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Abstract. We compute the fundamental groups 1 (P2 \ C) for all com-
plex curves C' of degree 7 defined by an equation of the form

4

[Ty =852)" =c- [[(X —a:2)™,

j=1 i=1
where Zﬁ:l v; =y 10 A is the degree of the curve, ¢ € R\{0}, and f1,..., 08¢
(respectively au,. .., am) mutually distinct real numbers.

1. Introduction.

The fundamental groups of plane curve complements are powerful tools to study
ramified coverings and to distinguish the path-connected components (and, in many
cases, the irreducible components) of equisingular moduli spaces. A systematic study of
these groups was initiated by O. Zariski [14] and E. R. van Kampen [6] in the thirties
and was later developped by many other mathematicians. Bibliographies covering the
classical results as well as the latest advances can be found, for instance, in [2], [7], [10].
Among the pioneer and most remarkable results, let us mention the famous theorem of
O. Zariski, W. Fulton and P. Deligne (cf. [14], [16], [5], [3]). This theorem says that if
C is a curve with only simple points or node singularities, then the fundamental group
m1(P?\ C) is abelian. In the same vein, a result of M. V. Nori [8] says that if C is an
irreducible curve having only nodes and cusps as singularities with

2 x (number of nodes) + 6 x (number of cusps) < (deg(C))?, (1.1)

then 71 (P2 \ C) is abelian too. Note that when the inequality (1.1) is not satisfied, the
group 1 (P? \ C') may be non-abelian, as shown by the famous Zariski’s three-cuspidal
quartic (cf. [14]). The present article is a sequel of the papers [9], [4] where a classification
of the fundamental groups occuring in another family of curves (so-called ‘join-type
curves’) was initiated.

Join-type curves are defined as follows. Consider positive integers uvq,..., vy,
A,y Ay with E§:1 vi = Y it Xi. A curve C in the complex projective plane P?
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is called a join-type curve with exponents (vi,...,Ve; A1, .., A if it is defined by an
equation of the form

(X - aiZ))\ia

-

’
HY 51 7=b-

=1

where X, Y, Z are homogeneous coordinates in P2, a, b non-zero complex numbers, and
01, ..., 0 (respectively aq,...,q,) mutually distinct complex numbers. In the chart
C2?:=P?\ {Z = 0}, with coordinates = X/Z and y = Y/Z, the curve C is defined by
the equation f(y) = g(x), where

Ai

s

I
—

(x — ;)

£
fw)=a JJw-p)" and g(z)=0b-

?

(Note that the line defined by Z = 0 meets C at d distinct points, where d is the
degree of C.) The singular points of C (i.e., the points (z,y) satisfying f(y) = g(z)
and f'(y) = ¢'(x) = 0) divide into two categories: the points (z,y) which also satisfy
the equations f(y) = g(z) = 0, and those for which f(y) # 0 and g(x) # 0. Clearly,
the singular points contained in the intersection of lines f(y) = g(x) = 0 are the points
(0, B;) with A\;,v; > 2. Hereafter, such singular points will be called typical singularities,
while the singular points (x,y) with f(y) # 0 and g(z) # 0 will be called ezceptional
singularities.

By [9, Theorem (1.3)], we know that if C' does not have any exceptional singularity,
then the fundamental group 71 (P? \ C) is isomorphic to the group G(v;\;d/v) defined
by the presentation

Gr; X d/v) = (w, ap (k €Z) |w=a,_1ay_o---ag, ¥’ =e,

Q) = A, Aty = wagw " (k € Z)),

where v (respectively A) is the greatest common divisor of vy,...,v, (respectively
Aly..oy Am), and e the unit element. For example, if C' does not have any exceptional
singularity and if A or v is equal to 1, then the fundamental group 7 (P?\ C) is abelian,
isomorphic to Z4 (in particular, C is irreducible).

We say that C' is an R-join-type curve if the coeflicients a, b, ; (1 < i < m) and
B; (1 < j <) are real numbers. Exceptional singularities of such curves are necessarily
node singularities. In [4], we proposed the following conjecture.!

CONJECTURE 1.1.  Let C, C' C P? be R-join-type curves with exponents (v1, ..., ve;
A1y ooy Am) and with the same component type (see below for the definition). We suppose
that C" does not have any exceptional singularity. Then,

1 (P*\ C) ~ 1 (P2 \ C') ~ G(v; \;d/v),

IThe statement given in [4] is incorrect. Tt should be replaced by the statement given here.
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where d is the (common) degree of C' and C', and v (respectively \) the greatest common
divisor of v1,...,ve (respectively A1,...,Am). In particular, if C is irreducible and if A
or v is equal to 1 (in which case C' is also irreducible), then w1 (P?\ C) ~ Z,4

Here, we say that C' and C” have the same component type if C' = [J;_, C; and
= Ji_, C}, where C; and C] are irreducible and deg(C;) = deg(C}) for each i. The
- ple {deg(C1),...,deg(C,)} is called the component type of C' (and C”).

REMARK 1.2. Note that when C does have exceptional singularities, the condition
‘A=1or v =1 does not imply that C is irreducible.

In [4], we classified the fundamental groups of all R-join-type curves of degree 6.
In the present paper, we compute the fundamental groups of all R-join-type curves of
degree 7, the smallest degree for which still very little is known. (There is an abundant
literature for degrees less than or equal to 6.) As an immediate corollary, we get that
Conjecture 1.1 is true for all such curves.

THEOREM 1.3.  Suppose C C IP? is an R-join-type curve of degree 7 defined by the
(affine) equation f(y) = g(x), where

(x — ai))‘i.

-

Il
-

14
Hy B;)  and g(z)=b-

K2

(1) If the set of exponents & = (v1,...,V5; A1,y Am) of C is not the set (7;7), then
the fundamental group w1 (P2 \ C) is abelian. When, in addition, & is neither the set
(2,2,2,1;2,2,2,1) nor the set (1,...,1;1,...,1), the group m (P?\ C) is isomorphic
to Z7 or Z depending on whether the curve is irreducible or has two irreducible
components. When & is the set (2,2,2,1;2,2,2,1) or the set (1,...,1;1,...,1), the
group w1 (P2 \ C) is isomorphic to Zz, Z or 73 depending on whether the curve has
one, two or four irreducible components.

(2) If & = (7;7), then m (P? \ C) is non-abelian, isomorphic to the group given by the
presentation

(ao, a1,...,a6 | agas---ag = e).

Actually, when & is the set of exponents (2,2,2,1;2,2,2,1) or the set (1,...,1;
1,...,1), the curve C has only node singularities. Moreover, it has at most 15 such
singular points except when the polynomials f and g are as in Figures 48 or 50. In the
latter cases, C' has 18 nodes. When C has at most 15 nodes, the group m(P? \ C) is
isomorphic to Z7 or Z. When it has 18 nodes, 1 (P? \ C) is isomorphic to Z3.

When & = (7;7), exceptional singularities do not occur, and therefore the funda-
mental group is given by [9]. (Actually, in this special case, we can also simply observe
that the curve is a union of seven concurrent lines, and therefore, its complement is
C x (C\ {6 points}).) Still according to [9], when & is not the set (7;7) and the curve
C does not have any exceptional singularity, the group 71 (P2 \ C) is always isomorphic
to Z7. (In particular, this is the case when & is of the form (7; A1, ..., Ap) with m > 2.)
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REMARK 1.4. Note that as soon as we know that the group 7 (P?\ C) is abelian, we
completely know its structure. Indeed, in this case, by the Hurewicz theorem, 71 (P2 \ C)
is isomorphic to first integral homology group H;(P?\ C). Then, by Poincaré-Lefschetz
duality, it is not difficult to see that Hy (P2 \ C) ~ Z"~! x Z,,, where 7 is the number
of irreducible components of C' and dy := ged (dy, . .., d,). (Here, d; is the degree of the
i-th irreducible component, 1 <4 <r.) See e.g. [12].

Table 1. Exponents and sets of singularities of pseudo-maximal curves.
# | Exponents Pseudo-maximal sets of singularities
1. (6,1;6,1) Bss @ Ay
2. (6 1;5,2) Bss ® As ® Ay
3. | (6,1;4,3) B4 © Bsz © Ay
4. (6,1;4,2,1) Bsa® As D2 A,

5. (6,1;3,2,2) Bss $2A;02A,

6. (6,1;2,2,2,1) 3A; 3 A

7. (5,2;5,2) B;s $2A,02A

8. | (5,2:4,3) B;, O Es© A3 D Ay © Ay
9. (5,2;4,2,1) B, A @ A3 D3 A

10. | (5,2;3,2,2) Es®2A, A D4 A,

11. | (5,2;2,2,2,1) 3A,®6A

12. | (4,3:4,3) Bys®2FE; ¢ Dy Ay

13. (43421) B4’4@E6@A3@A2@2A1
14. | (4,3;3,2,2) Dy E;D2AsD2A D2 A,
15. | (4,3;2,2,2,1) 3A33A: 834,

16. | (4,2,1;4,2,1) Byis®2A385 A

17. ] (4,2,1;3,2,2) Es®2A3D Ay B6A;

18. | (4,2,1;2,2,2,1) 3A; 09 A,

19. | (3,2,2;3,2,2) D, ®4 A, P8 A

20. | (3,2,2;2,2,2,1) 3A; 124,

2. Proof of Theorem 1.3.

Throughout this section, we assume that C' has at least one exceptional singularity.
(When the curve does not have any exceptional singularity, the result is already proved
in [9].)

