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Abstract. Let p be an odd prime, and let Boo, denote the Zjp-extension
over the rational field. Let [ be an odd prime different from p. The question
whether the [-class group of By is trivial has been considered in our previous
papers mainly for the case where [ varies with p fixed. We give a criterion, for
checking the triviality of the I-class group of Bso, which enables us to discuss
the triviality when p varies with [ fixed. As a consequence, we find that, if [
does not exceed 13 and p does not exceed 101, then the I-class group of B
is trivial.

Introduction.

Let p be any odd prime number. Let Z, denote the ring of p-adic integers,
and B, the Z,-extension over the rational field @, namely, the unique abelian
extension over @, contained in the complex field C, whose Galois group over @
is topologically isomorphic to the additive group of Z,. The p-class group of By
is known to be trivial (cf. Iwasawa [7]). Let [ be an odd prime different from
p. In the present paper, we shall first give a sufficient condition for the triviality
of the [-class group of B, by means of the reflection theorem on I-class groups
(cf. Leopoldt [8]) together with some results obtained through algebraic study of
the analytic class number formula (cf. Hasse [2], [4], Washington [11]). Discussing
the sufficient condition with the help of a personal computer, we shall next see
that, if [ < 13 and p < 101, then the [-class group of B, is trivial. Although
our numerical result is thus limited, our criterion for checking the triviality of the
l-class group of B, seems to be widely applicable. In any case, the upper bounds
for [ and p in the above would become larger by further calculations.

As to the 2-class group of B, we have given in [5] a sufficient condition for
its triviality on the basis of some results in [3], [4]. Such a study motivates the
investigation of the present paper; while, in connection with the contents of [3],
[5], Ichimura and Nakajima have recently shown in [6] that, if p < 500, then the
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2-class group of B is trivial.
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1. Notations and Theorems.

For each positive integer a, we put
ga = €2ﬂi/pu .

Let P, denote the composite, in C, of the cyclotomic fields of p®th roots of unity
for all positive integers b, i.e., let

P, = Q(&b) = Bw(§1)~

(@

b=1

Let F be the decomposition field of [ for the abelian extension Py /Q. We note
that Py /F (&) is a Z,-extension. There exists a unique positive integer v for
which Q(&,) is an extension of F' and the degree of Q(&,)/F divides p — 1:

FCQE), Q&) Fllp—1.
In other words, v is the positive integer determined by
P~1'=1 (mod p"), P=1#£1  (mod p”t).
Let © denote the ring of algebraic integers in F'. Let S be the minimal set of

non-negative integers less than ¢(p”) = p”~!(p — 1) such that the additive group
in Q(&,) generated by £ for all m € S contains O, i.e.,

oC )y zg,

meS

Z being the ring of (rational) integers. Evidently, S is not empty: 0 < |S| < o(p”).
Now, take any cyclic group I" of order p”, and a generator -y of I;

I'={y"|meZ, 0<m<p"}.
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Let S* denote the minimal set of non-negative integers less than p” such that in
Z[I'], the group ring of I" over Z,

(1 — pr,,,l) Z bny™ € Z Z’ym/

mesS m’/€S*

for every sequence {b,, }mes of integers with > ¢ b,,§)" € O. We easily see that
S* does not depend on the choice of I" or v. It also follows that 0 < |S*| < p”.

Let v be the number of distinct prime divisors of (p — 1)/2. Take the prime
powers ¢; > 1,...,q, > 1 satisfying

p—1
T:lh---%n

and let V' denote the subset of the cyclic group (627”'/ (p_1)> consisting of

eﬂ'iml/!h . eﬂ'imu/%

for all v-tuples (mq,...,m,) of integers with 0 < my < q1,...,0 < My < ¢y.
We understand that V' = {1} if p = 3. Furthermore, V is a complete set of
representatives of the factor group (e27*/(P=1)/(—1). Let & denote the family of
maps from V to the set of non-negative integers at most equal to [|S*|. We put

W(Zn(s)s - 1)

eeV

M = max

KRED ’

where 91 denotes the norm map from Q(eQ’”/(pfl)) to Q. Clearly, M is a positive
integer.
Let R be a set of positive integers smaller than p such that

Rn{p—alacR}=0, RU{p—alacR}={1,...,p—1}.

