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Abstract. The Green function of the Laplacian with the homogeneous
Dirichlet boundary condition on bounded domains is considered. The varia-
tion of the Green function with respect to domain perturbations is called the
Hadamard variation. In this paper, we present a unified approach to deriving
the Hadamard variation. In our approach, the classical first Hadamard varia-
tion is obtained in a natural way under a less restrictive regularity assumption
on the boundary smoothness. Furthermore, the second Hadamard variational
formula with respective to general domain perturbations is obtained, which is
an extension of the classical result of Garabedian—Schiffer in which only normal
perturbation is considered.

1. Introduction.

Let Q € RY be a bounded domain with the boundary 9 in N-dimensional Eu-
clidean space RY (N > 2). Let us consider the Poisson problem with the homogeneous
Dirichlet boundary condition:

—Au=f, inQ, u=0 on 09, (1)

where A := Zil(BQ/am?) is the Laplacian and f € L?*(Q) is a given function. The
standard theory on elliptic PDE tells us that if 99 is sufficiently smooth, then the
equation (1) admits a unique solution u € H}(2) and u is written as

u(z) = /Q Gz, y)f(y)dy.

The function G(x,y) is defined on Q x Q and is called the Green function.

Suppose that the domain 2 is perturbed to € in a certain way, then the Green
function G(z, y) is also perturbed to G (z, y), where the parameter ¢, 0 < t < 1 represents
the magnitude of the perturbation. The variation of the Green function G(x,y) defined
by
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o _
5G($,y) = EGt($7y) ’ (.T,y) €N xQ
t=0

is called the first Hadamard variation with respect to the domain perturbation. Let the
perturbation be expressed by T;z, = € Q with Tyxz = 2. Define

Tz — _
Sw::}in%y, x € Q, dp:=S8-n on o,
where n is the unit outer normal vector on 9. The explicit form of §G(z, y) was obtained
by Hadamard as

0 0
IG(z,y) = /OQ op %G(w,x)%G(w,y) dsy, (2)

under the assumption that 02 is analytic. Later, it was shown that the formula holds if
00 is of C* class, where k is sufficiently large [8, Section 15.1]. The second Hadamard
variation 62G(x,y) is defined by

2

0
§°G(z,y) == =5 Gz, y)| -
ot t=0

If the domain perturbation Tix is defined by
Tix =z +dpn, Yz e o,

Garabedian—Schiffer obtained an explicit form of 62G(x,y) [9] (see Corollary 21).

The purpose of this paper is to present a unified approach to deriving the first and
second Hadamard variational formulae with respect to general domain perturbations.
The authors’ motivation of this paper is from designing iterative numerical schemes
for free boundary problems [22], [27], [28]. To prove the existence and uniqueness of
the solutions of free boundary problems, the level-set approaches are taken by many
authors. To approximate free boundaries in practical applications, however, engineers
usually prefer iterative schemes (it is sometimes called trial boundary methods) because
they are more intuitive and give sharper numerical solutions. To analyze iterative scheme
for free boundary problems, we need to deal with domain perturbations and variations of
quantities induced by the domain perturbations. Establishing a unified approach to the
Hadamard variational formulae is the first step toward developing a theory which would
provide a systematic way of analyzing a wide range of trial boundary methods for free
boundary problems.

One of the characteristic of our approach is that we assume that Q is of C*! class
(k =0,1,2). In many applications, the boundary 9 is not smooth and has corners.
Therefore, assuming 9 to be a Lipschitz boundary (of C%! class) is required from the
practical point of view. However, as will be seen later, further regularities of 9Q are
needed to derive the Hadamard variational formulae with respect to general domain
perturbations.
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In our analysis, the main difficulty is arisen, of course, from the fact that the domain
Q is perturbed. When a domain is perturbed, functions defined by the boundary value
problem are also perturbed. Although we are interested in deriving variational formulae
with respect to domain perturbations, it is not so clear how those variations are defined
and how their differentiabilities are proven. As long as the authors know, there are no
literature in which the differentiabilities of functions with respect to domain perturbations
are explained explicitly. The nontriviality of the differentiabilities is explained at the
beginning of Section 2.4.

We use the two ways of specifying the domain perturbations; the Lagrangian and the
Eulerian specifications. In the Lagrangian specification, the Lagrange coordinate system
moves with the domain perturbation T;x. Hence, there is no loss of regularity in space
variables, and the differentiability of the functions is proven rather easily (Theorems 7,
15). Then, the first and second Hadamard variations are defined in the Euler coordinate
system and their existences are shown in Theorem 16 using Theorem 15. The combined
usage of the Lagrange and Euler coordinate systems is the other characteristic of this
paper.

The main results of the paper are Theorems 17 and 20. Theorem 17 gives the first
Hadamard variational formula, that is, (2), which is shown under the assumption that 99
is of C™! class. When 99 is of C%!-class, next, the second Hadamard variational formula
holds as in Theorem 20. This formula is represented by the volume integral of VJG and
the surface integral of G /dn with the coefficient associated with the mean curvature of
0f). Thus, we obtain Theorem 20 as a generalization of the classical Garabedian—Schiffer
formula (Corollary 21).

Recently, H. Kozono and E. Ushikoshi [15], E. Ushikoshi [29] derived the first and
second Hadamard variational formulae for the Green function of the Stokes equation
with respect to general domain perturbations in the smooth category. Our methods of
calculation, however, are completely different from theirs. In this paper, the main tool is
Liouville’s Theorem (Theorems 12 and 13). Once the existences of the first and second
Hadamard variations are obtained, these formulae are derived rather easily by Liouville’s
Theorem.!

We summarize the notations used in this paper. For a domain Q C R¥ and p,
1 < p < 00, the usual Lebesgue and Sobolev spaces are denoted by LP(Q) and W*?(Q),
where k is a nonnegative integer. The inner product of L?(f2) is denoted by (,-)q.
The trace operator is denoted by v : WF?(Q) — Wk-1/PP(9Q). As usual, W52(Q)
and WF=1/22(9Q) are denoted by H*(Q) and H*~1/2(99Q), respectively. Let C5°(Q) be
the set of functions of arbitrary times continuously differentiable functions with compact
supports. The space HE () is the closure of C§°(2) in H!(£2). The space of distributions
on § is denoted by D'(£).

