the stationary problem (1.2). Take any constant r > 0. Substituting

r ¼ rþ s into (1.2) and putting g ¼ P 0ðrÞ, (1.2) is reduced to the equation:

‘ � vþ
v

rþ s
� ‘

� �

s ¼
G

rþ s
;

�mDv� ðmþ m 0Þ‘ð‘ � vÞ þ g‘s ¼ �ðrþ sÞðv � ‘Þv

� ½P 0ðrþ sÞ � P 0ðrÞ�‘sþ ðrþ sÞF :

8

>

>

>

>

>

<

>

>

>

>

>

:

ð2:1Þ

Our goal in this part is to prove Theorem 1.1 by application of weighted-L2 method to

the linearized problem for (2.1).

2.1. Weighted-L2 theory for linearized problem.

In this section, let k be an integer fixed to k ¼ 3 or k ¼ 4. We shall consider the

linearized equation of (2.1):

‘ � vþ ða � ‘Þs ¼ g; ð2:2Þ

�mDv� ðmþ m 0Þ‘ð‘ � vÞ þ g‘s ¼ �ðb � ‘Þcþ f ; ð2:3Þ

�

where a ¼ ða1ðxÞ; a2ðxÞ; a3ðxÞÞ, b ¼ ðb1ðxÞ; b2ðxÞ; b3ðxÞÞ, c ¼ ðc1ðxÞ; c2ðxÞ; c3ðxÞÞ and

ð f ; gÞ A H
k�1;k are given. Throughout this section, we assume that

a A ĤH 4
; kð1þ jxjÞakLy

þ
X

4

n¼1

kð1þ jxjÞn�1
‘naka d; b; c A J kþ1

d ; ð2:4Þ

X

k�1

n¼0

kð1þ jxjÞnþ1
‘nf k þ kð1þ jxjÞgk þ

X

k

n¼1

kð1þ jxjÞn‘ngk <y: ð2:5Þ

2.1.1. Solution to approximate problem.

First, we solve the approximate problem:

‘ � vþ ða � ‘Þs� eDsþ es ¼ g; ð2:6Þ

�mDv� ðmþ m 0Þ‘ð‘ � vÞ þ g‘sþ ev ¼ h ð2:7Þ

�
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in H
2;2, where h is defined by

h ¼ �ðb � ‘Þcþ f :

It immediately follows from (2.4) and the Sobolev inequality that

kð1þ jxjÞhk þ k‘hkk�2aC d2 þ
X

k�1

n¼0

kð1þ jxjÞnþ1
‘nf k

" #

<y: ð2:8Þ

In the next lemma, we shall prove some fundamental a priori estimate needed later.

Lemma 2.1. There exists d0 ¼ d0ðg; m; m
0Þ > 0 such that if d in (2.4) satisfies da d0

then we have the following estimates:

(i) If 0 < ea 1 and ðs; vÞ A H
2;2 is a solution to (2.6)–(2.7), then

k‘vk21 þ k‘sk2 þ efkvk2 þ ksk2 þ k‘2sk2gaCe�1kðh; gÞk2: ð2:9Þ

(ii) If 0a ea 1 and ðs; vÞ A H
2;2 is a solution to (2.6)–(2.7), then

kð‘s;‘2vÞkaCfkvk þ kðh;‘gÞkg: ð2:10Þ

Here, C > 0 is a constant depending only on m; m 0 and g.

Proof. (i) Multiplying (2.6) and (2.7) by s and v respectively; using integration by

parts, we have

ðh; vÞ ¼ mk‘vk2 þ ðmþ m 0Þk‘ � vk2 þ gð‘s; vÞ þ ekvk2;

ðg; sÞ ¼ �ðv;‘sÞ þ ða � ‘s; sÞ þ ek‘sk2 þ eksk2:

Canceling the term of ð‘s; vÞ in the above two relations, we obtain

mk‘vk2 þ egksk2 þ ekvk2a gjða � ‘s; sÞj þ jðh; vÞj þ gjðg; sÞj: ð2:11Þ

Di¤erentiating (2.6) and (2.7), and employing the same argument, we have

mk‘2vk2 þ egk‘2sk2a gjð‘ða � ‘sÞ;‘sÞj þ jð‘h;‘vÞj þ gjð‘g;‘sÞj: ð2:12Þ

Adding (2.11) and (2.12), we have

mk‘vk21 þ efkvk2 þ gksk2 þ gk‘2sk2g

a

X

1

n¼0

½gjð‘nða � ‘sÞ;‘nsÞj þ jð‘nh;‘nvÞj þ gjð‘ng;‘nsÞj�: ð2:13Þ

Since

k‘sk2aCg;m;m 0fk‘2vk2 þ ekvk2 þ khk2g ð2:14Þ

as follows from (2.7), it follows from (2.13) that

k‘vk21 þ k‘sk2 þ efkvk2 þ ksk2 þ k‘2sk2g

aC1

X

1

n¼0

jð‘nða � ‘sÞ;‘nsÞj

þ C2 khk2 þ
X

1

n¼0

fjð‘nh;‘nvÞj þ jð‘ng;‘nsÞjg

" #

1 I1 þ I2; ð2:15Þ
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where the constants Cj > 0 ð j ¼ 1; 2Þ depend only on m; m 0 and g. Now, integration by

parts and the Hardy inequality imply that

I1aC1 jxja � ‘s;
s

jxj

� ��

�

�

�

�

�

�

�

þ
X

3

i¼1

qa

qxi
� ‘s;

qs

qxi

� ��

�

�

�

�

�

�

�

þ
1

2
ð‘ � aÞ

qs

qxi
;
qs

qxi

� ��

�

�

�

�

�

�

�

� �

" #

aC3fkð1þ jxjÞakLy
þ k‘akLy

gk‘sk2

aC3dk‘sk
2 ðC3 depends only on m; m 0 and gÞ; ð2:16Þ

whereas

I2aC2khk
2 þ

1

2
fekvk2 þ k‘2vk2 þ eksk2 þ ek‘2sk2g

þ
C 2

2

2
fe�1khk2 þ khk2 þ e�1kgk2 þ e�1kgk2g: ð2:17Þ

Combining (2.15)–(2.17), we have (2.9) if da 1=4C3.

(ii) Using the Friedrichs mollifier (cf. Mizohata [18], p. 313), we may assume that

ðs; vÞ A H
y;y. Employing the same argument as in the beginning of proof for (i), we

have (2.12) and (2.14). Adding (2.12) and (2.14), we have

kð‘s;‘2vÞk2aC1½kvk
2 þ khk2 þ jð‘ða � ‘sÞ;‘sÞj

þ fjð‘h;‘vÞj þ jð‘g;‘sÞjg�1C1fkvk
2 þ khk2 þ I1 þ I2g; ð2:18Þ

where the constant C1 > 0 depends only on m; m 0 and g. By the same calculation as

in (2.16)

I1aC2dk‘sk
2 ðC2 depends only on m; m 0 and gÞ; ð2:19Þ

whereas integration by parts implies that

I2a
1

2C1
fk‘2vk2 þ k‘sk2gþ

C1

2
fkhk2 þ k‘gk2g: ð2:20Þ

Combining (2.18)–(2.20), we have (2.10) if da 1=4C2. r

Now, we employ the closed range theorem to prove the existence of solution. We

introduce the operator A defined on DðAÞHL2 into L2 by

Aðs; vÞ ¼ ðA1ðs; vÞ;A2ðs; vÞÞ;

where DðAÞ ¼ H
2;2 and

A1ðs; vÞ ¼ ‘ � vþ ða � ‘Þs� eDsþ es;

A2ðs; vÞ ¼ �mDv� ðmþ m 0Þ‘ð‘ � vÞ þ g‘sþ ev:

Clearly A is closed operator. Furthermore, Lemma 2.1 (i) implies that for each

0 < ea 1 the range of A is closed.
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Proposition 2.1. There exists d0 ¼ d0ðg; m; m
0Þ > 0 such that if d in (2.4) satisfies

da d0 then for 0 < ea 1, (2.6)–(2.7) has a solution ðs; vÞ A H
2;2, which satisfies

kðs; vÞk2;2aCðeÞkðh; gÞk; ð2:21Þ

where the constant CðeÞ depends on m; m 0; g; e and CðeÞ !y as e # 0.

Proof. Let ðy;wÞ A H
2;2. Then for any ðs; vÞ A H

2;2, integration by parts implies

that

ðAðs; vÞ; ðy;wÞÞ ¼ ð‘ � v; yÞ þ ða � ‘s; yÞ � eðDs; yÞ þ eðs; yÞ

� mðDv;wÞ � ðmþ m 0Þð‘ð‘ � vÞ;wÞ þ gð‘s;wÞ þ eðv;wÞ

¼ ðs;�g‘ � w� ‘ � ðayÞ � eDyþ eyÞ

þ ðv;�mDw� ðmþ m 0Þ‘ð‘ � wÞ � ‘yþ ewÞ:

Therefore H
2;2

HDðA�Þ and for ðy;wÞ A H
2;2, A�ðy;wÞ ¼ ðA�

1 ðy;wÞ;A
�
2 ðy;wÞÞ where

A�
1 ðy;wÞ ¼ �g‘ � w� ‘ � ðayÞ � eDyþ ey;

A�
2 ðy;wÞ ¼ �mDw� ðmþ m 0Þ‘ð‘ � wÞ � ‘yþ ew:

Employing the same argument as in the proof of Lemma 2.1 (i), we have

k‘wk21 þ k‘yk2 þ efkwk2 þ kyk2 þ k‘2yk2gaCe�1kA�ðy;wÞk2

for ðy;wÞ A H
2;2. Hence the closed range theorem implies the existence of solution.