Given any integer u > 0, let R, denote the set of integers b for which b?~! = 1
(mod p“*t1), 0 < b < p**!, and b = a (mod p) with some a € R. It follows that
|R.| = |R| = (p—1)/2; because, for each a € R, there exists a unique b € R,, with
b= a (mod p). For each positive integer n and each A € @ either relatively prime
to p or in pZ, we denote by z,(\) the integer such that

zn(A) =X (mod p"), 0<z,(N) <p™
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As easily seen, any b € R, any integer ¢ with p{ ¢, and any integer v’ > u satisfy
(zu () 2us1(be))P" P =1 (mod p“Tt),

whence
(zur (€ 2up1(be))? TP =1 (mod p**).

We then define w,, . (b, ¢) to be the least non-negative residue, modulo p¥, of the
integer (1 — (2w (¢ 1) zyup1(be))? ~Hp~ v

Wi (b,€) = 2 (1= (zur (€™ Hzurn (b)) "1 p 7).

Let B, denote the subfield of B,, with degree p“, and let h, denote the class
number of B,,. Since p is totally ramified for B.,/Q), class field theory shows that
hn—1 | hy, for every positive integer n. One of our results is now stated as follows.

THEOREM 1. Let n be an integer > 2v — 1, so that n > v. Assume that,
for any positive integer j < 1 — 2 relatively prime to | — 1, there exists an integer
¢ with p 1 ¢ for which the algebraic integer

zu(be)—11—1

Z Z Z(Zn_y+1(bc)+pnfl/+17,,)j£ju(b_16_1)(la+r)+wn,u,n+1(b,c)
a=0 r=0

bER, v =

is relatively prime to l, i.e., does not belong to any prime ideal of Q(&,) dividing
l. Then l does not divide the integer hy /hp_1.

On the other hand, [4, Lemma 3] means that [ does not divide h, /hy, —; for
any integer n' > 2v — 1 satisfying p™ ~**1 > M. Hence the above theorem leads
us to the following.

THEOREM 2. Let ng be an integer > 2v — 2. Assume that 1 { hy, and that,
for any positive integer 7 < | — 2 relatively prime to l — 1 and for any integer

n > ng satisfying p" V1 < M, there exists an integer ¢ with p{c for which

zy(bc)—1 [—1 .
Z Z Z (zn_y+1(bc) +pn—u+1r)J§§U(bfl(fl)(la+r)+wn_,,m,+1(b,c)
a=0 r=0

bER, =

1s relatively prime to l. Then the l-class group of B is trivial.
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For each pair (r,n) of positive integers, let H,(r) denote the set of positive
integers a with p 1 a satisfying a/p"*! < r/l, and for each integer b with p { b, let
yn(b) denote the least non-negative residue, modulo p”, of the integer (1—b7" 1) /p.
The following result, independent of v, is useful in checking the indivisibility
1t hy/hn—1 particularly for a positive integer n < 2v — 2.

THEOREM 3. Let n be a positive integer. Assume that, for each positive
integer j <1 — 2 relatively prime to |l — 1, the algebraic integer

(1-1)/2

Y% e

r=1 a€Hu(r)

is relatively prime to l. Then | does not divide hy,/hp—1.

2. Proofs of Theorems 1 and 3.

To prove Theorems 1 and 3, we shall first give some preliminaries. Let Z,
Q;, and {2; denote the ring of [-adic integers, the field of l-adic numbers, and
an algebraic closure of @, respectively. All algebraic numbers in C will also be
regarded as elements of (2; through a fixed imbedding, into (2;, of the algebraic
closure of @ in C. In the rest of the paper, we suppose every Dirichlet character
to be primitive. Given any Dirichlet character x, we denote by g, the order of
X, denote by f, the conductor of x, put p, = e?™/Ix | and define x* to be the
homomorphism of the Galois group Gal(Q(x,)/Q) into the multiplicative group
of {2; such that, for each integer a relatively prime to f,, x(a) is the image under
X* of the automorphism in Gal(Q(u,)/Q) sending ji, to p5. Let K, denote the
fixed field in Q(gy) of the kernel of x*:

Gal(Q(uy)/Ky) = Ker(x").