For most of the fundamental groups, the commutativity is obtained by the degenera-
tion principle. This principle says that if {C}}.cp is an analytic family of reduced curves
in P?, where U C C is a connected open set containing the origin, if the family of curves
{Ct}tev\foy is equisingular, and if the total Milnor number of Cy, t # 0, is less than the
total Milnor number of Cy (in which case one says that C; degenerates to Cp), then there
is a canonical epimorphism m1(P? \ Cp) — m1(P? \ C}). In particular, if 71 (P? \ Cp) is
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abelian, so is 71 (P?\ C}). See [14]. An R-join-type septic is said to be pseudo-mazimal if
it does not degenerate, within the class of all join-type septics,? to any other R-join-type
septic whose exponents are not (7;7). (Notice that an R-join-type septic always degener-
ates to an R-join-type septic with exponents (7;7).) Thus, to determine the fundamental
groups of R-join-type septics, it suffices to find the groups of such pseudo-maximal curves.
For any set of exponents in Table 1, there is a pseudo-maximal R-join-type septic with
this set of exponents and the mentioned set of singularities. (However, a curve may
have a set of exponents listed in Table 1 without being pseudo-maximal.) For all the
other sets of exponents, the curves are non-pseudo-maximal or have only node singular-
ities (cf. Tables 2 & 3). By the Zariski-Fulton—Deligne theorem [14], [16], [5], [3], the
fundamental groups associated with curves having only node singularities are abelian.
Therefore, by Remark 1.4, to find their fundamental groups, it suffices to know their
component types. The component types of the curves associated with the sets of expo-
nents Ne86-94 and Ne98 can be easily determined (cf. Section 2.23). For the sets Ne 96,
97, 99-104, it is more difficult. However, for these exponents, it is easy to check that the
curves are non-pseudo-maximal. The sets (2,2,2,1;2,2,2,1) and (1,...,1;1,...,1) are
‘special’ and need to be discussed separately (cf. Section 2.23).

The fundamental groups of pseudo-maximal R-join-type septics whose exponents are
in Table 1 are computed in Sections 2.1-2.20 below. To compute these groups, we use the
Zariski—van Kampen theorem with the pencil & given by the horizontal lines Ls: y = 9,
§ € C. This theorem says that 71 (P? \ C) is isomorphic to 71(Ls, \ C)/G, where Ls, is
a generic line of the pencil and G the normal subgroup of 7 (Ls, \ C) generated by the
monodromy relations associated with the ‘special’ lines of the pencil (cf. [14], [6]).

A line L; of the pencil meets the curve C' at a point (v, ) with intersection mul-
tiplicity greater than or equal to 2 (i.e., Ls is a special line) if and only if f(d) = g()
and ¢'(7) = 0. By considering the restriction of the function g(z) to real numbers, we
see immediately that the equation ¢’(x) = 0 has at least one real root 7; in the open
interval (o, a;y1) for each ¢ = 1,...,m — 1 (we can assume that ay < ... < a,, and
B1 < ...< B). Since the degree of

/@) [ Tl - a0~

i=1

is m — 1, it follows that the roots of ¢’(x) = 0 are exactly v1,...,¥m—1 and the a;’s with
A; > 2. In particular, this shows that vq,...,vm_1 are simple roots of ¢'(z) = 0.

Let 6;.1,...,0;4 be the roots of f(y) = g(y;) for 1 <i<m —1.

If f'(6;x) # 0, then (v;,d; %) is a simple point of C, and in a small neighbourhood
of it, C' is topologically described by

Yy—0ik=c¢C (m—%)2, (2.1)

where ¢ # 0. Indeed, by Taylor’s formula, f and g can be written as

2Including those which are not R-join-type septics, and of course those which have other exponents.
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Table 2. Exponents of (some) non-pseudo-maximal curves.

# | Exponents # | Exponents # | Exponents

21. | (6,1;5,1,1) 43. | (5,1,1;4,2,1) 65. | (3,3,1;2,1,1,1,1,1)
22. | (6,1;3,3,1) 44. | (5,1,1;3,3,1) 66. | (3,2,2;4,1,1,1)

23. | (6,1;4,1,1,1) 45. | (5,1,1;3,2,2) 67. 1 (3,2,2;3,2,1,1)

24. | (6,1;3,2,1,1) 46. | (5,1,1;4,1,1,1) 68. | (3,2,2;3,1,1,1,1)

25. | (6,1;3,1,1,1,1) 47. 1 (5,1,1;3,2,1,1) 69. | (3,2,2;2,2,1,1,1)

26. | (6,1;2,2,1,1,1) 48. | (5,1,1;2,2,2,1) 70. | (3,2,2;2,1,1,1,1,1)
27. | (6,1;2,1,1,1,1,1) | 49. | (5,1,1;3,1,1,1,1) 71| (4,1,1,1;4,1,1,1)

28. | (5,2;5,1,1) 50. | (5,1,1;2,2,1,1,1) 72. | (4,1,1,1;3,2,1,1)

29. | (5,2;3,3,1) 51. | (5,1,1;2,1,1,1,1,1) | 73. | (4,1,1,1;2,2,2,1)

30. | (5,2;4,1,1,1) 52. | (4,2,1;3,3,1) 74. | (4,1,1,1;3,1,1,1,1)
31. | (5,2;3,2,1,1) 53. | (4,2,1;4,1,1,1) 5.1 (4,1,1,1;2,2,1,1,1)
32. 1 (5,2;3,1,1,1,1) 54. | (4,2,1;3,2,1,1) 76. | (4,1,1,1;2,1,1,1,1,1)
33. 1 (5,2;2,2,1,1,1) 55. 1 (4,2,1;3,1,1,1,1) 77o1(3,2,1,1;3,2,1,1)

34. 1 (5,2;2,1,1,1,1,1) | 56. | (4,2,1;2,2,1,1,1) 78. 1 (3,2,1,1;2,2,2,1)

35. | (4,3;5,1,1) 57. 1 (4,2,1;2,1,1,1,1,1) | 79. | (3,2,1,1;3,1,1,1,1)
36. | (4,3;3,3,1) 58. 1 (3,3,1;3,3,1) 80. | (3,2,1,1;2,2,1,1,1)
37. | (4,3;4,1,1,1) 59. | (3,3,1;3,2,2) 81. 1] (3,2,1,1;2,1,1,1,1,1)
38. 1 (4,3;3,2,1,1) 60. | (3,3,1;4,1,1,1) 82.1(2,2,2,1;3,1,1,1,1)
39. | (4,3;3,1,1,1,1) 61. | (3,3,1;3,2,1,1) 83.1(3,1,1,1,1;3,1,1,1,1)
40. | (4,3;2,2,1,1,1) 62. | (3,3,1;2,2,2,1) 84. | (3,1,1,1,1;2,2,1,1,1)
41. | (4,3;2,1,1,1,1,1) | 63. | (3,3,1;3,1,1,1,1) 85. | (3,1,1,1,1;2,1,1,1,1,1)
42. | (5,1,1;5,1,1) 64. | (3,3,1;2,2,1,1,1)

Table 3. Exponents of curves with only A;-singularities.
# | Exponents # Exponents
86. | (6,1;1, ) 96. (2,2,2,1;2,2,1,1,1)
87. | (5,2;1, ) 97. (2,2,2,1;2,1,1,1,1,1)
88. | (4,3;1, ) 98. (2,2,2,151,...,1)
89. | (5,1,1;1,...,1) 99. (3,1,1,1,1;1,...,1)
90. | (4,2,151,...,1) 100. (2,2,1,1,1,2,2,1,1,1)
91. | (3,3,1;1,...,1) 101. | (2,2,1,1,1;2,1,1,1,1,1)
92. | (3,2,2;1,...,1) 102. | (2,2,1,1,1;1,...,1)
93. | (4,1,1,1;1 1) | 103. | (2,1,1,1,1,1;2,1,1,1,1,1)
94. | (3,2,1,1;1,...,1) | 104. | (2,1,1,1,1,1;1,...,1)
95. | (2,2,2,1;2,2,2,1) | 105. | (1,...,1;1,...,1)
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7 7

Fy) = agly—0ix)? and g(x) =) by(z — 7). (2.2)

q=0 q=0

The equality f(d; %) = g(v:) implies ap = by. The relation f'(d; %) # 0 shows a; # 0.
Finally, since 7; is a simple root of ¢’(z) = 0, we have by = 0 and b # 0. Thus, the
equation f(y) = g(x) takes the form

a1 (y — d; 1) + higher order terms = by (x — %)2 + higher order terms,

and therefore, near (7;,d; ), the curve C is topologically given by (2.1). In particular,
this says that the line y = 0, is tangent to the curve at (v;,d; ) with intersection
multiplicity 2.

If f'(0; %) =0, then (7;,d; k) is an exceptional singularity of type A;, and near this
point, the curve is topologically equivalent to

(y — (Si,k)Q =c(z— *yi)2. (2.3)

Indeed, since f(d;x) = g(v:) # 0, the same argument used to prove that v1,...,Ym—1
are simple roots of ¢’(x) = 0 shows that, if f'(d;x) = 0, then ;1 is a simple root of
f'(y) = 0. Now, if 4; and §; ) are both simple roots, then the coefficients a1, az, b; and
by in (2.2) satisfy a1 = by = 0, as # 0, by # 0, and the equation f(y) = g(z) takes the
form

as (y — ;1)® + higher order terms = by (v — 7;)? + higher order terms.