The estimate (2.21) is given by (2.9) directly. r

By the regularity theorem of the properly elliptic operator, we have

Corollary 2.1. Let ðs; vÞ A H
2;2 be solution to (2.6)–(2.7) obtained in Proposition

2.1. Then ðs; vÞ A H
kþ1;kþ1 and

kðs; vÞkkþ1;kþ1aCðeÞkðh; gÞkk�1;k�1; ð2:22Þ

where the constant CðeÞ > 0 depends on m; m 0; g; e and CðeÞ !y as e # 0.

2.1.2. Solution to linearized problem (2.2)–(2.3) and its L2 estimate.

Next, we shall discuss the estimate for solution to (2.6)–(2.7) independent of

0 < ea 1.

Lemma 2.2. Let 0 < ea 1 and ðs; vÞ A H
kþ1;kþ1 be solution to (2.6)–(2.7) which

satisfies (2.22). Then, there exists d0 ¼ d0ðg; m; m
0Þ > 0 such that if d in (2.4) satisfies

da d0, then we have the estimate:

kð‘s;‘vÞkk�1;kaCfkð1þ jxjÞðh; gÞk þ kð‘h;‘gÞkk�2;k�1g; ð2:23Þ

where the constant C depends only on m; m 0 and g.

Proof. By aid of the Friedrichs mollifier, we may assume that ðs; vÞ A H
y;y.

The same argument as in the proof of Lemma 2.1 (i) implies that

k‘vk21 þ k‘sk2aC khk2 þ
X

1

n¼0

fjð‘nh;‘nvÞj þ jð‘ng;‘nsÞjg

" #

:
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For the right hand side, using the Hardy inequality, we have

X

1

n¼0

fjð‘nh;‘nvÞj þ jð‘ng;‘nsÞjga
1

2C
fk‘vk21 þ k‘sk2g

þ C 0fkð1þ jxjÞhk2 þ kð1þ jxjÞgk2 þ k‘gk2g:

So we obtain

kð‘s;‘vÞk0;1aCfkð1þ jxjÞðh; gÞk þ k‘gkg; ð2:24Þ

where the constant C depends only on m; m 0 and g.

Moreover, for any multi-index a with 1a jaja k � 1, applying qa
x to (2.6)–(2.7),

we have

‘ � qa
xvþ ða � ‘Þqa

xs� eDqa
xsþ eqa

xs ¼ qa
xg� Ia;

�mDqa
xv� ðmþ m 0Þ‘ð‘ � qa

xvÞ þ g‘qa
xsþ eqa

xv ¼ qa
xh;

(

ð2:25Þ

where Ia is defined by the formula:

Ia ¼
X

b<a

a

b

� �

ðqa�b
x a � ‘Þqb

xs:

Employing Lemma 2.1 (ii) for (2.25), we have

kð‘qa
xs;‘

2qa
xvÞkaCfkqa

xvk þ kðqa
xh;‘ðq

a
xg� IaÞÞkg;

where the constant C > 0 depends only on m; m 0 and g. Since

k‘IakaCdk‘skjaj

as follows from (2.4) and by the Sobolev inequality, we obtain

kð‘jajþ1s;‘jajþ2vÞkaCfk‘jajvk þ k‘skjaj�1 þ kð‘jajh;‘jajþ1gÞkg; ð2:26Þ

if d > 0 is small enough. Combining (2.24) and (2.26), we obtain (2.23). r

Now using (2.23), we shall show the existence of solution to linearized problem

(2.2)–(2.3).

Proposition 2.2. There exists d0 ¼ d0ðg; m; m
0Þ > 0 such that if d in (2.4) satisfies

da d0 then for 0 < la 1, (2.2)–(2.3) admits a solution ðs; vÞ A ĤH
k;kþ1 which satisfies the

estimate:

kðs; vÞkL6
þ

ðs; vÞ

jxj

�

�

�

�

�

�

�

�

þ kð‘s;‘vÞkk�1;kaCfkð1þ jxjÞðh; gÞk þ kð‘h;‘gÞkk�2;k�1g; ð2:27Þ

where the constant C > 0 depends only on m; m 0 and g.

Proof. We put

K ¼ kð1þ jxjÞðh; gÞk þ kð‘h;‘gÞkk�2;k�1:

From Proposition 2.1, Corollary 2.1 and Lemma 2.2, it follows that for each 0 < ea 1,

(2.6)–(2.7) admits a solution ðs e; v eÞ A H
kþ1;kþ1 such that

kð‘s e
;‘v eÞkk�1;kaCK :
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The Gagliard-Nirenberg inequality and the Hardy inequality imply that

kðse
; veÞkL6

þ
ðs e; veÞ

jxj

�

�

�

�

�

�

�

�

aCkð‘s e
;‘veÞkaCK :

Choosing an appropriate subsequence, there exist ðs; vÞ A L6, ðy;wÞ A L2,

ðy i
;w iÞ A H

k�1;k such that

ðse
; veÞ * ðs; vÞ weakly in L6;

ðse; v eÞ

jxj
* ðy;wÞ weakly in L2;

qs e

qxi
;
qve

qxi

� �

* ðy i
;w iÞ weakly in H

k�1;k

as e # 0. Then we can easily check that

ðs; vÞ ¼ ðjxjy; jxjwÞ;
qs

qxi
;
qv

qxi

� �

¼ ðy i
;w iÞ;

kðs; vÞkL6
þ

ðs; vÞ

jxj

�

�

�

�

�

�

�

�

þ kð‘s;‘vÞkk�1;kaCK :

On the other hand, we have

‘ � ve þ ða � ‘Þse � eDs e þ ese ! ‘ � vþ ða � ‘Þs;

�mDve � ðmþ m 0Þ‘ð‘ � v eÞ þ g‘s e þ eve ! �mDv� ðmþ m 0Þ‘ð‘ � vÞ þ g‘s

in distribution sense. This completes the proof of Proposition 2.2. r

2.1.3. Weighted-L2 estimate for solution to the linearized equation (2.2)–(2.3).

At last, we shall give weighted-L2 estimate for the solution to (2.2)–(2.3).

Lemma 2.3. Let ðs; vÞ A ĤH
k;kþ1 be solution to (2.2)–(2.3) which satisfies (2.27).

Then, there exists d0 ¼ d0ðg; m; m
0Þ > 0 such that if d in (2.4) satisfies da d0 then for any

integer with 1a la k, we have the estimate:

X

l

n¼1

kð1þ jxjÞnð‘ns;‘nþ1vÞkaC kbkJ kþ1kckJ kþ1 þ k‘vk þ
X

l

n¼1

kð1þ jxjÞnð‘n�1f ;‘ngÞk

" #

;

ð2:28Þ

where C is a constant depending only on m; m 0 and g.

Proof. Let ðs; vÞ A ĤH
k;kþ1 be a solution to (2.2)–(2.3) satisfying (2.27). We shall

prove the lemma by induction on l. Let l be any integer with 1a la k and if lb 2,

we assume that

X

l�1

n¼1

kð1þ jxjÞnð‘ns;‘nþ1vÞkaC kbkJ kþ1kckJ kþ1 þ k‘vk þ
X

l�1

n¼1

kð1þ jxjÞnð‘n�1f ;‘ngÞk

" #

:

ð2:29Þ
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Using the Fiedrichs mollifier and a cut-o¤ function, we may assume that ðs; vÞ A

Cy

0 ðR3Þ. For any multi-index a with jaj ¼ l, applying qa
x to (2.3) and multiplying

ð1þ jxjÞ2lqa
xv, we have (after using integration by parts)

mkð1þ jxjÞl‘qa
xvk

2 þ m ‘qa
xv; 2lð1þ jxjÞ2l�1 x

jxj
qa
xv

� �

þ ðmþ m 0Þkð1þ jxjÞl‘ � qa
xvk

2 þ ðmþ m 0Þ ‘ � qa
xv; 2lð1þ jxjÞ2l�1 x

jxj
� qa

xv

� �

þ gð‘qa
xs; ð1þ jxjÞ2lqa

xvÞ ¼ ðqa
xf�ðb � ‘Þcþ f g; ð1þ jxjÞ2lqa

xvÞ:

Also applying qa
x to (2.2) and multiplying ð1þ jxjÞ2lqa

xs, we have (after using integration

by parts)

� qa
xv; ð1þ jxjÞ2l‘qa

xsþ 2lð1þ jxjÞ2l�1 x

jxj
qa
xs

� �

þ ðqa
xfða � ‘Þsg; ð1þ jxjÞ2lqa

xsÞ ¼ ðqa
xg; ð1þ jxjÞ2lqa

xsÞ:

