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Abstract. The purpose of the paper is to study coefficient multipliers of
the Hardy spaces HP([0,00)) (0 < p < 1) associated with Laguerre expansions.
As a consequence, a Paley type inequality is obtained.

1. Introduction and results.

A function F' analytic in the unit disk D is said to be in the Hardy space
HPD), 0 < p < oo, if [[Fllgr = supgc,1 Mp(F;r) < oo, where My,(F;r) =
{(1/2m) [T 1F (re')|Pdo}!/».

Denote by ¢7 the sequence space ¢4 = {{ar} : [[{ar}]lq = (Xreo lar]|?)/? < oo} for
0 < ¢ < o0, and £ the set of bounded sequences. A sequence {A,}72 is a multiplier
of H?(D) into the sequence space £ if > '|\,c,|? < 0o whenever f = > ¢,2" €
H?(D). For a summary of results on multipliers from HP (D) to £ for various p and ¢, see
[8]. In particular Duren and Shields ([3, Theorem 2(i)]) proved the following theorem:
The sequence {\,} is a multiplier of H?(D) into 2 (0 < p < 1, p < ¢ < o0) if and only
if Yoo, n9/P A = O(N9).

Among coeflicient multipliers of the Hardy spaces, the two important ones are the
Hardy inequality and the Paley inequality, namely, for f(z) =Y. c,2" € HY(D),

0o o
Y onTMel <cllflla,  and Y lea]? < el fll7n,
n=1

k=1

where the constant c is independent of f. In the last two decades, analogs of the Hardy
inequality in the context of eigenfunction expansions were studied by several authors (cf.
(1], [2], [4], [9], [10], [14]). Comparatively, less generalization of the Paley inequality
to eigenfunction expansions is achieved, and a substantial work is the Paley inequality
for the Jacobi expansion given in [6]. Recently, coefficient multipliers of Hardy spaces
associated with generalized Hermite expansions are studied in [7]. In this paper, we shall
study the coefficient multipliers associated with Laguerre expansions on the space

HP([0,00)) = {f € H’(R) : supp f C [0,00)}, 0<p< 1.
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If o > —1, the Laguerre function E%a)(at) is defined by
£0(x) = r2 L ()12 2,

where 7¢ = (I'(n+1)/T'(n+a+1))'/2? and L' (z) is the Laguerre polynomial determined
by the orthogonal relation (see [13, (5.1.1)])

/ eiIxO‘LSf‘)(x)Lg,?) (z)dx = (7'3)7257””.
0

The system {ESLQ)(QT)}ZOZO is a complete orthonormal system on the interval [0, +00) with
respect to the Lebesgue measure. For a function f € LP([0,00)), 1 < p < oo, its Laguerre
expansion is

> dNED@), = [ " HOLS @)t 1)
n=0 0

We shall give an appropriate definition of the coefficients csla)(f), n=20,1,2,..., for
f € HP(]0,00)), 0 < p < 1, in Section 2.
Our theorem is stated as follows.

THEOREM 1.1. Let a > 0, a* = 400 for nonnegative even o and o = /2 + 1
otherwise, and let (a*)™1 < p <1< q < co. If a sequence {\, }°2, satisfies the condition

N
S0t/ A | = O(NY), (2)

n=1

then for all f € HP([0,00)), the Fourier-Laguerre coefficients o (f) are well-defined
and satisfy

s 1/q
(Z |Anc5f><f>|q) < || (00 3)
n=0

where ¢ is a constant independent of f.

Theorem 1.1 shows that a sequence {\,}22 is a multiplier of H?([0,00)) into the
sequence space ¢9 associated with Laguerre expansions if (3) holds. It is noted that the
condition (2) is equivalent to the condition ZZin [Ax|? = O (n91=1/P)) | An interesting
application of Theorem 1.1 is the Paley type inequality for Laguerre expansions, which
is stated in the following corollary.