Thus, near (v;,d; 1), the curve C is topologically described by (2.3).
For each a; with \; > 2, the roots of f(y) = g(«;) are SB1,...,8.. By Taylor’s
formula again, we write

7 7
Fly) = ayly—5;)" and glz) = by(e — )" (2.4)
q=0 q=0

Then, the same argument as above shows that, if v; = 1, then (a;, §;) is a simple point
of C, and near this point, C' is topologically given by

y—pj=clx— ai)’\". (2.5)

In particular, the line y = §; is tangent to C' at (ay, 5;) with intersection multiplicity A;.
Similarly, if v; > 2, then (o, 3;) is a typical singularity of Brieskorn-—Pham type B,, »,,

and in a small neighbourhood of it, the curve is topologically equivalent to

(y—B)" = clz—a)™. (2.6)

Indeed, in this case, the coefficients a;, and by, in (2.4) satisfy a; = 0 for ¢ <v; —1, b, =0
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for ¢ <A —1, and aj, #0, b}, # 0.

Let us now give a detailed calculation of the fundamental groups of the pseudo-
maximal curves. We shall proceed case-by-case for each set of exponents in Table 1. We
take the point (1: 0: 0) as base point for all the groups. This point is nothing but the
axis of the pencil &, which is also the point at infinity of the lines Ls. (Note that it
does not belong to the curve.)

2.1. Exponents (6,1;6,1).

For these exponents, we can suppose that the polynomials f and g are of the form
fly)=a(y—pP1)¢ (y—Pa) and g(z) = b(x — a1)® (x — az) and that their real graphs are
as in Figure 1, so that there exist real numbers 6 € (51, 32) and v € (aq, as) satisfying
f'(0) = ¢'(y) = 0 and f(0) = g(y). Indeed, any R-join-type septic with the set of
exponents (6,1;6,1) is topologically equivalent to the R-join-type septic defined by such
f and g. This can be shown as follows. For the given exponents, the possibilities for f
and ¢ are given in Figure 2. (In this figure, the numbers refer to the exponents.) The
change of coordinates (z,y) — (x, —y) shows that the curve f3(y) = g;(x) (respectively
fa(y) = gi(x)) is topologically equivalent to the curve fo(y) = g;(z) (respectively fi(y) =
gi(z)). Then, it is enough to consider fi, fa, and g; for 1 < ¢ < 4. Similarly, the
change of coordinates (z,y) — (—z,y) shows that the curve f;(y) = gs(z) (respectively
fi(y) = ga(x)) is topologically equivalent to the curve f;(y) = g2(z) (respectively f;(y) =
g1(2)), and therefore it suffices to consider f1, fa, g1 and go. Actually, we do not
need to consider go either. Indeed, the change of coordinates (z,y) — (—z, —y) shows
that the curve fi(y) = go(x) (respectively fa(y) = ga(z)) is topologically equivalent
to the curve —f1(—y) = —ga(—x) (respectively — fo(—y) = —go2(—2)), which is in turn
topologically equivalent to the curve fa(y) = g1(x) (respectively fi(y) = ¢1(z)). The
curve fo(y) = g1(x) does not have any exceptional singularity and can be eliminated as
well. Finally, to find the fundamental group of pseudo-maximal curves with exponents
(6,1;6, 1), it suffices to consider the polynomials f := f; and g := g; given in Figure 1. Tt
is not necessary to find explicit expressions for these polynomials. It suffices to know that
such f and g exist, and this is guaranteed by [13]. However, for this set of exponents, it
is not difficult to see that the graphs in Figure 1 can be obtained, for instance, by taking
ﬂleq:O, /622042:1, and a =b=—1.

The set of singularities of the corresponding curve C, defined by the equation f(y)—
g(xz) =0, is Bg ® A1, while its component type is {6,1} — actually, as we mentioned
it above, we can take f(y) = —y®(y — 1) and g(x) = —25(x — 1) so that

Figure 1. Real graphs of f and g (exponents (6, 1;6,1)).
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f fi==1
6 6
1 11 ._
o Lo f==1,
g1 6 g3::_g1 6
6 11 9, 6 [ I p—
Figure 2.

fly) —g(z) = (z —y)(a® + ya® — 2° + y®a* — ya' + 2°°
208 oyt 2% ay® — oyt S — o).

Here, the sextic component Cg has a singular point of type Bs 5, and the line component
intersects Cg at Bs 5 and at a smooth point. The pencil & has 8 special lines Lg, , Lg,,
Lo, Ls,, ..., Ls, with respect to C. These lines are given by the vertices of the ‘dessin
d’enfants’ f~1([0, f(0)]) associated with the polynomial f (cf. Figure 3). In this figure,
the black vertices correspond to the roots 31, B2 of the equation f(y) = 0, and the white
ones to the roots 6, d1, ..., 5 of the equation f(y) = f(0) = g(v).

Consider the generic line Lg,_., and choose generators &1, . .., ;7 of the fundamental
group m1(Lg,—e \ C) as in Figure 4, where ¢ > 0 is sufficiently small. (In the figure, we
do not respect the numerical scale; we even zoom on the part that collapses to a; when
€ — 0.) The &’s are ‘lassos’ oriented counterclockwise around the intersection points of
the line Lg, . with the curve. To find the monodromy relations around the special lines
of the pencil, we proceed exactly as in [4] and we refer to this article for details. In our
present case, the monodromy relations around Lg, (multiplicity 6 tangent relations) are
given by

§r =8 =& =81 = &3 = &,

while the relation associated with the line Ly (node relation) is written as £2&; = £1&5. It
follows immediately that the group 1 (P? \ C) is abelian, and since the component type
of C'is {6, 1}, we have the isomorphism 71 (P? \ C') ~ Z (cf. Remark 1.4).

REMARK 2.1.  For the given curve, the commutativity of 71 (P? \ C) can also be
seen by applying Nori’s theorem [8] (in a stronger form than the one mentioned in our
introduction). A similar remark also applies for the curves in Sections 2.2 and 2.3.

o B,

Figure 3.
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Figure 4.

2.2. Exponents (6,1;5,2).

For this set of exponents, we can assume that the polynomials f and g are of the
form f(y) = a(y—051)° (y—B2) and g(z) = b (z—a1)® (x—az)? and that their real graphs
are as in Figure 5, so that there exist real numbers § € (51, 52) and v € (aq, az) satisfying
7'(0) = ¢'(v) = 0 and f(#) = g(vy). (This assertion can be proved using an argument
similar to that described in Section 2.1. Since the proof does not involve any new idea,
in order to avoid repetitions this kind of argument will be systematically omitted.) The
set of singularities of the corresponding curve C' is Bgs @ As ® A1, and its component
type is {7} — actually, we can take

12500 46656 - ,
f(y) 23543 ¥ (y—1) and g(x) 593013 (x —1)%,
so that
12500 , 12500 , 46656 . 93312 46656
FW) =9() = ~go523Y T o33 Y m3s3” T awsi3’  swsi3 L

The special lines of the pencil with respect to C' are given by the vertices of the dessin
d’enfants in Figure 3.

Let us take generators &1,...,&7 of m(Lg,—c \ C) as in Figure 6. Then, the mon-
odromy relations around Lg, are given by:

Lg,(a1): &7 =& = & = & = & (multiplicity 5 tangent relations);

Lg,(a2): & = & (multiplicity 2 tangent relation);

Figure 5. Real graphs of f and g (exponents (6, 1;5, 2)).
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Figure 6.

and the relation associated with the line Ly (node relation) is written as £3&s = &2&3.
Hence, m1 (P?\ C) ~ Z.

2.3. Exponents (6,1;4,3).

For these exponents, we can assume that f and g are of the form f(y) = a(y —
B1)8 (y—B2) and g(x) = b (x—a1)?* (z—az)? and that their real graphs are as in Figure 7,
so that there exist real numbers 6 € (01, 32) and v € (a1, a) satisfying f'(6) = ¢'(y) =0
and f(0) = g(y). The set of singularities of the corresponding curve C'is Bg 4® Bg 3B A1,
and its component type is {7} — actually, we can take

6912
823543 7

46656

B 40 1)3
sa3513 % @ D%

‘(y—1) and g(x) =

fly) =

so that f(y) — g(z) is given by

6912 i 6912 n 46656 o7 139968 6 139968 5 46656 o
823543 7 823543 7 T 823543 823543 823543 823543 ©

The special lines of the pencil with respect to this curve are given by the vertices of the
dessin d’enfants in Figure 3.

Take generators &q,...,&7 of the group mi(Lg,—. \ C) as in Figure 8. Then, the
monodromy relations associated with the line Lg, are given by:

Lg,(a1): & = & = & = &4 (multiplicity 4 tangent relations);

Lg,(a2): &3 =& = & (multiplicity 3 tangent relations);

Figure 7. Real graphs of f and g (exponents (6, 1;4, 3)).
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Figure 8.

and the relation around Ly (node relation) is written as £,€3 = £3€4. Hence, 71 (P?\ C) ~
7.

2.4. Exponents (6,1;4,2,1).

For this set of exponents, we can suppose that the polynomials f and g are:
(1) either of the form f(y) = a (y—51)° (y—32) and g(z) = b (z —a1)* (x —2)? (x —a3),
with real graphs as in Figure 9, so that the following condition is satisfied:
30 € (61,02), 11 € (a1,2), 12 € (a2, a3)
such that f'(6) = ¢'(11) = ¢'(72) =0 (2.7)
and f(0) = g(1) = 9(72);

(2) or of the form f(y) =a(y — 31)% (y — B2) and g(z) = b(x — a1)? (z — a2)* (z — a3),
with real graphs as in Figure 10, so that Condition (2.7) is satisfied.

For the given exponents, the proof of this assertion is slightly more sophisticated than for

Figure 9. Real graphs of f and g (exponents (6, 1;4,2,1) — first case).