Then K, is a cyclic extension over Q of degree g, with conductor f,. Let
G, = Gal(K,/Q)

and let A, denote the [-class group of K, which becomes a module over the group
ring Z;[G,] in the obvious manner. Let X denote the rational irreducible character
of Gy, such that, for each s € Gal(Q(u,)/Q), the image under X of the restriction
of s to K, is the sum of x*(s)’ for all positive integers j < g, relatively prime to
gx- When [ does not divide g, = [K, : Q], we can define an idempotent e(x) of
Z[Gy] by
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and A;(X) = {a*™ | a € A} is the Z;[G,]-submodule of A, consisting of all
elements 3 of A, with ) = 3. On the other hand, when Y is odd, i.e., x(—1) =
—1, we put

hX—5X1;[<—2jltX(§:lxj(a)a).

Here, if f, is a power of an odd prime and g, = ¢(fy), then &, denotes the prime
divisor of f,; otherwise, J, denotes 1; and j ranges over the positive integers < g,
relatively prime to g,. In this case, 4h, is known to be a positive integer, so that
hy € Z;\ {0} (cf. [2, Sections 27-33]). Furthermore, unless f, is a power of a
prime number, h, itself is a positive integer since

Fx

2}2 ; x(a)a

=1
is an algebraic integer (cf. [2, Section 28]).

LEMMA 1. Let x be a Dirichlet character as above. Assume that x is odd
and 1 { gy. Then the order of A;(X) is equal to the l-part of hy, i.e., the highest
power of I dividing h..

PrOOF.  Let A} denote the kernel of the homomorphism A, — A,2 induced
by the norm map from the ideal class group of K, to that of K,2. Since K, is
the maximal real subfield of K,, A} is none other than the Sylow l-subgroup
of the relative class group of K. Naturally A", as well as A, for each positive
divisor u of g, becomes a Z;[G,]-module. Let T' be the set of positive odd divisors
of g,. By the assumption [ { g,, each u € T gives in Z;[G,] an idempotent
e = 0y Dsea, X“(c71)o, A7 is the direct product of its Z[G\]-submodules
Ay for all w € T, and the natural map Ayu — A, for each v € T induces an

isomorphism A;(ﬁcu) = Ay = A% of Zj[Gy]-modules. We therefore obtain

Al = I )

ueT
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The analytic class number formula implies, however, that [A}| coincides with the
I-part of [[,,cp hyw; in fact, the relative class number of K is equal to 20 [Lucr hx

for some positive integer b (cf. [2, Satz 34]). Thus we can prove the lemma by
induction on gy,. O

We denote by w the Teichmiiller character modulo [, namely, the odd Dirichlet
character of order [ — 1 with conductor [ such that, in {2,

w(a@)=a (modl) for every a € Z.

LEMMA 2. Letn be a positive integer, and ¥ a Dirichlet character of order
p" with conductor p"t. If Aff;f is trivial for every positive integer u < p"

relatively prime to p, then Aqb(w) is trivial.

PrROOF. Let
A=K Ky = Ky(e¥/),

and let Gz denote the Galois group of the abelian extension 8/Q: Gz = Gal(R/Q).
We take any Dirichlet character x with K, C K. The composite of the restriction
map Gg — G, and X defines a rational irreducible character of Gg, and an
idempotent e(x) of Z;[Gg] is defined by

where s, denotes the restriction of each s € Gz to K. Let Ag denote the [-class
group of & We consider A,, as well as Ag, to be a Z;[Gg]-module in the obvious
manner. Since [ { [R : K, ], the natural map A, — Ay induces an isomorphism
A;(X) = A;(X) of Z;|Gg]-modules. Noting that [ t g, let x denote the l-adic
irreducible character of G, such that, for each s € Gal(Q(xy)/Q), the image
under X of the restriction of s to K, is the sum of x*(s)!" for all non-negative
integers a smaller than the order of I modulo g,. We then define an idempotent
i(x) of Zi[G] by

It follows that e(x)i(x) = ¢(x) in Z;[Ggl.
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Now, let H denote the set of positive integers < p™ relatively prime to p.
Assume that Awiffjwu) = {1}, ie., Az(wd)”) = {1} with any u € H. Then
A%wwu) = A;(ww“)i(ww“) = {1}, while the reflection theorem (cf. [8, Section 3
Der Spigelungssatz]) implies that the rank of (the finite abelian I-group) A;(w_u)
does not exceed the rank of A;(wwu). We thus obtain A}'Q(wiu) = {1} for every
u € H. Furthermore, in Z;[Ggl, e()) = e(x»!) is the sum of all elements of
{i(v™") | w € H}. Hence A;(w) = {1}, and consequently A;(w) ={1}. O