Summing up the above two relations, canceling the term of ð‘qa
xs; ð1þ jxjÞ2lqa

xvÞ and

taking summation with respect to a, we obtain

kð1þ jxjÞl‘lþ1vk2aC½ðj‘lþ1vj; ð1þ jxjÞ2l�1j‘lvjÞ

þ ðj‘lvj; ð1þ jxjÞ2l�1j‘lsjÞ þ jð‘lða � ‘sÞ; ð1þ jxjÞ2l‘lsÞj

þ jð‘lf ; ð1þ jxjÞ2l‘lvÞj þ jð‘lg; ð1þ jxjÞ2l‘lsÞj

þ jð‘lfðb � ‘Þcg; ð1þ jxjÞ2l‘lvÞj�; ð2:30Þ

where the constant C depends only on m; m 0 and g. Since

kð1þ jxjÞl‘lsk2aCg;m;m 0 ½kð1þ jxjÞl‘lþ1vk2

þ kð1þ jxjÞl‘l�1f k2 þ jð‘l�1fðb � ‘Þcg; ð1þ jxjÞ2l‘lsÞj�:

as follows from (2.3), combining this with (2.30), we have

kð1þ jxjÞlð‘lþ1v;‘lsÞk2aC1jð‘
lða � ‘sÞ; ð1þ jxjÞ2l‘lsÞj

þ C2½kð1þ jxjÞl�1
‘lvk2 þ kð1þ jxjÞl‘l�1f k2

þ jð‘lf ; ð1þ jxjÞ2l‘lvÞj þ jð‘lg; ð1þ jxjÞ2l‘lsÞj�

þ C3jð‘
lfðb � ‘Þcg; ð1þ jxjÞ2l‘lvÞj

þ C4jð‘
l�1fðb � ‘Þcg; ð1þ jxjÞ2l‘lsÞj

1 I1 þ I2 þ I3 þ I4; ð2:31Þ

where the constants Cj ð j ¼ 1; 2; 3Þ depend only on m; m 0 and g.
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Now, we estimate the right hand side of (2.31) respectively. Integration by parts

and the Sobolev inequality imply that

I1aCe
X

l

n¼1

kð1þ jxjÞn‘nsk2 in the same way as in ð2:16Þ;

I2a
1

5
kð1þ jxjÞlð‘ls;‘lþ1vÞk2 ð2:32Þ

þ Cfkð1þ jxjÞl�1
‘lvk2 þ kð1þ jxjÞlð‘l�1f ;‘lgÞk2g:

Moreover, noting that

kð1þ jxjÞjajþjbjþ1jqabj jqbcj kaCkbkJ kþ1kckJ kþ1 ; ð2:33Þ

for multi-index a; b with jaja 1 or jbja 1 (and jaj; jbja k þ 1), we can show that

I3 þ I4a
1

5
kð1þ jxjÞlð‘ls;‘lþ1vÞk2

þ C
kð1þ jxjÞl�1

‘lvk2 þ kbk2J kþ1kck
2
J kþ1 l ¼ 1; 2; 3;

kð1þ jxjÞ3ð‘3s;‘4vÞk2 þ kbk2J kþ1kck
2
J kþ1 l ¼ 4:

(

ð2:34Þ

Indeed, I3 is estimated as follows: If l ¼ 1 or 2, since ð1þ jxjÞlþ1
‘lfðb � ‘Þcg A L2 as

follows from (2.33), we have

I3aCfkð1þ jxjÞl�1
‘lvk2 þ kbk2J kþ1kck

2
J kþ1g:

If l ¼ 3 or l ¼ 4, reforming I3 into the following two parts:

I3 ¼ C3

X

jaj¼l

X

baa
jbj¼l�2

a

b

� �

ðqa�b
x b � ‘Þqb

xcþ
X

baa
jbj¼1

a

b

� �

ðqa�b
x b � ‘Þqb

xc; ð1þ jxjÞ2lqa
xv

0

B

B

@

1

C

C

A

þ C3

X

jaj¼l

X

baa
jbj¼0

þ
X

baa
jbj¼l�1

þ
X

baa
jbj¼l

8

>

>

<

>

>

:

9

>

>

=

>

>

;

a

b

� �

ðqa�b
x b � ‘Þqb

xc; ð1þ jxjÞ2lqa
xv

0

B

B

@

1

C

C

A

1 I31 þ I32: ð2:35Þ

Using integration by parts for I31, we have

I31aCkð1þ jxjÞ2‘bkLy

�

kð1þ jxjÞl�2
‘l�1ck kð1þ jxjÞl‘lþ1vk

þ
X

l�1

n¼l�2

kð1þ jxjÞn‘nþ1ck kð1þ jxjÞl�1
‘lvk

�

þ ðthe same term except for the exchange of b and cÞ

a
1

5
kð1þ jxjÞl‘lþ1vk2 þ Cfkð1þ jxjÞl�1

‘lvk2 þ kbk2J kþ1kck
2
J kþ1g;
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and for I32 we can use (2.33) directly as in the case l ¼ 1 or 2,

I32aCfkð1þ jxjÞl�1
‘lvk2 þ kbk2J kþ1kck

2
J kþ1g;

where the constant C depends only on m; m 0 and g. Further, as for I4: If l ¼ 1; 2,

or 3, since ð1þ jxjÞl‘l�1fðb � ‘Þcg A L2 as follows from (2.33), we have

I4a
1

5
kð1þ jxjÞl‘lsk2 þ Ckbk2J kþ1kck

2
J kþ1 :

If l ¼ 4, integration by parts implies that

I4aC4

X

jaj¼3

jð‘ � qa
xfðb � ‘Þcg; ð1þ jxjÞ8qa

xsÞj þ qa
xfðb � ‘Þcg; 8ð1þ jxjÞ7

x

jxj
qa
xs

� ��

�

�

�

�

�

�

�

� �

:

Then, decomposing each term as in (2.35) (the first term same as I3 with l ¼ 4 and the

second term same as I3 with l ¼ 3) and using integration by parts, we have

I4a
1

5
kð1þ jxjÞ4‘4sk2 þ Cfkð1þ jxjÞ3‘3sk2 þ kbk2J kþ1kck

2
J kþ1g;

where the constant C depends only on m; m 0 and g.

Combining (2.31), (2.32), (2.34) and (2.29) if lb 2, we obtain

kð1þ jxjÞlð‘ls;‘lþ1vÞk2aC kbk2J kþ1kck
2
J kþ1 þ k‘vk2 þ

X

l

n¼1

kð1þ jxjÞnð‘n�1f ;‘ngÞk2
" #

:

This completes the proof of Lemma 2.3. r

Now combining Proposition 2.2 and Lemma 2.3, we have the following theorem.

Theorem 2.1. There exists d0 ¼ d0ðg; m; m
0Þ > 0 such that if d in (2.4) satisfies da d0,

then (2.2)–(2.3) admits a solution ðs; vÞ A ĤH
k;kþ1 which satisfies the estimate:

kðs; vÞkL6
þ

ðs; vÞ

jxj

�

�

�

�

�

�

�

�

þ
X

k

n¼1

kð1þ jxjÞn‘nsk þ
X

kþ1

n¼1

kð1þ jxjÞn�1
‘nvk

aC kbk2J kþ1 þ
X

k�1

n¼0

kð1þ jxjÞnþ1
‘nf k þ kð1þ jxjÞgk þ

X

k

n¼1

kð1þ jxjÞn‘ngk

" #

;

where the constant C > 0 is depending only on m; m 0 and g. Furthermore the uniqueness is

held in ĤH
1;2 VL6.

Proof. The existence and the estimate follows from Proposition 2.2 and Lemma

2.3 directly. The uniqueness follows from an argument similar to Lemma 2.1 (ii).

r

2.2. A Proof of Theorem 1.1.

In this section, we shall construct a solution to (2.1), by use of the contraction

mapping principle in I
4;5
e . We employ the following system of equations:
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‘ � vþ
~vv

rþ ~ss
� ‘

� �

s ¼
G

rþ ~ss
; ð2:36Þ

�mDv� ðmþ m 0Þ‘ð‘ � vÞ þ g‘s ¼ �ðrþ ~ssÞð~vv � ‘Þ~vv

� ½P 0ðrþ ~ssÞ � P 0ðrÞ�‘~ssþ ðrþ ~ssÞF ; ð2:37Þ

8

>

>

>

>

>

<

>

>

>

>

>

:

where ð~ss; ~vvÞðxÞ A _II
4;5

e is given.

2.2.1. Introduction of the solution map T for (2.36)–(2.37).

First and foremost, we put

a ¼
~vv

rþ ~ss
; b ¼ c ¼ r1=2~vv; g ¼

G

rþ ~ss
;

f ¼ �~ssð~vv � ‘Þ~vv� ½P 0ðrþ ~ssÞ � P 0ðrÞ�‘~ssþ ðrþ ~ssÞF : ð2:38Þ

If we assume that ea r=2 and

K0 1 kð1þ jxjÞGk þ
X

3

n¼0

kð1þ jxjÞnþ1
‘nFk þ

X

4

n¼1

kð1þ jxjÞn‘nGk <y; ð2:39Þ

then we can check (2.4)–(2.5) easily and additionally we have

kð1þ jxjÞgk þ
X

3

n¼0

kð1þ jxjÞnþ1
‘nf k þ

X

4

n¼1

kð1þ jxjÞn‘ngkaCfe2 þ K0g ð2:40Þ

for some constant C ¼ Cðr; m; m 0Þ. Applying Theorem 2.1 with k ¼ 4 for (2.36)–(2.37),

we have the following lemma.