We denote the dual spaces and the duality pairings of the above mentioned spaces
as follows:

IThe second variational formula obtained by Ushikoshi [29] is expressed by a surface integral of
9G /on, 02G/On?, and V0G. There, the curvature of Q does not appear explicitly, differently from
Garabedian—Schiffer’s formula and our Theorem 20.
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H'(Q) := the dual of H'(Q) with the duality pairing (-,-)1.q,

H~Y2(99) := the dual of H/?(99) with the duality pairing (-, )1/2,00-
The dual of H} () is denoted by H~1(f2) as usual.

2. Preliminaries.

2.1. Elliptic regularity on Lipschitz domains.

In this section we summarize the definition of Lipschitz domain in R and their
properties. See [6], [12], [16], [20] for further details. For an open set Q C RY, we say
that its boundary 0% is Lipschitz continuous if the following conditions are satisfied:

(1) Each x € 99 takes an open rectangle O with € O and new orthogonal coordinates
Yy = (ylvyN)7 y/ = (yh cee 7yN—1) such that
O={yllyl<a;, 1<j<N}

where a; > 0,1 <7< N.
(2) Let O be the base of O defined by

O ={y' =, yn-1) | lyjl <a;, 1<j <N -1}

Then, there is a Lipschitz continuous function ¢ : 0" — R, such that |o(y')] < an/2
for ¢y’ € O" and

QNO={y |y~ >e), yecO},
N0 ={ylyn=¢), v €O}
A bounded domain Q@ C RY is called a Lipschitz domain if its boundary is Lipschitz
continuous. In the case of N = 2, for example, such a domain admits corners except for
cusps on the boundary.
If Q@ C RY is a Lipschitz domain, the boundary 92 has tangent spaces T, (952) at
almost all points € 99 by Rademacher’s theorem [6, Theorem 3, p.81]. Hence, the

unit outer normal vector n = (n!,...,n™)T € L>*°(9Q;RY) exists at almost all points
on ON.

THEOREM 1 ([16, Theorem 6.9.2, p. 341], [6, Theorem 1, p.133]). IfQ CRY isa
Lipschitz domain, the trace operator

HYQ)/HYQ) 3 v — v|gq € HY?(5Q)

1s well-defined and an isomorphism. The integration by parts

ow ov .
iafad - | == g 1<i:<N
(v,axl)Q (axi,w)ﬂ—l—/{mwnv, <1< (3)
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is valid for v,w € HY(Q).

The following property also assures several fundamental properties of H!(Q) for the
Lipschitz domain 2 such as the Sobolev imbeddings

HY(Q) — LN/ WN=2), N>2  HYQ)—LI(N), N=2 1<VYq< .

THEOREM 2 ([6, Theorem 3, p.127]). If Q C RY is a Lipschitz domain then
C>(Q) is dense in H*(Q)) where

C®Q):={v:Q—R| 3 e CFRY), ig =0}

In the following theorems the trace ¢ |gq € H'/2(0) is taken for ¢ € H'(Q2). Also
Av of v € H'(Q) is taken in the sense of distributions. We recall that H}(Q) C H1(Q)
implies H'(Q)’ ¢ H~'(Q). Finally we note that the inclusion H/2(9Q) «— L?(9%) is
dense, which induces the other inclusion H'/?(9Q) — H~/2(dQ).

THEOREM 3. Let Q C RN be a Lipschitz domain. If v € H*(Q) admits Av €
HY(Q)', then there exists Ov/On € H~'/2(0Q) which is defined by

0
(o.ge) = (VoTa+ (pauha, Vo€ H'E), (W
N/ 12,00

PROOF. We only have to show that the right-hand side of (4) is independent of
the choice of the extension of ¢ € H'/2(9%2) to H'(Q2). We thus need to show that, for
any » € H*(Q) and ¢ € H3(Q),

(Vo,Ve)a + (¢, Avjra = (Vu, V(e +¢))a + (¢ + ¥, Av)r o,
or equivalently
(Vo, Vi) + (¥, Av)10 =0, Vo € Hj(Q). (5)
Recall that the distribution Aw is defined by
(W, Av)y 0 == —(Vu,Vip)a, Vi e C5°(Q). (6)
Therefore, (5) follows from (6) because Hg(€2) is the closure of C§°(Q) in H(Q). O

We have confirmed that if Q is a Lipschitz domain and v € H(Q), then v €
H'Y2(99) holds in the sense of trace. If Av € H'()" furthermore, then dv/dn €
H~'/2(9Q) is defined by (4). In this case, it is easy to see that this mapping is continu-

ous;

ov

an < Cs(IVwllz2(@) + | A0l (@)

H~1/2(99)
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However, we cannot define v € H~1/2(99Q) for general v € L?(Q) nor dv/on € H~/2(99)
for general v € H((Q).

If v € H?(2), on the contrary, we have Vv € H(Q;RY). With the unit outer
normal vector field n € L (9Q;RY), we can define n - Vo € L%(09). We have also
Av € L*(Q) — H'(Q) and hence dv/dn € H~1/?(99) by Theorem 3.

THEOREM 4. Let Q C RY be a Lipschitz domain and v € H?(Q). Then the above
n- Vo € L2(0Q) is identified with Ov/dn € H=/2(0Q) as a distribution on 0.

PROOF. Let w be an open set which contains 09Q2. For ¢ € C5°(w), we consider its
zero-extension and regard it as an element in C§°(RY). Tt follows from (4), (3) and the
continuous inclusion L?(Q) < H!(Q)’ that

0
<<p, 8U> = (Vv,Vp)a + (¢, Av)i 0
/172,00
= (Vu,Vo)a + (p, Av)a = (p,n - VV)1/2 00

for v € H?(2). This equality proves the identity. O

2.2. Domain perturbations.

We continue to assume that Q@ C RY is a Lipschitz domain. Let T; : @ — Q,
O =T, |t| < e, 0 <e < 1, be a family of bi-Lipschitz homeomorphisms. We assume
that the mapping Q > z + T} is once or twice differentiable with respect to ¢ for each
x € Q. Henceforth, we say that {T;} is once or twice differentiable in ¢ in short for the
latter properties.

DEFINITION 5.  The above {T}} is a differentiable deformation if it is differentiable
in ¢ and the mappings

0 0 _
ETtx, EV(Ttm), r €,

9 _

QT;%@, aV(T,:lgc), reQNQ (7)

ot

are locally uniformly bounded on Q x I, I := (—¢,¢). It is a twice differentiable defor-
mation if it is twice differentiable in ¢ and the mappings, besides (7),

02, o I . N o
thl‘, wV(Tt.’L‘), x e Q7 th_ Z, @V(Tt_ Jf), S QﬁQt

are locally uniformly bounded on Q x I.

