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Abstract. In this paper we study the homotopy types of mod p truncated config-

uration spaces. In particular, we investigate a finite dimensional configuration space

model for the based loop space of mod p lens space as an application.

1. Introduction.

Let SPdðXÞ ¼ X d=Sd denote the d-th symmetric product of a space X , where the

symmetric group Sd of d letters acts on X d by the coordinates permutations. Each

element a A SPdðXÞ may be represented as a finite formal sum a ¼
Ps

j¼1 djxj ðxj A X ;

xi 0 xj if i0 j;
Ps

j¼1 dj ¼ dÞ.

If � A X is a basepoint, one has inclusions SPdðX ÞHSPdþ1ðX Þ given by adding a

basepoint, a 7! aþ �. We denote by SPyðXÞ the union 6
db0

SPdðXÞ and it is called

the infinite symmetric product. For an integer pb 2, let TPy

p ðXÞ denote the mod p

truncated symmetric product defined by TPy

p ðXÞ ¼ SPyðXÞ=@p , where the equivalence

relation ‘‘@p’’ is defined by
P

j djxj @p

P

j d
0
j xj if dj 1 d 0

j ðmod pÞ for any j. Recall the

following result.

Theorem 1.1 (A. Dold and R. Thom, [2]). If X is a connected CW-complex, there

are natural homotopy equivalences

SPyðX Þ !
F Q

jb1 KðHjðX ;ZÞ; jÞ;

TPy

p ðX Þ !
F Q

jb1 KðHjðX ;Z=pÞ; jÞ

8

<

:

such that the diagram

SPyðX Þ ���!
F Y

jb1

KðHjðX ;ZÞ; jÞ

q

?
?
?
y

Q

j
p

j
p

?
?
?
y

TPy

p ðXÞ ���!
F Y

jb1

KðHjðX ;Z=pÞ; jÞ

is homotopy commutative, where q : SPyðX Þ ! TPy

p ðXÞ denotes the natural projection

and let p j
p : KðHjðX ;ZÞ; jÞ ! KðHjðX ;Z=pÞ; jÞ be the map induced from mod p reduction.

Hence the space TPy

p ðX Þ can be regarded as a mod p version of SPyðX Þ. In this
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paper, we shall study the corresponding result for certain type of labelled configuration

spaces.

Let J be any collection of subsets of f1; 2; . . . ; ng with cardðLÞb 2 for all L A J.

We denote by E d
J ðX Þ the configuration space of type J defined by

E d
J ðX Þ ¼ ðx1; . . . ; xnÞ A SPdðX Þn : 7

j AL

xj ¼ q for all L A J

( )

:

For an integer pb 2, let E d
J ðX ;Z=pÞ be the mod p truncated configuration space of

E d
J ðXÞ defined by E d

J ðX ;Z=pÞ ¼ E d
J ðX Þ=1p, where the equivalence relation ‘‘1p’’ is

defined by ðx1; . . . ; xnÞ1p ðh1; . . . ; hnÞ if xj @p hj for any 1a ja n. Similarly, let 4JX

be the generalized wedge of type J defined by

4JX ¼ fðx1; . . . ; xnÞ A X n: for each L A J; xj ¼ � for at least one j A Lg:

Example. (i) If we take the collection IðnÞ ¼ ff1; 2; . . . ; ngg as J, then

E d
IðnÞðXÞ ¼ fðx1; . . . ; xnÞ A SPdðXÞn : 7n

j¼1
xj ¼ qg;

4IðnÞX ¼ fðx1; . . . ; xnÞ A X n
: xj ¼ � for some 1a ja ng:

(

Hence, 4IðnÞX ¼ WnðX Þ is the n-th fat wedge of X .

(ii) If JðnÞ ¼ ffi; jg : 1a i < ja ng,

E d
JðnÞðXÞ ¼ fðx1; . . . ; xnÞ A SPdðXÞn : xi V xj ¼ q if i0 jg;

4JðnÞX ¼4nX ¼ X4 � � �4X ðn timesÞ:

(

Let qd
p : E d

J ðX Þ ! E d
J ðX ;Z=pÞ be the natural projection and let E d

J ðR
kÞ ! E dþ1

J ðRkÞ

(resp. E d
J ðR

k
;Z=pÞ ! E dþ1

J ðRk
;Z=pÞ) be the stabilization map defined by adding the

point from the edge. Then the main results of this paper are as follows.