COROLLARY 1.2. Let a > 0, * = oo for nonnegative even o and o* = /2 + 1
otherwise, and let (o*)™1 < p < 1. If {ny} is a Hadamard sequence satisfying ny1/ng >
p>1(k=1,2,...), then for all f € HP([0,00)), the coefficients c%a)(f) of its Laguerre
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expansion satisfy

. 2(1—p~ 1)
Do ()P < oo
k=1

Throughout the paper, A = O(B) or A < B means that A < ¢B for some positive
constant ¢ independent of variables, functions, k, n, etc., but possibly dependent of some
fixed parameters and fixed m.

2. Prelimineries.

We begin by recalling some estimates of the Laguerre functions. There are two
lemmas on some sharp estimates of £ (z) from [10] as follows.

LEMMA 2.1.  Let a > 0. If we set M = [a/2], then for each non-negative integer
m < M, the m—th derivative (E%a))(m) () of ng‘)(x) with respect to x satisfies,

(L) ()] < Caymn™, @ € [0, 00).
Futhermore, if «/2=0,1,2,..., then form=0,1,2,...,
(L™ ()] < Camn™, @ € [0, 00).

Here Cy, . are positive constants independent of n.

LEMMA 2.2. Let o > 0 and let a/2 be not an integer. We put o/2 = M + 4,
0 < § < 1. Then for the M—th derivative (E%a))(M)(m) of /35{1)(1‘) with respect to x, we
have

| (2 + h) — (L) M (z)] < Can®/?|h)°,  z,h € [0,00),

where Cy, is a positive constant independent of n.

Since H'([0,00)) C L(]0,00)), the coefficients cE{")(f) for f € H([0,00)) are well
defined by (1). But if f € HP(]0,00)) for 0 < p < 1, we need a new definition for the
coefficients c%")( f), which is based on the duality relation of the Hardy space HP(R) and
the Lipschitz space A,-1_1(R).

There are several equivalent definitions for the Lipschitz space As(R) (see [11],
[12], [15]). Here is the usual one. For m > 1 and m — 1 < 6 < m, As(R) is the set of
(m—1)-times differentiable functions f satisfying || f||a, := || f|| > +sup, 5 | f™ =V (z+h)
=D @)|/|pP ™ < oo for 6 # my and || flla, = [Ifllze + sup,, [TV (@ + h)
—2fm=U(z) + f(m=V(z — h)|/|h| < oo for § = m. Here we use a unified notation As(R)
for all 6 > 0, without use of Zygmund’s notation A}(R) for § = m.

LemmA 2.3 ([12, p.130] or [16]). If0<p <1 and g € A,-1_1(R), then Ly(f) =
Jo f(x)g(x)dz, initially defined for f € L'(R)(HP(R), has a bounded extension to
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HP(R) satisfying [L(f)] < cllgla,_,_,[If|lmar, where ¢ is a constant independent of g
and f.

Now we extend E%a)(x) to the whole line R in a suitable way. If a,/2 > 0 is not an
integer, then we define

- (a) f .
£ (z) = {En (z), for z > 0; )

0, for x <0.
If /2 > 0 is an integer, we shall use the function

1 for x > 0;

1/z
vio) = (1= e (-

0, for x < —1.

), for — 1<z <0;

It is clear that ¢ (z) € C(R). However, for k > 1, the k—th derivative 1) () of 1 (x)
satisfies 1ilr111+01/1(k)(x) = lim ¥ ®*)(z) = 0 by routine evaluations, which implies that

Y(z) € C°(R) and [¢*)(z)| < ¢, where ¢ is a constant independent of z.
It follows from the formula (see [13, (5.1.6)])

Bow =3 (1) S )

k=0

that for every positive integer m, there exists a constant ¢,, > 0 such that for all n > 1
and z < 0, L%a)(x) > e (n® + nt™z|™) = ¢,,n®(1 + (n]x])™). This shows that for
x <0, Lﬁf“)(a:) increases quite rapidly as n|z| increases, which happens even for small |z|
and large n.

In view of the above remark, we define, for even integer o > 0,

L (x) = (nx) L3 (x). (6)

The conclusions in Lemma 2.1 and Lemma 2.2 are valid for £ (z) instead of £ (z)
on the whole line R.

