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Abstract. In this paper, we give a natural, and generalized reverse
Holder inequality, which says that if w; € A, then for every cube Q,

/sz : >H( louy", 01)

‘-U'L Ao

where > 0; =1,0<6; <1.

As a consequence, we get a more general inequality, which can be viewed
as an extension of the reverse Jensen inequality in the theory of weighted in-
equalities. Based on this inequality (0.1), we then give some results concerning
multilinear Calderén-Zygmund operators and maximal operators on weighted
Hardy spaces, which improve some known results significantly.

1. Introduction and main results.

The theory of the reverse Jensen inequality (see [1], [5]) says that w € Ay if
and only if there exists a constant C' such that for every cube @,

@/Q cexp<Q|/1ogw). (L1)

The sharp constant C' is defined to be [w]4_ . Meanwhile, as a result of the Jensen
inequality and the fact that (Y —1)/0 | logt as 6 | 0, we know that (see [6, p. 11])

(1 N
eXp(m / 1°g“’> 513%<|Q| /Q“’> ' (12
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Combine (1.1), (1.2) and the monotonic decrease of ((1/|Q]) fQ wh% as 6 | 0, we
can get w € Ay, if and only if there exists a constant C' such that

1/
L612|/Qw§c<|621|/(gw0> 0 (1.3)

for every cube @ and every 6 > 0.

Being different from the classical reverse Holder inequality (see [3] and the
references therein), which states that if w € A, for some p, 1 < p < oo, then there
exists constants C' and ~ such that for every cube Q,

wilJrv 1/(1+7) C
( Q) ) S|c2|/Q”’ (14)

it can be seen that (1.3) actually gives the opposite inequality of (1.4). Obviously,
it is impossible to deduce the reverse Holder inequality by using (1.3) directly.
And what seems interesting is that we also cannot deduce (1.3) with the reverse
Holder inequality. This can be clarified by taking w = constant when [w]a_ =1
and C in (1.4) is bigger than 1.

In this paper, we obtain an inequality which is quite useful as follows:

THEOREM 1.1. Ifw; € Ay, then for every cube Q, we have

/Qf[lwﬁi >ﬁ< e >9 (1.5)

i=1 [wl]Aoo
where Y ;"1 0; =1,0<6; <1.

As a consequence of Theorem 1.1, we get a more general inequality, which
can be viewed as an extension of the reverse Jensen inequality (1.3).

COROLLARY 1.1.  Ifw; € As and 0 < 37" 0; < 1, then for every cube Q,
we have

m m o\ i
/Hwﬁf" > Q|1—zi9iH< Jow ) , (1.6)
Q@i=1 '

i [wila.

where 0 < 6; < 1.

REMARK 1.1.  When m = 1, (1.6) coincides with (1.3), thus it can be viewed
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as an extension of the reverse Jensen inequality (1.3). Moreover, basing on (1.3),
the following inequality can be induced by definition which seems to be new:
If we A, and w P /P € A, then

Wa, < [w™® /”]Am [wW]a.. - (1.7)

REMARK 1.2.  Although the inequalities (1.5) and (1.6) are much connected
with the reverse Jensen inequality, and do not coincide with the well-known re-
verse Holder inequality, we would still like to call them generalized reverse Holder
inequalities as they are indeed reverse versions of generalized Holder inequalities.

Inequality (1.5) turns out to be very suitable to solve some problems arising
in the study of multilinear Calderén-Zygmund operators (and maximal operators)
with multiple weights. Before we state another theorem, we firstly recall some
definitions and backgrounds on the multilinear Calderén-Zygmund operator, as
well as its maximal operator.