Theorem 1.2. Let p; nb 2, kb 1 be integers, and let J any collection of subsets of

f1; 2; . . . ; ng with cardðLÞb 2 for all L A J.

(1) There are natural homotopy equivalences

S : lim
d!y

E d
J ðR

kÞ !
F

Wk
04

JKðZ; nÞ;

S 0
: lim
d!y

E d
J ðR

k
;Z=pÞ !

F
Wk

04
JKðZ=p; nÞ;

8

>
<

>
:

where the limits are taken from stabilization maps.

(2) There is a homotopy commutative diagram

lim
d!y

E d
J ðR

kÞ ���!
S

F
Wk

04
JKðZ; nÞ

limd q
d
p

?
?
?
y

Wk4J p n
p

?
?
?
y

lim
d!y

E d
J ðR

k
;Z=pÞ ���!

S 0

F
Wk

04
JKðZ=p; nÞ

Theorem 1.3. If nb 3, there is a map E d
IðnÞðR;Z=2Þ ! W0RP

n�1 FWS n�1, which is

a homotopy equivalence up to dimension Dðd; nÞ ¼ ðd þ 1Þðn� 2Þ � 1. Here we say that
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a map f : X ! Y is a homotopy equivalence up to dimension D if the induced homo-

morphism f� : pjðXÞ ! pjðY Þ is bijective when j < D and surjective when j ¼ D.

We conclude with some comments on the wider significance of these results.

Theorem 1.2 can be regarded as giving a simple ‘‘homotopy model’’ for the k-fold loop

space Wk4JKðG; kÞ ðG ¼ Z or Z=pÞ, and it also may be considered as one of the

generalizations of the results given in [3]. The mod p configuration space was first

studied in [1]. In this paper, we study another mod p labelled configuration spaces.

For example, we show that E d
IðnÞðR;Z=pÞ gives the finite dimensional homotopy model

for the loop space of the mod p lens space (Corollary 3.2), and we also give an

improvement of the stability theorem due to J. Mostovoy [8] in Theorem 1.3.

2. Scanning maps.

From now on, we assume that J is a fixed collection of subsets of f1; 2; . . . ; ng such

that cardðLÞb 2 for any L A J.

Let sd : E d
J ðR

kÞ ! E dþ1
J ðRkÞ be the stabilization map given by adding a point

from the edge ([3], [4], [5], [9]). We denote by limd!y E d
J ðR

kÞ the limit of stabiliza-

tion maps, E1
J ðR

kÞ !
s1

E2
J ðR

kÞ !
s2

E3
J ðR

kÞ !
s3

� � � . We can define the stabilization map

sd : E d
J ðR

k
;Z=pÞ ! E dþ1

J ðRk
;Z=pÞ and limd!y E d

J ðR
k
;Z=pÞ in a similar way.

If AHX is a closed subspace, let E d
I ðX ;AÞ denote the quotient space E d

J ðXÞ=@A,

where the equivalence relation ‘‘@A’’ is given by

ðx1; . . . ; xnÞ@A ðh1; . . . ; hnÞ , xj V ðX � AÞ ¼ hj V ðX � AÞ for any 1a ja n:

If A0q and � A A is a fixed basepoint, there is a natural inclusion E d
J ðX ;AÞ !

H

E dþ1
J ðX ;AÞ given by ðx1; . . . ; xnÞ 7! ðx1 þ �; . . . ; xn þ �Þ. We denote by EJðX ;AÞ the

union EJðX ;AÞ ¼ 6
db1

E d
J ðX ;AÞ. We can define EJðX ;A;Z=pÞ in a similar way.

Next, we define the scanning map sdJ : E d
J ðR

kÞ ! WkEJðS
k;yÞ as follows (cf.

[3], [4], [9]). For each w A R
k, let UðwÞ ¼ fx A R

k
: kx� wk < eg, where e > 0 is

fixed. Then for a ¼ ðx1; . . . ; xnÞ A E d
J ðR

kÞ, we define the map sdJ ðaÞ : S
k ¼ R

k Uy !

EJðS
k;yÞ by

z 7! ðx1 VUðzÞ; . . . ; xn VUðzÞÞ A EJðUðzÞ; qUðzÞÞGEJðS
k;yÞ:

As E d
J ðR

kÞ is connected, the image of sdJ lies in a connected component of WkEJðS
k;yÞ,

which we denote by Wk
dEJðS

k;yÞ. Hence we have a map sdJ : E d
J ðR

kÞ ! Wk
dEJðS

k;yÞ.