Lemma 2.4. Let ðF ;GÞ A H
3;4 satisfies (2.39). Then, there exists e0 such that if

ea e0 then (2.36)–(2.37) with ð~ss; ~vvÞ A I
4;5
e has a solution ðs; vÞ A ĤH

4;5 which satisfies the

estimate:

kðs; vÞkL6
þ

ðs; vÞ

jxj

�

�

�

�

�

�

�

�

þ
X

5

n¼1

kð1þ jxjÞn�1
‘nvk þ

X

4

n¼1

kð1þ jxjÞn‘nskaCfe2 þ K0g; ð2:41Þ

where the constant C > 0 depends only on m; m 0 and r.

Hence, we can consider the solution map T : ð~ss; ~vvÞ 7! ðs; vÞ;I4;5
e ! ĤH

4;5 for

(2.36)–(2.37).

Next, we have to show that ð~ss; ~vvÞ A _II
4;5

e leads to ðs; vÞ A _II
4;5

e . The following

lemma plays an important role when we estimate the solution by Ly-norm.

Lemma 2.5. Let EðxÞ be a scalar function satisfying

jqa
xEðxÞja

Ca

jxjjajþ1
ðjaj ¼ 0; 1; 2Þ:

(i) If fðxÞ is a smooth scalar function of the form: f ¼ ‘ � f1 þ f2 satisfying

L1ðfÞ1 kð1þ jxjÞ3fkLy

þ kð1þ jxjÞ2f1kLy

þ kf2kL1
<y;
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then we have for any multi-index a with jaj ¼ 0; 1

jqa
xðE � fÞðxÞja

Ca

jxjjajþ1
L1ðfÞ:

(ii) If fðxÞ is a smooth scalar function of the form: f ¼ f1f2 satisfying

L2ðfÞ1 kð1þ jxjÞ2fkLy

þ kð1þ jxjÞ3ð‘f1Þf2kLy

þ kð1þ jxjÞ3f1ð‘f2Þk1 <y;

then we have for any multi-index a with jaj ¼ 1; 2

jqa
xðE � fÞðxÞja

Ca

jxjjaj
L2ðfÞ:

Here, Ca denotes a constant depending only on a.

The proof is by direct calculation and here we may omit it.

Now, with aid of the Helmholtz decomposition and the Fourier transform, we shall

estimate Ly-norm of the solution to (2.36)–(2.37).

Lemma 2.6. Let ðF ;GÞ satisfy following estimate ( for K0 defined by (2.39)):

K1K0 þ kð1þ jxjÞ3FkLy

þ kð1þ jxjÞ2F1kLy

þ kF2kL1
þ
X

1

n¼0

kð1þ jxjÞnþ2
‘nGkLy

<y:

Then, if ðs; vÞ A ĤH
4;5 is a solution to (2.36)–(2.37) with ð~ss; ~vvÞ A _II

4;5

e and satisfies (2.41)

then ðs; vÞ satisfies the estimate:

kð1þ jxjÞ2skLy

þ
X

1

n¼0

kð1þ jxjÞnþ1
‘nvkLy

aCfe2 þ Kg; ð2:42Þ

where the constant C > 0 depends only on m; m 0 and r.

Proof. In view of the Helmholtz decomposition, v is written of the form:

v ¼ wþ ‘p ðw A _LL6;‘p A M6Þ: ð2:43Þ

Here and hereafter

M6 ¼ f‘p j p A L6; loc;‘p A L6g; _LL6 ¼ fw A Cy

0 j‘ � w ¼ 0g
k�kL6 ;

where �k�kL6 means the completion of � with respect to the L6-norm. Substituting (2.43)

into (2.36)–(2.37), we have

Dpþ
~vv

rþ ~ss
� ‘

� �

s ¼
G

rþ ~ss
; ð2:44Þ

�mDwþ ‘F ¼ h; ð2:45Þ

F ¼ gs� ð2mþ m 0ÞDp; ð2:46Þ

8

>

>

>

>

>

<

>

>

>

>

>

:

where h is defined by

h ¼ �rð~vv � ‘Þ~vvþ f ð f is what we put at ð2:38ÞÞ
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and F is introduced by (2.46) for the first time. Calculating the divergence of (2.45),

we get

DF ¼ ‘ � h:

Thus we have the representation for F:

F ¼
X

3

i¼1

qE0

qxi
� hi E0ðxÞ ¼ �

1

4p
jxj�1

� �

: ð2:47Þ

Again from (2.45), we have

�mDwj ¼ hj �
qF

qxj
¼ hj �

q

qxj
ðD�1‘ � hÞ

¼ hj �F
�1
X

3

i¼1

xixj

jxj2
ĥhiðxÞ

" #

:

So we get the representation for w:

wjðxÞ ¼
1

m

X

3

i¼1

F
�1 dij

jxj2
�
xixj

jxj4

 !

ĥhi

" #

ðxÞ ¼
X

3

i¼1

Eij � hiðxÞ; ð2:48Þ

where

EijðxÞ ¼
1

m

1

4p

dij

jxj
�

1

8p

q2

qxiqxj
jxj

 !

¼
1

8pm

dij

jxj
�
xixj

jxj3

 !

:

We shall apply Lemma 2.5 (i) to estimate F and w. Therefore, in order to estimate

(2.47) and (2.48), we need to take a look at h. By ð~ss; ~vvÞ A _II
4;5

e , there exist ~VV1 ¼

ð ~VV1; iÞ1aia3 and ~VV2 such that

‘ � ~vv ¼ ‘ � ~VV1 þ ~VV2; kð1þ jxjÞ3 ~VV1kLy

þ kð1þ jxjÞ�1 ~VV2kL1
a e ð2:49Þ

and so we can calculate

hi ¼ �ðrþ ~ssÞð~vv � ‘Þ~vvi � ½P 0ðrþ ~ssÞ � P 0ðrÞ�
q~ss

qxi
þ ðrþ ~ssÞFi

¼ r
X

3

j¼1

q

qxj
f�~vvi~vvj þ ~vvi ~VV1; jg þ ‘ � fðrþ ~ssÞF1; i�g

" #

þ �rð ~VV1 � ‘Þ~vvi þ r ~VV2~vvi � ~ssð~vv � ‘Þ~vvi �QðsÞs
q~ss

qxi
� ‘s � F1; i� þ ðrþ ~ssÞF2; i

� �

1‘ � h i
1 þ h i

2;

where

QðsÞ ¼

ð 1

0

P 00ðrþ ysÞ dy:
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By ð~ss; ~vvÞ A _II
4;5

e and (2.49) using the Sobolev inequality, we obtain

kð1þ jxjÞ3hikLy

þ kð1þ jxjÞ2h i
1kLy

þ kh i
2kL1
aCfe2 þ K1g;

where K1 is defined by

K1 1 kð1þ jxjÞ3FkLy

þ kð1þ jxjÞ2F1kLy

þ kF2kL1

and C > 0 is a constant depending only on r. Thus, applying Lemma 2.5 (i) to (2.47)

and (2.48), we have

jxj2jFðxÞj þ
X

1

n¼0

jxjnþ1j‘nwðxÞjaCK1: ð2:50Þ

As for p, we have from (2.44)

p ¼ E0 � �
X

3

i¼1

~vvi

rþ ~ss

qs

qxi
þ

G

rþ ~ss

 !

1�E0 �
X

3

i¼1

q i
1q

i
2 þ E0 � r: ð2:51Þ

Since ð~ss; ~vvÞ A _II
4;5

e , it follows from (2.41) and the Sobolev inequality that

kð1þ jxjÞ2q i
1q

i
2kLy

þ kð1þ jxjÞ3ð‘q i
1Þq

i
2kLy

þ kð1þ jxjÞ3q i
1ð‘q

i
2Þk1aCfe2 þ K0g;

X

1

n¼0

kð1þ jxjÞnþ2
‘nrkLy

aC
X

1

n¼0

kð1þ jxjÞnþ2
‘nGkLy

1K2;

where the constant C > 0 depends only on r. Applying Lemma 2.5 (ii) to each term of

(2.51) respectively, we also have

X

2

n¼1

jxjnj‘npðxÞjaCfe2 þ K0 þ K2g: ð2:52Þ

Now, we are ready to estimate v and s. First, we consider the case where jxjb 1.

Returning to (2.43) and combining (2.50) and (2.52), we obtain

X

1

n¼0

ð1þ jxjÞnþ1j‘nvðxÞjaCfe2 þ K0 þ K1 þ K2g: ð2:53Þ

Besides by (2.46) we have

s ¼ g�1fð2mþ m 0ÞDpþFg:

Combining (2.50) and (2.52), we get

ð1þ jxjÞ2jsðxÞjaCfe2 þ K0 þ K1 þ K2g: ð2:54Þ

Next, we consider the case where jxj < 1. The Sobolev inequality and the Hardy

inequality imply that
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ð1þ jxjÞ2jsðxÞj þ
X

1

n¼0

ð1þ jxjÞnþ1j‘nvðxÞj

a 8
s

1þ jxj

�

�

�

�

�

�

�

�

2

þ 4k‘vk2 þ 4
v

1þ jxj

�

�

�

�

�

�

�

�

2

aCkð‘s;‘vÞk1;2aCfe2 þ K0g: ð2:55Þ

Consequently by (2.53), (2.54) and (2.55), we have

kð1þ jxjÞ2‘2skLy
þ
X

1

n¼0

kð1þ jxjÞnþ1
‘nvkLy

aC e2 þ
X

2

j¼0

Kj

" #

aCfe2 þ Kg:

This completes the proof of Lemma 2.6. r

We combine Lemmas 2.4 and 2.6 to prove that the solution ðs; vÞ A _II
4;5

e .