By means of the lemmas proved above, let us give

PROOF OF THEOREM 1. Take any Dirichlet character 1 of order p™ with
conductor p"*1. Then K, = B,,, Ky» = B,,_1, and the order of A;(w)is the [-part
of the integer h,/h,—1. The present proof therefore concludes if the triviality of
A;(d)) can be shown. On the other hand, Lemmas 1 and 2 show that AZ)W) = {1}
if I does not divide the integer hy for any Dirichlet character ¢’ of order p™ with
conductor p"*!. Hence it suffices to prove that [ does not divide

pn+1

ey =11 (— T S wﬂ‘<a>wﬂ'<a>a),

a=1

where j ranges over all positive integers < (I —1)p™/ged(l — 1, p™) relatively prime
to (I — 1)p. We put

n+1

8:

> W@ (a)a, n=wI(14p" ),

1 l
- len+1

with any positive integer j relatively prime to (I —1)p. Note that © is an algebraic
integer in Q(e2’”/(l_1), &n), and 7 is a primitive p”th root of unity. We denote by
T the trace map from Q(e2™/(=1) ¢} to Q(e*™/(=1) ¢,). Since F C Q(&,), we
have

Q™I 6,) # Q™Y 6, 4),
i, [QE™/UTY €,) QeI )] = p .

Recalling that n > 2v — 1, let ¢ range over the integers not divisible by p. Argu-
ments in the first part of [11, Section IV] then teach us that
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(= (0)0) =p"™" > () (zn-rs1(be))

bER,_»
z, (b7 te ™ Yp

-1
X D w (znmp (be) + p”‘”“?“)m

r=0

(cf., in particular, [11, (**)]). Each ¢=7(c)17 (2,,_,+1(bc)) above is a p”th root of
unity, and an integer u with 7% = =7 (c)y’ (2,_,11(bc)) satisfies

(znt1(€ ) znopa1 (b0))P~H = (L4 p" )PV (mod p"*),
so that
Cona (o paa (b)) 1 = (1 p" 00 = 1y (mod Y,
and consequently
U= Wn—yny1(b,c) (mod p”).

We thus obtain

-1
‘3:((]_ — nl)w*J(C)Q) — pn*I/ Z ij(znfzﬂrl(bc) +pn7’/+17’)
bER, ., 7=0

l
Wn—v,n (b70)+zu(bilcil)r 777 — 1
X Ui +1 nzu(bflcfl)l — 1

Furthermore we can take a prime ideal [ of Q(e?™/(=1) ¢,) which divides [ and
w(a) —a for all a € Z. Hence T((1 —n')yp=9(c)O) is congruent to

zu(be)—1 1—1

5T S ermvanlbe) g s
beR,—, a=0 1r=0

modulo [ in Q(e%i/(l_l),fn), where jo denotes the least positive residue of j
modulo [ —1. It follows from the definition of v, however, that every prime ideal of
Q(e2™/ (=1 ¢ ) dividing [ remains prime in Q(e?™/(=1) ¢, ). Therefore, in view
of the assumption of the theorem, (1 — n')1)=7(c)© is not divisible by [ for some
¢, and hence @ is not divisible by [. This fact implies that [ does not divide Ay,
namely, | does not divide hgy. O
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We successively proceed to

PrOOF OF THEOREM 3. Let ¢ be any Dirichlet character of order p™ with
conductor p”*1. As in the proof of Theorem 1, put

n+1

- 2lpn+1 Z a (l, 77:%[1](1+p),

a=1

with any positive integer j relatively prime to (I — 1)p. Then, for each b € Z with
pt b, ¢¥I(b) = n¥»(® holds, because 7 is a primitive p”th root of unity and an
integer u with 47 (b) = n* satisfies b*"~1 = (1 4+ p)*®" =1 (mod p"*'). Let [ be
a prime ideal of Q(e>™/(=1) ¢ dividing | and w(a) — a for all a € Z. It follows
from [2, Section 28, (3)] that

(1-1)/2

6 = w] n+1 1/}1 Z Z w]

r=1 beH,(r)
Thus, in Q(e*™/=1,¢,),

(1-1)/2
6 = W (p" )i (1) Z Z ¥ ®  (mod ).

r=1 beH,(r)

Hence, by the hypothesis of the theorem, @ is relatively prime to [ and, conse-
quently, [ does not divide h.. Lemmas 1 and 2 therefore show that A;W) is
trivial, namely, ! does not divide hy,/h,—1. O

3. Supplementary results.

We add a simple result supplementary to Theorem 2.