Since sJd is compatible with sd ’s, we have the scanning map S : limd!y E d
J ðR

kÞ !

Wk
0EJðS

k;yÞ. We can define the scanning map S 0
: limd!y E d

J ðR
k
;Z=pÞ ! Wk

0EJðS
k;

y;Z=pÞ in a similar way.

The basic result is as follows.

Theorem 2.1. Let kb 1 and n; pb 2 be integers and let J be any collection of

subsets of f1; 2; . . . ; ng such that cardðLÞb 2 for each L A J.

(1) There are natural homotopy equivalences

S : lim
d!y

E d
J ðR

kÞ !
F

Wk
0EJðS

k;yÞ

S 0
: lim
d!y

E d
J ðR

k
;Z=pÞ !

F
Wk

0EJðS
k;y;Z=pÞ

8

>

<

>

:
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(2) There is a homotopy commutative diagram

lim
d!y

E d
J ðR

kÞ ���!
S

F

Wk
0EJðS

k;yÞ

limd q
d
p

?
?
?
y

Wkqp

?
?
?
y

lim
d!y

E d
J ðR

k
;Z=pÞ ���!

S 0

F

Wk
0EJðS

k;y;Z=pÞ

where qp : EJðX ;AÞ ! EJðX ;A;Z=pÞ denotes the mod p reduction map.

Proof. (1) Since the second assertion is analogous to the first assertion, we only

give the proof of the first part. First we consider the case k ¼ 2.

Let B ¼ ð0; 1Þ2 denote the unit open square in R
2, and let I 2 ¼ B ¼ ½0; 1�2 be the

closure of B. Then we can identify E d
J ðR

2ÞGE d
J ðBÞ and EJðS

2;yÞFEJðI
2; qI 2Þ.

The scanning map S may be decomposed into a composition of ‘‘horizontal’’ and

‘‘vertical’’ scanning maps SH and SV , each of which will be shown to be a homotopy

equivalence.

In order to define SV and SH , let fVt : 0 < t < 1g be the continuous family of

vertical rectangles in B defined by Vt ¼ fðx; yÞ : t� eðtÞ < x < tþ eðtÞ; 0 < y < 1g, where

eðtÞ is a continuous function satisfying the conditions limt!0 eðtÞ ¼ limt!1 eðtÞ ¼ 0 and

eðtÞ > 0. Similarly, let fHt : 0 < t < 1g be the continuous family of horizontal rect-

angles in B defined by Ht ¼ fðx; yÞ : 0 < x < 1; t� eðtÞ < y < tþ eðtÞg.

The map S is induced (up to homotopy) from the stabilization of the map

E d
J ðBÞ � I 2 ¼ E d

J ðð0; 1Þ
2Þ � I 2 ! EJðI

2; qI 2Þ which is given by

ððx1; x2Þ; t; sÞ 7! ðx1; x2ÞVVt VHs A E d
J ðVt VHs; qðVt VHsÞÞGE d

J ðI
2; qI 2Þ:

For each closed rectangle X in R
2, let sX denote the side of X which are parallel

to y-axis. Let SH;d
: E d

J ðBÞ ! WEJðI
2; sI 2Þ ¼ WEJðI

2; qI � IÞ be the map determined

by ððx1; x2Þ; tÞ 7! ðx1; x2ÞVHt A EJðHt; sHtÞGEJðI
2; qI � IÞ. Similarly, let SV

: EJðI
2;

qI � IÞ ! WEJðI
2; qI 2Þ be the map given by ððx1; x2Þ; tÞ 7! ðx1; x2ÞVVt A EJðI

2 VVt;

qðI 2 VVtÞÞGEJðI
2; qI 2Þ. Since S is the composition of SV and the stabilization of

SH;d , it su‰ces to show that SV and the stabilization of SH;d are homotopy equiv-

alences.

We begin with SV . Up to homotopy this may be defined by ððx1; x2Þ; tÞ 7!

