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Abstract. We consider the Yamabe equation on a complete non-
compact Riemannian manifold and study the condition of stability of solu-
tions. If (M™,g) is a closed manifold of constant positive scalar curvature,
which we normalize to be m(m —1), we consider the Riemannian product with
the n-dimensional Euclidean space: (M™ x R", g+ gg). And we study, as in
[2], the solution of the Yamabe equation which depends only on the Euclidean
factor. We show that there exists a constant A(m,n) such that this solution
is stable if and only if A\;1 > A(m,n), where A1 is the first positive eigenvalue
of —Ay4. We compute A(m,n) numerically for small values of m,n showing in
these cases that the Euclidean minimizer is stable in the case M = S™ with
the metric of constant curvature. This implies that the same is true for any
closed manifold with a Yamabe metric.

Introduction.

Let (X, h) be a complete non-compact Riemannian manifold of dimension N > 3,
without boundary. We consider the h-Yamabe functional given by:

Vi () = Jx (an||[Vul[* + spu?) dup, ~ Ep(u)

(Jelprdo)™ Tl

where ay = 4(N —1)/(N —2), p=pny = 2N/(N — 2), s;, will denote the scalar curva-
ture of the metric A and dvy, its volume element. The function u # 0 is assumed to be
in the Sobolev space L#(X). We will always require that (X, k) is such that the Sobolev
embedding L?(X) C LP(X) holds for (X,h). This is true for instance if the injectivity
radius is positive and the Ricci curvature is bounded below [8, Corollary 3.19].

The Yamabe constant of (X, h) is defined as

Y(X.h) = inf  Yi(u)
1) = a3y V)

When s;, > 0 this number is always finite (and non-negative) and it is bounded
above by the Yamabe constant of (SV, gf'), where g{¥ is the metric of constant sectional
curvature 1 on SV, by the well known local argument of T. Aubin [4].

Although Yamabe constants have been more often considered and are better under-
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stood in the case of closed manifolds, the study of the constants for open Riemannian
manifolds is also of interest by itself and in connection with the closed case. A general
study of Yamabe constants of non-compact manifolds can be found in [7]. See also [1],
2], [13].

Our main motivation is to understand the Yamabe constants of certain non-compact
Riemannian manifolds which play a central role in the study of the Yamabe invariants of
closed manifolds (in particular when studying how the invariants behave under surgery,
see [3]). In the present article we will consider the stability of solutions of the Yamabe
equation. A solution f of the h-Yamabe equation is a solution of the Euler-Lagrange
equation of Y;, which means that for each u € C§°(X) the function H,(t) = Y, (f + tu)
verifies H,,(0) = 0. The solution f is called stable if for every w, H, (0) > 0. The
condition is well understood in the closed case: f being a solution of the Yamabe equation
means that fP~2h has constant scalar curvature and it is stable if and only if s fr—2p, <
(N — )M\ (fP~2h), where )\ is the first positive eigenvalue of the positive Laplacian of
the Riemannian metric. This condition can be expressed also in terms of the original
metric h, but in the closed case there is no reason to use such expression. A typical
situation of interest in the complete non-compact case is a metric of constant positive
scalar curvature and infinite volume for which one is interested in computing the Yamabe
constant. A solution of the Yamabe equation gives a metric of constant scalar curvature
which is non-complete, of finite volume. Since the analysis in such a manifold is not
well understood it seems more reasonable to work with the original metric. Therefore
we will begin this article by studying the stability condition on a non-compact complete
Riemannian manifold of constant positive scalar curvature.

We introduce the following invariant:

DEFINITION 0.1. Let (X, h) be a complete Riemannian manifold of constant posi-
tive scalar curvature and f € C°(X) N L(X) be a positive smooth critical point of ¥},.
Let N(h, f) = {u € L}(X) — {0} : [ fP"'u dv, = 0} and define

. Ep(u)
X, h = f ——
(X, h, ) uelerth,f) Jx fP2u? doy,

With this notation the condition for stability reads:

THEOREM 0.2.  Let (X, h) be a complete Riemannian manifold of constant positive
scalar curvature and f € C3°(X) N L}(X) be a positive smooth critical point of Yy. f is
stable if and only if

En(f)

a<X7h’f) > (p_ 1) ||f||§ .

To study stability of solutions of the Yamabe equation on open manifolds one would
need to compute the invariant .