LEMMA 3.

o e (( —12>Z|S*|> e

Proor. Take any x € ¢. Then

(o)

p

Z k(e)e? — 1

eeV

)
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with p ranging over all automorphisms of Q(e2™"/ (=) and

ZH(E)Ep - 1’ <|k(1) =1+ Z k(e) < p%l -1]8%].

c€V eeV\{1}

Therefore

‘m(}jn@x—q>’<<0“_gmsﬂ>¢@1? O

ecV

Now, let us consider the case v = 1. We put d = [F : Q] for simplicity. It
follows that (p — 1)/d is the order of I modulo p. Let x be any Dirichlet character
of order d with conductor dividing p : g, = d, fy | p. Let {( = e2mi/d and, for each
non-negative integer j < d, let 6; denote the sum of 7" for all positive integers
m < p with x(m) = (7, so that §; € O. Further, let I denote the set of non-
negative integers less than d and other than d/2. By the fact that &,&2,..., ¢!
form a normal integral basis of Q(&1)/Q, we see that 6y, ...,0;_; form a normal
integral basis of F/Q. As 6y + -+ 6041 = —1, (the additive group of) O is a free
Z-module over {1,01,...,04_1} and, when x(—1) = —1, d is even and O is a free
Z-module over {1} U{8; | j € I}. In particular, we have

S={meZ|0<m<p-2, x(m)#x(-1)}.

This implies that

p—1 p—1
=14+ (d-1)—=p———.
S1=1+d- D= =p- =
LEMMA 4. Ifv =1, then
* p_l
|S\:p+17[F:Q]:|S|+1.

PROOF. Assuming that v = 1, we let d = [F : Q] and ¢ = €2™"/¢ as before.
Obviously, S* = {0,1} if F = Q; so we also assume d > 1. Let y be any Dirichlet
character of order d with conductor p. For any non-negative integer j < d, define
N; to be the number of positive integers m < p — 2 which satisfy

x(m) = x(m +1) = ¢
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Then

p—2 d—1 =

M= 3 (5 eme) (5wt 1)
m=1 a=0 b=

4 p—2 d—1 p—2

o1 (A ED DD DRCUIED D) DRCCERY
m=1 b=1 m=1
-2

d—1 P
+ Zcfj(dfb)*jb Z Xd*b(m m + 1 Z C jajb!]a’b)7
b=1 m=1

(a,b)ew

where W denotes the set of pairs (a, b) of positive integers less than d with a+b # d,
and

p—2

Jap = Z x“(m)x*(m+1)  for each (a,b) € W.
m=1

Since

p—2 p—2

> Oxm) = —x"(-1), > x'(m+1)=-1,

m=1 m=1

p—2 p—2

> X m)x"(m + 1) X'z (m™ ) +1) = -1

m=1 m=1

in the above, it follows that

d—1
N; = dz(p d—1—Zx DEHe =Y Yy c—“a“)Ja,b).

b=1 (a,b)EW
Therefore we eventually obtain
d—1
p—d—1
N = ——. 1
7=0

Let us recall that I' is a cyclic group of order p generated by . For each non-
negative integer j < d, we denote by ~y; the sum of 4™, in Z[I'], for all positive
integers m < p — 2 with x(m) = ¢/. Meanwhile, for each positive integer m < p,
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we denote by t(m) the non-negative integer less than d such that y(m) = ¢*(™).
Suppose now that x(—1) = 1. As already seen,

O=ZDZ0 D ---DZO;_1.

Given arbitrary integers s, ¢1,...,%4-1, take the integers co, ..., cp—1 satisfying

d—1
coteayt ey = (17)<5+Ztﬂj)-
J=1

Then ¢y = s, ¢c; = —s, and for any positive integer m < p — 2,
tL(m+1) - tL(m) if X(m) 7é 1, X(m + 1) 7& 1;
Cm41 =
T if x(m) # 1, x(m+1) = 1;
0 if x(m) =x(m+1) =1.
We therefore find that
d—1
1S* | =p—_Nj.
j=0
Hence (1) yields
N p—d—1 p—1
SHl=p———F— = 1——.
1Sl =p 7 p+ y

We next suppose that x(—1) = —1. In this case, 2 | d and
O=Zo (@ zoj)
jel

as already seen. Similarly to the case x(—1) = 1, let s be any integer and let t;
be any integer for each j € I. Take the integers cj,.. ., c;_l satisfying

oty T =(1-9) (5 + Ztﬂj)-
JeI
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Then ¢, = s, ¢j =tg — s, and for any positive integer m < p — 2,

tym+1) — tumy i x(m) # =1, x(m +1) # —1;
. tu(m+1) if x(m) =—1, x(m+1) # —1;
LT V. i x(m) # —1, x(m+1) = —1;
0 if x(m) =x(m+1) =—-1.