DEFINITION 1.1 (Multilinear Calderén-Zygmund operators). Let T be a
multilinear operator initially defined on the m-fold product of Schwartz spaces
and taking values in the space of tempered distributions,

T:R") x - xS (R") — S'(R").
Following [6], we say that T is an m-linear Calderén-Zygmund operator if for some
1 < ¢ < o0, it extends to a bounded multilinear operator from L' x --- x L™ to

L9, where

1 1 1
— = — (1.8)
q q1 qm

and if there exists a function K, defined off the diagonal z = y; = -+ = y,, in
(R™)™*L | satisfying

T(f1,..., f) (@) = /( K ) A) S

for all z ¢ (L, supp f;;

A
Srimo luk —wl)™"

|K (Yo, y1:- - - ym)| < ( (1.9)
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and
Aly; = 5| (
(7o by — wal) ™™

|K(y07ay]77ym)_K(y07ay_;77ym)’ < 110)

for some & > 0 and all 0< j < m, whenever |y; — yi| < 1/2maxo<k<m |y; — Y&l

As in the linear theory, a certain amount of extra smoothness is required for
these operators to have such boundedness properties on Hardy spaces. We will
assume that K(yo,y1,-..,Ym) satisfies the following estimates

Ao
+ b
(S0l — )™

|05+ Oy K (yo, Y1 - -+, ym)| < (1.11)

for all |a] < N, where a = (ay,...,qm) is an ordered set of m-tuples of nonneg-
ative integers, |a| = |ag| + - - - + |auy|, where |a]| is the order of each multiindex
aj, and N is a large integer to be determined later.

The corresponding maximal operator T (see [9]) for the m-linear Calderdn-
Zygmund operator T is given by

T.(f) () = Tu(f1, .-, f) ()

= sup
>0

K(z,y1, - ym) f1(y1) - fin (Y)Y |-

(1.12)

/lw—y12+-~+a:—ym2>52

In [8], the authors proved that every m-linear Calderén-Zygmund operator can
extend its boundedness on all other products of Lebesgue spaces with exponents
1 < gj < oo satisfying (1.8). Similar results were obtained in [9] for T, by proving a
Coltlar’s inequality for the maximal operator. Moreover, there are endpoint weak-
type estimates when some of the exponents ¢; are equal to one. In particular,

T:L'x .- x Lt — LY/m™>, (1.13)
In 2001, Grafakos and Kalton [7] proved the boundedness for multilinear

Calderén-Zygmund operators and its maximal operator on products of Hardy
spaces as follows:

THEOREM A ([7]). Letl <gqi,...,qm, ¢ < oo be fized indices satisfying
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1 1 1
b — ==
q1 dm q

and let 0 < p1,...,Pm, p < 1 be real numbers satisfying

1 1 1
7+...+7:—.
b1 DPm p

Suppose that K satisfies (1.9)—(1.11) with N = [n(1/p) — 1]. Let T be related to
K and assume that T admits an extension that maps L9 x --- x LI into L7

with norm B. Then both T and T, can be extended to a bounded operator from
HPr x -« x HP™ jnto LP.

The results for T and T, on weighted Hardy Spaces with multiple weights
were given in [11] and [12] respectively. Before we state these results, we need to
mention the work on multiple weights by Lerner, Ombrosi, Pérez, Torres, Trujillo-
Gonzélez [10].

DEFINITION 1.2 ([10]) (Multilinear Az condition). Let 1 < p1,...,p, < o0o.

Given & = (w1, .. .,Wm), set

WP/

Vg = i

Jj=1

We say that & satisfies the Ay condition if

1/p m 1 1/11;
/o 1)
Sup(|Q/QH ,,,,) H(IQI/QW’ p> coo.  (L14)

When p; =1, ((1/|Q]) fQ w;17P)1/Pi s understood as (infg w;) L.

The Az condition turns out to be able to characterize the strong-type inequal-
ities for a more refined multilinear maximal function .# with multiple weights
defined by

() supH a1 L 1wl

THEOREM B ([10]). Letl1l <p; <oo,j=1,...,m, and 1/p=1/p1 +---
+1/pm. Then the inequality
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1 (F)lowzy < C [T il o o) (1.15)
i=1
holds if and only if vg satisfies the Ay condition.

The above theorem can be used to obtain the boundedness for multilinear
Calderén-Zygmund operators on the weighted spaces.

