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Abstract. As was first essentially pointed out by Tomoyoshi Ibukiyama,
Hecke eigenforms on the indefinite symplectic group GSp(1,1) or the definite
symplectic group G:Sp*(2) over Q right invariant by a (global) maximal open
compact subgroup are conjectured to have the same spinor L-functions as
those of paramodular new forms of some specified level on the symplectic group
GSp(2) (or GSp(4)). This can be viewed as a generalization of the Jacquet—
Langlands—Shimizu correspondence to the case of GSp(2) and its inner forms
GSp(1,1) and GSp*(2).

In this paper we provide evidence of the conjecture on this explicit functo-
rial correspondence with theta lifts: a theta lift from GL(2) x B* to GSp(1,1)
or GSp*(2) and a theta lift from GL(2) x GL(2) (or GO(2,2)) to GSp(2).
Here B denotes a definite quaternion algebra over Q. Our explicit functo-
rial correspondence given by these theta lifts are proved to be compatible
with archimedean and non-archimedean local Jacquet—Langlands correspon-
dences. Regarding the non-archimedean local theory we need some explicit
functorial correspondence for spherical representations of the inner form and
non-supercuspidal representations of G:Sp(2), which is studied in the appendix
by Ralf Schmidt.

1. Introduction.

1.1. Background and aim of this paper.

According to Eichler [7], [8], Shimizu [41] and Jacquet—Langlands [20], automorphic
L-functions of a multiplicative group of a definite quaternion algebra are those of holo-
morphic new forms on GL(2). The Langlands principle of functoriality (cf. [22]) predicts
that this should have more generality. More precisely, let G and H be two reductive
algebraic groups, and G and L H be their L-groups (for the definition see [22] or [4]).
The principle says that, given an L-homomorphism between “G and “H, there should
be a correspondence between automorphic representations of G and those of H such that
it preserves the relation of their L-functions induced by the L-homomorphism. For this
we note that it is standard to assume that G or H is quasi-split.
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When H is a quasi-split group and G is an inner form of H we have G = 'H. As a
natural L-morphism we can take the identity map for this case. Namely we expect that an
automorphic L-function of G is some L-function of H. The original Jacquet-Langlands—
Shimizu correspondence (cf. [20], [41]) is a typical example of this, which deals with the
case where G is a multiplicative group of a quaternion algebra and H = GL(2). We
now have the Jacquet—Langlands correspondence for GL(n) established by Badulescu—
Renard (cf. [2], [3]). The aim of this paper is to provide examples of automorphic forms or
automorphic representations satisfying the principle when G is the indefinite or definite
symplectic group GSp(1,1) or GSp*(2) respectively and H is the split symplectic group
GSp(2) of genus two (for these groups see Section 2.1). We note that G:Sp(1,1) and
GSp*(2) are non-split inner forms of GSp(2).

We are inspired by Ibukiyama’s conjecture [17] (see also [18]). He considers the
case of G = GSp*(2), which is the compact inner form of H = GSp(2). His conjecture
says that spinor L-functions of Hecke eigenforms on this compact form right-invariant by
some (global) maximal open compact subgroup of non-principal genus should be those
of paramodular new forms on GSp(2) of square free level. For this we should note that
there is a quite established study on a non-archimedean local theory of paramodular
forms by Roberts and Schmidt [39]. We can expect the conjecture not only for GSp*(2)
but also for GSp(1,1) since their L-group are the same. We will generalize Ibukiyama’s
conjecture for the cases of any (global) maximal open compact subgroups (cf. Conjecture
4.2), for which our result provides evidence.

1.2. Main result.

Throughout this paper, we work over the rational number field Q and assume that
every automorphic form or automorphic representation has the trivial central character.
In what follows, we denote the adele ring of Q by A. By B we denote a definite quaternion
algebra over Q. Let dp be the discriminant of B and D a (square free) divisor of dg. To
state our result we introduce the space Sy, (D) of elliptic cusp forms of weight x; and
level D (cf. [31, Section 3.1]) and the space A,, of automorphic forms on B, of weight
0, (cf. [31, Section 3.2]), for which we assume that kg > 0.

For (f,f") € S., (D) x Ay, we define the theta lifting from (f, f’) to an auto-
morphic form L(f, f') on GSp(1,1)(A) or GSp*(2)(A), following the formulation as in
[30] (cf. Section 3.2.2). By a theta integral kernel with some specified Schwartz—Bruhat
function, we define the theta lift L£(f, f’) on GSp(1,1)(A) (respectively GSp*(2)(A)) so
that it is a cusp form on GSp(1,1)(A) (respectively an automorphic form on GSp*(2)(A))
right-invariant by a (global) maximal open compact subgroup. By m(f, f') we denote the
automorphic representation generated by L(f, f').

On the other hand, let JL(f’) € Si,+2(dp) be a primitive cusp form corresponding
to a Hecke eigenform f’ € A,, by Eichler or Jacquet-Langlands—Shimizu correspon-
dence (cf. [7], [8], [20], [41]). We consider the cuspidal representation ='(f, JL(f’))
given by a theta lift to GSp(2)(A) from (f, JL(f’)) (or from a cuspidal representation of
GO(2,2) defined by (f,JL(f’))). This theta lift follows the formulation by Roberts [38]
and Harris-Kudla [12].

Now we can consider the natural map ® : 7(f, f') — 7'(f, JL(f’)), which makes the
following diagram commute (if we assume the non-vanishing of 7 (f, f/) and #'(f, JL(f"))):
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(faf/) — ﬂ-(f?f/)

idXJLl l@

(f;IL(f) —— ='(f, JL(")

Our result (cf. Theorem 4.13) is that ® satisfies the expected conditions of the Jacquet—
Langlands—Shimizu correspondence for G:Sp(2) and its inner forms GSp*(2), GSp(1,1).

THEOREM. Let (f, f') € Sk, (D) x A, be Hecke eigenforms and suppose that f
is primitive. When L(f, f') is a theta lift to GSp(1,1)(A) (respectively GSp*(2)(A)) we
assume that 1 < k1 < ko +2 (respectively 1 < ko +2 < k1). Let w(f, f') and «'(f, JL(f"))
be the automorphic representations above.

(1) The two representations w(f, f') and 7' (f, JL(f")) are irreducible and thus decompose
into the restricted tensor product 7(f, f') = Q. «.. T and 7' (f, JL(f")) = @ <, T

Forv=ptdg, m ~ 7r1’7 is a unique irreducible subquotient with a spherical vector for
an unramified principal series representation, which we call type I. For v = p|ldg/D (re-
spectively p|D), m, and 7, are the representation of type Ila (respectively Va). Here see
section A.4 of the appendix for the representations of type I, Ila and Va. For v = 00, Ts
and 7' are irreducible admissible representations square integrable modulo center (Sec-
tion 2.3.2) with the same L-parameter.

The map @ is thus compatible with archimedean and non-archimedean local Jacquet—
Langlands correspondences (for the non-archimedean correspondence, see the appendiz).

(2) We have the coincidence of the global spinor L-functions as follows:
L(x(f, f'), spin, s) = L(x'(f, JL(f")), spin, s).

REMARK. (1) We remark that Sorensen [44] dealt with some other special case of
the global Jacquet—Langlands correspondence for GSp*(2) and GSp(2) by a trace for-
mula approach. As for the trace formula approach toward the Langlands functoriality,
many specialists are interested in the recent remarkable progress due to Arthur (cf. [1])
and to Moeglin and Waldspurger (cf. [26]). However, the global Jacquet-Langlands cor-
respondence of GSp(2) and its inner forms seems still open in gerenal.

(2) For this theorem we note that all m,’s for p|dp are spherical representations of the
non-split group GSp(1,1)(Q,) ~ GSp*(2)(Q,). We define local spinor L-functions for all
spherical representations of this group in terms of Hecke eigenvalues. We verify that such
local L-functions are local spinor L-functions of irreducible admissible representations of
GSp2(Q,) with the same L-parameters as the spherical representations (cf. Proposition
4.9). In Remark 4.10 it is remarked how the invariance conditions of spherical represen-
tations with respect to the maximal compact subgroups are related to the degrees of the
local spinor L-functions.

(3) The non-archimedean local Jacquet-Langlands correspondence of GSp(2) (or GSp(4))
and its inner forms has been essentially established by Gan-Takeda [10] and Gan-
Tantono [11]. However, the local Jacquet—Langlands correspondence we take up describes
the correspondence between the paramodular level structures for the local representations
of GSp(2) and the invariance conditions mentioned in (2) for spherical representations
of the inner forms, which [10] and [11] do not point out. If one wants to understand
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the Jacquet—Langlands correspondence in the context of modular forms or automorphic
forms, this description is quite natural to study.

(4) Though the statement of the theorem is representation theoretic we remark that we
are interested in the realization of the Jacquet—Langlands correspondence in terms of
the explicit construction of automorphic forms like Shimizu [41]. The construction of
the theta lifts L(f, f')’s is due to such motivation. We remark that, when f is a primi-
tive form, the cuspidal representation 7/(f, JL(f’)) has a paramodular newform of level
Ddp (cf. Section 4.6), which should correspond to L(f, f') by the Jacquet-Langlands
correspondence.

1.3. A brief explanation of the paper.

Let us explain the outline of the paper. In Section 2 we provide basic notation and
facts necessary for the later argument. In Section 3 we introduce automorphic forms on
GSp(1,1)(A) and GSp*(2)(A) in our concern and formulate the theta lifts to the two
inner forms. We then discuss the global Jacquet-Langlands—Shimizu correspondence for
representations 7(f, f') and #'(f,JL(f’)) in Section 4. These representations are shown
to have the same spinor L-function (cf. Corollary 4.12). The main theorem, Theorem
4.13, asserts that the correspondence is compatible with the local Jacquet—Langlands
correspondences for GSp(2) and its inner form.