The example we will be most interested in is the case (M™ x R", g+ g) where M™
is closed and g has constant positive scalar curvature which we normalize to be m(m—1).
One can restrict the functional to functions which depend only on the Euclidean variable
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and define as in [2]

Yre (M X R", g+ gF%) = inf Y, on ().
R’ ( g+9g) ueLf(I]IIg")—{O} g+gE(U)

In [2] Yrn (M X R"™, g+ g% ) is computed in terms of the best constant of the classical
Gagliardo—Nirenberg inequality. In particular there is a unique Yg~-minimizer f which is
aradial, decreasing, smooth function and the scalar curvature of fP=2(g+g%) is m(m—1).
It follows that Ep(f)/||lf|l5 = m(m — 1). In Section 1 we will show the existence of a
minimizer for a(M x R™, g + ¢}, f) and then in Section 3 we will show that it is of the
form a(y)b(z) where —Aga = Aja, A is the first positive eigenvalue of —A,. Then we
see from Theorem 0.2 that:

THEOREM 0.3. Let (M™,g) be a closed Riemannian manifold of constant scalar
curvature m(m—1) and let f be the Yrn -minimizer normalized so that the scalar curvature
of fP72(g + g%) is m(m — 1). f is a stable critical point of Yyigp if and only if

V|2 —1)b? b2
(AT ) et
beL3(R")—{0} Jgn fP7202 Jgn fP7202
> (p—1m(m—1). (1)

In order to use the previous theorem we will consider the function:

: Jen (an|| VO[3 + m(m — 1)b?) Jin 02
A AQN) = f AR (2
- ( ) bGL%d}gn)—{O} ( fRn fp_2b2 - o f]Rn fp_2b2 ( )

In Section 3 we will prove that A()) is realized by a radial decreasing function and
then deduce the following:

COROLLARY 0.4.  The infimum is a strictly increasing function of X\. Therefore
there exists a unique value of A > 0 such that A(A\) = (p — 1)m(m — 1).

We introduce the following constant which depends only on the dimensions m and

DEFINITION 0.5. The value of A given by the previous corollary will be denoted
by A(m,n).

We have

THEOREM 0.6. Let (M,g) be a closed Riemannian manifold of constant scalar
curvature m(m —1). Let \y > 0 be the first positive eigenvalue of —A,. Then the metric
P72(g + g%) is stable if and only if Ay > A(m,n).

Note that if g is a Yamabe metric (a minimizer for the Yamabe functional) then in
particular it is stable and as we mentioned before this means that A1(g) > m. Therefore
we have
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THEOREM 0.7.  Ifm > A(m,n) then for any Yamabe metric g on a closed manifold
M the Ygn-minimizer on (M x R™, g+ g}%) is stable.

The condition on Theorem 0.7 can be checked numerically: a radial minimizer for
A(X(m,n)) is given by a solution of the ordinary linear differential equation:

u(t) + 2 - L) + <(p —Umm=1) o _ (m(ml) + A(m,n)))u(t) -0 (3)

an an

with 4(0) = 1, «/(0) = 0. In the previous equation replace A(m,n) by a variable A. As
explained in Section 4 using Sturm comparison theory one can easily check that A\(m,n)
is the unique value of A such that the solution of previous equation (with the given initial
conditions) is positive and decreasing. For A > A\(m,n) the solution has a local minimum
and for A < A(m,n) has a 0 at finite time. The function f can be computed numerically
(see for instance the discussion in [2]) and then for a fixed A one can compute numerically
the solution of (3) and check whether A < A(m,n) or A > A(m,n).

In Figure 1 we show the solutions of equation (3) for m,n = 2. In this case one
computes A(2,2) ~ 1.80405. .. and we display solutions with A > A(2,2) and A < A(2,2).

Table 1 gives the numerical computed value of A(m, n), for low dimensions (m+n <
9): in these cases one has A(m,n) < m.

(a) A < 1.80405, u(t) =0 (b) A(2,2) ~ 1.80405, (c) A > 1.80405, u has a local
for some t > 0. u is always decreasing. minimum at some ¢ > 0.

Figure 1. For dimensions m,n = 2, we display numerical
solutions of equation (3). A(2,2) &~ 1.80405.

Table 1. Numerical values of A(m,n).

m n  Am,n) m n  Am,n) m n  Am,n)
2 2 1.8041 3 4 2.7669 6 2 5.9806
3 2 29183 4 3  3.9023 2 7 14165
2 3 16735 5 2 49718 3 6 26551
2 4 1.5823 2 6 1.4459 4 5 3.8028
3 3 28372 3 5 2.7070 5 4  4.8958
4 2 3.9553 4 4  3.8506 6 3 5.9533
2 5 15145 5 3 49348 7 2  6.9839

ACKNOWLEDGEMENTS. The authors would like to thank Prof. Kazuo Akutagawa
for many helpful comments on the first version of the article.
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1. Yamabe constants of open manifolds.