Hence
d—1
1Sl =p=>_N;
=0

again so that, by (1),

1
Wﬂ=p+1—gg—. O

4. Computational results.

Let so be the least positive primitive root modulo p?. Let us take as R (= Rp)
the set of z1(sy) for all non-negative integers u < (p — 3)/2. Given any integer
n > 2v — 1, any positive integer j < [ — 2 relatively prime to [ — 1, and any integer
¢ with pt ¢, we define

Prje(X)
zu(be)—11—1 )
Z Z Z 2 v+1 bC n V+1T)]Xz,,(b c ) (lat+r)+wn—y nt1(bic)
beER,_, = r

in (Z/1Z)[X], the polynomial ring in an indeterminate X over the residue field
Z /1Z. Here, for each pair (m,u) of integers with u > 0, we understand that mX*"
denotes the monomial in X of degree u with coefficient the class of m in Z/1Z
or denotes the zero element of (Z/1Z)[X] accordlng to whether I 4 m or [ | m.
Note also that R,_, is the set of z,_,41(sh . “) for all non-negative integers
u < (p—3)/2. We denote by @y, ;.(X) the greatest common divisor of P, ;.(X)
and the p”th cyclotomic polynomial in (Z/IZ)[X], with the leading coefficient of
Qn,j,c(X) assumed to be the unity element of Z/IZ:
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Qn,j,c(X):ng< ngc ZXP 1u>.

Since Z[¢,] is the ring of algebraic integers of Q(&,), it then follows that

zu(be)—11—1

Z Z Z 2 V+1 bC n V+1T)j£lz/,,(b_lc_l)(la+r)+wn,,,,n+1(b,c)

bER, v =

is relatively prime to [ if and only if
@n.je(X) =1.

We keep this fact in mind from now on. To do most of calculations stated below,
such as the calculation of each @, j.(X) in question, we have used Mathematica
on a personal computer.

First of all, let us deal with the case where (I,p) € {(3,11),(7,5),(11,71)}
so that v = 2. Let j be any positive integer < [ — 2 relatively prime to [ — 1,
and let n be an integer not smaller than 2v — 1 = 3. As |S*| < p?, the condition
p" ¥+ < M implies by Lemma 3 that

w1 _ (Mo —Dp*\ Y e(p —1)log(i(p — 1)/2)
p < (2> , Le, n<

20(p — 1) + 1.
o p +20(p—1)+

Furthermore, we have checked that

o(p —1)log(l(p —1)/2) -1 11 (2)

Qn,j1(X)=1, when3<n<
logp

Now, let m be 1 or 2. Then, in (Z/1Z)[X], we have

(1=1)/2
gcd< SN rixumte ZXP 1“>:1,

r=1 a€H,,(r)

namely, Z(l /2 D acH, (r) rie4m(@) s relatively prime to I. Hence, by Theorem 3,
I does not divide Ay, /hy—1. This implies 1 ha, since hg = 1. Theorem 2 for ng = 2,
together with (2), thus proves the following

LEMMA 5.  The l-class group of Bo is trivial if (I,p) is either (3,11), (7,5)
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or (11,71).

In the rest of this section, we let n range over all positive integers less than

ol )

i.e., all positive integers such that

re (U )

Suppose now that [ = 3, p < 173, p # 11 and so v = 1. Then we can check not
only that Q,11(X) = 11if (p,n) & {(13,3),(13,4),(13,5)} but that, in the case
p=13,

Q3,1,2(X) = Q414(X) =Q5,12(X) =1.

Hence Theorem 2 for ng = 0 combined with Lemmas 3 and 4 shows the triviality
of the 3-class group of B,. Therefore, by Lemma 5, we have

ProroSITION 1. Ifp < 173, then the 3-class group of By is trivial.