In the second work [35] we discuss non-vanishing of the theta lifts L(f, f’) to
GSp(1,1) and GSp*(2). For this we remark that the non-vanishing of the theta lifts
7' (f,JL(f')) can be said to be known in view of Roberts [38, Theorem 8.3], Przebinda
[37] and Gan-Takeda [9] (cf. Section 4.4). In [35] we provide an explicit formula for
Bessel periods of L(f, f') in terms of central L-values for the case of GSp(1,1), and
we apply it to our study on the non-vanishing of L£(f, f'). This result is announced in
[34]. The work [35] is viewed as a generalization of the papers [31] and [32], which
already provided examples of non-vanishing L£(f, f')’s on GSp(1,1)(A) for the case of
K1 = Ko. In [35] we also remark that Ibukiyama-Thara [19] have given several examples
of non-vanishing L(f, f')’s for GSp*(2).

NOTATION. For a number filed F' we denote by Ap the adele ring of F. When
F = Q we denote Ag simply by A and the ring of finite adeles in A by A¢. Given a Q-
algebra R and a Q-algebraic group G, G(R) denotes the group of R-valued points. When
R is the p-adic field Q, (respectively the field R of real numbers), we sometimes write
G, (respectively Go,) for G(R). By diag(a1,as,...,a,) we denote the diagonal matrix
with the i-th diagonal entry a; for 1 < i < n. For a group H, Zy denotes the center of
H.

2. Basic notations and facts.

2.1. Algebraic groups.

Let B be a definite quaternion algebra over Q and denote the discriminant of B
by dp, which is defined as the product of finite primes p’s such that B, = B ®g Q,, is
a division algebra. The real division algebra H := B ®g R is the Hamilton quaternion
algebra. Let B 3 z — T € B be the main involution of B. By n and tr we denote the
reduced norm and the reduced trace of B respectively.
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Let Ghe = GSp(1,1) and Sp(1,1) be the Q-algebraic groups defined by

Gue(Q) := {g € M>(B) | 'gQucg = v(9)Quc, v(g) € Q*},
Sp(1,1)(Q) == {g € Gnc(Q) | v(g) =1},

where Qe := ((¢). Furthermore let G. = GSp*(2) and Sp*(2) be the Q-algebraic
groups defined by

Ge(Q):={g€M2(B)|'gQcg=11(9)Qc, 1(g) €Q*}, Sp*(2)(Q):={g€Gc(Q) | ulg) =1},

where Q¢ := ({ ¢). In what follows, we often denote G, or G, simply by G. In addition
to this, we introduce a Q-algebraic group O} defined by the group of Q-rational points
as follows:

01(Q) == {9 € Mx(B) | 'gRg = R},
where R := (% {). It is known that the accidental isomorphism
O3(R) = (SL(2:R) x HY)/{£(15,1)}

holds, where H' := {u € H | n(u) = 1}. Later we need this and the fact that Sp(1,1)x O
and Sp*(2) x OF form dual pairs in the symplectic group Sp(8) of degree eight (see the
proof of Proposition 3.3 (2)).

On the other hand, let G’ = GSp(2) and Sp(2) be the Q-algebraic groups defined
by

G'(Q):={g9 € GLi(Q)|'gSg = \(g)S, Mg) € Q*}, Sp(2)(Q) :={g € G'(Q) [ \(g) =1},
where S = (_Of2 (1)2 ) We should note that G = G, or G, is a non-split inner form of G'.

2.2. Maximal compact subgroups at co and open compact subgroups at
finite places.
Let @ = Que or Q.. We first introduce maximal compact subgroups at the
archimedean place. We put GL := {g € My(H) | ‘gQg = Q}, namely Sp(1,1)(R)
or Sp*(2)(R). Then G is the compact Lie group itself when Q = Q., and

Koo = {(ZZ) EMQ(H)aj:beHl}

forms a maximal compact subgroup of G, when Q = Q., where recall that H' := {u €
H | n(u) = 1}. The map Ko 2 (¢8) — (a+b,a—b) € H" x H' gives rise to an
isomorphism K., ~ H' x H!'.
We put G'L, := {g € GL4(R) | 'gSg = S}, namely Sp(2)(R). Then
, A B
K = { (_BA> € GL4(R) ‘ A++V-1B € U(Q)}

is a maximal compact subgroup of G'L , where U(2) := {X € My(C) | ‘XX = 15}

oo
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denotes the unitary group of degree two. The map K’ 3 ( _AB ﬁ) = A++/—1B € U(2)
induces an isomorphism K’ ~ U(2).

Let us next introduce open compact subgroups at non-archimedean places for G =
GSp(1,1) or GSp*(2) and G’ = GSp(2). We remark that GSp(1,1) and GSp*(2) are
isomorphic to each other over Q,, for any p < oo, and that these are isomorphic to GSp(2)
over Q, for p t dp. In what follows, we thus identify GSp*(2)(Q,) with GSp(1,1)(Q,)
for any p < oo, and G, with G}, for p { dp.

We let D be a divisor of dp and fix a maximal order © of B. For p|dp let B, be
the maximal ideal of the p-adic completion O, of O and let

{Ll,p = t(DpEBDp) (pdeB/D)y
Loy :="(9p, B, ") (pldp/D).

We introduce K, , :={k € G, | kL;, = L; ,,} for i =1, 2. Then, up to Gp-conjugation,
every maximal compact subgroup of G}, is isomorphic to K, or Ky, for each finite
prime p when G = GSp(1,1) or GSp*(2) (cf. Section A.2 of the appendix).

Let us deal with the case of GSp(2). For a non-negative power p™ of a prime p we
put

Ly Ly p "Ly Ly
Py Ly Ly Ly
P Ly p" Ly Ly P Ly

"Ly Ly Ly  Lp

K, (p") := { 9 € GSp(2)(Qp) N Ng) € Z,

We call this open compact subgroup of GSp(2)(Q,) a paramodular subgroup of level p™.
From now on K, denotes K (N,) with

1 (pjde)a
Ny=<Sp (plds/D),
p* (plD).

We remark that K, ~ K|, = GSp(2)(Z,)(:= GSp(2)(Q,) N GL(4)(Zy)) for p1{dp.

We now introduce open compact subgroups K;(D) := prdB/D K, ledB/D Ks ),
and K4(D) =[], K, of G(Ay) and G’(Ay) respectively. For this we note that
Ghne(Ay) ~ Go(Ay) since Gne(Qp) ~ Ge(Q,) for each p < oo as is remarked above. We
further note that the subgroup K (D) is a maximal open compact subgroup of G(A)
and that every maximal open compact subgroup of G(Ay) is conjugate to some K¢ (D).

2.3. Representations at the archimedean place.

! G and &/ =0, called discrete
series representations or square integrable representations (modulo center). For the def-
inition of admissible representations, see [48, p.81] for instance.

We will need admissible representations of G, G’

00

2.3.1. Discrete series representations of Gcl>o and G';.
We give Harish-Chandra’s parametrization of discrete series representations of G,
and G'l (cf. [14, Theorem 16]). For a detail on this see [21, Theorem 9.20, Theorem
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12.21]. We can realize such parametrization in Z2. Let g (respectively g’) be the Lie
algebra of G, (respectively G’..). The complexifications ge and ge of g and g’ are
isomorphic to each other. The complex root system of the complexified Lie algebras
with respect to a (complexified) compact Cartan subalgebra is given by

A= {:I:?el, :|:262, :I:(el — 62), :I:(el —+ 62)},

where {e1, es} denotes the standard basis of Z?. For gc (respectively gf) the standard
choice of the compact positive roots is

c

AF {{261, 2e3, e1ke2} (@ =Qo),
{2e1, 2e2} (Q = Qnc)

(respectively A’ = {e; —ey}). Let p. (respectively p,,) denote the half sum of compact

positive roots (respectively non-compact positive roots). Given a Harish—-Chandra pa-

rameter A € Z2, A := XA+ p,, — p. parametrizes the highest weight of the minimal K-type

of the discrete series representation with Harish-Chandra parameter A\, where K stands

for a maximal compact subgroup of G or G’L_ (A is called the Blattner parameter).
When Q = Q. the Lie algebra gc has two positive systems

A}i_ = {2617 2627 €1 :l:eg},

A?_I = {261, 2eo, feq + 62}

c

now introduce the following two sets of weights

containing AY, while it has one positive system A? containing AT when Q = Q.. We

Er={(0, M) €725 | A > X}, Erri={(A1, ) €224 | A2 > M1},

which are regular dominant with respect to A}' and A}"I respectively. When @ = Q., the
equivalence classes of discrete series representations of G are parametrized by Z;. On
the other hand, when Q) = Q,,., the equivalence classes of discrete series representations
of G, are parametrized by the union of Z; and Z;;.

When @ = Q. the discrete series parametrized by A = (A1, A2) € Z; is nothing
but the irreducible representation of G with the highest weight given by the dominant
weight A = (A1 — 2, A0 — 1). When Q = @y the minimal K-type of the discrete
series parametrized by A = (A, A2) € Z; (respectively Zj;) has the highest weight
A = (M, A2 — 1) (respectively (A1 — 1, A2)).

On the other hand, gi- has four positive systems containing A’ :r:

A/? ={e; —ea, €1 +ea, 2e1, 2e2},

A'fp = {e1 — ez, 21, —2¢3, 1 + €2},
A/}_II = {61 —e2, 2e1, —2e3, —e1 — 62},
A,I+V = {81 —eg, —2e1, —2e2, —eq — 62}.