Proposition 2.3. There exist c0 > 0 and e > 0 such that if ðF ;GÞ A H
3;4 satisfies

K þ kð1þ jxjÞ�1
GkL1

a c0e ðK is defined in Lemma 2:6Þ; ð2:56Þ

then (2.36)–(2.37) with ð~ss; ~vvÞ A _II
4;5

e admits a solution ðs; vÞ ¼ Tð~ss; ~vvÞ A _II
4;5

e .

Proof. By Lemmas 2.4, 2.6 and (2.56), it follows that (2.36)–(2.37) has a solution

ðs; vÞ A ĤH
4;5, which satisfies

kðs; vÞk
I

4; 5aCfe2 þ KgaCfe2 þ c0eg;

where the constant C > 0 depends only on m; m 0 and r. Thus if we take c0a 1=2C and

e > 0 su‰ciently small, it follows that ðs; vÞ A I
4;5
e . At last, we define V1 and V2 by

V1 ¼ �
~vv

rþ ~ss
s; V2 ¼ ‘ �

~vv

rþ ~ss

� �

sþ
G

rþ ~ss
:

Then immediately from (2.36)

‘ � v ¼ ‘ � V1 þ V2:

Moreover, by ð~ss; ~vvÞ A _II
4;5

e and (2.42), using Sovolev inequality, we have

kð1þ jxjÞ3V1kLy
þ kð1þ jxjÞ�1

V2kL1
aCfe2 þ K þ kð1þ jxjÞ�1

GkL1
g;

further by (2.56)

aCfe2 þ c0egaCe2 þ
e

2
a e;

if c0a 1=2C and e > 0 is su‰ciently small. This completes the proof of Proposition 2.3.

r

2.2.2. Contraction of the solution map T .

Finally, we shall show that the solution map T for (2.36)–(2.37) is contract. We

suppose that ð~ss j; ~vv jÞ A _II
4;5

e and ðs j; v jÞ ¼ Tð~ss j; ~vv jÞ for j ¼ 1; 2. Then it immediately

follows from (2.36)–(2.37) that
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‘ � ðv1 � v2Þ þ
~vv1

rþ ~ss1
� ‘

� �

ðs1 � s2Þ ¼ g;

�mDðv1 � v2Þ � ðmþ m 0Þ‘f‘ � ðv1 � v2Þg þ g‘ðs1 � s2Þ

¼ �rð~vv1 � ‘Þ~vv1 þ rð~vv2 � ‘Þ~vv2 þ f ;

8

>

>

>

>

>

<

>

>

>

>

>

:

ð2:57Þ

where ð f ; gÞ A H
3;3 is defined by

g ¼ �
~vv1

rþ ~ss1
�

~vv2

rþ ~ss2

� �

� ‘s2 þ
G

rþ ~ss1
�

G

rþ ~ss2

� �

;

f ¼ �~ss1ð~vv1 � ‘Þ~vv1 þ ~ss2ð~vv2 � ‘Þ~vv2 � ½P 0ðrþ ~ss1Þ � P 0ðrÞ�‘~ss1

þ ½P 0ðrþ ~ss2Þ � P 0ðrÞ�‘~ss2 þ ð~ss1 � ~ss2ÞF :

Since

X

2

n¼0

kð1þ jxjÞnþ1
‘nf k þ kð1þ jxjÞgk þ

X

3

n¼1

kð1þ jxjÞn‘ngk

aCfeþ K0gkð~ss
1 � ~ss2

; ~vv1 � ~vv2Þk
I

3:4 :

as follows from the Sobolev inequality for K0 defined in (2.39), by application of

Theorem 2.1 with k ¼ 3 to (2.57), we obtain

kðs1 � s2
; v1 � v2ÞkL6

þ
ðs1 � s2

; v1 � v2Þ

jxj

�

�

�

�

�

�

�

�

þ
X

3

n¼1

kð1þ jxjÞn‘nðs1 � s2Þk þ
X

4

n¼1

kð1þ jxjÞn�1
‘nðv1 � v2Þk

aCfeþ K0gkð~ss
1 � ~ss2

; ~vv1 � ~vv2Þk
I

3:4 : ð2:58Þ

Next, we decompose (2.57) as in the proof of Lemma 2.6: Putting v1 � v2 ¼

wþ ‘p ðw A _LL6, ‘p A M6Þ, we have

Dpþ
~vv1

rþ ~ss1
� ‘

� �

ðs1 � s2Þ ¼ g;

�mDwþ ‘F ¼ �rð~vv1 � ‘Þ~vv1 þ rð~vv2 � ‘Þ~vv2 þ f 1 h;

F ¼ gðs1 � s2Þ � ð2mþ m 0ÞDp:

8

>

>

>

>

>

<

>

>

>

>

>

:

The same argument as in the proof of Lemma 2.6 implies that

kð1þ jxjÞ2ðs1 � s2ÞkLy

þ
X

1

n¼0

kð1þ jxjÞnþ1
‘nðv1 � v2ÞkLy

aCfeþ Kgkð~ss1 � ~ss2
; ~vv1 � ~vv2Þk

I
3:4

þ Ce½kð1þ jxjÞ3ð ~VV 1
1 � ~VV 2

1 ÞkLy

þ kð1þ jxjÞ�1ð ~VV 1
2 � ~VV 2

2 ÞkL1
�; ð2:59Þ
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where ~VV
j

1 ;
~VV

j
2 ð j ¼ 1; 2Þ are functions satisfying

‘ � ~vv j ¼ ‘ � ~VV
j

1 þ ~VV
j
2 ; kð1þ jxjÞ3 ~VV j

1 kLy

þ kð1þ jxjÞ�1 ~VV
j
2 kL1

a e: ð2:60Þ

Moreover, if we define V
j

1 ;V
j
2 ð j ¼ 1; 2Þ as

V
j
1 ¼ �

~vv j

rþ ~ss j
s j
; V

j
2 ¼ ‘ �

~vv j

rþ ~ss j

� �

s j þ
G

rþ ~ss j
; ð2:61Þ

then

kð1þ jxjÞ3ðV 1
1 � V 2

1 ÞkLy

þ kð1þ jxjÞ�1ðV 1
2 � V 2

2 ÞkL1

aCfeþ kð1þ jxjÞ�3
GkL1

gkð~ss1 � ~ss2
; ~vv1 � ~vv2Þk

I
3:4 : ð2:62Þ

Combining (2.58), (2.59) and (2.62), we obtain

kðs1 � s2
; v1 � v2Þk

I
3; 4 þ kð1þ jxjÞ3ðV 1

1 � V 2
1 ÞkLy

þ kð1þ jxjÞ�1ðV 1
2 � V 2

2 ÞkL1

aCfeþ Kgkð~ss1 � ~ss2
; ~vv1 � ~vv2Þk

I
3:4

þ Ce½kð1þ jxjÞ3ð ~VV 1
1 � ~VV 2

1 ÞkLy

þ kð1þ jxjÞ�1ð ~VV 1
2 � ~VV 2

2 ÞkL1
�:

Therefore, we have the following proposition.

Proposition 2.4. There exist c0 > 0 and e > 0 such that if ðF ;GÞ A H
3;4 satisfies

Ka c0e ðK is defined in Lemma 2:6Þ;

then for ð~ss j; ~vv jÞ A _II
4;5

e and ðs j; v jÞ ¼ Tð~ss j; ~vv jÞ ð j ¼ 1; 2Þ we have the following estimate:

kðs1 � s2
; v1 � v2Þk

I
3; 4 þ kð1þ jxjÞ3ðV 1

1 � V 2
1 ÞkLy

þ kð1þ jxjÞ�1ðV 1
2 � V 2

2 ÞkL1

a
1

2
½kð~ss1 � ~ss2

; ~vv1 � ~vv2Þk
I

3:4 þ kð1þ jxjÞ3ð ~VV 1
1 � ~VV 2

1 ÞkLy

þ kð1þ jxjÞ�1ð ~VV 1
2 � ~VV 2

2 ÞkL1
�;

where ð ~VV j
1 ;

~VV
j
2 Þ ð j ¼ 1; 2Þ is a function satisfying (2.60) and ðV j

1 ;V
j
2 Þ ð j ¼ 1; 2Þ is defined

by (2.61).

Hence, by Propositions 2.3 and 2.4, the contraction mapping principle implies the

existence and uniqueness of solution to (1.2) which we have stated in Theorem 1.1.