In this section we will discuss some preliminary definitions and results about Yamabe
constants on open manifolds. For an open Riemannian manifold (X, h) we consider the
h-Yamabe functional defined as

Jx (an|[Vul]? + spu?) duy,
2
([l don)*'”
where the function u is taken to be (non-zero) in L?(X) and recall that we are assuming

that the Sobolev embedding L? C LP holds. The Yamabe constant of (X,h) is then
defined as

Yh (u) =

Y(X,h) = iI}Lf Y (u).

Let Ep(u) = [y (an||Vull® + spu?) dup, so that Yy (u) = Ep(u)]|ull, 2.
A crltlcal point of Y}, is a solution of the corresponding FEuler-Lagrange equation,
which is called the Yamabe equation:

—anApf+spf =AfP7! (4)

with A € R.

We begin now studying the stability of solutions of the Yamabe equation. The
following is a standard computation:

LEMMA 1.1.  Let (X,h) be an open manifold and f be a smooth positive critical
point of Y. For any u € C§°(X) let H,(t) = Yi(f + tu). Then H,(0) =0 and

O Bl BB (oo [ ) + - [ ),

Proor. By a standard computation

([ (an(R(V £, V) + ¢ Vul]?) + sn(fu + tu?)) dog) x || f + tul?
If + tul?

H'(t)=2

Ly (S (an IV (f +tw)l|? + sn(f + tw)?) dog) x || f + tu] 277 x [ (f + tu)P~ u doy,
If+ tu||2 .

H'(0) = 0 since f in a critical point and then by a direct computation

HY(0) = (”?” [ (axlval? +shu2>dvh) < IIFI2
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G o))
S TAVES /de”h p/xf u don

En(f)
1£113

-2

o= VIS [ 17720 don. 0
X
DEFINITION 1.2. A critical point of the Yamabe functional Y}, is called stable if for
each u € C§°(M) one has H]/(0) > 0.

Of course local minimizers are stable critical points of Y}.
The previous lemma now reads:

COROLLARY 1.3.  f is a stable critical point of Yy, if and only if for any u € C§°(X)

Eh<u>th<f>(<2—p>|f||;2p( /X 7t dvh)2+<p—1>||f||;f’ /X f72 dvh).

Note that equality holds for v = f since in that case Hy is actually a constant
function. Usually one restricts Y, to metrics of some fixed volume. In terms of the
function w this means that we would consider u such that f x fP~tu = 0. In this situation
one would have:

COROLLARY 1.4. A critical point f of Yy, is stable if and Inly if for all u € L3(X)
such that [y fP~'udvy =0 one has Ep(u) > (p — VEL(HIIfN,? [x f272u® dop.

PRrROOF. 1t is clear that if f is stable then one has the required inequality. Now
assume that the inequality is true for each u € L(X) such that [, f?~'u dvs = 0. Each
v € L(X) can be written as v = u+ ¢f where u € L3(X) verifies that [ f*~u dv, =0
and ¢ € R. Note that then ¢ = || f||,? [ f*~'v dvp.

Then

() = /X (an IVt e + sn(u+ cf)?) do

— / (aNHVuH2 —2anculf + aNcQHVfH2 + spu® + 2espuf + shCQfQ) duy,
X
= E(u) + 2E(f)

(using for the last equality that —axAf + spf = AfP~1). Then
E@)|IfII5 = (E(w) + CE)IIE > E(f)p—1) /X fP2u dvp + CE()| £
—(p=DE) [ 5720 cf o+ CEGSI;
X

— (p— DE(f) /X 17207 dup — 2e(p — DE(S) /X PP wdvn + pP B S
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And replacing the value of ¢ we obtain:

2
BOISE = - 0B [ 722 don+ B ( [ o) @)

X
This shows that f is a stable critical point. O

Given a complete Riemannian manifold (X, k) and f € C3°(X) N L7(X) a positive
smooth critical point of Y3, we let as in the introduction N(h, f) = {u € L}(X) — {0} :
Jx fP udv, = 0} and call

: Ep(u)
X, h, f)= f —
(X, h, f) uezlvn(h,f) Ty f7~2u2 dvy,

With this notation we have that f is a stable solution of the Yamabe equation if
and only if

En(f)

as claimed in Theorem 0.2.