The equivalence classes of holomorphic discrete series and anti-holomorphic discrete series
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of G’io are parametrized by
B = {1, A5) € 220 | Ny > Ao}, By = {(A, Ap) € Z2 | X] > Ag),

which are regular dominant with respect to A’} and A’f, respectively. The equivalence
classes of non-holomorphic (or large) discrete series and their contragredients of G io are
parametrized by

= {NL ) € ZooxZeo | Ny > =5}, B = {(N,Ay) € Zoo X Zeo | N < =X3},

which are regular dominant with respect to A’;; and A’;r respectively. We remark that
all discrete series of G’ io are exhausted by these four sets, up to equivalence. We call =;
or =y UEyy (respectively 27 U=}, UE};; UZE),,) the set of Harish-Chandra parameters
for GL_ (respectively G'L).

2.3.2. Square integrable representations modulo center.

We will need some irreducible admissible representations of G, and G’ square
integrable modulo center (cf. [23, Section 3]). To explain them we remark that the four
sets =7, 277, Z7; and =7, are conjugate to each other by the Weyl group of gc ~ g.
More precisely, given (A1, \2) € 2, the set consisting of

)\:)\122()\1,)\2>EE[, )\1122(/\2,>\1)€E[1, )\/[[::()\17_)\2)65/[[7 )\/IIIZ:()\Q,—)\l)EE/III

is included in an orbit of the Weyl group. The discrete series representations with these
parameters have the same L-parameter. The following proposition is viewed as a special
case of the general theory in [23, Section 3] for G, and G’ .

PROPOSITION 2.1. (1) For A = (A1, A2) € Ej there is the irreducible admissible
representation wy of G satisfying the following:

e it has the trivial central character and is square integrable modulo center,
e its restriction to G is the direct sum of two discrete series representations with

Harish—Chandra parameters X = A; and A\;; when G = Gy (respectively the dis-
crete series representation with Harish—Chandra parameter A = \; when G = G..).

On the other hand, there is the irreducible admissible representation © of G'oo satisfying
the following:
e it has the trivial central character and is square integrable modulo center,

o its restriction to G’})o is the direct sum of two discrete series representations with
Harish—Chandra parameters N and Npp;.

(2) The two representations wx and 7, have the same L-parameter, namely these two are
1nvolved in the archimedean local Jacquet—Langlands correspondence.

The first assertion is a special case of [23, Lemma 3.5]. For the second assertion, see
[23, pp. 38-44], which discusses how to define L-packets for square integrable representa-
tions modulo center. We remark that 7 and 7} are representations induced from discrete
series representations of G and G’ with the same L-parameter (cf. [23, p.41]).



Jacquet—Langlands—Shimizu correspondence 1451

3. Automorphic forms on G, = GSp(1,1) and G. = GSp*(2).

3.1. Automorphic forms generating representations square integrable

modulo center at the archimedean place.

Let A = (A1,A2) € (Z>0)?. For such A we introduce an irreducible representation
of Gl for G = G, or an irreducible representation of K., for G = G,.. We denote it by
Ta. We then define two spaces of automorphic forms of weight 7 for G = G, or G.

We first let G = G, and assume that Ay > As for A = (A1, Az). By (74, Wa) we
mean the irreducible representation of G, with highest weight A, where W denotes the
representation space of 7.

DEFINITION 3.1.  Let G = G. and D|dg. For A = (A, Ay) € Z2 with Ay > Ay we
introduce the space A$, (D) of W-valued functions on G(A) satisfying

F(2vgkskoc) = Talkoo) "' F(g)
for (2,7,9,kf, koo) € Za(A) x G(Q) x G(A) x K¢(D) x GL..

For this we note that, with any fixed g; € G(Ay), the right translations of the
coefficients of F(gs*) by Goo generates the irreducible representation my (cf. Section
2.3.2) with A = (A1 +2,A2 + 1) € E; (if F is non-zero).

We next let G = Gye. For a non-negative integer x we let (o, V) be the k-th
symmetric tensor representation of G'Ly(C) with the representation space V,;, and let o
be the pull-back of ¢/ to H* via the standard embedding H C M5(C) given by

. . To + v —1xg x2+\/—1x3)
H >z + 21t + x2) + x3k — € M5(C).
0 ! 2J 3 (—(l‘g — \/—11‘3) o — \/-1.%1 2( )

Here {1,4,j, k} is the basis of H defined by

?=42=—-1, ij=—ji=k.

For A = (A1, A2) € Zgg we define an irreducible representation (74, Vi, ® Vi,) of K

by
™ ((ZZ)) =0, (a+b)Ron,(a—1b), ((22) eKOO).

DEFINITION 3.2. Let G = Gy and D|dp. For A = (A1, \2) € Zf let wy be the
irreducible admissible representation of G, square integrable modulo center (cf. Section
2.3.2) and let A = (A1, As) := (A1, A2 — 1). We then introduce the space S;7(D) of
Vi, B Vi,-valued cusp forms F' on G(A) satisfying the following:

1. F(zvgkiks) = Ta(koo) "1 F(g) for (2,7, 9. kr, ko) € Za(A) x G(Q) x G(A) x
Kf(D) X KOO7

2. for each fixed gy € G(Ay), the right translations of the coefficients of F(gs*) by
Go generate my (cf. Section 2.3.2) as admissible representations of G, (if F' is
NON-Zero).
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For this definition we remark that 75 is the minimal K -type of the discrete series
representation of G with Harish-Chandra parameter A = (A1, \2) € 2.

3.2. Theta lifts to G.
3.2.1. Automorphic forms on GL(2) and B*.
Let H and H’ be Q-algebraic groups defined by

H(Q) = GLx(Q), H'(Q) := B”

respectively. For a positive even integer 1 we let Si, (D) be the space of elliptic cusp
forms of weight x; with level D (cf. [31, Section 3.1]), namely f € S, (D) is right-
invariant with respect to Uy (D) = [, Up with Uy, := {(uij) € GL2(Zp) | uz € DZy}.
For a non-negative even integer o we let A, be the space of automorphic forms of
weight o, with respect to [[, .. O (cf. [31, Section 3.2]), where O denotes the unit
group of O, (for O and O, see Section 2.2). In what follows, we will often assume that
(f, ) € Sk, (D) x A,, are Hecke eigenforms (for the definition see [31, Sections 3.1, 3.2]).

We note that f (respectively f) generates the discrete series representation of lowest
weight —k; (respectively lowest weight k1) as an admissible representation of SLa(R),
and that f’ generates the irreducible representation o, of H'. Assuming that (k1,k2) €
(2Z0)? satisfies 1 < k1 < kg +20r 1 < Ky +2 < K1, we then know that (f, f’) generates
the discrete series representation of O} (R) ~ (SLz(R) x H')/{=£(12,1)} (for this isomor-
phism see Section 2.1) with Harish-Chandra parameter ((k1 + £2)/2, —(k2 — k1)/2—1) as
an admissible representation of O} (R), where see [24, Section 2.2]) for Harish-Chandra’s
parametrization of discrete series of O} (R). We use this fact for the proof of Proposition
3.3.

3.2.2. Theta lifts to automorphic forms on G.

We shall introduce theta lifts from H x H' to Gy and G, following the formulation
as in [30]. The archimedean representations of our theta lifts are more general than those
in [30].

For v = p < oo let V,, be the space of locally constant compactly supported functions
on Bf, x Q. Welet o, € V), be the characteristic function of L, x Z,;, where see Section
2.2 for L,,.

Let S(H?) stand for the space of Schwartz functions on H? and let H,, 4 denote the
space of homogeneous harmonic polynomials of degree 1 —4 on H2. For v = 0o we then
introduce the function space Vo,. When G = Gy (respectively G = G,) it stands for
the space of smooth functions ¢ on H? x R* such that, for each fixed t € R*, H? 3 X
©(X,t) belongs to S(H?) @ End(V{,, 115)/2 B Viss—n1)/2) (respectively S(H?) @ Hy,—4)
for (k1,k2) € (2220)2 with k1 < ko (respectively k1 € 2Z>¢ with k1 > 4).

Let G = Ge. For (K1, k2) € (2Z0)? with k; < k3 we define oS (X, t) by

20,00 (X 1)
— t(ﬁ2+3)/20(m+,€2)/2(X1 + XQ) X J(ng—nl)/Q(Xl - Xg) exp(fQthXX) (t > 0),
- o (t <0).

Let G = G.. We note that, given an inner product (*,x) of H,, 4, there is a
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reproducing kernel function
H? 5 X—Cxe Hﬁl_4,

which satisfies (Cx,®) = ®(X) for ® € H,;,—4. Modifying [25, Definition 6.1], we define
6,00 (X 1) by

=

c t D2 exp(=2mt! X X)Cx - (¢ > 0),
SQO,OO(X’ t) = {

(t <0).

For this case we have a remark necessary to consider the theta lift to G. with this ¢ .
Recall that, for (a,b) € (Z>0)? such that a > b, (T(a,b)> W(a,p)) denotes the irreducible
representation of GL, = Sp*(2)(R) with highest weight (a,b) (cf. Section 3.1). As a
unitary representation of Sp*(2)(R) x H!, H,, 4 has a decomposition

HK1*4 = @ W(a,b) X Vafb (31)
a>b>0
at+b=kr1—4
(cf. [19, Section 1.2]). We therefore know that there is a Sp*(2)(R)-equivariant W, p)-

valued paring (, %), of Hy, —a X Vg_p, which is unique up to constant multiples.
/

Following [30, Section 3] we introduce a metaplectic representation r = &), . v
of G(A) x H(A) x H'(A) on the restricted tensor product V = ®;§oo V, with respect

to {¢o,ptp<oo. It is associated with the standard additive character ¢ of A/Q, which
satisfies 1(a) = exp(2my/—1a) for a € R. For G = Gy (respectively G = G.) we de-
fine the End (V(erm)m X V(,w,m)/g)—valued (respectively H,, —4-valued) theta function
Ory 5 (g, b 1) by

Z T(g, hvh/)SDO(X7t)7

(X,t)€B2xQx
where ¢g = [[, <., ¢o,0 With

B {%‘foo (G = Gho),
P0,00 = c
¥ (G = Ge).