Figure 10. Real graphs of f and g (exponents (6,1;4,2,1) — second case).
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the previous ones. The argument is as follows. First, observe that an R-join-type septic
with exponents (6, 1;4, 2, 1) necessarily satisfies one of the following two conditions:

(a) it is topologically equivalent — or it degenerates to a curve topologically equivalent
— to the curve defined by a pair of polynomials f and g as above;
(b) it degenerates to an R-join-type septic with exponents (6, 1;5,2) or (6,1;4,3).

Indeed, for the same reason as explained in Section 2.1, it is enough to consider the
polynomials fi, fa, g1, g2 and g3 given in Figure 11. (The numbers refer to the expo-
nents.) Clearly, the curves f3(y) = g1(x) and f2(y) = gs(z) do not have any exceptional
singularity. The curve f1(y) = ga(x) degenerates to the curve fi(y) = ga(x), with ex-
ponents (6,1;4,3), where go is as in Figure 12 — push the lower critical point of go
up to the horizontal axis. Similarly, the curve fo(y) = g2(x) degenerates to the curve
fa(y) = go(x), where go is as in Figure 12 — push the upper critical point of g2 up to
the horizontal axis. In this case, the exponents of the degenerated curve are (6, 1;5, 2).
Now, by the degeneration principle and since the fundamental group of any R-join-type
septic with exponents (6,1;4,3) or (6,1;5,2) is abelian (cf. Sections 2.3 and 2.2), the
fundamental groups associated with the curves fi(y) = g2(x) and fa(y) = g2(z) are also
abelian. Therefore, to show that the fundamental group of an R-join-type curve with
exponents (6,1;4,2,1) is abelian, it suffices to consider the curve defined by the polyno-
mials f := f; and ¢ := g1 given in Figure 9 and the curve defined by the polynomials
f = f1 and g := g3 given in Figure 10.

In both cases, (1) and (2), the set of singularities of the corresponding curve C is
Bg.4® As 2 Ay. Moreover, C is irreducible (see below). In both cases, the special lines
of the pencil are given by the vertices of the dessin d’enfants in Figure 3. To compute
the fundamental group, in the case (1), take generators &1,...,&7 of m(Lg,—. \ C) as in
Figure 13. Then, the monodromy relations around Lg, are given by:

ki 5 9 9, 9
: ra |/
“ / \,\ 9 ,\ / N
6 11 6 4 21 4 Loy 2 4 1
‘ \\/" ‘0 “
|
Figure 11.
\\ 9, \\ gz
\ N\ \
AN 2
4 3% 5 7
\\ / \\‘
| |

Figure 12.
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Lg,(01): & =& = & = &4 (multiplicity 4 tangent relations);

Lg,(a2): &3 = & (multiplicity 2 tangent relation).
After simplification, the relations associated with the line Ly (node relation) are written
as £4&o = &€y and && = &1&2, while the relations around Ls, (multiplicity 2 tangent
relations) give &, = & = &. By the vanishing relation at infinity, 7 = e, and therefore,

m(P*\ C) =~ (& | & =€) ~ Zs.

In particular, C is irreducible (cf. Remark 1.4).

Figure 14.

In the case (2), take generators &1, ...,&7 of the group m1(Lg,— \ C) as in Figure
14. Then, the monodromy relations around Lg, are given by:

Lg,(a1): &7 = & (multiplicity 2 tangent relation);

Lg,(ag): & =& = & = & (multiplicity 4 tangent relations).
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After simplification, the relations associated with the line Ly (node relation) are written
as &gl = €& and & = &€, while the relations around Ls, and Ls, (multiplicity
2 tangent relations) reduce to & = & and & = & respectively. Again, since &] = e
(vanishing relation at infinity), we have 71 (P? \ C) ~ Z,.

REMARK 2.2. By contrast with Remark 2.1, in the present case, we cannot substi-
tute Nori’s theorem to the Zariski-van Kampen theorem. Indeed, here, the component
type of C (needed to apply Nori’s theorem) is deduced from the structure of the group
71 (P2 \ C), and not the opposite. For the same reason, Nori’s theorem cannot be used
in the next sections either.

2.5. Exponents (6,1;3,2,2).

For this set of exponents, we can suppose that the polynomials f and g are of the
form f(y) = a (y—31)® (y—B2) and g(x) = b (z—a1)? (r—az)? (x—a3)? and that their real
graphs are as in Figure 15, so that there exist real numbers 6 € (81, 52), 71 € (a1, as)
and 72 € (a2, a3) satisfying f'(0) = ¢'(71) = ¢'(72) = 0 and f(0) = g(n) = g(12).
(This assertion can be proved using a degeneration argument similar to that described
in Section 2.4. Again, since the proof does not involve any new idea, in order to avoid
repetitions this kind of argument will be systematically omitted.) The set of singularities
of the corresponding curve C'is Bg 332 A5 ®2 A;, its component type is {7} (see below),
and the special lines of the pencil & with respect to this curve are given by the vertices
of the dessin d’enfants in Figure 3.

\

Figure 15. Real graphs of f and g (exponents (6, 1; 3,2, 2)).

Let us choose generators &1,...,&7 of mi(Lg,—e \ C) as in Figure 16. Then, the
monodromy relations around the line Lg, are given by:

Lg,(aq): & = & (multiplicity 2 tangent relation);

Lg,(a2): & = &4 (multiplicity 2 tangent relation);

Lg,(a3): &3 =& = & (multiplicity 3 tangent relations).
After simplification, the relations around Lg (node relations) are written as £g€4 = €46
and £4&1 = £1&4, while the relations associated with the lines Ls, and Ls, (multiplicity 2
tangent relations) give & = &1 and &4 = &; respectively. Therefore, the vanishing relation

at infinity is written as £] = e and 71 (P?\ C) ~ Z7. (As above, this immediately implies
that C is irreducible.)
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Figure 16.

2.6. Exponents (6,1;2,2,2,1).

For these exponents, we can assume that the polynomials f and g are of the form
fly) =a(y—p1)°% (y—B2) and g(x) = b (z—0a1)? (x—0a2)? (r—a3)? (x—ay) and that their
real graphs are as in Figure 17, so that there exist real numbers 6 € (81, 52), 71 € (@1, as),
Y2 € (az,a3) and 3 € (as,aq) satistfying f/(0) = ¢'(11) = ¢'(72) = ¢'(73) = 0 and
F(0) = g(m1) = g(2) = g(y3). The set of singularities of the corresponding curve C is
3 As ¢ 3 Ay, its component type is {7} (see below), and the special lines of the pencil
are given, once again, by the vertices of the dessin d’enfants in Figure 3.

Figure 17. Real graphs of f and ¢ (exponents (6,1;2,2,2,1)).

Take generators &1, ...,&7 of the group mi(Lg,—. \ C) as in Figure 18. Then, the
monodromy relations associated with the line Lg, (multiplicity 2 tangent relations) are
given by & = &, & = &4 and &3 = &. After simplification, the relations around Ly
(node relations) and Ls, (multiplicity 2 tangent relations) are written as:

Lo: &66a = 48y €462 = &84, £2&1 = &iéo;
Ls,: & =&, £ 66& = &1, &106 = &.

Then, the vanishing relation at infinity is written as £] = e. Hence, 7 (P? \ O) ~ Z.

2.7. Exponents (5,2;5,2).

For this set of exponents, we can assume that the polynomials f and g are of the
form f(y) = a(y — 51)° (y — B2)? and g(x) = b(x — a1)® (xr — az)? and that their real
graphs are as in Figure 19, so that there exist real numbers 6 € (61, 82) and 7 € (a1, a2)
satisfying f/(0) = ¢’(y) = 0 and f(6) = g(7). The set of singularities of the corresponding
curve C'is Bs 5 ®2 A4 ©2 Ay, and its component type is {6, 1} — actually, we can take
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Figure 18.

fly) = —y* (y = 1)* and g(z) = —2° (z — 1)*, so that f(y) — g() is given by
(z —y) (25 — 225 + ya® + y22? — 292t + 2 + 2393 — 29223
+y2® + 22yt — 2223 + 22 +ay® — 22yt + 2 4+ 95 — 245 + ).

The special lines of the pencil &2 with respect to this curve are given by the vertices of
the dessin d’enfants in Figure 20.

=
/
SN
>
=
Ne)
¢ L
» 2

Figure 19. Real graphs of f and g (exponents (5,2;5,2))

Figure 20.

We choose generators &1, ...,&7 of the group m1(Lg,+e \ C) as in Figure 6. Then,
after simplification, the monodromy relations associated with the line Lg, are given by:

Lg,(0n): & =& = &3, &6 = &4 and £48384838 = E36a€38a€s ((2,5)-type relations®);
Lg,(az): &&= &1& (node relation);

3A (85, aq)-type relation with respect to the pencil & is a Brieskorn—Pham relation which is described
by the local model yﬁj = x%i.
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and the relations around Ls,, Ly and Ls, are written as:

Ls,: & = & (tangent relation);
Lg: &6 = 164 (node relation);

Ls. . &&4 = &€ (tangent relation).

This already shows that 71 (P2 \ C) is abelian, and since the component type of C' is
{6,1}, it follows that 71 (P?\ C) ~ Z.

2.8. Exponents (5,2;4,3).

For these exponents, we can suppose that the polynomials f and g are of the form
fy)=a(y—7531)° (y—B32)% and g(z) = b (z —a1)? (x — a)* and that their real graphs are
as in Figure 21, so that there exist real numbers 6 € (31, 52) and v € (a1, az) satisfying
7'(0) = ¢'(7v) =0 and f(0) = g(y). The set of singularities of the corresponding curve C
is Bs 4 @ Es ® As ® Ay ® A;, and its component type is {7} — actually, we can take

6912 ) 12500 .
() 23543 Y (y—1)" and g(z) 593013 (x—1)%,
so that
6912 13824 . 6912 12500
fly) —g(x) = ’ 0 ° !

