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Abstract. Let D*°(M,N) be the group of C°°-diffeomorphisms of a
compact manifold M preserving a submanifold N. We give a condition for
D (M, N) to be uniformly perfect.

1. Introduction and statement of results.

This paper gives a correction of Theorem 1.4 in our previous paper [1] in
expanded form and also subsequent supplements.

Let M be a connected C'*°-manifold without boundary and let D$°(M) de-
note the group of all C'*°-diffeomorphisms of M which are isotopic to the identity
through C°°-diffeomorphisms with compact support. It is known that M. Her-
man [5] and W. Thurston [9] proved D°(M) is perfect, which means that every
element of D°(M) can be represented by a product of commutators.

Let (M,N) be a manifold pair and D(M,N) be the group of C°°-
diffeomorphisms of M preserving N which are isotopic to the identity through
compactly supported C*°-diffeomorphisms preserving N. In the previous paper
[1], we proved that the group D°(M, N) is perfect if the dimension of N is pos-
itive. In this paper we consider the conditions for D°(M, N) to be uniformly
perfect. A group G is said to be uniformly perfect if each element of G can be
represented as a product of a bounded number of commutators of elements in G.

Let m: D*°(M,N) — D*°(N) be the map given by the restriction. First we
shall prove the following.

THEOREM 1.1. Let M be an m-dimensional compact manifold without
boundary and N an n-dimensional C* -submanifold such that both groups D> (N)
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and D (M — N) are uniformly perfect. If the connected components of ker 7 are
finite, then D>®(M, N) is a uniformly perfect group for n > 1.

Secondary we shall prove that the converse of Theorem 1.1 is valid when N
is the disjoint union of circles in M.

THEOREM 1.2. Let M be an m-dimensional compact manifold without
boundary and N be the disjoint union of circles in M. If the connected components
of ker 7 are infinite, then D (M, N) is not a uniformly perfect group.

2. The proof of Theorem 1.1.

In this section we prove Theorem 1.1 and give some examples for this result.
First we recall the uniform perfectness of D°(R™, R™) (n > 1).

THEOREM 2.1 ([1, Theorem 4.2]). D (R™,R"™) is uniformly perfect for
n > 1. In fact, any f € DX (R™, R") can be represented by two commutators of
elements in D°(R™, R").

By the result of R. Palais [7], 7 is epimorphic and in fact it is a locally trivial
fibration. Applying Theorem 2.1, we can prove Theorem 1.1 as follows.

PROOF OF THEOREM 1.1. Take any element f € D>°(M, N) and put f =
w(f). Since D*°(NN) is uniformly perfect by the assumption, there exists a bounded
number k such that f can be written as

k
f: H[gj,ﬁj] for gj,}_Lj GDOO(N)
j=1

Then there exist diffeomorphisms g; and h; of M preserving N such that 7(g;) =
gj, m(hj) = hj. Let f= (H?Zl[gj,hj])*l o f. Thus we have f € ker.

First we consider the case that f is isotopic to the identity in kerm. Let
ft (0 <t < 1) be an isotopy in ker satisfying fo = id and f; = f. Take a
tubular neighborhood W of N which is identified with the normal bundle of N.
Let ¢ : W — N be the bundle projection.

Let ¢ be the category number of N and U = {Ui}fi% be an open covering
of N such that each connected component of U; is diffeomorphic to an open ball
B™ in N. Then we may assume that U; is diffeomorphic to B™ and ¢~ *(U;) is
diffeomorphic to the product of open balls B™ x B™~". Let {gpz}fill be a partition
of unity subordinate to the covering U.

Let ¢; be a C*°-function on W defined by ;(p) = ¢i(q(p)). Let ®; (1 <i <
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¢+ 1) be real valued functions on W given by ®;(p) = 1 — (¢1(p) + - - - + &:(p)),
and let h; be a smooth map from W to M defined by h;(p) = ﬁbi(p) (p).

Let {a%,....2% vt ... y},_,} be a coordinate on ¢ *(U;) such that
{x%,...,2%} is a coordinate on U;. Since ft is an isotopy in kerw, if p € N
we have the following.

2t (fe(p) = al(hi(p)) = a'(p) (1<i<l+1, 1<j<n),

vk (f:(p) = yi(hi(p)) = 0 (1<i<l+1,n+1<k<m-n) and
9¢; _
7(0)=0 (1<i<tl+1, n+1<k<m-—n).
oy},

Then the Jacobian matrix of h; is non-singular on N. Thus h; is diffeomorphic
on a neighborhood of N. Since ft is an isotopy in ker 7, from Chapter 8 Theorem
1.3 in [6], we can find h,; € ker 7 such that f o h; ! is supported in ¢~ (U] 1 Uj),
which coincides with h; on a neighborhood of N .