THEOREM C ([10]). Let T be an m-linear Calderdn-Zygmund operator, sat-
isfying (1.6), (1.7), 1/p = (1/p1) + - - + (1/pm), and & satisfy the Az condition,
1 < p; <oo. Then

T IEYel § T (1.16)
=1

We are now in a position to state the theorems in [11] and [12], which our work
mainly builds on and improves significantly. We note that in [12], the maximal
operator is defined by

T.(f)(z) = sup

. Ks(z,y1,. -, ym) fr(y1) -+ frn (Ym)dy

b

where K6<x7y17 s aym) = ¢(\/|.’II - y1|2 +oee |.’II - ym|2/26)K(xa Yi, - - 7ym)
and ¢(x) is a smooth function on R", which vanishes if |2| < 1/4 and is equal to
1if |z| > 1/2. By proving the following multiple Coltlar’s inequality

T.(F)(x) < C, ((M(T(f @) M 1 (At W) Hfoz)),

i=1

where M denote the Hardy-Littlewood maximal function, the boundedness on
weighed Lebesgue spaces for the maximal operator as below was obtained in [12].
It can be seen that the results obtained in [12] actually hold for T, defined in
(1.12). Hence we have

THEOREM D ([12]). Let T be an m-linear Calderdn-Zygmund operator, sat-

isfying (1.9), (1.10), 1/p = (1/p1) + -+ + (1/pm), & satisfy the Az condition,
1< p; <oo. Then

HT*(]?)(-r)HLp(,,LD) < CH ||fi||Lpi(wi)' (1'17)
1=1
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There are many equivalent approaches to define weighted Hardy spaces (see
(4], [13]).

DEFINITION 1.3 ([13]). Let f be a distribution, w € A, and 0 < p < oc.
We say f belongs to HE(R™) if there exists a ® € . with [® # 0 so that
Mg f € LP(R™), where Mg f(x) is defined by

Mg f(z) = Sup (f * @) ()]

We define the norm of f in HE(R™) by || fl|gz(rr) = IMa fllLr (r7)-

We will appeal to the atomic decomposition characterization of weighted
Hardy spaces to establish the boundedness of the operators. As if w € A, for
1 < p < oo, then w € A, for all r > p and w € A, for some 1 < g < p, we will use
¢w :=1inf{qg > 1:w € A,} to denote the critical index of w.

DEFINITION 1.4. Assume that w € A, with critical index ¢,. Let [-]
be the greatest integer function. If p € (0,1], ¢ € [qu,00), s € Z satisfying
s > [n(qu/p — 1)], a real-valued function a(x) is called (p, g, s)-atom centered at
xo with respect to w (or w — (p, ¢, s)-atom centered at xg) if

(a) a € LL(R™) and is supported in a cube @Q centered at xo;
(b) llall e, < w(@)/ D=0/,
(¢) [gna(z)z®dr = 0 for every multi-index o with || <'s.

When ¢q = oo, L will be taken to mean L* and || f||ze = || f| L.

From [4], we know that if w € A, 0 < p <1 < g < o0, p # ¢, and
f € HE(R"™), there exist a sequence a; of w — (p,q, [n(qw/p) — 1])-atoms, and a
sequence A; of real numbers with > |\;[? < C||f||%33 such that f = > A\;a; both
in the sense of distributions and in the H? norm.

THEOREM E ([11], [12]). Letl1<gqi,...,Gm, ¢ <00, 0<p1,...,pm,p <1,
satisfying

1 1 1
e = (1.18)
q1 dm q

and
1 1 1
—t et — = —. (1.19)
D1 Pm p



1060 Q. XUE and J. YAN

Let T be an m-linear Calderdn-Zygmund operator satisfying (1.9), (1.10) and
(1.11) with

N = max [n((¢i)w/pi — 1), [(g:/pi — 1)mn],

1<i<m

and Ty be its corresponding maximal operator, then

(i) Ifwe Ay, N---NA,,,, then

1T @) < CTT il (1.20)
i=1
and
1)@ o < CTT il g (1.21)
=1

(ii) If for each i, w; € Ay, let

vs = [[w", (1.22)
j=1
then
1T @)y < CTT Il s (1.23)
i=1
and
1T @) . < TNl (1.24)
i=1

We will apply Theorem 1.1 to the multilinear Calderén-Zygmund operator and
its maximal operator on weighted Hardy spaces, and get the following theorem.