"~ 8235437 T R23543Y T 823543 Y T 8235437
50000 o 7000 o 50000, 12500
823543 823543 823543 823543 ©

The special lines of the pencil with respect to this curve are given by the vertices of the
dessin d’enfants in Figure 20.

Figure 21. Real graphs of f and g (exponents (5,2;4, 3)).

Let us choose generators &1, . . ., &7 of the group m1(Lg,+. \ C) as in Figure 22. Then,
the monodromy relations associated with the line Ls, is given by &5 = &4 (multiplicity 2
tangent relation). After simplification, the relations around Lg, are written as:

Lg,(c1): & = &4 and §€as = E4&6€a ((2, 3)-type relations);
Lg,(qg): &3 =81, &= &2, and 1628182 = 2616261 ((2,4)-type relations);
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and the relations associated with the lines Lg, Ls,, Ls, are given by:

Ly: &&= &1&6 (node relation);
Ls,: & = & (multiplicity 2 tangent relation);

Ls,: & = & (multiplicity 2 tangent relation).

Hence, 71 (P2 \ C) ~ Zr.

\ &] &
/55
//
\—g D‘

7

Figure 22.

2.9. Exponents (5,2;4,2,1).
For this set of exponents, we can suppose that the polynomials f and g are:

(1) either of the form f(y) = a (y—51)° (y—F2)® and g(z) = b (z—an)* (z—a2)? (z—a3),
with real graphs as in Figure 23, so that the following condition is satisfied:

30 € (B1,052), 1 € (a1,2), 72 € (az,a3)
such that f'(0) = ¢'(71) = ¢'(72) =0 (2.8)
and f(0) = g(m1) = g(12);

(2) or of the form f(y) = a(y — 31)° (y — B2)? and g(z) = b (z — a1)? (v — az)* (z — a3),
with real graphs as in Figure 24, so that Condition (2.8) is satisfied.

In both cases, (1) and (2), the set of singularities of the corresponding curve C is Bs 4 @
AyP Az @3 Ay, its component type is {7} (see below), and the special lines of the pencil
with respect to C' are given by the vertices of the dessin d’enfants in Figure 20.

To compute the fundamental group, in the case (1), we choose generators &1, ..., &7
of the group m1(Lg,+. \ C) as in Figure 13. Then, the monodromy relations associated
with the line Ls, are given by & = &5 and & = & (multiplicity 2 tangent relations).
After simplification, the relations around Lg, are written as:

Lg,(a1): & = &5, &6 = &3, €3658385 = 5638583 ((2,4)-type relations);
Lg,(az): 361 = &1&3 (node relation).
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Figure 23. Real graphs of f and g (exponents (5,2;4,2,1) — first case).

Figure 24. Real graphs of f and g (exponents (5,2;4,2,1) — second case).

The relations around Ly give 5&1 = £1&5 (node relation), and the relations associated
with Ls, are written as & = & and & = & (multiplicity 2 tangent relations). By the
vanishing relation at infinity, we have £] = e. Therefore, 1 (P? \ C) ~ Z.

In the case (2), we choose generators &i,...,&7 of m(Lg,+e \ C) as in Figure 14.
Then, the monodromy relations associated with the line Ls, are given by £ = &4 and
& = & (multiplicity 2 tangent relations). After simplification, the relations around Lg,
are written as:

Lg,(a1): &7 = &€ (node relation),
Lg,(a2): & =&, &3 = &5, §3618361 = §1636183 ((2,4)-type relations).

The relations around Ly (node relations) are written as £7&3 = £3&7 and &;&5 = £3&1, and
the relations associated with the lines Ls, and Ls, (multiplicity 2 tangent relations) give
& = & and & = & respectively. Again, as £] = e (vanishing relation at infinity), we
have (P2 \ C) ~ Zj.

2.10. Exponents (5,2;3,2,2).

Here, we can assume that f and g are of the form f(y) = a(y — £1)° (y — 32)? and
g(z) = b(x — a1)® (x — a2)? (x — a3)? and that their real graphs are as in Figure 25,
so that there exist real numbers 6 € (81, 52), 71 € (a1, @2) and v2 € (g, a3) satisfying
F0) =g (1) =g (12) =0and f(8) = g(y1) = g(72). The set of singularities of the
corresponding curve C is Es &2 Ay ® Ax @4 Ay, its component type is {7} (see below),
and the special lines of the pencil, once again, are given by the vertices of the dessin
d’enfants in Figure 20.

Let us choose generators &1, . .., &7 of the group m (Lg,+c \ C) as in Figure 26. Then,
the monodromy relations associated with the line Ls, are given by &5 = &4 and &3 = &2
(multiplicity 2 tangent relations). After simplification, the relations corresponding to
Lg, are:
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Figure 25. Real graphs of f and g (exponents (5,2; 3,2, 2)).

Lg,(a1): & = & and §6aée = Ea868a ((2,3)-type relations);
Lg,(a2): &&= &4 (node relation);
Lg,(a3): &&= &€& (node relation);

and the relations associated with the lines Ly and Ls, are given by:

Lo: &&a = &6 and 461 = &1&4 (node relations);

Ls,: & = &2 and & = & (multiplicity 2 tangent relations).

Since £] = e (vanishing relation at infinity), it follows that w1 (P? \ C) ~ Z-.

Figure 26.

2.11. Exponents (5,2;2,2,2,1).

For this set of exponents, we can assume that f and ¢ are of the form f(y) =
a(y—051)° (y—pB2)? and g(x) = b(x —a1)? (z —a2)? (v —a3z)? (x — ay) and that their real
graphs are as in Figure 27, so that there exist real numbers 6 € (61, 52), 11 € (1, a2),
V2 € (az,a3) and 73 € (a3, aq) satistying f/(0) = ¢'(v1) = ¢'(72) = ¢'(73) = 0 and
f(0) = g(v1) = g(7v2) = g(v3). The set of singularities of the corresponding curve C' is
3A4 @6 A, its component type is {7} (see below), and the special lines of the pencil
with respect to this curve are given by the vertices of the dessin d’enfants in Figure 20.

Let us choose generators &1, ...,&7 of the group m1(Lg,1. \ C) as in Figure 18.
Then, the monodromy relations around L, (multiplicity 2 tangent relations) are given
by & = &5, &4 = &3 and & = & . After simplification, the relations associated with the
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Figure 27. Real graphs of f and g (exponents (5,2;2,2,2,1)).

lines Lg, and Ly (node relations) give:

Lg,: &85 = &567, &583 = €385, 361 = &183;
Ly: &8 = 387, &1 = 1655

and the relations corresponding to Ls, are written as &5 = &1, {7 = & and & = £3. The
vanishing relation at infinity says &] = e. Hence, m (P?\ C) ~ Zj.

2.12. Exponents (4, 3;4,3).

Here, we can assume that f and g are of the form f(y) = a(y — 51)* (y — 32)?
and g(z) = b(x — a1)* (z — ag)? and that their real graphs are as in Figure 28, so that
there exist real numbers 6 € (51, 02) and v € (a1, az2) satistying f'(6) = ¢'(v) = 0 and
f(6) = g(7). The set of singularities of the corresponding curve C'is By 442 Ec®DsB A4,
and its component type is {6,1} — actually, we can take f(y) = —y*(y — 1)% and
g(z) = —2*(z — 1)3, so that

fly) = g(x) = (x —y)(2® = 32" +-ya® + 32" = 3ya™ + 2"
+ 32 = 3y%a® + 3ya® — 23 + 2%yt — 3% + 3yPa? — ya?
+ay’ = 3ayt + 32y’ — Pz +1° 397 + 3y — 7).
The special lines of the pencil &2 with respect to this curve are given by the vertices of
the dessin d’enfants in Figure 29.

Take generators &1, ...,&r of the group m1(Lg,+e \ C) as in Figure 8. Then, the
monodromy relations are given as follows:

L§3 : 57565554 = 565564{2 (multlphClty 2 tangent relation);

Ls,: &5€382 = £362&1 (multiplicity 2 tangent relation);

Figure 28. Real graphs of f and g (exponents (4, 3;4, 3)).
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Ls, : &6&7866564 = £7€6656461 (multiplicity 2 tangent relation);

Lg, (a1): €a€7€6€s = §786858a, €5€7868564 = 7€6€5€4E5, §6€78685€a = E766656486
((4,4)-type relations);
Lg, (a2): &1€36261 = §3828162, £2838281 = €3626183 ((4,3)-type relations);
Ly: &1&3 = £3€4 (node relation);

Lg,(01): & = &3, 678685 = 7666583, §687666583 = £78665838s ((3,4)-type relations);
Lg,(a2): &1€a€e = £4&281, 2848261 = 4626182 ((3,3)-type relations);

Ls. . £7868583 = 6658382 (multiplicity 2 tangent relation);

Ls,: €sEabo = E4606, (multiplicity 2 tangent relation);

Roo: &786€5848382&1 = e (vanishing relation at infinity).

After simplification, we find m (P?\ C) ~ (& | —) ~ Z.

Figure 29.

2.13. Exponents (4,3;4,2,1).
For this set of exponents, we can assume that the polynomials f and g are:

(1) either of the form f(y) = a (y—1)* (y—F2)* (y—Fs) and g(z) = b(z—a1)* (r—az)?,
with real graphs as in Figure 30, so that the following consdition is satisfied:

3 61 € (ﬁla62)7 92 € (ﬁ?aﬁi’))v v e (061,042)
such that, f/(61) = f/(82) = ¢/(7) = 0 (2.9
and f(61) = f(62) = g(7);

(2) or of the form f(y) = a(y — 51)* (y — B2)* (y — Bs) and g(z) = b(z — a1)* (z — az)?,
with real graphs as in Figure 31, so that Condition (2.9) is satisfied.