In the next sections we will consider the particular case when (X, h) = (M xR", g+
g%), a Riemannian product of a closed Riemannian manifold of constant positive scalar
curvature with the Euclidean space, and f a critical point of Y} which is a smooth radial
decreasing positive function on R™. We will use the fact that « is achieved:

PROPOSITION 1.5.  There exists u € N(g + g, ) which achieves the infimum in
the definition of a(M xR"™, g+g%, f). Every minimizer is a smooth function which solves
the equation

—a,Au+ (sy — aff~?)u = 0. (5)

The space of solutions of this equation is finite dimensional.

PrROOF.  Let {u;} be a minimizing sequence. We can assume that [ f*~2u dvj, =
1 and u; > 0. It follows that {u;} is a bounded sequence in L?(X) and therefore (after
taking a subsequence) it has a weak limit u|x in L3(K), for every compact K C X,
ulg > 0. Also, u; converges to u|x in L?(K), since the Sobolev embedding is compact
for K C X, and by Holder’s inequality.

Consider now compact subsets Kp = M x Bgp C X (Bgr C R™ a closed ball with
radius R > 0). Since the convergence on L?(Kg) is strong for each R, Kr C Kg/ for R <
R’, and X = |J;° K;, then we have a well defined function on all of X, v = limp_o0 u| k-

Furthermore, on each compact Kg

/ |Vu|2 dvp, = lim (Vu, Vu;)p dop
Kr i—oo e,
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and then, by the Cauchy inequality,

/ |Vu|? doy, < limsup/ |Vug|? do,.
Kgr i—00 Kgr

Moreover, by the strong convergence on L?(Kg)

/ w? dvp, = lim uz2 dvy,.
Kr

71— 00 KR

It follows that

i—00

/ (a|V’u|2 + shuz) duy, < limsup/ (a\Vui|2 + shu?) dvy,
KR KR

< lim sup/ (a|Vu;|* + spu?) dvy, < limsup Ep(u;) = . (6)
1—00 X 1—00
Then, by making R — oo, inequality (6) implies that Fj(u) < «. Since « is an infimum
by definition, it remains to show that | X fP~2u? dvy, = 1, to prove that v in fact minimizes
w)/ [ fP2u? dvp,.
This follows from the fact that f is radially dependent on R™ and decreasing. Given
€ > 0, then, for big R, we have fP~2(r) < ¢, for r > R. Hence

/ u?fp*2 dvup, < e/ uf dvy, < e/ uf dvup, < Ce,
X\M x B, X\M x B, X

for some constant C' (recall that {u;} is a bounded sequence in L}(X)). It follows that
for every r > R

1> lim fp_zuz2 dvop > 1 —Ce,

=00 J 1 B,

that is
1> / P 2u% dup, > 1 — Ce.
M x B

Finally, by making » — oo, we have fX fP~2u2 dvy, = 1. As stated, this proves that u
minimizes By (u)/ [y fP~2u? dvp,.

Of course, this implies that Vo € C§(X), (d/dt) (Eh(u +to)/ [y P2 (u +
tp)? dvy,) |t:0 = 0. That is,

20m4n [ ((V, Vu)p + 2sp0u) don (/ = 2+pg0udvh) [ (@msnVu + spu?) doy, o,

([x f2HPu? d”h) 2 (fx fr2u? dvh)z
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it follows that

Am+4n /}(((Vgﬁ, Vu)p + speu) dvy, — (/X fp72gou dvh> fXEh(U) 0,

fr2u2dvy,

and then
/ O(—aminAu + spu — o fP~%u) dvy, = 0,
X

for every ¢ € C§°(X). That is, u is a weak solution of equation (5). The fact that u is a
smooth function, follows from standard regularity results (see for example Theorem 4.1
in [11]).

Finally, we remark that the space of solutions is finite dimensional. Suppose it
were infinite dimensional, then we would have a sequence {u;} of minimizers, such that
Jx P 2uidoy, = 1, us > 0 and |lu; — ugll2 > €, for every i, k, and for some € > 0.
By applying the argument of the proof to this sequence, we would have strong L?(X)
convergence of a subsequence of {u;} to some L?(X) function ug, contradicting the
hypothesis that ||u; — uglla > €. O

2. The Ygn-minimizers on (M X R", g+ g%).

We consider a closed Riemannian manifold (M, g) of constant positive scalar curva-
ture. We use the notation g7 for the Euclidean metric on R". We will assume always
that m,n > 2.