COROLLARY 2.4. Let a >0 and M = [a/2]. Then for x € R,

(1) if «/2 is not an integer,
(L) ()| S n™, m < M; (7)
(ii) if a/2 is not an integer,

(LN D (4 h) — (L)Y M ()| S n®2|h)°, a/2=M+6, 0<5<1; (8)
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(iil) of «/2 is an integer, (7) is true for allm € No ={0,1,2,...}.

PROOF. Parts (i) and (ii) are easy consequences of (4) by Lemma 2.1 and Lemma
2.2.

For part (iii), it suffices to evaluate (L:,E{X))(m) (z) for —n~t < 2 < 0 by (6). In this
case, by Leibniz’ rule,

(L)) i( )wm D (na )™ (L) D (z). (9)
=0

Since L™ (z)' = —LTV (2) (see [13, (5.1.14)]),

(LY (@) =10 S e 2L (@)ao /2

i+j<l
Jj<a/2

and from (5), for —n~! <2 < 0 we have

n —k
0<L(a) < na n L< 1 -1\n < o
<L¥(z)<Sn I;)(n—k o n*(14+n")"<n

Thus it follows that, for —n~! < 2 <0,

|(££La))(l)(x)| S ,nfa/2 Z na+i|m‘a/2fj 5 nl'

i45<l
j<a/2

Substituting this into (9) yields, for —n~ <2 <0,
(L™ (@) < nm ik S, O
1=0

By Corollary 2.4, £ (r) € Ap-1_1(R) for 0 < p < 1 in the case a« = 0,2,4... and
/3(0‘)( )€ Ap-1_1(R) for p~t —1 < /2 in the case o # 0,2,4.... For 0 < p < 1, the
coefficients c(a) (f) of f € HP(]0,0)) associated with Laguerre expansions are defined by

() = Lt (4 (F)-

We see that the coefficients csla)( f) are independent of the choice of an extension
27(1&)( ) € Ap-1_1(R). It is easy to see that the substitute definition of the coefficients
o )( f) is consmtent with the previous definition for “good” functions. In fact, c\* )( f)=
I )dt for all f € HP([0,00)) N L*(R). However it is not always meaningful
in general for all H?([0,00)), 0 < p < 1, since the functions L%a)(x) are not sufficiently
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smooth for most of «. Indeed we have

PROPOSITION 2.5. Let o > 0. The Fourier-Laguerre coefficients S (f) of f €
HP(]0,00)) are well defined for all 0 < p <1 if a is a nonnegative even integer and for
(a/2+1)7"! < p <1 otherwise.

3. Proof of Theorem 1.1.

Now we shall prove Theorem 1.1. Our approach is based on the duality of HP(R)
and A,-1_1(R).

PROOF. We fix a sequence {b,}22, € (7 ¢ ' +¢ ' =1,and forn =1,2,..., let
= Z /\kbkigf) (x) (10)
k=0

By Lemma 2.3, one has g, (/)] < clgulla,_,_, [fllr(0.000: oF equivalently,

Zxkbkc;@(f)] < ellgalla, oI lv(ooey-

In order to prove (3) it suffices to show that there is a constant ¢’ independent of n and
{by} € €9 such that

lgnlla, -, < €I{oxHlq - (11)

Once (11) is true, then it follows that

n 1/q
(Z IAkcl(f)(f)l"> < e[| flmr (10,00
k=0

which proves the theorem by letting n — oc.

First we consider the case when m —1 < p~! —1 <m, p~! —1 < /2. Suppose
x # yand put h =y — x.
From (10) we have
6 0@) — gD < 3 bl (D)D) — (B (12)

k=0

If n < |h|™1, we apply Corollary 2.4 (part (i) for m < a/2 and part (ii) for a/2 < m <

a/2 + 1) to get an upper bound of \g " 1)(x) - gﬁbm_l)(y)| as a multiple of
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n n 1/q
D wbe K™ (R < R [ {br o <Z |>\k|qkq(m_1+”)> ; (13)
k=0 k=0
where y =1lifm—-1<pl—-l<m<a/2,andy=a/2+1-mifm—-1<pl-1<
a/2 < m.