0,00
When G = G, (respectively G = G.) we consider the theta lift
Sk (D) x Aw, 2 (f, 1) = L(f, [')(9)

for (k1,k2) € (2Z+0)? with k; < Ky (respectively with k1 > ko and k; > 4), where

L(f 1)(g) =
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(h)am,nz (g, h, h/)fl(h/)dhdh/ (G = Ghe),

~

/Ri<HxH'><@)\<HxH'><A>
(h) (9111#@2 (ga h7 hl)v f/(h/))(n1+m2)/2—2,(51—mg)/Q—thdh/

(G= GC)-

~

R (HxH')(Q\(HxH')(A)

For the case of Gy, we note that, as a representation of H', o, occurs with multiplicity
one in the restriction of o (., 1ps)/2 B 0(—nyy2 t0 {(§9) | a € H'} (cf. [46, Section
6.9.5, (2)]). As for the case of G note that the paring (*,*) (., 4rs)/2-2,(k1—r2)/2—2
has been defined on H,,_4 x V,,. We then know that the integral above with respect
to the archimedean part h’_ of h' is well-defined. In addition, for G, and G, note
that 0, x,(g, h,h') satisfies the invariance with respect to [, . Oy x B* as f’ satis-
fies (cf. [30, Sections 3, 4]). Hence we can say that the integral representing L(f, f/) is
well-defined with respect to A’ for both of G, and G..

We furthermore note that, as a function in h, 6., .,(g,h,h’) is shown to satisfy
the same automorphy as Sy, (D). The proof is similar to [30, Sections 3, 4]. For this
we remark that the proof of the equivariance with respect to “Us”(~ SO(2)) needs
[80, Lemma 3.2] for of%, and ¢f . It is obtained by considering [33, Proposition
3.3] for the case of “(v1,v2) = ((k1 + K2)/2, (k2 — k1)/2) and (p,q) = (4,4)” when G =
Gy (respectively for the case of “(v1,12) = (k1 —4,0) and (p,q) = (8,0)” when G = G.).
This leads to [33, Lemma 3.8] and thus [30, Lemma 3.2] for ¢g¢,, and ¢f .. We remark
that the case of G. is also due to [15, Section 6] or [19, Section 2.1]. As a result we can
also say that the integral representing L(f, f') is well-defined with respect to h.

PROPOSITION 3.3.  Let (k1,K2) € (2Z30)%2.

(1) Suppose that (f, f') are Hecke eigenforms. Then L(f, ') is also a Hecke eigenform.
Furthermore, for each p|D, let €, (respectively €;,) be the eigenvalue for the Atkin-Lehner
involution, i.e. the involutive action of ( _Op (1)) (respectively a prime element wp , € By)
on f (respectively f'). Then L(f, ') =0 unless e, = €.

(2) Assume that 1 < k1 < Ko + 2 when G = Gy (respectively 1 < ko +2 < Ky
when G = G.). Then we have L(f,f) € SPH(D) with Harish-Chandra parameter
A= ((k1 + K2)/2, (k2 — K1)/2 4 1) (respectively L(f, ') € A%, (D) with Harish-Chandra
parameter A = ((ka + £1)/2, (k1 — k2)/2 — 1)).

ProoF. (1) The proof of [30, Theorem 5.1] is useful also for our situation, which
implies the first assertion. The second assertion is due to [30, Remark 5.2 (ii)].
(2) Let G = Gy. Following the argument in [30, Section 4], we can show the conver-
gence of 0y, «,(g,h, ") and further see that, as a function in g € G(A), 0x, «,(g,h,h')
satisfies the automorphy of S}¢(D) with A = ((k1 + K2)/2, (k2 — £1)/2), which implies
such automorphy of L(f, f’)(g). By the argument in [30, Section 4] we then verify that
L(f, f)(g) is convergent on any compact subset of G(A). In fact, as in the proof of
[30, Theorem 4.1], we can reduce its convergence to that of the restriction of L(f, f’)
to GL.. We can then show the convergence by following the proof of [33, Proposition
4.2]. For the proof we should note the convergence of the theta series introduced at
[33, (3.1)], particularly those for the case of “(v1,va) = ((k1 + K2)/2, (k2 — K1)/2) and
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V = H? ~ R®. We can further verify that L£(f, f’) is cuspidal by the same reasoning as
in the proof of [31, Proposition 2.4.1].

Let us note that Sp(1,1) x O} forms a dual pair in the symplectic group Sp(8)
of degree eight. For the local metaplectic representation r, the transformation law of
7”v|Sp(1,1)(Qu)xO;(Qv) turns out to be that of the restriction of the Weil representation of
Sp(8)(Qy) (cf. [47]) to Sp(1,1)(Q,)xO%(Q,). As we did in the proof of [30, Theorem 4.1],
we can view L(f, f')|c1_(g*) with any fixed gy € G(Ay) as a finite linear combination of
non-adelic theta lifts from (SL(2;R) x H')/{£(12,1)} ~ O*(4)(R) to GL,. We thereby
see that, at the archimedean component, the coefficient functions of L(f, f')|a1_(gr*) as
above generate an admissible G -module isomorphic to a subquotient of the admissible
Gl.-module in the theta correspondence with the discrete series representation of O} (R)
with Harish-Chandra parameter ((k1 + k2)/2, —(k2 — k1)/2 — 1) (for “the admissible
Gl,-module in the theta correspondence”, see the notation “p}” in Howe [16, Theo-
rem 1A]). Here see Section 3.2.1) for the discrete series of O*(4). Due to the general
theory on the archimedean local theta correspondence by Howe [16, Theorem 1A], the
admissible G'-module in the theta correspondence is quasi-simple and has a unique irre-
ducible subquotient. According to Li-Paul-Tan—Zhu [24, Theorem 5.1], such irreducible
subquotient is the discrete series representation of G, with Harish-Chandra parameter
((k1 + £2)/2, (k2 — K1)/2+1).

Now recall that, as is well-known, the cuspidal spectrum decomposes discretely into
irreducible pieces with finite multiplicities and that the restriction of an irreducible admis-
sible representation of G, to G is a finite sum of irreducible admissible representation
of GL , in fact, a sum of an irreducible admissible representation and its conjugation
by (§ %) (cf. [23, Lemma 3.5]). The G -module generated by coefficient functions
of L(f, f")(gp*) with any fixed gy € G(Ay) is (at most) a finite sum of irreducible ad-
missible representations. We therefore see that, when L(f, f') # 0, such Gl -module
is irreducible and is isomorphic to the discrete series representation mentioned above as
admissible representations of G since the K ,-module generated by the coefficient func-
tions is isomorphic to the minimal K.-type of the discrete series representation (which
occurs with multiplicity one in the discrete series). Next let us consider the admissible
G oo-module generated by the coefficients of L(f, f')(gs*). Its restriction to GL is the
sum of the discrete series representation above and its conjugation by ((1) o ), and we thus
know that such Go-module is nothing but 7y with A = ((k1 + k2)/2, (k2 — £1)/2+1) in
the assertion.

On the other hand, let G = G.. The proof of the convergence for 0, ,,(g,h,h')
is similar to the case of G = Gpc. Let us see that 6., .,(g,h,h') satisfies the auto-
morphy of A (D) as a function in g € G(A). Its right GL -equivariance by 75 with
A = ((ka +k1)/2 — 2,(k1 — K2)/2 — 2) follows from the decomposition of H,,_4 into
irreducible pieces as a Sp*(2)(R) x H'-module (cf. (3.1)). Its right K (D)-invariance and
left G(Q)-invariance are verified by the argument in [30, Section 4]. We next discuss the
convergence of L(f, f') for this case. The function

H(A) 5> h— (aﬁl,fﬁz (97 h, h/), f/(h,))(n1+m2)/272,(m752)/272dh/
Ry H'(Q\H'(A)



1456 H. NARITA

with any fixed g € Gc(A) is Wi, 41s)/2—2, (51 —r2) /2—2)-Valued and its coefficient functions
turn out to be elliptic modular forms of weight x, and level D (cf. [15, Section 6], [19,
Section 2.1]), for which note that we have already remarked just before the proposition
that 6., ., (g, h, ') satisfies the same automorphy as that of the elliptic modular forms
just mentioned. The convergence of the integral representing L£(f, f’) is thus reduced to
that of the Petersson inner product of an elliptic modular form and an elliptic cusp form,
which leads to the convergence of L(f, ') on any compact subset of G.(A), in fact, on
Gl

For this case note that Sp*(2) x O} forms a dual pair in Sp(8). We then remark
that [24, Theorem 5.1] determines the archimedean representation generated by L(f, f'),
which means another proof of the right G _-equivariance by 74 mentioned above. O

REMARK 3.4. (1) The condition 1 < k3 < kg + 2 (respectively 1 < ko2 +2 < K1)

means that the Harish-Chandra parameter ((k1 + k2)/2, —(k2 — k1)/2—1) of O} (R) and
the parameter ((k1 + k2)/2, (k2 — £1)/2+1) of Sp(1,1)(R) (respectively Harish-Chandra
parameter ((k1 + k2)/2, (k1 — k2)/2 — 1) of Of(R) and Sp*(2)(R)) are regular.
(2) If we consider the theta correspondence between discrete series representations
of GL, = Sp(1,1)(R) and O}(R) under the assumption that k; > k2 we have to
think of the discrete series representation of O}(R) with Harish-Chandra parameter
((k1 + K2)/2, (k1 — K2)/2 — 1), whose regularity condition means 1 < kg +2 < r;. How-
ever, according to [24, Theorem 5.1], the theta lift from such discrete series representation
of O} (R) to Sp(1,1)(R) vanishes.