If {T}} is a differentiable deformation the vector field

=
§= 5

t=0

is Lipschitz continuous on Q. If {T}} is a twice-differentiable deformation the vector field
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_ 9T,
o2

t=0
is also a Lipschitz continuous on . Then we put

T

02T,
5p = 2t _ L
="t |,_,

n=.25-n, 52p_8t2 n=~R-n.

t=0

EXAMPLE 6 (Dynamical Perturbations). Let v = v(x) be a Lipschitz vector field
defined in a domain € containing Q. Given = € Q, we consider the ordinary differential
equation

which defines the integral curve ¢ : (—¢,¢) — Q, |t| < e. Writing
Tix := c(t),

we obtain a family of bi-Lipschitz homeomorphisms T} : Q — €, |t| < 1. Then it holds
that

S(z) = %Tt:n . = v(Tyz)|t=0 = v(x),
R(z) = %Ttx . = %’U(Ttl‘) i = [(v - V)v](z).

This {73} is a differentiable deformation and is twice-differentiable if Vv is furthermore
Lipschitz continuous in 2. Then it holds that

Ti@) = 2+ tol@) + (0~ V)el(z) + o)

uniformly in x € Q.

ExXAMPLE 7 (Normal Perturbations). If 9Q is C1:!, the unit normal vector n = n,
is Lipschitz continuous on 9f). Then we can take a bi-Lipschitz deformation of 9Q2 by

Ti:ax+t-dp(x)ng, x €N

for [t| < 1, where dp = dp(x), x € 99, is a Lipschitz continuous function. Then there is a
domain Q; € RY such that T'; = 9. There is, also, a bi-Lipschitz mapping T} : Q — Q,
|t| < 1, which satisfies

T

0T,
=0 o

n, 8°p= BT -n=0 on 0.

t=0
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Although this deformation has been used in the classical theory [9], it does not work for
the general Lipschitz domain, for example, if 02 has a corner.

2.3. Variational formulae of Jacobian.

We follow the standard notation of matrices A = (a;;)i:1)n,j:1—n. Thus all vectors
are regarded as column vectors unless otherwise stated. The transposition of a matrix A
is denoted by AT. For a given N x N matrices A = (a;;) and B = (b;;), we put

N
A:B:= Z aijbij.
i,j=1
For the Lipschitz continuous vector field T on Q, let

- ()

8ﬂ;‘k k.0

be its Jacobi matrix where y = T'(z).

THEOREM 6. Let Q C RY be a Lipschitz domain and {T;} be a differentiable
deformation. Then it holds that

9 qetam)| =v.s,  s:=2%| (8)
ot —o ot |,_o
If {T}} is twice differentiable, furthermore, we have
82
5 det J(T)| =V -R+(V-9)*—J(ST:J(S). (9)
t=0

ProOF. For simplicity we consider the case that {7;} is twice differentiable. Then
both

S=(S...,8"T and R=(R',...,RM)T
are Lipschitz continuous. It holds that
1 Sl 1 2R1 Sl 1 2R1
+i x1+§t a1t $N+§t N
J(Ty) = : e : + o(t?)
1 1

tSY + 5152351 1+ tSY + 5tZR,jcVN

and hence

o o t2 )
_ 2 7 7 7 2
det J(T;) =1+tV- S+t E (83,52, — S5, 59%,) + 5 E@ R}, 4+ o(t7).

1<j
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Then we obtain (8) and (9) by

H? i Qi i Qj
573 det J(T)) = 2 Z(S”“ S}, —S5,51)+V-R
= 1<
=Y (Si,Si,—S.8.)+V-R
i#j

=> (85,8 -8, 81)+V-R
4,J

=V-R+(V-8)?—-J(S)":J(9). O

2.4. An abstract theorem.

The derivation of variational formulae is hard even if we try to do it formally. Of
course a mathematical justification of formal derivation is inevitable. The origin of
the difficulty is that domains themselves are perturbed and it is difficult to prove the
differentiability of, for example, G;(-,t) on the original domain ). Hence we introduce
the Lagrange coordinate system on which an abstract theorem is applicable.

Let V be a Hilbert space over R with its dual space V'. We denote their duality
pairing (-,-)y. Let a; : V XV = R, t € (—¢,¢) =: I, be a family of symmetric bilinear
forms. We assume their uniform boundedness and coercivity. That is, there are § > 0
and M > 0 such that

ar(u,u) > 6llulliy,  |ar(u,v)| < Mullv||v]lv (10)

for any u,v € Vand ¢t € I. For amap f:I — V', we have a unique u = u(t) € V, t € I,
such that

ar(u(t),v) = (v, f(O))v, VeV (11)
by the representation theorem of Riesz.

THEOREM 7. Let the above a.(-,+) and f(t) be strongly differentiable in t. Namely,
first, there is a symmetric bilinear form denoted by a; : V x V — R such that

lim  sup aon (V) = 4, 0) _ ag(u,v)| =0, Vtel.
70 Jlul|<1, vl <1 h
Neat, there is f = f(t) € V' such that
t+h — t ;
lim sup v, f(t+ Pv = (v, fO)v (v, f(t)v| =0, Vtel.
h=0 o) <1 h

Then u=u(t) € V defined by (11) is strongly differentiable in t, that is,
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Ju(t) €V, lim ult+h) —u®) at)| =0, vtel (12)
—0 v
and it holds that
ar(a(t),v) 4+ as(u(t),v) = (v, ft))y, YoeV, tel (13)

The second strong differentiability of w = u(t) arises similarly if a; : V xV — R and
f=f@): I =V’ are twice differentiable. Then it holds that

ar (4(t),v) + 2a¢(u(t), v) + a(u(t),v) = (v, f.(t)>V7 YveV, tel, (14)
where
. arrn(u,v) — ag(u,v) _
o <, foll<1 h )] =0,
pim sup | LRI FOW g | =0
and
i alt+h) —alt) . ol —o
h—0 h U( ) v

To prove the strong differentiability, for example, first, we define @ by (13) and then
derive (12) using (10). See, for example, [25] for the proof.