3. Non-stationary problem.

In this part, we consider stability of the stationary solution with respect to the initial

disturbance ðr0; v0Þ. Let r be a positive constant and let ðF ;GÞ be small in the sense of

Theorem 1.1. We denote the corresponding stationary solution obtained in Theorem

1.1 by ðr�; v�Þ. Putting

rðt; xÞ ¼ r�ðxÞ þ sðt; xÞ; vðt; xÞ ¼ v�ðxÞ þ wðt; xÞ

into (1.1), we have the system of equations for ðs;wÞ:
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stðtÞ þ ‘ � fðr� þ sðtÞÞwðtÞg ¼ �‘ � ðv�sðtÞÞ; ð3:1Þ

wtðtÞ �
1

r�
½mDwðtÞ þ ðmþ m 0Þ‘ð‘ � wðtÞÞ� þ AðtÞ‘sðtÞ ¼ f ðtÞ; ð3:2Þ

ðs;wÞð0; xÞ ¼ ðr0 � r�; v0 � v�ÞðxÞ; ð3:3Þ

8

>

>

>

>

>

<

>

>

>

>

>

:

where

f ðtÞ ¼ �ðv� � ‘ÞwðtÞ � ðwðtÞ � ‘Þðv� þ wðtÞÞ

�
1

r�
fP 0ðr� þ sðtÞÞ � P 0ðr�Þg‘r� �

sðtÞ

r�ðr� þ sðtÞÞ

� ½mDðv� þ wðtÞÞ þ ðmþ m 0Þ‘f‘ � ðv� þ wðtÞÞg � P 0ðr� þ sðtÞÞ‘r��;

AðtÞ ¼
P 0ðr� þ sðtÞÞ

r� þ sðtÞ
:

ð3:4Þ

Our goal in this part is to give a proof of Theorem 1.2. The proof consists of the

following two steps. One is local existence:

Proposition 3.1. If ðs;wÞð0Þ A H
3;3, then there exists t0 > 0 such that the initial

value problem (3.1)–(3.2) with initial data ðs;wÞð0Þ admits a unique solution ðs;wÞðtÞ A

Cð0; t0;H
3;3Þ. Moreover, ðs;wÞðtÞ satisfies

kðs;wÞðtÞk23;3a 2kðs;wÞð0Þk23;3

for any t A ½0; t0�.

And the other is a priori estimate:

Proposition 3.2. Let ðs;wÞðtÞ A Cð0; t1;H
3;3Þ be a solution to (3.1)–(3.2). Then

there exists e0 > 0 such that if ea e0 and sup0atat1
kðs;wÞðtÞk3;3; kðr

� � r; v�Þk
I

4; 5a e,

then

kðs;wÞðtÞk23;3 þ

ð t

0

kð‘s;‘w;wtÞðsÞk
2
2;3;2 dsaCkðs;wÞð0Þk23;3 ð3:5Þ

for any t A ½0; t1�, where C > 0 is a constant depending only on m and m 0.

Concerning the local existence, we can apply the Matsumura-Nishida [14] method

directly. So we shall devote the following sections to the proof of Proposition 3.2.

Remark 3.1. In the following lemmas and these proofs, small number e is at least

taken in such a way that

kðs;wÞðtÞk3;3; kðr
� � r; v�Þk

I
4; 5a e <

r

4
;

so that we have 3r=4a r�
a 5r=4, r=2a r� þ sðtÞa 3r=2 etc.
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3.1. Some estimates for f ðtÞ and its derivatives.

Lemma 3.1. Let a be a multi-index with 0a jaja 3 and let us write qa
x f ðtÞ of the

form:

qa
x f ðtÞ ¼ �

sðtÞ

r�ðr� þ sðtÞÞ
½mDqa

xwðtÞ þ ðmþ m 0Þ‘ð‘ � qa
xwðtÞÞ� þ FaðtÞ:

Then, there exists e > 0 such that if kðs;wÞðtÞk3;3; kðr
� � r; v�Þk

I
4; 5a e then FaðtÞ

satisfies

jFaðtÞjaC

j‘v�j jwðtÞj þ ðjv�j þ jwðtÞjÞj‘wðtÞj þ ðj‘r�j þ j‘2v�jÞjsðtÞj

if a ¼ 0;

j‘jajþ1v�j jwðtÞj þ
X

jajþ1

n¼1

j‘nwðtÞj þ
X

jajþ1

n¼1

ðj‘nr�j þ j‘nþ1v�jÞjsðtÞj

þ
X

jaj

n¼1

j‘nsðtÞj þ RjajðtÞ if jaj ¼ 1; 2; 3:

8

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

:

ð3:6Þ

Here, C > 0 is a constant depending only on m; m 0; R1ðtÞ ¼ 0 and RkðtÞ ðk ¼ 2; 3Þ satisfies

the following estimates:

kRkðtÞkL3=2
aCekð‘2s;‘2wÞðtÞkk�2;k�2 ðk ¼ 2; 3Þ;

kR2ðtÞkaCek‘3wðtÞk:

Proof. By combination of the Leibniz rule and the Sobolev embedding: H 2
H! Ly,

we can easily check (3.6) with

RkðtÞ ¼

0 if k ¼ 1;

j‘2wðtÞj j‘2sðtÞj if k ¼ 2;

j‘2wðtÞj j‘3sðtÞj þ ðj‘2wðtÞj þ j‘3wðtÞjÞj‘2sðtÞj

þ ðj‘3r�j þ j‘4v�jÞj‘sðtÞj þ ðj‘3r�j þ j‘2wðtÞjÞj‘2wðtÞj if k ¼ 3:

8

>

>

>

<

>

>

>

:

ð3:7Þ

Using the Gagliard-Nirenberg inequality, we have

kR2ðtÞkL3=2
a k‘2wðtÞkL6

k‘2sðtÞkaCek‘2sðtÞk;

kR3ðtÞkL3=2
a k‘2wðtÞkL6

k‘3sðtÞk þ k‘2wðtÞk1k‘
2sðtÞkL6

þ kð‘3r�;‘4v�Þk k‘sðtÞkL6
þ kð‘3r�;‘2wðtÞÞk k‘2wðtÞkL6

aCekð‘2s;‘3wÞðtÞk1;0;

moreover using the Sobolev inequality, we also have

kR2ðtÞka k‘2wðtÞkL3
k‘2sðtÞkL6

aCek‘2wðtÞk1:

This completes the proof of Lemma 3.1. r

Y. Shibata and K. Tanaka818



3.2. Estimates for ‘wðtÞ and its derivatives up to ‘4wðtÞ.

Lemma 3.2. Let ðs;wÞðtÞ A Cð0; t1;H
3;3Þ be a solution to (3.1)–(3.2). Then, there

exist e0; l0 > 0 and ak > 0 such that if ea e0 and kðs;wÞðtÞk3;3; kðr
� � r; v�Þk

I
4; 5a e

then

d

dt
½ksðtÞk2 þ ðBðtÞwðtÞ;wðtÞÞ� þ a0k‘wðtÞk

2
aCek‘sðtÞk2; ð3:8Þ

and for 1a ka 3 and any l with 0 < l < l0

d

dt
½k‘ksðtÞk2 þ ðBðtÞ‘kwðtÞ;‘kwðtÞÞ� þ akk‘

kþ1wðtÞk2

aCðeþ lÞkð‘s;wtÞðtÞk
2
k�1;k�1 þ Cl�1k‘wðtÞk2k�1; ð3:9Þ

where C > 0 is a constant depending only on m; m 0 and

BðtÞ ¼
ðr� þ sðtÞÞ2

P 0ðr� þ sðtÞÞ
:

Proof. Using the Friedrichs mollifier, we may assume that ðs;wÞðtÞ A Cð0; t1;

H
y;yÞ. For any multi-index a with 0a jaja 3, applying qa

x to (3.1) and (3.2);

multiplying the resultant equation by qa
xsðtÞ and ðr� þ sðtÞÞAðtÞ�1

qa
xwðtÞ respectively,

we have

1

2

d

dt
kqa

xsðtÞk
2 � ððr� þ sðtÞÞqa

xwðtÞ;‘q
a
xsðtÞÞ ¼ ð�qa

xðv
�sðtÞÞ � IaðtÞ;‘q

a
xsðtÞÞ;

ðBðtÞqa
xwtðtÞ; q

a
xwðtÞÞ �

BðtÞ

r�
qa
xfmDwðtÞ þ ðmþ m 0Þ‘ð‘ � wðtÞÞg; qa

xwðtÞ

� �

þ ððr� þ sðtÞÞ‘qa
xsðtÞ; q

a
xwðtÞÞ ¼ ðqa

x f ðtÞ þ JaðtÞ;BðtÞq
a
xwðtÞÞ

by integration with respect to x, where IaðtÞ and JaðtÞ are defined by

IaðtÞ ¼
X

b<a

a

b

� �

ðqa�b
x ðr� þ sðtÞÞÞqb

xwðtÞ;

JaðtÞ ¼
X

b<a

a

b

� ��

qa�b
x

1

r�

� �

qb
xfmDwðtÞ þ ðmþ m 0Þ‘ð‘ � wðtÞÞg

þ ðqa�b
x AðtÞÞ‘qb

xsðtÞ

�

:

Canceling the term of ððr� þ sðtÞÞqa
xwðtÞ;‘q

a
xsðtÞÞ by the above two formulas and

writing the first term of second formula as follows:

ðBðtÞqa
xwtðtÞ; q

a
xwðtÞÞ ¼

1

2

d

dt
ðBðtÞqa

xðtÞ; q
a
xwðtÞÞ �

1

2
ðBtðtÞq

a
xðtÞ; q

a
xwðtÞÞ;

and using integration by parts for the second term of second formula, we have
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1

2

d

dt
fkqa

xsðtÞk
2 þ ðBðtÞqa

xwðtÞ; q
a
xwðtÞÞg þ

4B0m

5r
k‘qa

xwðtÞk
2

a jðqa
xðv

�sðtÞÞ;‘qa
xsðtÞÞj þ jðqa

x f ðtÞ;BðtÞq
a
xwðtÞÞj

þ ½jðIaðtÞ;‘q
a
xsðtÞÞj þ jðJaðtÞ;BðtÞq

a
xwðtÞÞj� þ

1

2
jðBtðtÞq

a
xwðtÞ; q

a
xwðtÞÞj

þ m ‘qa
xwðtÞ; ‘

BðtÞ

r�

� �

qa
xwðtÞ

� ��

�

�

�

�

�

�

�

þ ðmþ m 0Þ ‘
BðtÞ

r�

� �

‘ � qa
xwðtÞ; q

a
xwðtÞ

� ��

�

�

�

�

�

�

�

� �

1K1 þ K2 þ K3 þ K4 þ K5; ð3:10Þ

where B0 ¼ minr=2asa3r=2 s
2=P 0ðsÞ.