4. The Jacquet—Langlands—Shimizu correspondence for theta lifts.

In this section we study the automorphic representations generated by theta lifts
from Hecke eigenforms (f, f') € S, (D) x A, to G(A) and G’(A). We understand them
in terms of the global Jacquet-Langlands—Shimizu correspondence for G’ = GSp(2) and
the inner form G = GSp(1,1) or GSp*(2). We also show the coincidence of the global
spinor L-functions for the lifts.

4.1. Conjecture.

We recall that the L-group “G of G is the same as the L-group “G’ of G’, where
LG = LG is the direct product of GSp(2)(C) and the Weil group of Q (for the definition
of L-groups, see [22] and [4]). As the choice of the L-morphism between LG and LG’
we can take the identity map. The Langlands principle of functoriality predicts the
following:

CONJECTURE 4.1 (Langlands).  The L-morphism induced by the identity map would
give rise to the natural transfer from equivalence classes of irreducible automorphic repre-
sentations of G(A) to those of G'(A) which preserves L-functions. Namely an L-function
of an irreducible automorphic representation of G(A) is one of some irreducible automor-
phic representation of G'(A).

We shall formulate another kind of the functoriality conjecture for some automorphic
representations of G(A) and G’(A), which was first essentially pointed out by Ibukiyama
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[17].

Let Ag and Ags denote the equivalence classes of irreducible automorphic repre-
sentations of G(A) and G’(A) with trivial central characters, respectively. We recall
that, for a divisor D of dp, we have introduced a maximal open compact subgroup
Ky(D) = Ilptap/p Krp pjan/p Kop of G(Ay) = Guc(Ay) = Ge(Ay) and an open
compact subgroup K%(D) := [] K, of G'(Ay) = GSp(Ay) in Section 2.2. Let us
introduce

p<o0

d
, 7, has a K ,-fixed vector for p~5
Ac(Kp(D)) =7 = Q) m € Ac

d
v<oo and a K p-fixed vector for p'DB

m, has a K-fixed vector for v = p < o0

/
ne/w K/ D = [ / ,
& f (D)) i ® m € Ag which is a paramodular new vector

v<oo

Here the levels of the paramodular new vectors above are given by NN, in Section 2.2. We
now formulate the conjecture as follows:

CONJECTURE 4.2.  The transfer in Conjecture 4.1 would map © € Ag(Ky(D))
to some 7' € AEY(K}(D)), and an L-function of 7 € Ag(Ky(D)) is one of 7' €
& (K3 (D).

For this conjecture we remark that, as evidence in terms of non-archimedean local
theory, we have [39, Section A.8, Table A.13] and the table of irreducible admissible
representations of G(Qp) = Gne(Qp) = Gc(Qp) and G'(Q)) in Section A.4 of the appen-
dix. We provide “global evidence” of this conjecture with theta lifts to Gy, G. and G’
including those introduced in Section 3.2. We will see that the global spinor L-functions
of the lifts coincide with each other.

4.2. Automorphic representations for GL(2) and B*.

For Hecke eigenforms (f, f') € Sk, (D) x A, let w(f) be the automorphic repre-
sentation of GLa(A) generated by f and JL(7(f’)) be the Jacquet-Langlands lift of the
automorphic representation mw(f’) generated by f’. The Hecke equivariant isomorphism
between A,, and the space spanned by primitive forms in Sy, 2(dp) sends a Hecke
eigenform f’ to a primitive form JL(f’) (cf. [7], [8], [41, Section 6]). The automorphic
representation JL(m(f’)) is nothing but that generated by JL(f’). We describe each local
component of the automorphic representations 7(f), 7w(f’) and JL(7(f")).

4.2.1. Local representations at finite places.

Assume that f is primitive, and decompose 7(f) into the restricted tensor product
&, -, m(f)o of local representations. Then, for v = p D, 7(f), is an unramified
principal series representation of GL>(Qp). Let x5, denote the unramified character of
Q,° which induces 7(f),. Then the eigenvalue A(f), of f for the Hecke operator defined
by the double coset GL2(Zy) (#9) GLy(Z,) can be written as

Ay =" (Xsp(P) + X5p(0) ) (4.1)
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(cf. [5, Proposition 4.6.6]).

Let p|D. Now recall that €, denotes the eigenvalue of the Atkin Lehner involution of
f at p|D (see Proposition 3.3 (1)). Let A*(f), (respectively A~ (f),) be the eigenvalue of f
for the Hecke operator defined by the double coset U, (4 9) U, (respectively U, (§9) U,),
where see Section 3.2.1 for Up,. It is verified that

>‘+(f)p = Ai(f)p = —¢ (4.2)

(cf. [27, Theorem 4.6.17 (2)], [29, Section 3.3]), for which note that the conjugation by
(_Op (1)) relates the two double cosets. Let d;, be the unramified character of Q) of order
at most two such that &, (p) = —¢,. The representation 7(f), is a special representation
of GL2(Q,) given by the irreducible subrepresentation or subquotient of the induced
representation of GL2(Q),) associated with two quasi-characters V;/ z. o, and vy 172, 5
where v, denotes the normalized p-adic valuation of Q,. Namely, 7(f), is the Steinberg
representation of G'La(Q,) twisted by 4.

For a Hecke eigenform f’ € A, let w(f’) be the irreducible automorphic representa-
tion of H'(A) generated by f’, and let 7(f') = @ .. 7(f')s be the decomposition into
the restricted tensor product of local representations.

When p { dp, 7(f’), is an unramified principal series representation of B¢ =~
GL2(Qp). We let xyr, be the unramified character of Q) inducing 7(f’),. As in f, the
Hecke eigenvalue A(f’), of f’ for the Hecke operator defined by GLy(Zy) (59) GLx(Zy)

can be written similarly as

Ao =22 (g p(0) + X5 p(P) ) (4.3)

When p|dp, 7(f’), is a unramified character of B, of order at most two. Thus we have

m(f)p=0dpon

with a unramified character 4, of Q, of order at most two, where recall that the notation
n stands for the reduced norm of B (cf. Section 2.1). In view of Proposition 3.3 (1),

op(p) = 6;) =€ (4.4)

is necessary for p|D in order that L(f, f’) # 0.

We now consider local components of JL(7(f’)). The non-archimedean local com-
ponent at p { dp is isomorphic to the unramified principal series representation 7(f”),
and the local component at p|dp is the Steinberg representation twisted by d,.

4.2.2. Local representations at oo.

We need to review the archimedean local components of w(f) and JL(w(f’)) for the
proof of Proposition 4.7 (cf. Section 4.4). The archimedean component of 7(f) (respec-
tively JL(w(f’))) is the irreducible admissible representation of G L2 (R) square-integrable
modulo center whose restriction to SLz(R) decomposes into the sum of the discrete series
representation of lowest weight —k; (respectively — (k2 + 2)) and its contragredient.



Jacquet—Langlands—Shimizu correspondence 1459

4.3. The representations generated by L(f, f’).

We now study locally and globally the representation =(f,f’) of G(A) =
GSp(1,1)(A) or GSp*(2)(A) generated by L(f, f'). To this end we cite the following
proposition (cf. [36, Theorem 3.1]).

PROPOSITION 4.3.  Let G be a reductive algebraic group defined over a number field
F. Denote by Ao the ring of archimedean adeles of F'.

Let ¢ be a Hecke eigenform on G(Ag) which is square-integrable modulo center and
generates an irreducible admissible representation of G(Aw) at the archimedean compo-
nent (for the meaning of “Hecke eigenform” here, see [36, Theorem 3.1 ii)]). Then the
automorphic representation generated by ¢ is irreducible.

We then have the following:

PROPOSITION 4.4.  Suppose that f and f' are Hecke eigenforms and that (2Z>0)* >
(K1, ko) satisfies 1 < k1 < ko +2 for G = Gye (respectively 1 < ko +2 < k1 for G = G.).
Then the representation w(f, f') of G(A) is irreducible.

PRrROOF. According to Proposition 3.3 (1), the theta lift £(f, f) is a Hecke eigen-
form on G(A). The lift L(f, f’) is square-integrable modulo center. In fact, when G = G,
this is obvious and when G = Gy, L(f, f') is cuspidal as is remarked in the proof of

Proposition 3.3 (2). The assertion is thus a consequence of Proposition 3.3 and Proposi-
tion 4.3. |

Let (f, f') be Hecke eigenforms and f be primitive. We can therefore decompose
7(f, f') into the restricted tensor product @’
component 7,, for which we note that the archimedean local component 7 has been
already determined in Proposition 3.3 (2).

When ptdp let ¢, ¢' and ¢” be the Hecke operators for G(Q),) defined by the dou-
ble cosets K1, diag(p, p, p,p) K1, Ki,diag(p,p,1,1)K1, and K, diag(p?, p,p, 1) K1 p,
which form generators of the Hecke algebra with respect to K;, ~ GSp(2)(Z,). For
pldp let {¢i, ¢} denote the generators of the Hecke algebra with respect to K;, with

7, and are able to determine each local

i=1ori=2 (cf. Section A.2). As a consequence of [30, Theorem 5.1] and the formulas
(4.1)~(4.4) we have the following:

LEMMA 4.5.  Let the notation be as above.
1) Let p do not divide dg. The Hecke eigenvalues m,(¢pg) of m, for Hecke operators
( g p p

bo=¢, ¢, ¢ are given by
T(ZJ(QS) = 17
mo(8) = p* 2 (Xsp(0) + X7 () ™) + P2 (X (D) + Xy p(0) ),
Tp(0") = P* (X £.0(P) + X£.0() "D (Xprp() + x5 p(0) ™) +p* — 1.

(2) Let p divide dg. When p|D, the Hecke eigenvalues m,(p) of m, for ¢ = 1, ¢} are
given by
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(1) = €, Wp(ﬂoll) =—6(p+1).