2.5. Normal curvatures.

If Q@ ¢ RV is a Lipschitz domain, we can define the standard measure on 9 using the
local chart. Also any Lipschitz continuous function on 0f2 takes a Lipschitz continuous
extension to its neighborhood through the flow used in Section 2.2. The tangential space
Te(09), furthermore, is defined for almost every £ € 9Q with the outer unit normal
vector denoted by n. Using an orthonormal basis {s; |t = 1,..., N — 1} of T¢(99), we
thus obtain the frame

{s1,...,8n-1,n} (15)

almost everywhere on 0f).

If O c RY is a C%! domain, the frame (15) on 9 is Lipschitz continuous. Let II;,
1 <4 < N —1 be the plane spanned by {s;,n}. Then we cut 9Q by II; and obtain a
curve v; = II; N 9. Taking the parametrization x = x(s) € v; with the arc-length s, we
have

|Si| =1,
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which implies $; - s; = 0, where §; := 0s;/0s;. Since §; € II;, we define the normal
curvature k; by

Si = —K;Nn, (16)

recalling n is outer with respect to . On the other hand we have n-s; =0 and |n| = 1,
which result in

on
881‘ '

n-s; ==k, n-n=0 n:=

Therefore, we have

n = K;S; + Z(n - 85)8;. (17)
J#i

Note that if s; is the principal direction, we have n-s; =0, j # ¢ and n € II;. Concerning
sj for j # i, we use

si-s;=8;-n=0, |s;]=1

Since $; lies on the space generated by s;, s;, n, it follows that

5= —(sy i)m, 8y = 2 (18)

T 8Si

similarly. We write the relations (16), (17), and (18) as

ds; on o on A ds; ‘ on L
881 - KT, 8751 = KiS; + ; (881 SJ)SJ7 852 - (S] asi)n7 J 7é L. (19)

Next, we use a tubular neighbourhood to extend the above frame (15) to a neigh-
bourhood of 9€2. We have a fiber of v on II; with the length parameter ¢, which results
in the parametrization n = n(t, s) and s; = s;(t, s) satisfying

;. On

n =0.

=2 =
Then we obtain

(=0
by n-s; = 0 and s; - s; = 1. Using similar notations as in (19), we end up with the
formula of Frenet—Serret

on 852-

— = = 1<i<N-—-1. 2
on 0, on 0, == (20)
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DEFINITION 8.  We put
a® b= (aibj)ij = (le

for the vectors a = (a;); and b = (b;);, and also
on’
21
vni=(ven’ = (5] @

for n = (n%);.
Using the frame (15) as an orthonormal system in RY, we have
—1

(V)T ® +®n—znzsz®sz+22(8s Sj>5j®8i (22)
i—=1 i=1 j#i ¢

7

MZ

2

—1
(Vs;)"

0s; 0s; on
16J® +8;®n:—njn®sj—;(asi-sj>n®si (23)

7

by (19) and (20). Then it holds that

V.n=tr(Vn) = Z Ki. (24)

i=1

This value is called the mean curvature and is independent of choice of the frame. Note
that if {s1,...,$n_1,n} is a coordinate system such that s;, ¢ = 1,...,N — 1 is the
principal direction, we have

= Z KiSi @ S, (Vs;)T' = —kn® s;. (25)
DEFINITION 9. Let {s1,...,8ny-1,n} is an orthonormal frame on 99Q. If each s;,
t=1,...,N —1is the principal direction, then the frame {s1,...,sy_1,n} is called the

Morse frame.
The existence of the Morse frame is guaranteed by Morse’s Lemma [18].
REMARK. By the above notation of (21) it holds that

® (fa)=(Vf)®a+ f(Voa)=(Vf)@a+f(Va),

where f and a are scalar and vector fields.

Now we show the following lemma.
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LeEMMA 10.  IfQ C RN is a CY'-domain and f € CY1(Q) then it holds that

N—-1
of af 0% f
24 _ V2L (wn)T
\Y% f* ;(vsz) 631 + Z 51®51 aszasj
N—-1
0% f 0% f
+;(si®n+n®$i)8sian+n®nan2 (26)

a.e. on O, where V2f := (8*f/0x;0x;);; denotes the Hesse matriz of f.

PROOF. Using the orthonormal basis (15), we have

of  Of
VQfV®VfV®(;sZ %)

N-1 N-—
Z Taf a—f Z: %@n

i=1

Here, the third and the fourth terms on the right-hand side are equal to

N-1 N-1 ,N-1
of _ 92 f 92 f
i=1 V<85i> g ZZ:; ( ; K 0s;0s; +n8n83i © i
N—-1 N
>’f o?
= Zvj:1[$j ® Sz}asia ; + Z[n & Sl] aslan
and
of (= e 0% f
<an>®n_(i_1 Sz@slan 0 2)®n
N-1
>*f o2 f
= 2 (s ®S])5Si3 +(n®n) ot
respectively. Hence it follows that
N-1
8f 2f
2p ) Ti
Vaf= ;(VSZ) 85i + ]lez@)sja 5105,

N-1 92 f !
+;(Si®n+n®si)8sié‘n+n®nW' O
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The above lemma implies the following result.

COROLLARY 11.  IfQ CRY is a Clt-domain and f € CY1(Q) then it holds that
Af=(V-n)z=+ %+ > == (27)

a.e. on OS).

PROOF. Note that tr(a ® b) = a - b for a, b € RY. Hence,
tr(sp ®@n+n® s,) =0.

We have also
tr[(Vn)T]=V-n, tr(ne@n)=|n>=1

and

on
tr[(Vsi)T] = —witr[n @ s;] — — 55 |trln®s;] =0

by (23). Then (27) follows. O

2.6. Liouville’s theorem.

Liouville’s theorem is a set of variational formulae concerning volume and surface
integrals described in the Lagrange coordinate system. These formulae may be used to
derive a representation of boundary integrals of the first variation of the Green function.
We continue to use the notations in Section 2.2. We also put ¢ = ¢, ¢ = ¢y, and so forth.