Now, we estimate the right hand side of (3.10), using the Sobolev inequality and the

Gagliard-Nirenberg inequality. If a ¼ 0, employing the Hardy inequality, we have

K1a kð1þ jxjÞv�kLy

sðtÞ

jxj

�

�

�

�

�

�

�

�

k‘sðtÞkaCek‘sðtÞk2: ð3:11Þ

If 1a jaja 3, by integration by parts, we can show that

K1aCek‘sðtÞk2jaj�1: ð3:12Þ

To use Lemma 3.1, we divide K2 into the following two parts:

K2a jðFaðtÞ; q
a
xwðtÞÞj þ

sðtÞ

r�ðr� þ sðtÞÞ
½mDqa

xwðtÞ þ ðmþ m 0Þ‘ð‘ � qa
xwðtÞÞ�; q

a
xwðtÞ

� ��

�

�

�

�

�

�

�

1K21 þ K22: ð3:13Þ

Concerning K22, using integration by parts, we have

K22a m ‘
BðtÞsðtÞ

r�ðr� þ sðtÞÞ
qa
xwðtÞ

� �

;‘qa
xwðtÞ

� ��

�

�

�

�

�

�

�

þ ðmþ m 0Þ ‘ �
BðtÞsðtÞ

r�ðr� þ sðtÞÞ
qa
xwðtÞ

� �

;‘ � qa
xwðtÞ

� ��

�

�

�

�

�

�

�

aCfksðtÞkLy

k‘qa
xwðtÞk

2 þ kð‘r�;‘sðtÞÞkL3
kqa

xwðtÞkL6
k‘qa

xwðtÞkg

aCek‘qa
xwðtÞk

2: ð3:14Þ

To estimate K21, we use (3.6). If a ¼ 0,

K21aC

(

kð1þ jxjÞ2‘v�kLy
wðtÞ

jxj

�

�

�

�

�

�

�

�

2

þ kð1þ jxjÞv�kLyk‘wðtÞk
wðtÞ

jxj

�

�

�

�

�

�

�

�

þ kwðtÞkL3
k‘wðtÞk kwðtÞkL6

þ kð1þ jxjÞð‘r�;‘2v�ÞkL3

sðtÞ

jxj

�

�

�

�

�

�

�

�

kwðtÞkL6

)

aCekð‘s;‘wÞðtÞk2; ð3:15Þ
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and if 1a jaja 3,

K21aC

(

k‘jajþ1v�k kwðtÞkL6
k‘jajwðtÞkL3

þ
X

jajþ1

n¼1

k‘nwðtÞk k‘jajwðtÞk

þ
X

jajþ1

n¼1

kð‘nr�;‘nþ1v�Þk ksðtÞkL6
k‘jajwðtÞkL3

þ
X

jaj

n¼1

k‘nsðtÞk k‘jajwðtÞk þ kRjajðtÞkL3=2
k‘jajwðtÞkL3

)

aCðeþ lÞkð‘s;‘wÞðtÞk2jaj�1; jaj þ Cl�1k‘jajwðtÞk2: ð3:16Þ

For 1a jaja 2, we can easily check that

K3aCekð‘s;‘wÞðtÞk2jaj�1; jaj: ð3:17Þ

It also turns out to be true for jaj ¼ 3, using the following inequality:

wðtÞ

1þ jxj

�

�

�

�

�

�

�

�

Ly

aCk‘wðtÞk1;

which follows from combination of the Sobolev inequality and the Hardy inequality. In

order to estimate K4, we use (3.1). Then

2K4 ¼ jð ~BBðtÞstðtÞq
a
xwðtÞ; q

a
xwðtÞÞj

¼ jð‘ � fðr� þ sðtÞÞwðtÞ þ v�sðtÞg; ~BBðtÞqa
xwðtÞ � q

a
xwðtÞÞj

aCjðwðtÞ þ v�sðtÞ;‘fqa
xwðtÞ � q

a
xwðtÞg þ f‘ ~BBðtÞgqa

xwðtÞ � q
a
xwðtÞÞj

aCfðkwðtÞkL3
þ kv�kL6

ksðtÞkL6
Þk‘qa

xwðtÞk kq
a
xwðtÞkL6

þ kðw; sÞðtÞkL6
kð‘r�;‘sðtÞÞk kqa

xwðtÞk
2
L6
g

aCek‘qa
xwðtÞk

2; ð3:18Þ

where ~BBðtÞ is defined by

~BBðtÞ ¼
r� þ sðtÞ

P 0ðr� þ sðtÞÞ
2�

P 00ðr� þ sðtÞÞ

P 0ðr� þ sðtÞÞ
ðr� þ sðtÞÞ

� �

:

We also have

K5aCkð‘r�;‘sðtÞÞkL3
k‘qa

xwðtÞk kq
a
xwðtÞkL6

aCek‘qa
xwðtÞk

2: ð3:19Þ

Combining (3.10)–(3.19), we obtain (3.8) and (3.9), if we choose e; l > 0 small

enough. r
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3.3. Estimates for wtðtÞ and its derivatives up to ‘2wtðtÞ.

Lemma 3.3. Let ðs;wÞðtÞ A Cð0; t1;H
3;3Þ be a solution to (3.1)–(3.2). Then, there

exist e0 > 0 and bk > 0 such that if ea e0 and kðs;wÞðtÞk3;3; kðr
� � r; v�Þk

I
4; 5a e then

we have

d

dt
ðwðtÞ;‘sðtÞÞ þ b1kwtðtÞk

2
aCek‘sðtÞk2 þ Ck‘wðtÞk21 ; ð3:20Þ

d

dt
ð‘k�1wðtÞ;‘ksðtÞÞ þ bkk‘

k�1wtðtÞk
2
aCkð‘s;‘w;‘k�2wtÞðtÞk

2
k�2;k;0 ð3:21Þ

for 2a ka 3, where C > 0 is a constant depending only on m and m 0.

Proof. Using the Friedrichs mollifier, we may assume that ðs;wÞðtÞ A Cð0; t1;

H
y;yÞ. Multiplying (3.2) by AðtÞ�1, we have

1

AðtÞ
wtðtÞ þ ‘sðtÞ ¼

1

r�AðtÞ
½mDwðtÞ þ ðmþ m 0Þ‘ð‘ � wðtÞÞ� þ

1

AðtÞ
f ðtÞ:

For any multi-index a with 0a jaja 2, applying qa
x to this formula and multiplying the

resultant equation by qa
xwtðtÞ, we have

ð‘qa
xsðtÞ; q

a
xwtðtÞÞ þ

1

AðtÞ
qa
xwtðtÞ; q

a
xwtðtÞ

� �

¼ qa
x

1

r�AðtÞ
½mDwðtÞ þ ðmþ m 0Þ‘ð‘ � wðtÞÞ� þ

1

AðtÞ
f ðtÞ � IaðtÞ

� �

; qa
xwtðtÞ

� �

;

where IaðtÞ is defined by

IaðtÞ ¼
X

b<a

a

b

� �

qa�b
x

1

AðtÞ

� �

qb
xwtðtÞ:

The first term can be written in following form:

ð‘qa
xsðtÞ; q

a
xwtðtÞÞ ¼

d

dt
ð‘qa

xsðtÞ; q
a
xwðtÞÞ þ ðqa

xstðtÞ;‘ � qa
xwðtÞÞ:

Therefore, putting A1 ¼ maxr=2asa3r=2 P
0ðsÞ=s, we have

d

dt
ð‘qa

xsðtÞ; q
a
xwðtÞÞ þ

1

A1
kqa

xwtðtÞk
2

a qa
x

1

r�AðtÞ
½mDwðtÞ þ ðmþ m 0Þ‘ð‘ � wðtÞÞ�

� �

; qa
xwtðtÞ

� ��

�

�

�

�

�

�

�

þ jðIaðtÞ; q
a
xwtðtÞÞj

þ qa
x

1

AðtÞ
f ðtÞ

� �

; qa
xwtðtÞ

� ��

�

�

�

�

�

�

�

þ jðqa
xstðtÞ;‘ � qa

xwðtÞÞj

1K1 þ K2 þ K3 þ K4: ð3:22Þ

Now we estimate the right hand side of (3.22), using the Sobolev inequality and the

Gagliard-Nirenberg inequality. First, we can easily check that

K1a lk‘jajwtðtÞk
2 þ Cl�1k‘2wðtÞk2jaj;