ðx1; x2ÞVBt, where Bt ¼ fðx; yÞ : 0 < x < 1; 2t� 1 < y < 2tg. Let B� denote the rect-

angle B� ¼ ð0; 1Þ � ð�1; 2Þ, and consider the commutative diagram

EJðB
�; qB�Þ ���!

r1
EJðB

�; qB� U I 2Þ ���!
G

EJðI
2; qI 2Þ2

f

?
?
?
y
F

?
?
?
y
¼

MapðI ;EJðEJðI
2; qI 2ÞÞÞ ���!

r2
Mapðf0; 1g;EJðI

2; qI 2ÞÞ ���!
G

EJðI
2; qI 2Þ2;

where r1 and r2 are induced from the restrictions and the vertical maps are both fibre

preserving homotopy equivalences.

It follows from the Dold-Thom criterion [2] and [[7]; (3.3)] that r1 is a quasi-
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fibration. Clearly r2 is a fibration. Since the map f is induced from the scanning, its

restriction to the fibre is also a homotopy equivalence. Because this restriction is just

the map SV , SV is a homotopy equivalence.

The case of SH;d is similar. This is homotopic to the map given by ððx1; x2Þ; tÞ 7!

ðx1; x2ÞVCt, where Ct ¼ fðx; yÞ : �1 < x < 2; 2t� 1 < y< 2tg. Let C ¼ ð�1; 2Þ � ð0; 1Þ,

and consider the commutative diagram

E d
J ðC; sCÞ ���!

r d
1

EJðC; sC UBÞ ���!
G

EJðI
2; sI 2Þ2

g d

?
?
?
y
F

?
?
?
y
¼

MapðI ;EJðI
2; sI 2ÞÞ ���!

r 0
2

Mapðf0; 1g;EJðI
2; sI 2ÞÞ ���!

G

EJðI
2; sI 2Þ2;

where the horizontal maps are induced from the restrictions and the vertical maps are

fibre homotopy equivalences.

Clearly r 02 is a fibration. Using the method given in appendix of [3], we can easily

see that p1ðE
d
J ðR

2ÞÞ is abelian if db 2. Then it follows from the Dold-Thom criterion

[2] and [[7]; (3.3)] that the stabilization of rd1 is a quasi-fibration. Since the map gd is

induced from the scanning, its restriction to the fibre is equal to the map SH;d . Hence

limd!y SH;d is a homotopy equivalence. Therefore, S is a homotopy equivalence when

k ¼ 2.

Next consider the general case. If k ¼ 1, the assertion easily follows from the

above proof, and we may assume kb 3. We identify E d
J ðR

kÞGE d
J ðð0; 1Þ

kÞ and

EJðS
k;yÞFEJðI

k; qI kÞ. For each 1a ja k, let fItð jÞ : 0 < t < 1g be the continuous

family of k-dimensional cube given by

Itð jÞ ¼ fðx1; . . . ; xkÞ : t� eðtÞ < xj < tþ eðtÞ; 0 < xi < 1 if i0 jg:

Let S d
1 : E d

J ðð0; 1Þ
kÞ ! WEJðI

k; qI � I k�1Þ be the scanning map along the x1-axis de-

termined by ððx1; . . . ; xnÞ; tÞ 7! ðx1; . . . ; xnÞV Itð1Þ. By the similar method as above, we

can prove that the stabilization of S d
1 is a homotopy equivalence. Hence, limd S

d
1 :

limd!y E d
J ðð0; 1Þ

kÞ !
F

W0EJðI
k; qI � I k�1Þ is a homotopy equivalence.

For each 2a ja k, we can define Sj : EJðI
k; qI j�1 � I k�jþ1Þ ! WEJðI

k; qI j � I k�jÞ

by the scanning along the xj-axis. Then using the completely similar method of that

for SV , we can show that Sj is a homotopy equivalence. Because S is homotopic to

the composite of the maps Wk�1Sk �W
k�2Sk�1 � � � � �WS2 � limd S

d
1 , S is a homotopy

equivalence.

(2) Let q : SPyðXÞ ! TPy
p ðX Þ be the natural projection, and let TPd

p ðXÞ ¼

q�1ðSPdðXÞÞ. Because S and S 0 are natural and compatible with the quotient map

SPdðXÞ ! TPd
p ðXÞ, the diagram (2) is homotopy commutative. r

Proposition 2.2. There are natural homotopy equivalences

EJðS
k;yÞ !

F

4JKðZ; kÞ

EJðS
k;y;Z=pÞ !