THEOREM 12 (First Volume Derivative). Let Q@ C RY be a Lipschitz domain and
{T;} be a differentiable deformation. Let, furthermore, ¢ = c(x,t) be a Lipschitz contin-
uous function in Q x (—¢,¢), where Q is a domain containing Q. Then it holds that

jt(/m C("t)> t=0 - /Q S /{m b, 0)ép- 2%)

PrOOF. Letting Ji(x) = J(Tyx), we have

/Q,, c(y,t)dy = /Qc(Tta:, t) det Jy(x) dx
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and hence

3Ttx

t_o/ﬂ<<é(Tta:,t)+Vc(Ttx,t). t )detjt(l,)

)dx
t=0

- / (é(-,0) + Ve(-,0) - S + e(-, 0)V - S) dar
Q

+ c(Tyz, t)%detJt(x)

by (8). Then (28) follows from the divergence formula. O

THEOREM 13 (First Area Derivative). Assume that the assumptions in the previous
theorem hold. If, further, Q@ C RN is C11, then we have

i 0)

PROOF. Given a Lipschitz continuous vector field a = a(-,t) in Q x (—¢,¢), we
apply Theorem 12 to ¢ = V - a. It follows that

oc(-,0)
on

= /BQ é(-,0) + {(V -n)e(+,0) + }5p ds. (29)

t=0

d . oT;
dt/QtV-a— QtV-a—&-/aQt(V~a)[n~at},

which means

d ) T
el ca= . . 2t s,
7 8Qtn a /(rmtn a+(V a)[n at] s

Putting a = nc and ¢ = 0, we obtain (29) by n-n = 0. O

3. The Dirichlet problem.

3.1. The Green function.

Let ©  RY be a Lipschitz domain. The Green function for —A with the homo-
geneous Dirichlet condition is denoted by G = G(z,y), (z,y) € Q x Q, and is defined
by

_AG(vy) = 5( - y) in Q, G('vy)|(9ﬂ = Oa

where § = 0(x) is the delta function. The fundamental solution I'(z) = y(|z|) of —A,
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takes the property
—AT(-—y)=6(—y),

where wy denotes the (N — 1)-dimensional surface area of the N-dimensional unit ball.
Hence, the function u = u(z) defined by

Gy =T(—-y) +u (30)

satisfies
Au=0 inQ, u=-I(-—y) on . (31)
We reduce this boundary value problem of the Laplace equation to that of the

Poisson equation. To this end, take open sets w CC & satisfying 92 C w and y ¢ © and
o = p(r) € C§°(RY) such that 0 < ¢ < 1 and

(@) 1, zcew
€Tr) =
4 0, x&w.
Then, (31) is reduced to
—Aw =g in, w=0 ondN (32)

concerning w = u—@I'(-—y) for g := A(I'(-—y)). This g = g(x) € C°(RY) is regarded
as an element of H~1(Q) by

(v,9)1.0 = ~(Vo,V(e[(- = y)))a, v e Hy(Q).
Hence, the boundary value problem (32) admits a unique solution w € Hg(£2). Thus, the

solution to (31) is obtained by u = w + ¢I'(- —y) € H(Q) because I'(- — y) is smooth in
@, which implies the well-definedness of

0=G(-,y) € H/?(8Q), e H2(80) (33)

on
by (30).

THEOREM 14. If Q C RN is a Lipschitz domain and f € H* () is harmonic in
Q, then it holds that

_ (4 960
f(y) B <f, on >1/2,8§2’ ve . (34)

PROOF. Since Af =0 ¢e HY(Q)', we have
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V0= (pge) o peH) (35)

by Theorem 3. Given y € €2, we take

Yz —yl), lz—yl>e
pe(x) =
’Y(E)’ ‘CL‘ - y| <e

for 0 < € < 1, which belongs to H'(£2). Then we obtain

(Vf, Vo )a = /Q\B( ) Vf(z) VI(zx —y)dz

_ oMz —y) o(z —y)
—Lﬂﬂ@ G s, l;%dﬂ@ G s,

using the traces f € HY2(09) and f € HY?(0B(y,e)). By Weyl’s lemma, f(z) is
smooth in Q. By the classical argument, hence, the left-hand side of (35) for ¢ = (.,
that is, (Vf, Ve )q, converges to

F@ =D 4, + 1)

o0

as € | 0. Since its right-hand side, (@.,0f/0n)1 /2,00, is independent of 0 < ¢ < 1, we
end up with

of (- —y)
re-ugr) = (f, i) (36)
< on 1/2,00 on 1/2,00Q
We define u = u(z) by (30), and note Af = Au=0 € H'(Q2)'. Thus, it follows that
0 0
(Vu, Vo = <u af> - <f, 3“> (37)
N/ 172,00 /12,00

by Theorem 3. Since (33) implies

of B of B
<“ T, an>1/2,m - <G<"y>’ an>l/m =0

it follows that

of of Ou
F P —_— = — _ = — ~
< (=) 8n>1/2’89 <u’ 3n>1/2,39 <f7 a”>1/2,aﬂ

from (37). Hence we obtain



1406 T. Suzukt and T. TSUCHIYA

_ [y Ou = {1,280y
fly) = _<f’ on + 3n>1/27a§z B <f, on >1/2,8Q

by (36). O

3.2. Lagrange derivative.

We have two formulations of variational formulae, using Euler and Lagrange coor-
dinate systems. In the Lagrange coordinate system, we do not have any regularity losses
in space variables. The variational formulae, however, is not so clear compared with the
ones in Euler coordinate system.

We recall that @ C RY is a Lipschitz domain and {T}} is either once or twice
differentiable deformation. The Green function for —A in Q; with -|spo = 0 is denoted
by Gt = Gi(z,y). We fix y € Q to define u = u(-,t) by (30):

Gi(z,y) =T(z —y) +u(x,1), (38)
which satisfies
Au(-,t) =0 in Q, u(-,t) = -T(-—y) on Q. (39)

As in Section 3.1 this problem is reduced to the boundary value problem of the Poisson
equation

—Aw(,t) =g in Q, w(-,t) =0 on 9 (40)

where g = A(¢l(- —y)) for ¢ € C§°(RY). Given y € €, this ¢ = ¢(x) is taken uniformly
in [t] < 1.

THEOREM 15.  Let Q C RN be a Lipschitz domain and {T;}, t € I = (—¢,¢), be
a once or twice differentiable deformation. Then, according to its differentiabilities we
have the existence of (Ou/0t)(Tyx,t) and (0%u/0t?)(Tyx,t) strongly in H ().