In both cases, (1) and (2), the set of singularities of the corresponding curve C'is By 4 &
Eg® As ® Ay 2 Ay, and the curve is irreducible (see below).

To compute the fundamental group, note that, in the case (1), the special lines of
the pencil & with respect to C are given by the vertices of the dessin d’enfants in Figure
32. Let us take generators i, ..., &7 of the group m(Lg,_c \ C) as in Figure 8. Then,
the monodromy relations around the line Lg, are given by:
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Lg,(0n): & =& = & = &4 (multiplicity 4 tangent relations);

Lg,(az2): &3 = & = & (multiplicity 3 tangent relations).

After simplification, the relation associated with the line Ly, (node relation) is written
as &6 = &1&4, while the relations around the line Lg, ((2,4) and (2, 3)-type relations)
give &1 = &. The vanishing relation at infinity says that & = e, and consequently
(P2 \ C) ~ Zs.

Figure 30. Real graphs of f and ¢ (exponents (4, 3;4,2,1) — first case).

Figure 31. Real graphs of f and g (exponents (4,3;4,2,1) — second case).

O 63
0 0
o : ° : °
61 /81 ﬁz ﬂ;
62
Figure 32.
0o,
Fy 0 0
o ® - : °
by B, By
6‘2
Figure 33.

In the case (2), the special lines of the pencil with respect to C are given by the
vertices of the dessin d’enfants in Figure 33. Let us also take generators &;,...,&7 of
the group m1(Lg,— \ C) as in Figure 8. Then, as above and after simplification, the
monodromy relations around the special lines Lg,, Lg, and Lg, are given by:
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Lg,(an): & = & = & = &4 (multiplicity 4 tangent relations);
Lg,(a2): &3 = & = & (multiplicity 3 tangent relations);
Lo, : £4&1 = &1&4 (node relation);

Lg,(a2): &4 =& ((4,3)-type relation).

Again, since £] = e (vanishing relation at infinity), we have 7y (P? \ C) ~ Z.

2.14. Exponents (4,3;3,2,2).

Here, we can suppose that f and g are of the form f(y) = a (y — 31)% (y — 32)* and
g(x) = b(x — 1) (z — a2)? (r — a3)? and that their real graphs are as in Figure 34,
so that there exist real numbers 6 € (81, 82), 71 € (a1, a2) and 2 € (g, a3) satisfying
f1(0) = g (M) = ¢'(12) =0 and f(0) = g(71) = g(72). The set of singularities of the
corresponding curve C'is Dy & Eg ® 2 A3 ® 2 A5 ® 2 Aq, and the curve is irreducible
(see below). Here, the special lines of the pencil & with respect to C are given by the
vertices of the dessin d’enfants in Figure 35.

Figure 34. Real graphs of f and g (exponents (4, 3;3,2,2)).

Take generators &1,...,&7 of the group m1(Lg,+e \ C) as in Figure 26. Then, the
monodromy relations around Ls,, Ls, and Ls, (multiplicity 2 tangent relations) give:
Ls,: & =& and & = &2;
Ls,: &r€6€a = 68482 and &u&o = §2&1;
Ls,: §6€a = Ealo.
In particular, this implies &7 = . Then, the relations around Lg, give £ = &4. It follows

immediately that £, = & = &1, and since £} = e (vanishing relation at infinity), we have
7T'1(]P>2 \ C) ~ Z7.

B, 0b,

Figure 35.



688 C. EYRAL and M. OKA

2.15. Exponents (4,3;2,2,2,1).

For these exponents, we can assume that the polynomials f and g are of the form
fly)=a(y—p51)* (y—0B2)% and g(x) = b(v—0a1)? (x—0a2)? (x—a3)?(r—ay4) and that their
real graphs are as in Figure 36, so that there exist real numbers 6 € (51, 52), 71 € (a1, a2),
Y2 € (az,a3) and 73 € (a3, u) satistying f/(0) = ¢'(v1) = ¢'(72) = ¢'(73) = 0 and
f0) = g(m) = g(y2) = g(73). The set of singularities of the corresponding curve C
is 3A3 ® 3 Ay ® 3 Ay, its component type is {7} (see below), and the special lines of
the pencil with respect to this curve are given by the vertices of the dessin d’enfants in
Figure 29.

Figure 36. Real graphs of f and ¢ (exponents (4,3;2,2,2,1)).

Take generators i, ...,&7 of the group m(Lg,—. \ C) as in Figure 18. Then, the
monodromy relations around the line Ls, are given by & = &5, €4 = &3 and & = &
(multiplicity 2 tangent relations). After simplification, the relations associated with the
line Ls, (which are also multiplicity 2 tangent relations) are written as &7 = &5 = &3 = ;.
Then, the vanishing relation at infinity says that &] = e, and therefore w1 (P? \ C) ~ Z.

2.16. Exponents (4,2,1;4,2,1).*
For this set of exponents, we can assume that the polynomials f and g are:

(1) either of the form f(y) = a(y — B1)* (y — B2)* (y — B3) and g(z) = b(x — a1)* (2 -
az)? (z — ag), with real graphs as in Figure 37, so that the following condition is
satisfied:

361 € (B1,52), 02 € (B2,83), 11 € (q1,2), 72 € (a2, 3)
such that f/(61) = f'(02) = g'(11) = ¢'(12) =0 (2.10)
and f(61) = f(02) = g(m1) = 9(72);

(2) or of the form f(y) = a(y — £1)* (y — B2)* (y — B3) and g(z) = b(z — a1)* (z -
a)? (x — az), with real graphs as in Figure 38, so that Condition (2.10) is satisfied;
(3) or, finally, of the form f(y) = a (y—31)% (y—32)* (y—B33) and g(z) = b (v —a1)? (x —
az)* (z — az), with real graphs as in Figure 39, so that Condition (2.10) is satisfied.

In all the cases, the set of singularities of the corresponding curve C'is By 4 ©2 Az ®
5A;. As for the fundamental group, we proceed case-by-case. In the first case, the
special lines of the pencil & are given by the vertices of the dessin d’enfants in Figure
32. Let us choose generators &1, . .., &7 of the group 71 (Lg,—. \ C) as in Figure 13. Then,
the monodromy relations are as follows:

4Compare with [1].
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Figure 37. Real graphs of f and g (exponents (4,2,1;4,2,1) — first case).

La,(a1): &7 = &6 = & = & (multiplicity 4 tangent relations);
Lg, () €3 = & (multiplicity 2 tangent relation);

Lo, : &6 = &&4 and £361 = 1€ (node relations);
Lg,(a1): &4 =& ((2,4)-type relation).

The other monodromy relations do not give any new relation. Hence,
m(P?\ C) = (£1,6 | §ab1 = 162, £561 =€) ~ (Lo | —) ~ Z.

REMARK 2.3. Here, the component type of C' is {6,1}. Indeed, the fundamental
group 71(C \ X) acts on the generic fibre Lg,_. N C' (which consists of seven points) by
so-called braid action. (Here, ¥ is the set of parameters corresponding to the special
lines of the pencil.) It is well known that the component type of C is {d1,...,d,} if the
seven points of Lg,_. N C split into r orbits of dy,...,d, elements, respectively, under
this action. See also [11, Proposition (6.1)].

Figure 38. Real graphs of f and g (exponents (4,2,1;4,2,1) — second case).

In the second case, the special lines of the pencil are given by the vertices of the dessin
d’enfants in Figure 33. Let us also take generators &1, ..., &7 of the group m1(Lg,—e \ C)
as in Figure 13. Then, the monodromy relations associated with the line Lg, are given
by:

Lg,(a1): & = &6 = & = &4 (multiplicity 4 tangent relations);

Lg,(a2): &3 = & (multiplicity 2 tangent relation).
After simplification, the relations corresponding to Ly, (node relations) are written as
€482 = £3&4 and £381 = &1 &, while the relations associated with the line Ls, (multiplicity

2 tangent relations) give £, = & = &;. Finally, by the vanishing relation at infinity, we
have £] = e. Hence, 71 (P%\ C) ~ Z7.



690 C. EYRAL and M. OKA

Figure 39. Real graphs of f and g (exponents (4,2, 1;4,2,1) — third case).

Finally, in the third case, the special lines of the pencil are given by the vertices
of the dessin d’enfants in Figure 33. Here, we choose generators £1,...,&7 of the group
m1(Lgs—e \ C) as in Figure 14. Then, the monodromy relations are as follows:

Lg,(aq): &7 = & (multiplicity 2 tangent relation);

Lg,(ag): & =& = & = & (multiplicity 4 tangent relations);
Ly, : &€ = £2&6 and 361 = &1&2 (node relations);
Ls,: & = & (multiplicity 2 tangent relation).

The other monodromy relations do not give any new relation. Therefore, as in the first
case, m (P?\ C) ~ Z.

REMARK 2.4. For the same reason as in Remark 2.3, here the component type of
Cis {6,1}.
2.17. Exponents (4,2,1;3,2,2).