REMARK 1. In the case (I,p) = (3,13),

Qs1.1(X) = X7+ X + X +2, Qai1(X) =X +2X 42,
Qui2(X) =X 42X +2X% +2X% +1, Qu13(X)=X>4+2X?+2X +2,
Qs11(X) = X3 +2X? +2X + 2.

Suppose next that { = 5, p < 137, and hence v = 1. We then have Q,,11(X) =

1 unless (p,n) = (71,35); we also have @, 31(X) = 1 unless (p,n) = (31,4) or
(p,n) = (31,5). Furthermore,

Q3571,2(X) = 1 When p = 71’
QRa32(X) =Qs532(X) =1 when p = 31.

Therefore Theorem 2 for ng = 0, together with Lemmas 3 and 4, gives the following
result.
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PROPOSITION 2. If p < 137, then the 5-class group of B is trivial.

REMARK 2.  When (I,p) = (5,71),
Q35.11(X) = X° +3X* +3X3 +2X2 +4X + 4
when (I,p) = (5, 31),
Qaz1(X) = X° +2X* +4X +4, Qs531(X) =X+ X>+ X +4.

Assume that [ = 7 and p < 131. To see the triviality of the 7-class group
of By, we may also assume by Lemma 5 that p # 5 so that v = 1. We then
have @Qn,1,1(X) = 1; further, unless (p,n) = (3, 1), we have Q,, 51(X) = 1. In the
case p = 3, it is well known that hy = 1. Therefore, letting ng = 0 or ng = 1 in
Theorem 2 according to whether p > 3 or p = 3, we obtain the following result
from the theorem, Lemma 3, and Lemma 4.

ProrosiTioN 3. If p < 131, then the 7-class group of B ts trivial.

REMARK 3. In the case (I,p) = (7,3), one has {huy,hyy2} = {1,7} for a
Dirichlet character ¢ of order 3 with conductor 9 (cf. [2, Tafel II, p. 168]), whence
the proofs of Theorems 1 and 3 tell us that neither of the hypotheses of the
theorems is satisfied for n = 1.

Assume that [ = 11 and p < 109. Let us prove the triviality of the 11-class
group of Bs,. By Lemma 5, we may further assume that p # 71 so that v = 1.
We let j range over the integers in {1,3,7,9}. Unless (p,n,j) = (5,1,9), our
computations show that @, ;.(X) =1 for some ¢ € Z with p{ c. Precise results
are as follows: @, ;1(X) =1 unless

(p,n,j) € {(5,4,1),(5,2,3),(5,3,3),(5,2,7),(5,5,7),(5,1,9), (5,4,9) };
and, when p = 5,

X?+9X 43, Qui2(X)=1, Q231(X)=X+T7,

L, Qs331(X)=Q332(X)=0Q333(X)=X+2, Q334(X)=1,
X+6, Qura(X)=1 Q571(X)=X+6, Qs572(X)=1,

X 48, Quo2(X)=X+6, Quos(X)=X>+4X+1,
X?+8X +1, Quop(X)=1

Qa,11(X)
Q2,3,2(X)
Q2,7,1(X)
(X)
(X)

Qa,0,1(X
Qa,9,4(X
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It is also known that hy = 1 when p = 5 (cf. Bauer [1], Masley [9]). Therefore,
once we set ng = 0 or ng = 1 in Theorem 2 according as p # 5 or p = 5, the
following result is deduced from the theorem, Lemma 3, and Lemma 4.

ProproSITION 4.  If p < 109, then the 11-class group of By is trivial.

REMARK 4. In the case (I,p) = (11,5), the relative class numbers of just
two fields in { Ky, Kyyp2, Kyyps, Ky} are equal to 55 for a Dirichlet character
¥ of order 11 with conductor 121 (cf. Schrutka von Rechtenstamm [10, p.45]) so
that neither of the hypotheses of Theorems 1 and 3 is satisfied for n = 1.

Assume finally that [ = 13, p < 101, and hence v = 1. Let j vary through
{1,5,7,11}. Then @, ;1(X) = 1 except that Qs351(X) = X%+ X + 1 in the case
p = 3. Furthermore, when p = 3, we have Q3 52(X) = 1. Therefore Theorem 2,
together with Lemmas 3 and 4, gives

ProOPOSITION 5. If p < 101, then the 13-class group of By is trivial.

Still for several cases of (I,p) not treated in this section, the triviality of the
l-class group of B, can be verified along the same lines as we have discussed it
so far, but we omit the details here.
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