Now we define f; € kerw (i = 1,2,...,0+ 1) supported in ¢~ (U;) such that
forpe M,

fip) = (Fohi')(p) and
fip) = ((fio--ofict)tofoh)(p) (i=2,....,0+1).

Then we have f = fl 0---0 ng on a neighborhood of N. From Theorem 2.1,
each ﬁ (i=1,...,0+ 1) can be represented by two commutators of elements in
D (¢ HUy), Us). Put foso = (fio -0 fey1) " tof. Then foiois in DX°(M — N).
By the assumption of Theorem 1.1, there exist a bounded number s such that fg+2
can be represented by s commutators of elements in D°(M — N). Hence f can
be represented by k + 2(¢ 4+ 1) + s commutators of elements in D*°(M, N).

Next we consider the case that f is not connected to the identity in ker .
Let a be the number of the connected components of ker w. Take elements, say
g1,---,0a, from each connected component of kerm and fix them. Then from
Theorem 1.1 of [1], each g; can be written by ¢; commutators of elements in
D>*(M,N). Put t = max{t1,...,t,}. For any element g € kerm, there exists g;
(i = 1,...,a) satisfying that g and g¢; are in the same connected component of
ker 7. Since g o (g;)~! is in the identity component of ker 7, g can be written by
2(+1) 4+ s+t commutators. Hence for any element f € D> (M, N), above f can
be written by 2(¢ 4+ 1) + s + t commutators. Therefore any f € D> (M, N) can
be written by k + 2(£ + 1) 4+ s 4+ t commutators of elements in D*>°(M, N). Since
k,?,s and t are bounded numbers, this completes the proof of Theorem 1.1. [



1332 K. ABE and K. Fukul

REMARK 2.2. T. Tsuboi ([10], [11]) studied the uniform perfectness of
Diff’ (M). He has proved that it is uniformly perfect if 1 <r < oo (r # dim M +1)
and M is one of the following cases

(1) an odd dimensional compact manifold without boundary,

(2) an even dimensional compact manifold without boundary of dimension > 6,

(3) the interior of a compact manifold W which has a handle decomposition only
with handles of indices not greater than (dim W —1)/2.

REMARK 2.3.

(1) The proof of Theorem 1.1 is valid when M is a compact C°°-manifold with
boundary and N = OM.

(2) The condition that the connected components of ker 7 are finite is necessary
for the proof of Theorem 1.1 in general. The statement of Theorem 1.4 in [1]
should be added this condition.

EXAMPLE 2.4. (1) It is known that for int D™ and S™ ! (m > 2),
D2 (int D™) and D°°(S™~1) are uniformly perfect groups (cf. Tsuboi [10]). Fur-
thermore the number of the connected component of D> (D™, rel S™~1) is finite
for m # 4 (see Smale [8], Hatcher [4], and Cerf [2]), where D>(D™ rel S™~1)
denotes the subgroup of D> (D™, S™~1) consisting of C*°-diffeomorphisms of D™
which are the identity on S™~!. Therefore, from Theorem 1.1 D> (D™, S™~1) is
a uniformly perfect group for m # 4.

(2) Since D>°(S?% x [0,1],7el 9(S? x [0,1])) has two connected components
(Hatcher [4]), D>(S? x [0,1],0(5% x [0,1])) is a uniformly perfect group.

(3) Let N be the Hopf link in S3. Then the map 7 : D*°(S3, N) — D>®(N) in-
duces the surjective homomorphism 7, : m1(D>®(S3, N),id) — 71 (D*(N),id)(=
Z x Z) since any element in m(D*(N),id) is come from an element of
m1(D>®(M,N),id) generated by a flow along a corresponding Seifert fibered
space with N as fiber via m,. Thus D>(S3,rel N) is connected. Furthermore
D2 (S? — N) is uniformly perfect since S® — N is diffeomorphic to T? x R. There-
fore, from Theorem 1.1 D*°(S3, N) is a uniformly perfect group. This fact has
been pointed out by Y. Mitsumatsu.

3. The proof of Theorem 1.2.

In this section we prove Theorem 1.2 and give some examples.

Put G = D*®(M, N). We construct a quasimorphism of G to Z(C R). Then
we can see that G is not uniformly perfect (cf. J. M. Gambaudo, E. Ghys [3]). Let
G denote the universal covering group of G. Then G is expressed as the quotient
group of PG by the normal subgroup of null-homotopic loops. Here PG is the
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path space of G starting from the identity with the product of paths given by the
pointwise multiplication. By the assumption, N is the disjoint union of circles
S1,...,S, in M. Take a base point e; of S; for each 1.

Let F = {F;|0 <t < 1} be an element of G. Put f, = n(F,) (0 <t < 1).
Then f; is written as

fo=(fl, o fF) € DX(S1) x -+ x D=(Sy).

Let p'(t) = fi(e;) € S; (i =1,...,k). Note that p' = {p*(t)|0 < ¢t < 1} is a path
in S; starting from e;.