For these exponents, we can suppose that f and g are:

(1) either of the form f(y) = a(y — $1)* (y — B2)* (y — B3) and g(z) = b(x — aq)* (z —
az)? (x — az)?, with real graphs as in Figure 40, so that the following condition is
satisfied:

361 € (61,082), 02 € (B2,83), 11 € (a1, 2), 72 € (a2, 3)
such that f/(61) = f'(62) = g¢'(m1) =9 (12) =0 (2.11)
and f(01) = f(02) = g(11) = 9(72);

(2) or of the form f(y) = a(y — B1)* (y — B2)* (y — B3) and g(x) = b(z — a1)*(z —
a2)? (z — a3)3, with real graphs as in Figure 41, so that Condition (2.11) is satisfied.

Figure 40. Real graphs of f and g (exponents (4,2,1;3,2,2) — first case).
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ﬁl 91 5202\/83 R R R a“\

Figure 41. Real graphs of f and g (exponents (4,2,1;3,2,2) — second case).

In both cases, the set of singularities of the corresponding curve C'is Eg®2 A3P AP
6 A1, and its component type is {7} (see below). As for the fundamental group, in the
first case, the special lines of the pencil are given by the vertices of the dessin d’enfants in
Figure 33. Take generators &q,...,&; of the group m1(Lg,— \ C) as in Figure 16. Then,
the monodromy relations associated with the line Lg, are given by {7 = &, & = &
(multiplicity 2 tangent relations) and &3 = & = &; (multiplicity 3 tangent relation).
After simplification, the relations around the line Ly, (node relations) are written as
€66a = &a&s and 1€ = &1 &4, while the relations corresponding to Lg, (as) ((4, 3)-type
relation) and L, (multiplicity 2 tangent relation) give &4 = & and & = & respectively.
Since ¢7 = e (vanishing relation at infinity), it follows immediately that 71 (P?\ C) ~ Z.

In the second case, the special lines of the pencil are given by the vertices of the dessin
d’enfants in Figure 32. Let us also take generators &1, ..., &7 of the group m(Lg,—e \ C)
as in Figure 16. Then, after simplification, the monodromy relations are given as follows:

Lg,(aq): &7 = & (multiplicity 2 tangent relation);

La,(a2): & = & (multiplicity 2 tangent relation);

Lg,(as3): &3 =& = & (multiplicity 3 tangent relations);
Lo, : &66a = €46 and £4&1 = &1€4 (node relations);

Lg,(a2): &6&1 = &1&6 (node relation);

Lg,(a3): &4 =& ((2,3)-type relation);

0 & = & (multiplicity 2 tangent relation).

Then, the vanishing relation at infinity is written as &} = e. Again, 7, (P?\ C) ~ Z.

2.18. Exponents (4,2,1;2,2,2,1).
For this set of exponents, we can assume that the polynomials f and g are:

(1) either of the form f(y) = a(y — B1)* (y — B2)* (y — B3) and g(z) = b(z — o1)? (z —
az)? (x—a3)? (x—ay), with real graphs as in Figure 42, so that the following condition
is satisfied:

301 € (B1,52), 02 € (B2, 83),

v € (a1,a2), 72 € (a2, as3), v3 € (a3, as) such that
f'(01) = f'(62) = g'(m) = ¢'(72) = ¢'(73) = 0 and
f(01) = f(02) = g(n) = 9(72) = 9(13);

(2.12)
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(2) or of the form f(y) = a(y — A1)*(y — B2)* (y — B3) and g(x) = b(z — a1)*(z —
a2)? (z — a3)? (z — ay), with real graphs as in Figure 43, so that Condition (2.12) is
satisfied.

In both cases, the set of singularities of the corresponding curve C' is 3 A3 ® 9 Ay,
and the curve is irreducible (see below). As for the fundamental group, in the first case,
the special lines of the pencil &2 are given by the vertices of the dessin d’enfants in Figure
32. Take generators &1, .. .,&; of the group m1(Lg,—. \ C) as in Figure 18. Then, after
simplification, the monodromy relations are given as follows:

Lg,: & =&, & = & and & = & (multiplicity 2 tangent relations);
Lo, : 684 = §a&o, €42 = &€ and 165 = §2&1 (node relations);
Lg,: &s&x = 266 and &4&1 = &1€4 (node relations);

Ly, : &1 = &1&6 (node relation);

Ls,: &4 =¢&1, & = & and & = &4 (multiplicity 2 tangent relations).

Then, the vanishing relation at infinity is written as £] = e, and it follows immediately
that m (P2 \ C) ~ Z.

| /” i \\ / i
S L RV
ﬂl 91 ﬁz 92\‘@5 a7 @y Yy A3y

|

Figure 42. Real graphs of f and g (exponents (4,2,1;2,2,2,1) — first case).

\
Figure 43. Real graphs of f and g (exponents (4,2, 1;2,2,2,1) — second case).

In the second case, the special lines of the pencil are given by the vertices of the dessin
d’enfants in Figure 33. Again, we take generators &1, ..., &7 of the group mi(Lg,—. \ C)
as in Figure 18. Then, after simplification, the monodromy relations are given as follows:

Lg,: & =&, & = &4 and &3 = & (multiplicity 2 tangent relations);
Lo, : &84 = a6, §42 = &€ and §162 = §261 (node relations);

Ls,: & = &2, & '¢6&a = & and & 1€4¢& = & (multiplicity 2 tangent relations).

Again, the vanishing relation at infinity is written as ¢] = e, and 71 (P2 \ C) ~ Zs.
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2.19. Exponents (3,2,2;3,2,2).

Here, we can assume that the polynomials f and g are of the form f(y) = a(y —
B1)3 (y — B2)? (y — B3)? and g(z) = b(x — a1)? (r — a2)? (z — a3)? and that their real
graphs are as in Figure 44, so that there exist real numbers 6, € (81, 52), 02 € (B2, 53),
71 € (a1,a2) and 72 € (as, a3) satisfying f'(61) = f'(62) = ¢'(1) = ¢'(72) = 0 and
f(01) = f(62) = g(71) = g(y2). The set of singularities of the corresponding curve C' is
D, ®4A; P8 A;. The special lines of the pencil with respect to this curve are given by
the vertices of the dessin d’enfants in Figure 45.

iSS
RS
o
>

Figure 45.

Take generators &1,...,&7 of m1(Lg,4e \ C) as in Figure 26. Then, the monodromy
relations around the line Ls, are given by &5 = &4 and & = & (multiplicity 2 tangent
relations). After simplification, the relations associated with the line Lg, are written
as & = &4, &6€aée = a868a ((2,3)-type relations) and §4&z = &a&s, §261 = 1€ (node
relations), while the relations around the line Ly, (which are also node relations) give
E6&a = &2&6 and 481 = &1&4. Finally, the relations associated with the line Lg, simplify
to & = & = &4. The other monodromy relations do not give any new relation. It follows
that

m(P?\ C) ~ (&,& | &6 = &6, 5861 =€) ~ L.

REMARK 2.5. For the same reason as in Remark 2.3, here the component type of
Cis {6,1}.

2.20. Exponents (3,2,2;2,2,2,1).

Here, we can assume that the polynomials f and g are of the form f(y) = a(y —
B1)? (y — B2)? (y — B3)% and g(x) = b(x — a1)? (z — a2)? (v — a3)? (z — ay) and that
their real graphs are as in Figure 46, so that there exist real numbers 61 € (51, 52),
02 € (B2, B3), 1 € (o1, 02), 72 € (a2, 3) and 73 € (a3, o) satisfying f'(61) = f'(62) =

9'(m) =g'(v2) = ¢'(73) = 0 and f(61) = f(02) = g(n1) = 9(72) = g(73). The set of
singularities of the corresponding curve C' is 3 As & 12 A;, and the curve is irreducible
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(see below). The special lines of the pencil &2 are given by the vertices of the dessin
d’enfants in Figure 47.

Figure 46. Real graphs of f and ¢ (exponents (3,2,2;2,2,2,1)).

Sy
N
2

Figure 47.

Take generators &1, . ..,&7 of m(Lg,—c \ C) as in Figure 18. Then, the monodromy
relations around the line Ls, are given by &g = &, &4 = &3 and & = & (multiplicity 2
tangent relations). After simplification, the relations associated with the line Lg,, Ly, ,
L, (node relations) and Ls, (multiplicity 2 tangent relations) are written as:

Lg,: &85 = &87, &583 = €385 and §361 = §1€3;
Ly, : &€ = €387 and &6 = &16s;

Lg,: && = &ér;

Ls,: & =68 =& =61

Therefore, the vanishing relation at infinity is written as £] = e, and we have 71 (P?\ C) ~
7.

2.21. Remark on the pseudo-maximality.

There is no general rule to detect the pseudo-maximality property. It should be
checked case-by-case. It is not difficult to see that, in each section 2.0 (i = 1,...,20),
the curve C that we considered is pseudo-maximal. Indeed, in each case, it is clear that
there is no further degeneration within the real numbers. There is no further degeneration
within the complex numbers either, because, in each case, the critical values (for both f
and g) are all positive or all negative.

2.22. Exponents in Table 2.

If the set of exponents of C' is in Table 2, then one checks easily that C degenerates
either to a curve that we have already encountered in Sections 2.1-2.20 or to a curve whose
exponents appear previously in the list. (Again, the proof is similar to that described in
Section 2.4, and details are left to the reader.) Therefore, by the degeneration principle,
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its fundamental group (P2 \ C) is necessarily isomorphic to Z7 or Z.