K2aCek‘wtðtÞk
2
jaj�1:

ð3:23Þ
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We estimate K3, using Lemma 3.1: If a ¼ 0,

K3aCfk‘v�kL3
kwðtÞkL6

þ kðv�;wðtÞÞkLy
k‘wðtÞk

þ kð‘r�
;‘2v�ÞkL3

ksðtÞkL6
þ ksðtÞkLy

k‘2wðtÞkgkwtðtÞk

aCekð‘s;‘w;wtÞðtÞk
2
0;1;0: ð3:24Þ

If 1a jaja 2, we divide K3 as

K3a

X

b<a

a

b

� �

jðfqa�b
x AðtÞ�1gqb

x f ðtÞ; q
a
xwtðtÞÞj

þ jðAðtÞ�1
qa
x f ðtÞ; q

a
xwtðtÞÞj1K31 þ K32: ð3:25Þ

Then we have

K31aC
X

jaj

n¼1

kð‘nr�
;‘nsðtÞÞkL3

X

0an1ajaj�1
0an2ajajþ1

kð‘n1s;‘n2wÞðtÞkL6
k‘jajwtðtÞk

aCekð‘s;‘w;‘jajwtÞðtÞk
2
jaj�1; jajþ1;0;

K32aC

(

k‘v�kL3
kwðtÞkL6

þ
X

jajþ1

n¼1

kð‘nr�
;‘nþ1v�ÞkL3

ksðtÞkL6

þ kð‘s;‘wÞðtÞkjaj�1; jajþ1 þ kRjajðtÞk

)

k‘jajwtðtÞk

a lk‘jajwtðtÞk
2 þ Cl�1kð‘s;‘wÞðtÞk2jaj�1; jajþ1:

ð3:26Þ

At last, in order to estimate K4, we substitute (3.1) into st as in (3.18): Indeed, if a ¼ 0,

K4a jð‘ � fðr� þ sðtÞÞwðtÞg;‘ � wðtÞÞj þ jðv�sðtÞ;‘ð‘ � wðtÞÞÞj

aC kð‘r�
;‘sðtÞÞkL3

kwðtÞkL6
k‘wðtÞk þ k‘wðtÞk2 þ kð1þ jxjÞv�kLy

sðtÞ

jxj

�

�

�

�

�

�

�

�

k‘2wðtÞk

� �

aCekð‘s;‘2wÞðtÞk2 þ Ck‘wðtÞk2; ð3:27Þ

and if 1a jaja 2,

K4a jðqa
xfðr

� þ sðtÞÞwðtÞ þ v�sðtÞg;‘ð‘ � qa
xwðtÞÞÞj

aC
X

b<a

fkðqa�b
x r�

; qa�b
x sðtÞÞkL3

kqb
xwðtÞkL6

þ kqa
xwðtÞk

þ kqa�b
x v�kL3

kqb
xsðtÞkL6

þ kqa
xsðtÞkgk‘

2qa
xwðtÞk

aCkð‘s;‘wÞðtÞk2jaj�1; jajþ1: ð3:28Þ

Insert (3.23)–(3.28) into (3.22). Then, we have (3.20) and (3.21) if we take e; l > 0

small enough. r
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3.4. Estimates for ‘sðtÞ and its derivatives up to ‘3sðtÞ.

Lemma 3.4. Let ðs;wÞðtÞ A Cð0; t1;H
3;3Þ be a solution to (3.1)–(3.2). Then, there

exist e0 > 0 and bk > 0 such that if ea e0 and kðs;wÞðtÞk3;3; kðr
� � r; v�Þk

I
4; 5a e then

we have

k‘sðtÞk2a kð‘w;wtÞðtÞk
2
1;0; ð3:29Þ

k‘ksðtÞk2aCkð‘s;‘w;‘k�1wtÞðtÞk
2
k�2;k;0 ð3:30Þ

for 2a ka 3, where C > 0 is a constant depending only on m and m 0.

Proof. Using the Friedrichs mollifier, we may assume that ðs;wÞðtÞ A Cð0; t1;

H
y;yÞ. For any multi-index a with 0a jaja 2, applying qa

x to (3.2) and multiplying

the resultant equation by ‘qa
xsðtÞ, we have

A0k‘q
a
xsðtÞk

2
a jðqa

xwtðtÞ;‘q
a
xsðtÞÞj þ qa

x

1

r�
½mDwðtÞ þ ðmþ m 0Þ‘ð‘ � wðtÞÞ�

� �

;‘qa
xsðtÞ

� ��

�

�

�

�

�

�

�

þ jðIaðtÞ;‘q
a
xsðtÞÞj þ jðqa

x f ðtÞ;‘q
a
xsðtÞÞj

1K1 þ K2 þ K3 þ K4; ð3:31Þ

where A0 ¼ minr=2asa3r=2 P
0ðsÞ=s and

IaðtÞ ¼
X

b<a

a

b

� �

ðqa�b
x AðtÞÞ‘qb

xsðtÞ:

It immediately follows from the Sobolev inequality that

K1a lk‘jajþ1sðtÞk2 þ Cl�1k‘jajwtðtÞk
2;

K2a lk‘jajþ1sðtÞk2 þ Cl�1k‘2wðtÞk2jaj; ð3:32Þ

K3aCek‘sðtÞk2jaj:

We employ Lemma 3.1 to estimate K4. Using the Sobolev inequality and the Gagliard-

Nirenberg inequality, we have

K4aC

(

k‘v�kL3
kwðtÞkL6

þ
X

jajþ1

n¼1

kð‘nr�;‘nþ1v�ÞkL3
ksðtÞkL6

þ kð‘s;‘wÞðtÞkjaj�1; jajþ1 þ kRjajðtÞk

)

k‘jajþ1sðtÞk

a lk‘jajþ1sðtÞk2 þ Cl�1kð‘s;‘wÞðtÞk2jaj�1; jajþ1 ð3:33Þ

for 1a jaja 2. This calculation is also true for a ¼ 0, if we regard R0ðtÞ and

k‘sðtÞk�1 as zero. Combining (3.31)–(3.33), we obtain (3.29) and (3.30) if we take

e; l > 0 small enough. r

3.5. A Proof of Proposition 3.2.

Let ðs;wÞðtÞ ACð0; t1;H
3;3Þ be a solution to (3.1)–(3.2) locally in time. Further-

more, we suppose that sup0atat1
kðs;wÞðtÞk3;3; kðr

��r; v�Þk
I

4; 5ae, where e>0 is small

enough such that at least we can use Lemmas from 3.2 through 3.4. We use the notation:
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½s;w�BðtÞ1 ksðtÞk2 þ ðBðtÞwðtÞ;wðtÞÞ; BðtÞ ¼
ðr� þ sðtÞÞ2

P 0ðr� þ sðtÞÞ
:

Summing up (3.8), (3.9) with k ¼ 1, (3.20) and (3.29) (after multiplying (3.9), (3.20),

(3.29) with small numbers respectively), we have

d

dt

X

1

n¼0

an½‘
ns;‘nw�B þ b1ðw;‘sÞ

( )

þ kð‘s;‘w;wtÞk
2
0;1;0a 0; ð3:34Þ

if we take e; l > 0 su‰ciently small. Here and hereafter, ak; bk > 0 are constants

depending only on m and m 0. Similarly, summing up (3.9), (3.21), (3.30) with k ¼ 2 and

(3.34), we have

d

dt

X

2

n¼0

an½‘
ns;‘nw�B þ

X

2

n¼1

bnð‘
n�1w;‘nsÞ

( )

þ kð‘s;‘w;wtÞk
2
1;2;1a 0: ð3:35Þ

Also, by (3.9), (3.21), (3.30) with k ¼ 3 and (3.35), we obtain

d

dt

X

3

n¼0

an½‘
ns;‘nw�B þ

X

3

n¼1

bnð‘
n�1w;‘nsÞ

( )

þ kð‘s;‘w;wtÞk
2
2;3;2a 0; ð3:36Þ

for any t A ½0; t1�. Then, integration of (3.36) on ½0; t� implies that

NB½s;w�ðtÞ þ

ð t

0

kð‘s;‘w;wtÞðsÞk
2
2;3;2 dsaNB½s;w�ð0Þ; ð3:37Þ

where NB½s;w�ðsÞ is defined by

NB½s;w�ðsÞ1
X

3

n¼0

an½‘
ns;‘nw�BðsÞ þ

X

3

n¼1

bnð‘
n�1wðsÞ;‘nsðsÞÞ

for each sb 0.

Let us denote B0 ¼ minr=2asa3r=2fs
2=P 0ðsÞ; 1g and B1 ¼ maxr=2asa3r=2fs

2=P 0ðsÞ; 1g.

Since we may assume without loss of generality that aka ak�1 and bka ak minfB0; 1g=4

for k ¼ 1; 2; 3, it follows from a simple calculation that

a3

4
B0kðs;wÞðsÞk

2
3;3aNB½s;w�ðsÞa 2B1kðs;wÞðsÞk

2
3;3 ð3:38Þ

for each s A ½0; t1�. Combining (3.37) and (3.38), we obtain (3.5), which completes the

proof of Proposition 3.2. r

Hence, by Propositions 3.1 and 3.2, we finally arrive at the conclusion of

Theorem 1.2.
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