THEOREM 1.2. Let1 < q1,---,qm, ¢ <00, 0 < p1,...,pm, p <1, satisfying

1 1 1
=z
q1 dm q
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and

1 1 1
7+...+7:—.
b1 DPm p

Let T be an m-linear Calderén-Zygmund operator related to K and assume that T
admits an extension that maps LT x - - - x L9™ into L9, satisfying (1.9), (1.10) and
(1.11) with N > maxi<;<m{[(1/pi — 1)mn]} and T be its corresponding mazimal
operator. We have the following results:

If for each i, w; € A, let

o
then

TN, = € T (129
and

I2.(H@)l,, < 01_1 15l (1.26)

REMARK 1.3. Note that the condition w; € A; in Theorem E is replaced
by the condition w; € As,. Thus Theorem 1.2 improves the results in Theorem E
essentially and significantly. We also obtain a bigger random of N in (1.11), which
allows more Calderén-Zygmund operators having such boundness properties on
Hardy spaces.

2. Proof of the Theorems.

ProOF OF THEOREM 1.1. We first prove that when w; € 44, 1 < ¢ < o0,

/Qy@zf[l([{iwi)ei. (2.1)

Ja,
Once this is proved, as [w]a, | [w]a,, for any w € A, 1 < ¢ < o0, and the fact
that Ae = U~ Aq (see [2]), take the limit ¢ — oo in (2.1), and the theorem can

q>1
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be obtained.
We now prove (2.1). Set

By Holder’s inequality,

() Uy
() (i)
ROy e

sup < [wila,- (2.4)
Q @
Then we have
m 0;
QL @l Jawi\*
/Qw - T, ([ w; /1), o (edagar\? -1 [cj]A - 29)
i=1 \JQWYWi U | (W) i=1 a
This is just (2.1) and Theorem 1.1 is thus proved. O

PrROOF OF COROLLARY 1.1. We give two methods to prove Corollary 1.1.
Method 1:

For Y7, 6; < 1, we denote ¢ = 1 — Y, 6, > 0. Repeat the step in (2.3)
and using Holder’s inequality (since 61 4+ -+ + 0,,, + € = 1), we get
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1 1/q
‘Q| = /Q (Vﬁ : 1/;,)
1/q 1/q
N jq//q

<(f=) (L)

1/qg m 0:/q
< - f‘I'/‘J> e/ 2.6
—(L”> ¢<A% Q) (2.6)

Thus by (2.4) and (2.6), we get

[ o> QI
W = _xm g, ) —q' /q'0;
0 Q|- 69)a/a’ T (fQ w; /Q)q 4

o oo (122"

o s m g ’m wilaglQla\ % . ws
Q|- Ba/a [T (%) =7 \wila,

V

2.7)

Taking the limit ¢ — oo in (2.7) yields the desired results.

Method 2:
By using Theorem 1.1 directly, we get

m m m w; 0; 1 1-37,6;
e L= 2 ()
Qi=1 Qi=1 i ' [

Uwre ) \ia

=mﬁfﬁii(&%>%

i [WZ]AOO

PROOF OF THEOREM 1.2.  We follow the main idea in [11] and [12] to prove
this theorem.