PrOOF. The weak form of (40) is
| V) Vedy= [ eodn. ve e mi@0). (a)
Q4 Q

Given o € HY(Q), we define ¢ = ¢(-,t) by p(y,t) := (T, y), y € Qi |t| < 1. Tt holds
that ¢(-,t) € H () because Ty : Q — € is bi-Lipschitz. Then (41) implies

/[Jt( ) Vu(x, t) - Ji(x) " V(z)] det Jy () do
/w o(Thz) det J(z) dar

for J; = J(T3) and v(z,t) = w(Tix,t). Now we apply Theorem 7 to the case with
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V = HL(Q), f(t) = g(Tyx) det J;(-), and
as(v,7) = /Q[ngvu - J7IVY] det J, de.
From the dominated convergence theorem, the strong differentiability of v(-,t) € HE(Q)

once or twice in ¢ follows, which implies those of u(Tyz,t) and Gy (Tz, y). O

3.3. Euler derivative.

Theorem 15 guarantees the differentiability of u = u(-,t) in D’(Q2) for any Lipschitz
domain Q. To prescribe the boundary value of %, however, we require an additional
regularity to u = u(x).

THEOREM 16. Let Q C RN be a Lipschitz domain and G = G(-,y), y € Q, be
the Green function for —A with the homogeneous Dirichlet boundary condition. Define
u=wu(-t) by (38). Then, if {T3} is a differentiable deformation, the first variation

. 0G,
u=06G(y) = —-(¥)
ot —o

of Gy = Gi(z,y) exists in the sense of distributions in Q. It belongs to HY(Q) if and only
if S-Vu € HY(Q). If this condition is satisfied then it holds that S-VG(-,y) € H/?(0Q)
and

Au =0 1nQ, u=—-5-VG(,y) on Q. (42)
If {T}} is twice differentiable deformation then the second variation

82
Gt('ay)

i = 8G(y) = o
ot? =0

of Gy = Gi(z,y) exists in the sense of distributions in Q. It belongs to H(Q) if and only
if

28 -Vi+ R-Vu+ VS-S e HY(Q).
If this condition is satisfied then it holds that H € HY?(9%) for
H=2S-Vi+ R-VG(-,y) + [V2G(-,y)]S - S, (43)
and furthermore,
Aii=0 1nQ, ii=—H on 0.

PROOF. Let Ji(x) = J(Tiz). Given ¢ € C§°(2), we have
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/Qu(z,t)cp(z) dz = /Qt u(z,t)(z) dz = / u(Tix, t)o(Tix) det Jy(x) dx

Q

for |t| < 1. Here, Theorem 15 guarantees the existence of, in particular, (Ou/0t)(Tix,t)
strongly in L?((2). Since the existence of

o p(T) det ()]

is immediate, we obtain the existence of

u(z, t)p(z)dz

% Q t=0
- [ O Ty t) - o(Th) + u(Thr, ) 2% Vp(Thar) ) det ()
Q ot ot
0
+ uw(Tyzx, t)p(Tix) = det Jt(x)] dz
ot 0

ou
= /Q E(thﬂ, t)

ou
= — (Tix, t
| 5@

by Theorem 6, recalling that S is a Lipschitz continuous vector field on Q. Then it holds
d

that
ou
a/gu(zgt)(p(z) dz i —/Q [m(Ttm,t)

by u € H(Q), which means the existence of @ = du/dt|—¢ in D'(Q) with

p+u(S-Vo+¢V-9)dx
t=0

o+ uV - (Sp)dz
t=0

- SV u}pdw
t=0

U:@(Tt,t) -5 -Vu.
ot 0
The formal calculation
ou .
— (Thz,t) =a(z)+S-Vu (44)
ot t=0

is thus justified in the context of distributions provided that the right-hand side belongs
to L2(9).

The strong differentiability of u(T;-,t) in H*(), t € I, implies that the trace of the
left-hand side of (44) belongs to H'/2(9Q). Since 0 = G¢(T;-,y) € H'/2(99) it holds
that
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ou or .
E(Tt'vt) = _E(Tt —y)|  =—S-VI(-—y) in H'/?09).
t=0 t=0

Therefore, the above 1 is in H1(€) if and only if S - Vu € H(Q), and if this is the case
it takes the boundary value

w=2S8-V(O(-—y)+u) =S -VG(-,y) € H/*(9Q).
We thus obtain the first part of the theorem because A4 = 0 in D’(Q) is obvious.

The existence of i = 9?u/0t?|;—¢ in D'(Q) is similarly proven if {T;} is twice differ-
entiable. Let the symmetric tensor

0%y
2, _
Viu= (8%’3931')1']'

be the Hesse matrix of u. Then, we formally obtain the equality

2
%(Tt-,t)

= =i +2S-Vi+R-Vu+[VuS-S. (45)

t=0

In fact, we have, formally,

with
%(Ttx,t) = i(Ty,t) + iz - Vi(Tyx,t)
and
% ag;x -Vu(Ttxﬂf)}
= 8;?;33 V(T t) + aaT;x : %VU(Tt%t)
- 5;?” Vu(T 1)+ S {vu(m,t) + 8gfv2u(m,t)}
— 82;;9” Vu(Tyz,t) + % -Vau(Tyw,t) + [VQu(Ttx,t)]aéT)f - 65)sz~

Putting ¢ = 0, we thus obtain (45). Next, we confirm that the last three terms on the
right-hand side of (45) are regarded as distributions in . In fact, first, S and R are
Lipschitz continuous. Then v € H'(Q) implies R-Vu € L*(). Second, the distributions
S - Vi and [V2u]S - S are defined by
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(0,8 -Viy1,0:= — (2, V- (Sp))a

LTI
0, SZSJ>
< 61‘181‘3 1,0

using @ € L*(Q) and u € H*(Q). Hence the last three terms on the right-hand side of
(45) are actually distributions. The final part is the justification of the derivation of (45)
in the sense of distributions. This process is the same as in the case of the first variation.
That is, taking ¢ € C§°(£2), we can show the existence of (d?/dt?){p, u(-,t)}|;=0 with the
equality

ou 0 L
— 1 qJ ]
(8%, 5. (5'S 90)>Q7 @ € CE (%)

d2u/
—5 [ (zt)p(z)dz
dt? Jq 0
9%u ou 0 o
= S Y - — (S'SY
/Q 52 (Tyz,t) t:OgaJrQuV (Se¢) + ZEj 9a, Oz, (S*'S7p) dx

where z = Tyx.

To complete the proof, we regard u(Tyz,t) = —T'(Tix — y) as a function of x € 9.
Obviously, this function is twice differentiable in ¢ strongly in H/2(9), and it holds
that

ar
gL y)| =S VIC-y)
%(Tt —y)| =R VI(—y)+[VT(—-y)]S-S.
t=0

Since it is obvious that 4 is harmonic in €2 we obtain the second part of the theorem
similarly. O

REMARK. The differentiability of G¢(-,y), y € © is valid in the weak topology of
L?(Q), taking the O-extension outside Q. For this purpose we take the 0-extension of
the test function ¢ € L?(Q2) outside © in the above proof. Natural boundary condition,
however, will be difficult to be treated by extensions.