2.23. Exponents in Table 3.

If the set of exponents of C' is in Table 3, then C has only singularities of type Aj,
and therefore its fundamental group 71 (P? \ C) is abelian by the Zariski-Fulton—Deligne
theorem (cf. [14], [16], [5], [3]). For the sets of exponents numbered 86, 87 and 88, the
maximal number of nodes is 3. Then, by Bezout’s theorem, the corresponding curves
are necessarily irreducible, and therefore their fundamental groups are isomorphic to Zr.
For the sets of exponents numbered 89, 90, 91 and 92, we have at most 6 nodes, so the
component type can be only {7} or {6,1}, and therefore the fundamental group is Z; or
7Z. For the sets numbered 93, 94 and 98, we have at most 9 nodes. In this case too, the
component type can be only {7} or {6,1}, and the fundamental group is Z7 or Z. If the
set of exponents of C' is the set Ne 96, 97, 99, 100, 101, 102, 103 or 104, then one checks
easily that C' degenerates to a curve whose exponents are in Tables 1 or 2. Therefore,
by the degeneration principle, the group 71 (P2 \ C) is necessarily isomorphic to Z7 or
Z. The sets (2,2,2,1;2,2,2,1) (Ne95) and (1,...,1;1,...,1) (Ne105) are ‘special’ and
should be discussed separately.

For the set (2,2,2,1;2,2,2,1), the curve C has at most 15 Ay, except when f and
g have the form f(y) = (y — $1)*(y — B2)*(y — B3)*(y — Ba) and g(z) = (z — a1)*(z —
az2)?(z — a3)?(x — ay) with the real graphs given in Figure 48. In the latter case, there
exist real numbers 6, € (031, 52), 62 € (B2, 03), 03 € (B3, 84), 11 € (a1,02), 12 € (g, a3)
and v3 € (ag, a4) satisfying

f'(01) = f'(02) = f'(03) = g'(m) = g'(72) = g'(73) =0,
f(01) = f(02) = f(03) = g(m1) = g(r2) = 9(73),

and the curve C has 18 A;.

‘ Py
i\
/ A4

6191 ﬁ? 92 39

B,

Figure 48. Real graphs of f and g (exponents (2,2,2,1;2,2,2,1)
— case where Sing(C) = 18 Ay).

61 91 62 93
O ] L 4 L 4 ]
B, B, B, B,
Figure 49.

When the curve has at most 15 A1, it degenerates to a curve whose exponents are
in Tables 1 or 2, and therefore its fundamental group 71(P? \ C) is Z7 or Z. When the
curve has 18 nodes, its fundamental group 7 (P?\ C) is isomorphic to Z3. Indeed, in this
case, the special lines of the pencil & are given by the vertices of the dessin d’enfants in



696 C. EYRAL and M. OKA

Figure 49. Let us choose generators &1, ...,&7 of the group m1(Lg,—. \ C) as in Figure
18. Then, the monodromy relations are given as follows:

Ls,: & =&, & =28, & =&

Lp,: &8s = &7, €583 = €365, 361 = &183;

Lo, : &8s = &3&7, &8 = &iéss

Lg,: && = &iér.

The relations associated with the lines Lg,, Lg,, Lg, and Lg, do not give any new relation.
By the vanishing relation at infinity, &7 = (£2£5€7)~1. Hence,

(P2 \ O) ~ (€1,83,&5 | &163 = &3&1, &165 = &€, E365 = &5&3) ~ 7P,

REMARK 2.6. For the same reason as in Remark 2.3, here the component type of
Cis{2,2,2,1}.

For the set (1,...,1;1,...,1), the curve C has at most 15 Ay, except when f and

g are as in Figure 50. In the latter case, there exist real numbers §; € (3;,3;41) and
i € (v, a41) for 1 <4, j < 6 satisfying

fl(01)=---=f(0s) =g (n)="-=9(%)=0,
f(01) = f(03) = f(05) = g(m1) = g(73) = 9(75) >0,
f(02) = f(01) = f(0s) = g(72) = g(7a) = g(76) <O,
and the curve C has 18 A;.
3/3 \‘\/82 // 3\‘6 // \ﬁﬁ | Ii \\a2 / 3‘a4 ," 3 \\aﬁ
TBTE U AT eTE e

Figure 50. Real graphs of f and g (exponents (1,...,1;1,...,1)
— case where Sing(C) = 18 Ay).

4, 0, 0, 0,
O | | J @ o
0, 0, 0, o,
Figure 51.

When C has at most 15 A;, it degenerates to a curve whose exponents appear in
Tables 1 or 2, and therefore its fundamental group is Z; or Z. When the curve has 18
nodes, the group 7 (P? \ C) is isomorphic to Z3. Indeed, in this case, the special lines
of the pencil are given by the vertices of the dessin d’enfants in Figure 51. (The black
vertices correspond to the roots of the equation f(y) = f(61) = ¢(71), and the white
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ones to the roots of f(y) = f(02) = g(y2).) Take generators &i,...,&; of the group
71(Le,—c \ C) as in Figure 18. Then, the monodromy relations are given as follows:

Ls,: &6 =&, &4 =&3, &2 =813

Lo, : &8 = &85, §385 = &583, §3&1 = &1&s;
Lo, : &8 = &3&7, &8 = &18s;

Loy: &&= &iér

The relations associated with the lines Ly, , Ly, , Lg, and Ls, do not give any new relation.
By the vanishing relation at infinity, & = (£2€2£2)~ 1. Hence, as above, m (P?\ O) ~ Z3.

REMARK 2.7. For the same reason as in Remark 2.3, here the component type of

Cis {2,2,2,1}.

This completes the proof of Theorem 1.3.

ACKNOWLEDGEMENTS. The authors thank the referee for valuable comments and

suggestions that led to improvements in the paper.

D =

14

References

Pi. Cassou-Nogues, C. Eyral and M. Oka, Topology of septics with the set of singularities B4 4 ®
2A3 ® 5A;1 and 7i-equivalent weak Zariski pairs, Topology Appl., 159 (2012), 2592-2608.

A. Degtyarev, Topology of plane algebraic curves: the algebraic approach, In: Topology of Al-
gebraic Varieties and Singularities, Jaca, 2009, (eds. J. I. Cogolludo-Agustin and E. Hironaka),
Contemp. Math., 538, Amer. Math. Soc., Providence, RI, 2011, pp. 137-161.

P. Deligne, Le groupe fondamental du complément d’une courbe plane n’ayant que des points
doubles ordinaires est abélien (d’aprés W. Fulton), Séminaire Bourbaki, 1979-80, Lecture Notes
in Math., 842, Springer-Verlag, Berlin, New York, 1981, pp. 1-10.

C. Eyral and M. Oka, Fundamental groups of join-type sextics via dessins d’enfants, Proc. Lond.
Math. Soc. (3), 107 (2013), 76-120.

W. Fulton, On the fundamental group of the complement of a node curve, Ann. of Math. (2),
111 (1980), 407-409.

E. R. van Kampen, On the fundamental group of an algebraic curve, Amer. J. Math., 55 (1933),
255-260.

A. Libgober, Fundamental groups of the complements to plane singular curves, In: Algebraic
Geometry, Bowdoin, 1985, (ed. Spencer J. Bloch), Proc. Sympos. Pure Math., 46, Amer. Math.
Soc., Providence, RI, 1987, pp. 29-45.

M. V. Nori, Zariski’s conjecture and related problems, Ann. Sci. Ecole Norm. Sup. (4), 16 (1983),
305-344.

M. Oka, On the fundamental group of the complement of certain plane curves, J. Math. Soc.
Japan, 30 (1978), 579-597.

M. Oka, A survey on Alexander polynomials of plane curves, Sémin. Congr., 10 (2005), 209-232.
M. Oka, Symmetric plane curves with nodes and cusps, J. Math. Soc. Japan, 44 (1992), 375-414.
J.-P. Serre, Revétements ramifiés du plan projectif (d’apres S. Abhyankar), Séminaire Bourbaki,
1959-60, In: Exposés de séminaires (1950-1999), Doc. Math. (Paris), 1, Soc. Math. France, Paris,
2008, pp. 179-185.

R. Thom, L’équivalence d’une fonction différentiable et d’un polynéme, Topology, 3 (1965), 297—
307.

O. Zariski, On the problem of existence of algebraic functions of two variables possessing a given


http://dx.doi.org/10.1016/j.topol.2012.04.011
http://dx.doi.org/10.1112/plms/pds085
http://dx.doi.org/10.1112/plms/pds085
http://dx.doi.org/10.2307/1971204
http://dx.doi.org/10.2307/1971204
http://dx.doi.org/10.2307/2371128
http://dx.doi.org/10.2307/2371128
http://dx.doi.org/10.2969/jmsj/03040579
http://dx.doi.org/10.2969/jmsj/03040579
http://dx.doi.org/10.2969/jmsj/04430375
http://dx.doi.org/10.1016/0040-9383(65)90079-0
http://dx.doi.org/10.1016/0040-9383(65)90079-0

698

(15]

[16]

C. EYRAL and M. OKA

branch curve, Amer. J. Math., 51 (1929), 305-328.

O. Zariski, A theorem on the Poincaré group of an algebraic hypersurface, Ann. of Math. (2), 38
(1937), 131-141.

O. Zariski, Algebraic Surfaces, with appendices by S. S. Abhyankar, J. Lipman and D. Mumford,
preface to the appendices by D. Mumford, reprint of the second 1971 edition, Classics Math.,
Springer-Verlag, Berlin, 1995.

Christophe EYRAL

Institute of Mathematics
Polish Academy of Sciences
ul. Sniadeckich 8

00-656 Warsaw, Poland
E-mail: eyralchr@yahoo.com

Mutsuo OKA

Department of Mathematics
Tokyo University of Science
1-3 Kagurazaka, Shinjuku-ku
Tokyo 162-8601, Japan
E-mail: oka@rs.kagu.tus.ac.jp


http://dx.doi.org/10.2307/2370712
http://dx.doi.org/10.2307/1968515
http://dx.doi.org/10.2307/1968515