In general if (Z,G) = (M x M, g+ h) is a Riemannian product we consider as in
[2] the restriction of Y to functions which depend on only one of the variables and let

YMi <Z7 G) - uE[i/?(fAIi) YG (U)

In [2, Theorem 1.4] it was proved that Yg» (M xR", g+g%) can be computed in terms
of the best constant in the Gagliardo—Nirenberg inequality. The Gagliardo—Nirenberg
inequality says that there exists a positive constant o such that for all u € L?(R")

127m+” < U||Vu||§"/(m+”) Hqum/(ern)-

[l

The best constant is of course the smallest value oy, , that makes the inequality
true:

2n/(m+n 2m/(m+n —1
[Vull3™ ™ fully™ >> .

0’ el
e (ueL%(Rn)—{O} [ul2,...

The infimum is actually achieved. The minimizer is a solution of the Euler-Lagrange
equation of the functional in parenthesis:
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—nAu+m

2 2
PN 17 R

u 0. (7)
[ull3 [lulls

By invariance if a function w is a minimizer so is cuy given by cuy(z) = cu(\x)
for any constants ¢, A € Rsg. In terms of equation (7) this means that a solution u
gives a 2-dimensional family of solutions. By picking ¢, A appropriately we can choose
the (constant) coefficients appearing in the equation. In particular one would have a
solution of

—Au+u—uPt=0. (8)

Tt is known since the classical work of Gidas—Ni—Nirenberg [5], [6] that all solutions
of equation (8) which are positive and vanish at infinity are radial functions. It is also
known the existence of a radial solution [12]. Moreover, M. K. Kwong [10] proved that
such a solution is unique.

In our situation we will prefer to first choose A so that ami,m|Vull3 = nsyllull3
and then pick ¢ so that (m + n)amin||Vull3 = sgnllul[5. Then the resulting function fx
satisfies

—UminAfK + 89 K = 34 fﬁ_l- (9)

Note that the function fx depends on m,n and s;. The metric gg = }'}_2(9 +9%)
has scalar curvature s;,, = s4. gx is a non-complete metric of finite volume. We will
denote the function fx by f = f;’n’s’q (in case it is necessary to make it explicit the
dependence on m, n, sy). Note that we have:

[V [0 N3 = msgll £ 3 (10)
(M + n)amnl| VI3 = nsgllF" 15, (11)
(m+ )| f™ 5 = mll f™ - (12)

A minimizer for Ygn (M xR™, g+ ¢g%) must be a solution of (3). And by the previous

comments the solution is unique, so actually the solution f;(n’n’SQ

for Ygn (M x R™, g + g%). We have

is the unique minimizer

Yien (M x R", g + gs) = 5 Vol (g )*/ ™).

3. Stability of the Yg»-minimizers.

Let g be a Riemannian metric on the closed m-manifold M of constant scalar cur-
vature s, = m(m — 1). For the sake of simplicity we will use the notation G = g + g},
N =m+n Let f: R” — R( be the unique solution of equation (9) discussed in the
previous section.

Note that Eg(f) =m(m — 1) f|b.
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LEMMA 3.1. Ifa = oM xR",G,f) < (p—1)m(m — 1) then it is realized by a
function u(y, x) = a(y)b(z) where a : M — R, —Agja = A\ia (where Ay is the first positive
eigenvalue) and b € L2(R™) satisfies the equation:

—anAb+ (—anA; +m(m —1) — afP~?)b = 0. (13)

PrOOF. By Proposition 2.5 there exists a minimizer and it is a solution of the
equation

—anAu+ (m(m—1) —affHu=0

(and the space of solutions of the equation is finite dimensional). Since f depends only
on R" it follows that if u is a solution of the equation then Aju is also a solution.
Then for each = € R™ the function u(—, z) lies in a finite dimensional A j-invariant sub-
space. It follows that there is a finite number of linearly independent A -eigenfunctions
a1(y), ..., ax(y), Aga; = Na; (A; < 0), such that u = 3a;(y)b;(z) for some functions
b; : R™ — R.

But then we have that

k
Z(*CLN(/\iai(y)bi(x) + ai(y)Abi(x)) + (m(m — 1) — afP"?)a;(y)bi(z)) = 0.

i=1

But then since the a; are linearly independent it follows that for each ¢
—an(Nibi(x) + Abi(x)) + (m(m — 1) — afP~2)b;(z) = 0.