3.4. C%'-domain.

If Q € RY is a C%!-domain there is a Lipschitz continuous frame (15) on 9. In this
case, the vector field n on 99 has a Lipschitz extension on Q. In fact, first, we extend
it near 0f) using the flow described in Section 2.2 and then take a cut-off function to
extend it on €.

For v € H?(Q), the trace of the function n - Vv belongs to H'/?(9%). By the
identification given in Theorem 4 it thus holds that dv/dn € H'/?(99Q). We have also

ov

=3 - HY2 (09
D5, si- Vv e (092)
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because s;, 1 < i < N — 1, are Lipschitz continuous. If v € H}(Q), furthermore, we
obtain

0= / (si - V) (vp)ds = / [(si- V)v]pds
2Q oQ

for any ¢ € C§°(w) by v|ag = 0.2 Hence it follows that dv/ds; = 0,i=1,...,N — 1,
which implies

N—1

S-Vuv= [(S~n)n+ Z(S-si)sl} -V
i=1
=(S-n)(n-Vv) = 5ng’ € HY2(0Q), Vv e H*(Q) N H(Q),
n

because S - Vv € HY() by the Lipschitz continuity of S. This category of Q is thus ap-
propriate to represent the first variational formula in Euler coordinate system in H'().

In the following theorem, the paring (-,-)1/2,90 is identified with the L? inner product
on 0f).

THEOREM 17 (Hadamard). If Q CRY is a CY'1-domain then it holds that
i =6G(-,y) € H(Q).
This function is harmonic in ) and we have

/. 9G(y) 9G(.x)
oGy = (b, 2 o VD (46)

PRrROOF. By the L? elliptic regularity on C*'-domain €, we have, for y € Q,

u=G(,y) —T(—y) € H*(Q).
Then it follows that

VG(,y) = HY? (00 4
0 Gy = S e o0 (47)
and hence
S.-VG(y) = 5pw e HY?(0Q). (48)
Then we obtain (46) by Theorems 14 and 16. O

2Recall that w is an open set which contains 9. For ¢ € C§°(w), we consider its zero-extension and
regard it as an element in C§°(RY).
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REMARK. The notations of the above theorem are the same as those of [8], except
for the direction of n.

The second variational formula in Theorem 16 contains 4 in the first term of H
defined by (43). The following lemma is used to reduce this term to an integration on €.

LEMMA 18.  IfQ C RN is a CY'-domain, then it holds that

9G(,x) 95G(-,y)
<V6G<-,m>,wa<-,y»g=—<6p , D ayeq.  (49)
on on 1/2,00

PrROOF. For C*'-domain ©, we have u € H?(S2), (47), (48), and
= 6G(-,y) € H(Q).

Therefore, we have, for ¢ € H*(Q) with Ay = 0,

(V3G(,y), Vo)a = (Vii, Vio)o = <u 6‘f’>

OG(-,y) O
(2 28y
n "/ 172,00

Putting ¢ := §G(-,x) € H(Q), x € Q, we obtain (49) with 2 and y exchanged. O

Lemma 18 may be proven by Theorems 12 and 13. For the formal proof, we assume
that g = g(x) is a smooth harmonic function in a domain €2 which contains €. Then, we
have

VG,(-,y) - Vg=0.
Qy

Theorem 12 implies

/ V6G(y)- Vg + / VG(-y) - Vglop =0
Q o

and then (49) follows with g = 6G(-,x) for x € Q. This proof is formal because of the
singularity of G¢(+,y) = G¢(z,y) at x = y, but we can justify it as follows.

THE SECOND PROOF OF LEMMA 18. First, we take a smooth function g = g(x)
in  to derive

Vu(-,t)-Vg+ /

o,

n-[D(-— y)Vg) = - / u(-t)Ag

Q¢ Q4

by Gi(-,y) = u+T(- —y) and G¢(-,y)|aa = 0. Here u(-,t) is Lagrange differentiable in
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H(Q) and also @ = §G(-,y) € H*(Q) because ) is of C*!. Then the proof of Theorems
12 and 13 are valid, and it holds that

/Qvu-Vg-i—/m[Vu-Vg]ép-i-/m[VF(-—y)~Vg]6p:—/QuAg

or

aG(>y) 89 _ .
/QV6G(~,y)~Vg+/OQ ) 295 = /QéG(,y)Ag. (50)

Equality (50) is now extended to g € H'(Q) with Ag € H'(Q)’. Here the right-hand
side is replaced by (0G(-,y), Ag)1.q, that is,

9 9GCw)\
(V560 ¥+ (050 TG0 ) =66 Baha

Putting g = 6G(-, z), z € 2, we obtain (46) by ASG(-,x2) =0 in Q. O

3.5. C?%%-domain.
Suppose now that the domain Q is of C%¢, 0 < @ < 1. Since I'(- — y) is C™ in w if
y & w, we have u € C*9(Q) and G(-,y) € C*(Q). In particular we obtain

62G('7 y)
on?

=—(V-n) on 0N (51)

by Corollary 11 and Au = 0 in Q. To simplify the notation, we introduce the gradient
Vaq on 0f2 which is defined by

N-1
Voq :=

i=1

o9 _v_,9
‘Os; on’

We also decompose S as
N—-1
S = Saq + (0p)n, Spq = Z WiSi, i :=S8-s;, Op:=58-n.
i=1

LEMMA 19.  IfQ C RY be a C??-domain and {T;} be a twice differentiable defor-
mation, then it holds that

S [V*G(,y)lS
= 20p(Soq - Vo) 86;’; Y4 (S V)n) - 5 - (6p)V ) 6Ga(;{ D )
= 25p(S - V)% + (((S-V)n) - S+ (6p)*V - n)w (53)
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on O, where p; =S - s;. If {s1,...,8ny-1,n} is the Morse frame, then we have

S 290G ()
2 B
S - [V2G(-,y)]S = 26p § 882 an ) 4 ;:1 ki .
PROOF. We have (51) and

8G(,y) _ 82G(ay
881' a 881'88]'

G(y) = ) _ g ondQ, i,j=1,2,...,N—1.

Hence, it follows from Lemma 10 that

6G("y)

2 . —
V=G(-,y) o

Os;0n on?