Since S; is a circle, we can identify the universal covering space S; with the
real line R. Note that p'(0) = e;. Let p° = {p‘(t)} be the lifting of p* with
p'(0) = 0. Put

Let n; be the integer satisfying n; < p*(1) < n; +1 (1 < i < k). Define a map
¢ : G — Z to be ¢(F) = n,.

Now we prove that ¢’ is a quasimorphism. Let H = {H;|0 < t < 1} be
another element of G. Put h, = w(H,) which is written as h; = (h}, ..., hF). Let
q(t) = hi(e;) and let ¢ = {G*(t)} be the lifting of ¢* with ¢*(0) = 0.

Let F§H be a path in G given by

1
Fyy <0Sté2)

(FtH), = )
Hoi 1 - Fy (2 <t< 1)-

If o is a path from z to y and 3 is a path from y to z, let o V 3 denote the path
composition. Then

H-F~(HyVH)-(FVF)=FV(H -F)=F{H. (3.1)

Here o ~ (3 means that the paths o and § in G with the same initial point and
the terminal point are homotopic relative to the set of the initial point and the
terminal point.

Since 7 is a group homomorphism, it follows from (3.1) that

Rt i R (i=1,...,k). (3.2)



1334 K. ABE and K. Fukul

Here we need the following lemma.

LEMMA 3.1. Let E: R — S! denote the exponential map. Let h = {hy] 0 <
t <1} be a path in D>(SY) such that ho = 1. For a real number a, put a = E(a).
Set q(t) = he(1) and s(t) = hy(a) (0 <t <1). Let § and § be the liftings of ¢ and
s such that G(0) =0 and §(0) = a, respectively. Then |3(t) — ¢(t) — a| < 1.

PrROOF.  Assume that §(¢1)—§(t1) > a+1 for some ¢;. Since §(0)—G(0) = a,
there exists a real number ¢y € (0, 1] with 5(¢¢) — §(to) € Z. Then

E(3(to) — d(to)) = s(to) - qlto) " = L.

Thus we have hy, (@) = he,(1). Therefore @ = 1 and s(t) = ¢(t). Since §(0)—¢(0) =
a, we have that $(¢1) — ¢(t1) = a. This is a contradiction. We can argue similarly
when a — 1 < §(t1) — ¢(¢1). Then Lemma 3.1 follows. O

PROOF OF THEOREM 1.2 CONTINUED. Set s'(t) = hi(p(1)) and let §° be
the lifting of s* such that §°(0) = p’(1). By Lemma 3.1 we have

§(t) - q't)-p' ()] <L (3:3)

It follows from the definition that

(f'8h")e(ei) =

Combining (3.2) we have
VU(H - F) =y (FtH) =" (F) +¢'(H - Fy) = p'(1) + 8 (1).
By (3.3) we obtain
(W' (H - F) = ' (H) = ' (F)] < 1.
Thus we have that

' (H - F) — o' (F) — o' (H)| < 3.
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Therefore ¢° is a quasimorphism.

Let QG denote the loop group of G. Then QG is a normal subgroup of PG
and PG/QG = G/m(QG) = G. Put ¢ = (p',---,¢*). Note that the map ¢
restricted to my(£2G) coincides with the homomorphism

m0(NG) = 1 (G) =5 1 (D> (N)) = Z*.
Consider the following homotopy exact sequence:
71(G) == 1 (D®(N)) — mo(ker 7) — 1.

Then the cokernel of the homomorphism 7, is isomorphic to Z¥/p(QG). Since
the connected components of ker 7 are infinite, Z* /(QG) has infinite cyclic group
Z"* of rank ¢ as a direct summand for a positive number £. Since 7 is a locally
trivial fibration, 7 induces the epimorphism of the universal coverings. Then the
induced map ¢, : G — Z* is a non-trivial map and each component of ¢, is a
quasimorphism. Hence we have a quasimorphism of G to Z. This completes the
proof of Theorem 1.2. O

EXAMPLE 3.2. (1) We see that the group D> (St x [0,1],9(S* x [0,1]))
satisfies the conditions of Theorem 1.2. Therefore D> (S x [0,1],9(S* x [0,1]))
is not a uniformly perfect group. This fact has been pointed out by F. L. Roux
privately.

(2) Let M™ = S' x L™"! be the product manifold of the circle S* and an
orientable closed manifold L™~ (n > 3). Take a base point (z,y) € S' x L. Let
N = S; U S5 be the union of two circles in M™ as follows. S; = S x {y}, and S
is a circle in {z} x L not passing through (z,y). Let h be a diffecomorphism of M™
obtained by rotating one time along S7 supporting in a small neighborhood of ;.
Then we can prove that h generates elements of infinite order in
mo(D>®°(M™rel N)). Therefore D*>°(M,N) is not uniformly perfect from Theo-
rem 1.2.
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