When p|ldp/D, the Hecke eigenvalues m,(p) of m, for ¢ = @2, ¢h are given by

To(02) = €, Tp(0h) = P2 (Xsp(P) + xrp(P) ™) + (P — 1)€p.

Following the notation of the appendix, let £ be the non-trivial unramified character
of Q, of order two for p|ldp. We further note that, in the appendix, the notation x1p x o
is used for the induced representation of G\Sp(1,1)(Q,) defined by two quasi-character
x and o of Q) when pldg. On the other hand, with three unramified quasi-characters
X1, X2 and o of Q), x1 X x2 X o denotes a unique irreducible subquotient with a
GSp(2)(Z,)-fixed vector for the unramified principal series representation of G.Sp(2)(Q,)
induced from these characters. This representation is referred to as “type I” on the table
of Section A.4 of the appendix.

PROPOSITION 4.6.  Let the notation be as above.

(1) Let v=ptdp. Then m, is an irreducible admissible representation of type I given
by (X0 X7p) X (Xpp - X7p) X X

(2) Let v =p|dg. When v =p|dg/D, m, is isomorphic to the irreducible representation
of GSp(1,1)(Q,) ~ GSp*(2)(Q,) of type Ila with 0 = x5, and x = X;;, - 0p. When
v = p|D and 6, is trivial (respectively non-trivial), m, is isomorphic to the irreducible
representation of GSp(1,1)(Q,) ~ GSp*(2)(Q,) of type Va with o = & (respectively o =
1). Here, for the representations of GSp(1,1)(Q,) ~ GSp*(2)(Qp) of type Ila and Va,
see Section A.4 of the appendiz.

Proor. For every finite prime p, 7, is a spherical representation of G, =
GSp(1,1)(Q,) or GSp(2)(Q,) in the sense of Section A.2 of the appendix. As is pointed
out there, m, is uniquely determined by the Hecke eigenvalues. To be precise, up to the
conjugation of the Weyl group, such values determine the unramified characters inducing
a principal series representation that has m, as a composition factor.

When a finite prime p does not divide dp, 7, is an irreducible admissible rep-
resentation with a GSp(2)(Z,)-fixed vector and is therefore of type I. In view of the
first assertion of Lemma 4.5, we see that m, is of type I with the explicit characters
(X1:X2:0) = (Xf7p - XJps Xprop = Xps X o)+

Let p divide dg. Compare the formulas in Lemma 4.5 with the Hecke eigenvalues
of the spherical vector for the induced representation x1p % o (cf. Section A.2 of the
appendix). We can then explicitly determine the representation type of m, by the table
of spherical representations of G, in Section A.4 of the appendix. O

4.4. Theta lifts to cuspidal representations of G'.

Let GO(2,2) be the reductive Q-algebraic group defined by the orthogonal group
of signature (2,2) with similitudes. Let (f, f') be Hecke eigenforms as in Section 4.2.
Following Roberts [38] and Harris-Kudla [12], we introduce the theta lift from the cus-
pidal representation o(f,JL(f")) of GO(2,2) associated with (f,JL(f’)) to a cuspidal
representation ' (f, JL(f')) of G'(A).

As well as GO(2,2) we consider a subgroup G:SO(2,2), the special orthogonal group
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of signature (2,2) with similitudes. To realize GSO(2,2) let us introduce a quadratic
space (M2(Q),2det). This quadratic space is equivalent to another quadratic space
(Q*,Q’) defined by Q" = (%2, o) with w = (% §). Consider the action of GLy(Q) x
GL2(Q) on M5(Q) defined by

h-X =h'Xhy (X € My(Q), h=(h1,h2) € GLa(Q) x GL2(Q)).
This induces isomorphisms

(GLy(Q) x GL2(Q))/{(2,2) | 2 € Q} = GSO(2,2)(Q).
We now note that there is s € GO(2,2)(Q) \ GSO(2,2)(Q) such that

5+ (h1,ha) = (ha, h1)

modulo {(z,2) | z € Q*}.

The outer tensor product 7(f) K JL(w(f')) gives rise to an irreducible cuspidal rep-
resentation GSO(2,2)(A), where note that the central characters of 7(f) and JL(w(f"))
are trivial. Then, assuming k1 # ko + 2, there is an irreducible cuspidal representation
o(f,JL(f")) of GO(2,2)(A) such that its restriction to GSO(2,2)(A) decomposes into a
direct sum of 7(f) K JL(7w(f’)) and its conjugation by s, namely JL(7(f")) X (f) (cf. [38
Theorem 7.1] and [13, Section 1]). By 7'(f,JL(f’)) we denote the theta lift from
o(f, JL(f")) to G'(A) as in [38] and [12].

Using the notation in Section A.4 of the appendix, we now state the following propo-
sition:

PRrOPOSITION 4.7.  Let (f, f') € Sk, (D) X A, be non-zero Hecke eigenforms and
suppose that f is primitive. Assume that 1 < k1 < ke +2 or 1 < ko +2 < K1 as in
Proposition 3.3 (2). Then 7' (f,JL(f")) is a non-zero irreducible cuspidal representation
of G'(A) and thus has the decomposition into the restricted tensor product @' (f, JL(f")) =
®;<OO . Each local component 7., is determined as follows:

1. Forv =p{dg, m, is isomorphic to m,, namely the irreducible admissible represen-
tation of type I for G'(Qy) given by (x ¢ p - X;’;) X (X;/%p : X;;,) XX f,p-

2. For v = p|dg/D, , is isomorphic to the irreducible representation of G'(Qp) of
type Ila with o = Xt and x = X;;, - 6p. When v =p|D and 6, is trivial (Tespec—
tively non-trivial),
type Va with o = & (respectively o = 1). Here, for the representations of G'(Qy) of
types Ila and Va, see Section A.4 of the appendix.

w is isomorphic to the irreducible representation of G'(Q,) of
(

3. Forv = oo, ml, is isomorphic to the representation ' as admissible representations
of Gy with A = ((k1 + K2)/2,|k1 — k2 — 2|/2) (for 7 see Proposition 2.1).

ProOF.  Since o(f, JL(f')) is irreducible we can decompose it into the product
R oo (f,JL(f"))y. We now note that each local component of 7(f) and JL(7(f))
are explained in Section 4.2. In view of Gan-Takeda [9, Theorem 8.2] and Przebinda
[37, Chapter III, Section 3] (see also Harris-Kudla [12, Theorem 5.2.1]) we then see



1462 H. NARITA

that each local component o(f, JL(f')), is involved in a local theta correspondence with
G'(Q,) for v < co. We explain the local theta correspondences in detail soon. We further
remark that o(f, JL(f’)), is tempered for every v < co. By [38, Theorem 8.3] we thus
see that 7/'(f, JL(f’)) is a non-zero irreducible cuspidal representation of G’(A).

An explicit description of ), for v = p < oo is given in the table 2 (d), (e), (f)
of Section 14 or Theorem 8.2 (iv), (v), (vi) of [9], for which note that the theta lifts
from p-components of JL(7(f")) K n(f) and «(f) K JL(x(f')) are isomorphic to each
other for every finite prime p as is remarked in [9, Theorem 8.2]. The determina-
tion of 7’ is due to [37, Chapter III, Theorem 3.3.1] or [12, Theorem 5.2.1]. In fact,
by virtue of Section 4.2.2, the archimedean component of 7(f) & JL(w(f’)) can be re-
garded as the irreducible admissible representation of O(2,2)(R) given by the discrete
series representation with Harish-Chandra parameter ((k1 + k2)/2, —|k1 — k2 — 2|/2).
Its image of the theta lift to Sp(2)(R) is the discrete series representation with
Harish-Chandra parameter ((k1 + k2)/2, —|k1 — k2 — 2|/2). We then know that the
archimedean component of 7'(f, JL(f’)) is the irreducible admissible representation of
G'(R) whose restriction to Sp(2)(R) is the sum of the aforementioned discrete series
and its contragredient. This admissible representation of G'(R) is nothing but )
with A = ((k1 + Kk2)/2,|k1 — k2 — 2]/2). If we start from JL(7(f")) X 7(f) instead of
7m(f) K IL(7(f")) we come to the same conclusion. We are therefore done. O

REMARK 4.8. Up to equivalence, the representations of type Va in Propositions 4.6
and 4.7 do not depend on the signature €,. For the case of GSp(2)(Q,) this is remarked
in [9, Theorem 8.2 (iv)]. For the case of the inner form the two representations of type
Va with the different signatures are related by the intertwining operator — Id with the
identity map Id.

4.5. Spinor L-functions for theta lifts.

4.5.1. Spinor L-functions for G.

Recall that, for D|dg, K;(D) denotes a maximal open compact subgroup of
G(Ay) (cf. Section 2.2). We first define the spinor L-functions for K¢(D)-invariant Hecke
eigenforms on G(Q)\G(A) that are square-integrable modulo center and that generate
irreducible admissible representations at the archimedean place. Let F' be such a Hecke
eigenform with the trivial central character and n(F') the automorphic representation
generated by F. Due to Proposition 4.3, w(F) is irreducible and thus has the decompo-
sition into the restricted tensor product m(F) ~ ®;Soo 7, (F) of local representations.

To define the non-archimedean local factors of the spinor L-function of F' we intro-
duce several polynomials defined with Hecke eigenvalues of F.

In [30, Section 5.1] we introduced three Hecke operators 72 with 0 < 7 < 2 for
ptdp. Let A}, be the Hecke eigenvalue of 7, for F with 0 < < 2. For p t dp we put

Qrp(t) =1—p ALt +p 2(A2 +p* + 1)t2 — p */2A0¢5 + 14

For this we note that @ F,p(p’s)’1 coincides with the local spinor L-function for an
(irreducible subquotient of) unramified principal series representation of GSp(2)(Q,). In
addition, we remark that m,(F') is of type I in the table of Section A.4 (cf. appendix).
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On the other hand, in [30, Section 5.2], we introduced two Hecke operators 72 with

0 <i<1for pldg. Let A’; be the Hecke eigenvalue of 7; for F with 0 < i < 1.
According to the table of Section A.4, the representation m,(F') for p|dp is one of the
following types:

ITa, IVc, Va, Vb, V¢, Vlec.
We introduce

(1+A’gp_1/2t)(1—A’gp_l/zt) (mp(F) is of type Va),

t):=
Qra(t) {(1p3/2(/\’113—(p—l)A’g)t—HQ)(l—A’gp1/215) (mp(F') is of the other type).