_0G(,y) — PG(.y)
=~ (V)T —(V-n)n®@n) + Z D50

i=1

Note that [a @ blc-d = (a-d)(b-c) for a,b,c,d € RY. Then, the relations
n@nn-n=1, [n®nlsg-n=0, [n@n]sg-s,=0

imply
N—1
(V-n)S-[n@n]S=(6p)° ) ri=(6p)*(V-n)
i=1

with (24). Note that, from (22), we can rewrite S - (Vn)TS as

S-(Vn)'S =S5 (szsﬁNZl;%Z(a" ) )

i=1 VE)

Here, we used (On/ds;) -n =0 and (On/0s;) - s; = K.

N-—-1
0%G(- 0%G(-
n)T + Z(&@n-ﬁ-n@&)M-Fn@nM
=1

(i ®n+n® s;).

(54)

Next, we consider the case of {s1,...,sy-1,n} being the Morse frame. In this case,

we have (On/0s;) - s; =0, i # j, and
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N-1 N-1
(V) nn =) kilsi®@s]n-n="Y ri(s;-n)?=0,
i=1 i=1
N-1 N-1
[(Vn)T]sk n = Ki[si ® si]sk -n = Ki(s; - sk)(si-m) =0
i=1 i=1

by (22). Also, since

[5i @ si]sk - 50 = (i - 5k)(Si - S¢) = dirbis

we have

N-1 N-1
(V)]s - 50 = Z Kilsi ® si]sk - 50 = Z Kibikdie = KiOke,

=1 i=1

and

N- N-1 N-1
S - Z pptel (V)T - se = > pwperrdne = Y pike.
k=1 k=1 =1

For the second term of the right-hand side of (55), we use
[sk @ n]n-n = (s -n)[n|* =0, [sk@n]s¢-n=(n-s¢)(sk-n)=0
[sx @ n]se - 8m = (n-5¢)(5k - 8m) = 0, [sk ®@n]n - sp = (s - so)|n|* = Oe
and
P@spn-n=[n@sklse - Sm=MQskn-s0=0, [N sklse:n =
Then it follows that S - [s; ® n +n ® $;]S = 2(dp)u; and

N-1

32G 82(}'( Y)
Z 851871 [s:@n+n®si]S = 20p Z si) 0s;0n

= 2(5p(SaQ . VaQ)

on

Gathering all the equations, we have shown that (52) and (54) hold.
To obtain (53), we only need to see that

9G(., N
20p(Soq - Von) 8(ny) = 26p(5.v5p8n> gny)
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_ 8G(7y) 282G("y)
_ 9G (-, y) 2 9G(-,y)
= 20p(S - V) ==+ 2(6p)"(V - n)— =,
because of (51). O
3.6. C?%*'-domain.
Henceforth, we assume that @ C RY is a C%!-domain and
s= 9 C*1(Q,RY). (56)
ot |,_,

In this case it holds that u € W3P(Q), 1 < p < 0o, and hence u € C?(Q). Thus Lemma
10 is applicable to f = u.

THEOREM 20. Let Q C RY be a C*! domain and {T;} be a twice differentiable
deformation satisfying (56). Then we have i = 6°G(-,y) € H*(Q). This function is
harmonic in 0 and it holds that

602G (z,y) = —2(VoG(-, z), VoG (-, y))a + <x8G§; m), 8G8(7'; y)> o (57)

for x, y € Q with the Lipschitz continuous function x defined by

d(dp)*

x:=0p—((S-V)S) -n—(6p)*V-n—(S-V)ip+ “on (58)
If{s1,...,8n—1,n} is the Morse frame then x becomes, recalling p; :== S - s;,
N-1
10l
=t Y {m(u? — (50)%) — 20 af}- (59)
i=1 ¢

PROOF. From the assumption we have u € H3(Q2) and also S - Vu € H?(2) by
(56). Hence it holds that

oG (-,
5-VG(y) = 5p%

e H3%(00)

which means the existence of g € H?(2) such that g = S - VG(-,y) on Q. Then the
elliptic regularity applied to (42) implies

= 6G(-,y) € H*(Q).

Thus we obtain S - Vi € H(Q2), and therefore, we have
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00G (-,
§-V8G(y) = (Son - Vor)iG(y) + 392 on 90,
and is in H'/2(09Q).
We have also R - Vu € H2(Q) and hence,
R-vcpdgzzﬁpaG‘*” on 99,

and is in H3/2(0Q). Tt thus follows from Theorem 16 that

. oG (-, 906G (-,
i=—H= —2<(Sasz -Voa)dG(-,y) + 6p(Saa - Vaa) ( y)> - 259J

on on
—[6%°0+ ((S-V)n) - S = (6p)*V - n] % n 0.
Since
0G(-y) =1 = —5/)% n 0,
we have
oG (-, G (-,
(Saq - Vaa)dG (-, y) + dp(Saq - Vaa) 8( v __ [(Saq - Vaa)dp) L9)
n on
on 0f). Note that we see
~ 19(dp)®

(Saq - Vaa)dp = (S — (6p)n) - Vép = (S - V)dp

2 On

and
(S-V)op=(S-V)(S-n)=((5-V)S)-n+((S-V)n)-S.
Thus, we end up with

n on 0f2

. ot
U= —25,0% - X

with (58). The proof is, therefore, completed by Theorem 14 and Lemma 18. For the
case of {s1,...,8n_1,n} being the Morse frame, the proof is done quite similarly from
(54). O

An immediate consequence is the following.

COROLLARY 21 (Garabedian—Schiffer [9]).  Let {T;} be a family of normal pertur-
bations associated with 6p = S -n. Then it holds that
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62G(337 y) = =2(VéG(-,x), VoG (-, y))a

under the assumption of Theorem 20.

PrROOF. The formula follows from the previous theorem because it holds that
p=0and u; =5 -s;=0,i=1,2,...,N — 1 in this case. O

For the case the dynamical perturbation, we have the following corollary.

COROLLARY 22. Let {T;} be a family of dynamical perturbations associated with
the vector field v. Then it holds that

§2G(x,y) = —2(VOG(-,z), VG (-, y))a — <06Gg§}; x)’ aGa(}Z y)> /2,00
o(v-n)*

on

o:=(-n)?’V-n-— + @ -V)v-n), zye (61)

under the assumption of Theorem 20.

PrROOF. In this case we have (S -V)S = R so that

d(6p)?
x =02V -+ 200 5.9y,
on
Then (61) follows from (58) with S = v and dp =v - n. O
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