So a;b; is also a solution for each i. We have proved that there is a minimizer of the
form a(y)b(z) with —Aga = Xa for some A > 0. If A = 0 we take a = 1 and then we
must have fRn bfP~1dx = 0. Since f is a Ygn-minimizer it is stable when we restrict the
functional to L?(R™). Then restricting the variation to C§°(R") the same inequality as
in Corollary 2.3 gives:

oM xR, G, f) > (p - )EEY) _ () 1ym(n —1).

Il
If A > 0 note that
Eg(ab) _ [o(on||VOI3 +58%) fpu b
Jgn fP 20202 Jon fP7202 N Jan fP720%

It follows that for the minimizer we must have A = A; and the lemma follows. [

Therefore f is unstable if and only if
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+anM

i <fRn(aN||Vb||§ +m(m — 1)b?) Jn 2 )
beL2(R")—{0} Jgn fP7202 Jan 77202

< (p—Dm(m - 1) (14)

as claimed in Theorem 0.3.

LEMMA 3.2. For each A >0

Jeo @I VI3 + 5gb) o

AN) = inf < fR" r—2p2 fRn fr—2p2

beL?(R")—{0}

> > 54 f(0)*77

is realized by a radial decreasing function.

PROOF. Given any b € L3(R"™) — {0} let b* be its radial decreasing rearrangement.
Then since f is also radial and decreasing we obtain from the Hardy—-Littlewood inequal-
ity that [, fP726% < [o. fP720*°. And as usual [b? = [b** and ||Vb*||3 < ||Vb|3.
It follows that for the minimization we can consider only radial decreasing functions.
Let b; be a sequence of radial decreasing functions such that the corresponding quotient
converges to the infimum. We can normalize de sequence so that [ fP72b7 = 1. Then
b; is a bounded sequence in L? which must have a subsequence converging to b € L2.
Since the embedding L? C LP restricted to radial functions is compact it follows that
the sequence converges to b in LP. But then [ fP=2b7 — [ fP~2b2. It follows that b is a

minimizer. O

Since the infimum is realized it follows easily that the infimum is a strictly increasing
function of A. Setting b = f for A = 0 we see that in this case the infimum is at most
m(m — 1) and of course the infimum tends to co as A — oo.

Therefore there exists a unique value of A > 0 such that A(A) = (p — 1)m(m — 1),
as claimed in Corollary 0.4. This value of A was called A(m,n) in the introduction and
Theorem 0.6 follows from the previous comments.

The value of A(m,n) can be computed numerically, but since the function f (and
correspondingly the best constant in the Gagliardo—Nirenberg inequality) can only be
computed numerically it seems that there is little hope to obtain an explicit computation
of it. To carry on the numerical computation we note that the minimizer b is a solution
of

—anAb+ (m(m —1) + axA(m,n))b = (p — Dym(m — 1) f~>b.
In general consider the equation
—Ab+ Kb = CfP~2b, (15)

where C = (p—1)m(m—1)/ay and K is a (variable) positive constant. A radial solution
is given by a solution of the ordinary linear differential equation:
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n—1

u”(t) + u' () +(CfP72 = K)u(t) = 0 (16)
with «(0) =1, «/(0) = 0.

Note that u”(0) = (1/n)(K — CfP=2(0)). We take K < CfP=2(0) so that the
solution u is decreasing close to 0. We will denote the solution u by ux. We have 3
possibilities:

(a) uk is always decreasing and positive.
(b) uk(t) =0 for some ¢ > 0.
(¢) uk has a local minimum at some ¢ > tg.

It is easy to see that in case (a) we have lim;_, o ux (t) = 0.

By Sturm comparison, as stated for instance in [10, Lemma 1, page 246] or in Ince’s
book [9], we have that if 0 < K; < K3 and t¢ > 0 is such that ug, and ug, are positive
on [0,%p) then for all ¢ € (0,¢y) we have

Uiy _ Uk
UK, UK,

It follows that if the solution ug, verifies (c) then the solution ug, also verifies (c).
If ug, verifies (b) then ug, also verifies (b). Moreover if ux, verifies (a) then ug, verifies

(b).

It follows that for A = A(m,n) the equation

)+ Ly + ((p —Umm = 1) gz _ (m(ml) + A))u(t) -0 (17

t an an

is positive and decreasing. For A > A(m,n) the solution has a local minimum and for
A < A(m,n) has a 0 at finite time. The function f can be computed numerically (see
for instance the discussion in [2]) and then for a fixed A one can compute numerically
the solution of (17) and check whether A < A(m,n) or A > A(m,n). In this way one can
numerically compute A(m,n) as mentioned in the introduction.
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