For this, see Section A.2 of the appendix and note that the triviality of the central
character of F' implies (A’g)2 = 1. The second one is due to Sugano [45, (3.4)]. We then
define the local spinor L-function L, (F,spin, s) for v =p < oo by

L,(F,spin, s) = Qp,(p~ %)~ *.
We now state the following proposition, which justifies this definition.

PROPOSITION 4.9.  For v = p < 0o, L,(F,spin, s) coincides with the local spinor
L-function of the irreducible admissible representation of GSp(2)(Q,) with the same L-
parameter as that of m,(F).

ProOOF.  This follows from Section A.2 of the appendix and [39, Section A.6, Table
Ag]. O

REMARK 4.10. This proposition tells us that an irreducible spherical representation
with a K ,-fixed vector has a local spinor L-function of degree three while one with a
K p-fixed vector and no K p-fixed vector has a local spinor L-function of degree two (see
also Section A.2 and the table of Section A.4), where note that K , and K, are denoted
by K7 and K5 respectively in the appendix.. There is only one spherical representation
of the latter type, which is enumerated as Va in the table of Section A.4 of the appendix.
This representation may occur as a local factor m,(F’) of the automorphic representation
7w (F) only for p|D.

Let A = (A1, A2) € 2y (for Zf see Section 2.3). Let now F' be a Hecke eigenform in
SP¢(D) (respectively AS (D)) with A = (A1, A2 — 1) (respectively A = (A1 — 2, X2 — 1)).
We define the global spinor L-function L(F),spin, s) of a Hecke eigenform F' in S}¢(D)
or AS, (D) with A as above by

L(F,spin, s) := H L,(F,spin, s),

v<00

where

A — A A A
LOO(F,spin,s):FC(s—i— 12 2)Fc(s+ 1—; 2).
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For this we remark that the definition of L., (F,spin,s) is based on the following fact: my
and 7} have the same L-parameter (cf. Proposition 2.1 (2)) and the local spinor L-
function of 7, should be defined as above (cf. [28, Section 1.4]).

4.5.2. Spinor L-functions for theta lifts.
Let F = L(f, f') and (f, f') be Hecke eigenforms. In view of Proposition 3.3 (2) we
have

Loo(L(f, f'),spin, s) :=T'¢ <s+ “12_ 1> e <s+ /<;22—|— 1> .

We have the following, which generalizes [32, Proposition 2.9]:

PROPOSITION 4.11.  Let (k1,k2) be as in Proposition 3.3 (2). Suppose that f is a
primitive form. The spinor L-function for L(f, f') decomposes into

L(L(f, f"),spin, 5) = L(w(f), s) L(IL(7(f")), 5),

where L(n(f),s) (respectively L(JL(w(f")),s)) denotes the standard L-function of
w(f) (respectively JL(m(f"))).

The spinor L-function L(L(f, f'),spin, s) can be viewed also as the L-function of
w(f, f"). In fact, we have justified the definition of each local factor of L(L(f, f’),spin, )
in terms of the representation type of 7(f, f'), for v < oo (cf. (1)). We can thus denote it
also by L(w(f, f'),spin, s). This has the analytic continuation and satisfies the functional
equation between s and 1 — s since so do L(w(f),s) and L(JL(w(f")),s).

On the other hand, we can also consider the spinor L-function L(x’'(f,JL(f")),
spin, s) of #'(f,JL(f’)). Since the archimedean local component 7., of 7'(f, JL(f"))
is isomorphic to 74 with A = ((k1 + K2)/2,|(k1 — k2 — 2)/2|) (cf. Proposition 4.7), the
local factor at v = co coincides with Lo (L(f, f'),spin, s). In view of Propositions 4.6,
4.7 and 4.9, all the other local factors of L(n’(f, JL(f’)),spin, s) also coincide with those
of L(L(f, f"),spin, s). We can state the following:

COROLLARY 4.12.  Under the same assumption in Proposition 4.11 we have

L(L(f, f'),spin, s) = L(n(f, f'), spin, s) = L(7'(f, JL(f")), spin, s).

4.6. Main theorem.

As we have seen, L(f, ') is K¢(D)-invariant, namely 7 (f, f') € Ag(K;(D)). On the
other hand, Proposition 4.7 and [39, Section A.8, Table A.13] tell us that «'(f, JL(f’))
has a paramodular newform of level dp D, namely, 7'(f, JL(f')) € AgY (K}(D)).

As a consequence of Propositions 3.3, 4.6, 4.7, 4.9 and Corollary 4.12 we are able to
state our main theorem, which provides evidence of Conjecture 4.2.

THEOREM 4.13.  Suppose that two even integers (k1,k2) satisfy 1 < k1 < ko + 2
when G = Gy (respectively 1 < ko + 2 < k1 when G = G¢). For any given primitive
form f € S, (D) and Hecke eigenform [’ € A,,, the map
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Ac(Ky(D)) 5 n(f, f') = «'(f,JL(f") € Ag™ (K (D))

satisfies the coincidence of the global spinor L-functions (cf. Corollary 4.12) and the
compatibility with the local Jacquet—Langlands correspondence for G and G' = GSp(2) at
any place v < 0o (for the correspondence at v =p < 0o, see Section A.4).
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Appendix: The spherical representations of GSp(1,1).
by Ralf Schmidt

A.1. Induced representations for GSp(1,1).

Let F' be a non-archimedean local field of characteristic zero with the normalized
valuation v. Let B be the non-split quaternion algebra over F, and let x — Z be its
standard involution. Let G = GSp(1, 1) be the algebraic group with F-points

1
GF)={ge M2x2,B): 'gJg=\g)J, \g) € F*}, where J = [1 }
Then G has a unique proper parabolic subgroup P = M N, where

M:{[a/\al} : aeBX,/\eFX}%BXxFX,

N:Hlﬂ : x€B7x+x:0}.

We consider the normalized parabolic induction from P to G. Let (w, V) be a finite-
dimensional smooth representation of B*. Let o be a character of F'*. Then the standard
space of the parabolically induced representation m X ¢ consists of smooth functions
f: G(F) — V, with the transformation property

f <[“ )\:_l}g) =v <5p Q“ )\:_1}>>1/2J()\)7r(a)f(g), a€B* \eF* geG(F),

where

and

Sp ({a Ang = (\"n(a))?

with the reduced norm n(a) of a € B*. Note that the central character of 7 x ¢ is wr02,
where w, is the central character of 7. In particular, if y is a character of F'*, then the
central character of x1gx X o is x202.
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3/2 and

It is easy to see that the trivial representation is contained in v=3/215x x v
hence is a quotient of v3/215x x v=3/2. In fact, the reducibility points of the induced

representations m x o are known by [11, Proposition 5.3]. The result is as follows.

PROPOSITION A.1. Let 7 be an irreducible, admissible representation of B*(F),
and let o be a character of F*.

+1/2

1. Assume that dim(w) > 1. Then m X o is irreducible unless m = v T, where m

has trivial central character. In this case there is a short exact sequence

2

0 — 0 %mo, vV 20) — 120y x v 20 — LW 27,07V 20) — 0,

1/2

with an irreducible, square-integrable representation §(v 7T0,U_1/20'), and an ir-

reducible non-tempered representation L(v'/?mg,v=1/%0).

2. Assume that dim(w) = 1. Then m X o is irreducible unless one of the following

holds.

o m = vEV2¢1 5, where €2 = 1, € # 1. In this case there is a short exact
sequence

0 — 021 g, v YV20) — M 2€1 gx x v Y20 — LW ?¢1 54,07 ?0)

— 0,

with an irreducible, square-integrable representation (5(V1/2§1Bx , u_1/2a), and
an irreducible non-tempered representation L(V1/2§13x , u‘l/zo).

+3/2

e T=v 1gx. In this case there is a short exact sequence

00— UStGSp(l,l) — 1/3/213>< X 1/73/20' — UlGSp(l,l) — 0,
where Stgsp(1,1) s the Steinberg representation of G(F).

A.2. Spherical representations.
Let op be a maximal order in B(F'), and let pp be the unique maximal ideal of 0.
Let

K, = {geG(F)m {”B "B} : AMg) eo*},

0B 0B

Ky = {g eGF)N {031 pB} : Mg) € ox}.
Pp OB

Then K; and K» are maximal compact subgroups of G(F), and every maximal
compact subgroup is conjugate to either K7 or K5. In fact, the classification of the
maximal compact subgroups is reduced to that of maximal lattices in the sense of [42,
Section 2.3]. We see from [42, Propositions 3.7 and 3.9] that, up to G(F)-conjugate,
there are two maximal lattices * (o5 @op) and (o5 @p5'), whose corresponding maximal
compact subgroups are K; and K5 respectively.
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It is known that the Hecke algebra H (G, K;) consisting of compactly supported left
and right K;-invariant functions on G(F') is commutative; see [40]. Therefore the formal
reasoning of [6] 4.4 applies, and we see:

e If (m,V) is an irreducible representation such that the space Vi of K;-invariant
vectors is non-zero, then dim V5 = 1.

e In this case, the action of H(G, K;) on a non-zero vector of Vi defines an alge-
bra homomorphism H(G, K;) — C. This algebra homomorphism determines the
equivalence class of 7.

e Given an algebra homomorphism H(G, K;) — C, there exists an irreducible, ad-
missible representation (m, V) such that the algebra homomorphism comes from
the action of (G, K;) on a non-zero vector of Vi as above.