F

4JKðZ=p; kÞ

(

such that the diagram
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EJðS k;yÞ ���!F
4JKðZ; kÞ

qp

???y 4Jpk
p

???y

EJðS k;y;Z=pÞ ���!F
4JKðZ=p; kÞ

is commutative up to homotopy.

Proof. Consider the inclusion map EJðS k;yÞ !H SPyðS k;yÞn. For e > 0, let

Ee denote the open subspace of EJðS k;yÞ consisting of all n-tuples ðx1; . . . ; xnÞ such

that some xj is disjoint from the closed disk of radius e about the origin. Then the

radial expansion defines a deformation retract Ee !
F
4JSPyðS k;yÞ. However, since

EJðS k;yÞ is the union of the Ee for e > 0, there is a homotopy equivalence hJ :

EJðS k;yÞ !F 4JSPyðS k;yÞ.
Similarly, the radial expansion also defines a homotopy equivalence ehJhJ : EJðS k;y :

Z=pÞ !F 4JTPy
p ðS k;yÞ. Since the radial expansions are compatible with the quotient

map q : SPyðS k;yÞ ! TPy
p ðS k;yÞ, there is a homotopy commutative diagram

EJðS k;yÞ ���!hJ

F
4JSPyðS k;yÞ

qp

???y 4Jq

???y

EJðS k;y;Z=pÞ ���!ehJ
F

4JTPy
p ðS k;yÞ:

Hence it follows from Theorem 1.1 that the desired diagram is homotopy commutative.

r

Proof of Theorem 1.2. The assertion easily follows from Theorem 2.1 and

Proposition 2.2. r

3. The proof of Theorem 1.3.

Let Ln�1ðpÞ denote the mod p lens space given by Ln�1ðpÞ ¼ S n�1=ðZ=pÞ.

Lemma 3.1. For any integer pb 2, there is a fibration

Ln�1ðpÞ ! WnðKðZ=p; 1ÞÞ ! ðBZ=pÞn�1:

Proof. The elementary abelian p-group G ¼ ðZ=pÞn�1
acts on Ln�1ðpÞ by

½x1 : � � � : xn� � ðe1; . . . ; en�1Þ ¼ ½ze1x1 : � � � : zen�1xn�1 : xn�

for ð½x1 : � � � : xn�; ðe1; . . . ; en�1ÞÞ A Ln�1ðpÞ � G, where z ¼ expð2p
ffiffiffiffiffiffiffi
�1

p
=pÞ. If Q de-

notes the homotopy quotient Ln�1ðpÞ==G ¼ EG �G Ln�1ðpÞ, there is a fibration sequence

Ln�1ðpÞ ! Q ! KðZ=p; 1Þn�1
. It su‰ces to show that there is a homotopy equivalence

QFWnðKðZ=p; 1ÞÞ. For each 1a ja n, let Uj HLn�1ðpÞ denote the open subset Uj ¼
f½x1 : � � � : xn� A Ln�1ðpÞ : xj 0 0g. Then each Uj is G-invariant open subspace and

Ln�1ðpÞ ¼ 6n

j¼1
Uj. Let Ej ¼ EG �G Uj. Since Uj is G-equivariantly contractible, Ej F

BG ¼ KðZ=p; 1Þn�1
. Similarly, for each 1a j1 < j2 < � � � < jma n, we can show that

there is a homotopy equivalence 7m

k¼1
Ejk FKðZ=p; 1Þn�m

. If we consider the above
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homotopy equivalences, the inspection indicates that there is a homotopy equivalence

QFWnðKðZ=p; 1ÞÞ. r

Corollary 3.2. If nb 3 and pb 2, there is a homotopy equivalence

lim
d!y

E d
IðnÞðR;Z=pÞ !

F

WS n�1:

Proof. The assertion follows from Lemma 3.1 and Theorem 1.2. r

Proof of Theorem 1.3. Let Qd
ðnÞðRÞ be the space consisting of all n-tuples

ðp1ðzÞ; . . . ; pnðzÞÞ A R½z�n of monic R-coe‰cients polynomials of degree d, such that

polynomials p1ðzÞ; . . . ; pnðzÞ have no common real roots. We remark that there is a

homotopy equivalence f d
n : Qd

ðnÞðRÞ !
F

E d
IðnÞðR;Z=2Þ which is compatible with stabili-

zation maps ([8]). Then the assertion follows from 3.2, [[6]; Corollary 5] and [[10];

(1.3)]. r
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