Under the condition (2) summing by parts gives > _,|\g|7k20m—1F7)
= O(n9(m+7=1/P)) Hence

n 1/q
(X pulemtn ) e < s

for n < |h|~1. Substituting this into (13) yields

9D () — g{m D ()] S bl [RlP ™. (14)

If n > |h|~!, the summation of those terms in (12) for k < |h|~! has the same bound
cll{bx g \h|p_1’m as above, and the summation of the terms for |h|™! < k < n, in virtue

of Corollary 2.4 (parts (i) and (iii)), is dominated by

ST Pabkl (JEE) TV (@)] + (L) D ()

|h|=1<k<n
1/q
< ¥ Akbukm—lsn{bk}nq/( ) mq’c“m-”) D
|h|~1<k<n |h|~1<k<n

By the condition (2), summing by parts again gives > ;-\ |Ap|9ka(m=1) = O(Na(m=p"1),
Thus we have

1/q . .
( > Afcl"k"(m‘”> S(pHm P =

|h|~1<k<n

for n > |h|~!. Substituting this into (15) yields an upper bound of the summation of the
terms in (12) for |h|7! < k < n as ¢|{bx}|y|hP "=m_ Thus (14) is proved to be true for
all n and h, so that (11) is shown whenever m — 1 <p™' —1 <m, p~! =1 < a/2.

Finally we prove (11) for p~! — 1 = m < /2. We shall need to evaluate the second
order difference of gy(lmfl) that is sufficient by the definition about As for 6 = m. From
(10) it follows, for h # 0, that [¢"" " (z + h) — 26"V (2) + ¢i" " (2 — h)| is bounded
by

Z\Akbku D@ 4 ) = 2L (@) + (L) D@ - b)) (16)
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If1<p'—1=m < a/2—1, this is dominated by > ;,_, \)\;.Cbk|’([:';f‘))("“'”(sc’)‘|h|2
with some 2’ between x — h and x + h, and furthermore, in virtue of Corollary 2.4 (parts
(i) and (iii)), by a multiple of

n

n 1/q
B> [ebi[ ™ < 1P| {bi}H o (Z IAquq(mH)) : (17)

k=0 k=0
Since m + 1 = p~!, the condition (2) gives

D IR < < ]
k=0

for n < |h|~1. Substituting this into (17) yields, for n < |h|71,
g5 (@ + h) = 295"V (@) + g8 P (@ = k)| < {0} |- (18)
If « is not nonnegative even and a/2 — 1 < p~! — 1 = m < a/2, we note that

(L) ™D (@ + h) — 2(L) D (@) + (L) ™D (2 — b))
= |(£)™ (') — (L) ()] |n|

by the mean-value theorem, where 2’ and x”’ lay between z—h and z-+h, and furthermore,
by Corollary 2.4 (ii) this is bounded by

Cka/2|h|a/2_m|h| — Ck,a/2|h|a/2+1—m.

Hence the expression in (16) is dominated by a multiple of 3", _ [\xby |k®/2|n|/2—m+1]
which has the same bound as in (13) with v = «/2 + 1 — m, and also the bound

-1

c|[{bxHlg |RIP =™ = ¢||[{bk} ||y |h| for n < |h|~1 as in (14) since a/2 +1 —p~t > 0.
Thus (18) is shown to be true for n < |h|7L.

If n > |h|™!, the summation of the terms for k < |h|™! in (16) has the same bound
as in (18), and the summation of those for |h|™! < k < n is dealt with by the same
way as in (15) to obtain its bound c||{bk}\|q/|h|p_1*m = ¢|{bk}|l¢’|h|. Therefore (18) is
verified for all n and h, and hence (11) is proved for p~ — 1 =m < /2.

If « is a nonnegative even integer, the two cases discussed above, i.e. m —1 <
pl—1<mand p! —1 = m, are true for all m € N = {1,2,3,...}, without the
restriction p~! — 1 < /2.

The proof of Theorem 1.1 is completed. O
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