Let wp be a prime element of 0. For i =1 or ¢ = 2 let

WB

; = characteristic function of K; [ }Ki

and
/ .. . 1
¢; = characteristic function of K, [ - ]Ki.
Then
H(G, K;) = Clgpi, ;' ¢l

For z € B, let 27 = (2 — 2)/2, and for a subset A of B, let A~ denote the image of A
under the map z — z~. Then, by [30, Section 8],

Kl{l }Kl

wWE

B 1b||wp lc||wp 1

o A B ) T O ) R L
bEo, /wroy ce(pglfag)*/o};

and

K[l ]m
wE

_ 1b||wp lc||wg 1

o L B Y U W g T T2
bepy/wrPp c€(op—pB)~/P5

On the other hand, according to [43, Theorems 5.9 and 5.13], we have the following
lemma.

LEMMA A.2. (1) #op/pp = #pgl/oB = ¢
(2) tr(op) = oF and tr(pgl) = o or equivalently tr(pg) = pp.
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We obviously have
#op/wrog = pp/wrpp = ¢°
and, in view of the lemma above, we verify
#(pp' —op) Jop=0"~1,  #(op—pp) /pp=q-L

Let x and o be unramified characters of F'*. For i = 1 or ¢ = 2 let f; denote the
K;-invariant vector in m = x1gx X o, normalized such that f;(1) = 1. Using the above
double coset decompositions and the cardinalities of the four cosets just mentioned, it is
easy to check that

(i) fi = Nifi, A; = (xo)(@F),

and

T =M, A=) (@r) + (¢~ Dox)(wr) + ¢ Po(wr),

and
m(@h)fo = Aofa, Ay =¢**(ox*)(@r) + (¢ — 1)(oX)(@r) + ¢**0(wr).

As we will see in A.4, G(F)-representations of types J=IIa, IVc, Va, Vb, Vc and
Vlc in the table therein exhaust all spherical representations. We define

Qi(t) = (1 + A V20)(1 — Ayg™ %)
for J=Va and

Qs(t) = (1 — g *2(Ay — (g — D)A2)t + ASE%)(1 — Agg™ /1)

for the other J’s. Then we verify by a direct calculation that Qj(¢~*)~! is the local
spinor L-function for a GSp(4, F) representation of type J (see [39, Table A.8]). For
instance, with £ being the non-trivial, unramified, quadratic character of F'*,

Qva(q~*) "t = L(s, xov'/?)L(s, Exovt/?),
which is the local spinor L-function for a GSp(4, F') representation of type Va, and
Qualg™*) " = L(s,x*0) L(s,0) L(s, xov'/?),
which is the local spinor L-function for a GSp(4, F') representation of type Ila.

A.3. The intertwining operator.

Let x be the non-trivial, quadratic, unramified character of F'*. The induced rep-
resentation v'/2x15x x ov~/2, has a one-dimensional space of K invariant vectors and
also a one-dimensional space of Ks-invariant vectors. We will now use an intertwining
operator to determine how these spaces are distributed amongst the two irreducible con-
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stituents of v1/2y15x x ov~1/2. Let By be the space of all trace-zero quaternions. For
f in the standard model of w x o as above, let

e = [ 1 ([ ]s) e (A1)
)

0

provided this integral converges. A straightforward calculation shows that M f is an

element of # x w,0, where w, is the central character of 7, and 7(a) = m(a~!). Hence
we get an intertwining operator

M:7Txo— T Xwgo. (A.2)
In particular, for a character x of F'*, we get an intertwining operator
M : X].Bx X o —r Xﬁlle X X2O'. (A?))

Let s be a complex parameter, and consider yv*® x ov~*. In the following we normalize

the Haar measure on By(F) such that By(F) N {vpg(z) > 0} has volume 1. We will need
the following result.

LEMMA A.3.

3m/2 1—¢g 1 : ;
q q if m is even,
vol(Bo(F) M {vp(x) = —m}) = {q(3m+(1)/2(1 —)q_z) if m is odd.

Proor.  We will prove
vol(Bo(F) N{vp(z) >2t}) =q~* (A.4)

and
vol(Bo(F) N {vp(x) > 2t +1}) = ¢ 371, (A.5)

from which our assertion follows. Equation (A.4) is true for ¢t = 0 by our normalization
of Haar measure. For other values of ¢t we obtain (A.4) by multiplication with powers of
wp. By a similar argument, it suffices to prove (A.5) for ¢ = 0. By Lemma A.2 (2) we
get short exact sequences

0— BpNog — o —op — 0
and
0 — BoNwpop — wpop — pp — 0,
and hence
0 — (ByNog)/(ByNwpgog) — op/wpog — op/pr — 0.

By Lemma A.2 (1), #o0p/wpop = ¢°. It follows that #(BoNop)/(ByNwpop) = g, and
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hence vol(By Nwpop) = ¢~ 1. This is the statement (A.5) for ¢ = 0. O

Calculation for K;.
Let f; be the Kj-invariant vector in v*x1px x ov~*. We calculate, for Re(s) large
enough,

= | (L]

Bo(F)

1{|1x
- (D
Bo(F)N{vp(z)=0}

1{|1x
o () e
Bo(F)n{vp(z)<0}

1 1 1
Y (S A (N
Bo(F)n{vg(xz)>0} Bo(F)n{vp(z)<0}

1

- e [ a([p]) e
Bo(F)n{vg(xz)>0} Bo(F)n{vp(z)<0}

s I -

m=1 Bo(F)n{vp(z)=—m}

vy [ (]

m=1 Bo(F)n{vp(z)=—m}

1+ g D\ (wp)™ d.

I
NE

3
I

L Bo(F)N{vp (x)=—m}

Splitting the sum into even and odd m’s, and using Lemma A.3, one obtains, after a
short calculation,

(1+ x(@r)g"**)(1 — x(wr)g**~*)

(Mf1)(1) = (14 x(wr)g—*)(1 — x(@p)g—*)

Assume that x is the non-trivial, quadratic, unramified character of F'*. Then x(wp) =
—1, and we see that (M f1)(1) = 0 for s = 1/2. This means that M f; = 0 for s = 1/2.

Hence f; lies in the unique subrepresentation §(v'/2x1gx, v~ 20) of v*/2x1gx xov~=1/2.

Calculation for K.
Let f5 be the Ks-invariant vector in v*x1lgx X ov™°. We have

()5 ) ™) e

Using this, a similar calculation as above shows that
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(14 x(@r)a= ") (1 = x(@r)g %)

(M F2)(1) = 42X () e (1= x(@r) )

Assume that x is the non-trivial, quadratic, unramified character of F*. Then x(wr) =
—1, and we see that (M f2)(1) = 0 for s = —1/2. This means that M f, = 0 for s =
—1/2. Hence f, lies in the unique subrepresentation L(1/? 12315 x
ovt/?.

xlgx,v=%0) of v

The result of the calculations in this section is that 6(v'/?x15x,v1/?¢) contains

a one-dimensional space of Ki-invariant vectors, and L(v'/?x1p«,v~/2¢) contains a
one-dimensional space of Ks-invariant vectors. For all other spherical representations of

G(F) these dimensions are obvious; we summarize the results in the table below.

A.4. Local Langlands parameters for GSp(4).

To every irreducible, admissible representation of GSp(4, F) there is attached an
L-parameter, which is a certain homomorphism from the Weil-Deligne group W7. to the
dual group GSp(4,C). The assignment of parameters to representations was carried out
in [39, Section 2.4], for the non-supercuspidal representations of GSp(4, F'), and in [10]
in general. The dual group of G = GSp(1,1) is also GSp(4, C), but the Borel and Siegel
parabolic subgroup of GSp(4,C) are irrelevant. This means that any parameters whose
image lies in (a conjugate of) the Siegel parabolic subgroup should be ignored for the
local Langlands correspondence. The complete correspondence was achieved in [11]; for
the non-supercuspidal representations one can also apply the reasoning of [39, Section
2.4].

The following table lists all irreducible, admissible representations of G(F') which
are constituents of representations of the form x1gx % o, where y and o are characters
of F*. The table also lists all the irreducible, admissible representations of GSp(4, F')
supported in the Borel subgroup, using the notations and classification scheme of [39].
Representations with the same L-parameter W}, — GSp(4,C) appear in the same row;
this is nothing but the Langlands functorial transfer from GSp(1,1) to GSp(4) coming
from the natural inclusion of dual groups. The actual L-parameters can be found in
[39, Table A.7].

The columns labeled K; and K indicate, in the case when the inducing charac-
ters are unramified, the dimension of the space of Ki resp. K, invariant vectors in a
representation of G(F).
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For the Ila type representation, x is such that y? # v*' and y # v

H. NARITA

| aspay GSp(4) K| K|
I — X1 X X2 X o (irreducible)
I a Xlgx X o XStgre) X o 111
b — Xlgr) @ o
I a — X X 0Stasp(2)
b — X X olgsp2)
a oStasp(1,1) oStaspa) 01]0
v b — L(Vz,l/*lchtGSp(g))
c olgspi L(V3/2StGL(2),V*3/2J) 111
d - olasp)
a| 6(v /€1 gx,v12%0) 5([,ve], v~ 2%0) 110
v P L2 g, v™Y20) | L(vY/?¢St g 2), v/ %0) 1
¢ | L2 px, Ev71%0) | LW 2ESt a2y, Ev ™ 20) 1
d — L(vE, € xv=120)
a — (S, v120)
VI b — (T, v=20)
c| vY2lgx xv 20 L(Vl/QStGL(g),V’l/QU) 111
d — L(v,1px xv=2%0)

+£3/2 For the

representations in group V, the character £ is assumed to be non-trivial and quadratic.
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