We use the atomic decomposition of H? spaces [4], and we will firstly consider
finite sums of atoms. Assume f; = Zk ik @ik » Where a; , are w;-(p;, 00, 8)-
atoms. This means that they are supported in cubes Q; k,, |ai k| < w(Qi,ki)’l/pi
and

L.wkmwmza ol <5, 5> [n((@)u/pi — 1) (2.8)
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We first consider the m-linear Calderén-Zygmund operator and prove (1.25).
Denote by ¢, and I(Q;,) the center and the side length of Q;k,, and let
. =8ynQ; ;. We write
T(flv SRR fm)(‘r)

—Z thl Ak T(@L ks -5 @y, ) ()
< Z cee Z |)\1’]€1| v |)\m’km‘ |T(a1,k17' B am7k)m)(x)|XQI klﬁn-ﬁan &
kl n , o

+3 > Pl Pk T (@150 k) (@) X@s 2o

Mok

= I(z) + L(2). (2.9)

We first estimate Iy. This part has been estimated in [11], but we note that it can
actually be obtained by following [7] in the unweighted situation and the easy fact
that if |a; x| < w(Qix, )~ /P, then fQi,k,- (Qix;)”Y/Pi. We then
can get

w; sz VTP Qg [P N /mm
<OH(Z Qs )y ) (2.10)

We set the m-linear Calderén-Zygmund operator satisfies (1.11) with N >
maxi<;<m{[(1/pi —1)mn]} (accordingly, we assume a; j, are (p;, 00, s)-atoms with
s > N). Then we have

1/pi
Pi) . (2.11)

So it remains to estimate I1(z). For fixed k1, ..., ky, assume that Q7 , N---N

ok, 7 0, otherwise there is nothing to prove. Assume that the side length of the

cube Qq k., is the smallest among the side lengths of the cubes Q1 iy, .., Qm, k.,
We take a cube Gy, ...k, such that

[, < T (3 b
i=1 N ky

.....

Qi N NQk CGry ok, CGhy gk CQU, N NQp g

.....

and
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Wi (Ghy o) = Cwi (Qh 1)

1<i<m.
Let k be a positive integer, ¢ = kp, ¢; = kp;, then 1/¢ =>".(1/¢;),

ngﬁwf/pi:ﬁwf/qi. (2.12)
i=1 i=1

We assume k to be big enough such that ¢ > 1, and w; € Ay,. Set J = (w1, ..., wm).
By [10], we know & satisfies the A condition. According to (1.6) and Theorem
C, we have

ﬁ / ‘T(a17kl’ Tt alm7k7'"l)(x)|y(:j(x)dx

,,,,,

m
< CV@(Gkhnwkm)_l/q H ||a’i7ki ||Lg}i
=1

IN

m —1/qg m
C(/ wg/m) wi(Qr Y Ma)=(1/p0)
) e,

kisooes km =1

m wi\ —4/a1/q m (g —(L/pe)
< C ----- m w; Z qi)— Pi
<]l (P T1ei(@i)

i=1
. * - i1 " % Y )
<CTJ (@i@zr)) a/a /qui(Qa’ka)O/m (1/ps)
=1 i=1
< CT[wil@r) /7 (2.13)
i=1

To estimate I1, we need the following lemma in [11].

LEMMA 2.1.  Let 0 < p < 1. Then there is a constant C = C(p) such that
for all finite collections of cubes {Qp}i, in R™ and all nonnegative functions
gk € Lo, with supp g C Q we have

m

ng
k=1

m

ZL/ ge(z)w(2)drx g,

<C
= (@) Jou

Lr(w)

(2.14)

Lr(w)
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We note that when w = 1, this lemma was proved in [7].
By Lemma 2.1, we obtain

172}

LIJ é C‘

m
ST Mk | Hwz'(QZ,ka)_l/piXGzlwkm
ok =1

m

( 2{: Lxhki
ki

P
LE

_ . 1/psi
wi(Qar,) 7w xa;

oy
i=1

LPi
1/pi
Pi) . (2.15)

Summing (2.11) and (2.15), we get

< Cj]jl <i§£: Lxhki
i=1 Nk

1/pi
Pi) : (2.16)

for f; = Zki ik ik, » Where a; 1, are (p;, 00, §)-atoms.

Thus so far we have proved (2.16) when w; € Agp,. If w; € Ay, then there
exists r;, 1 < r; < oo, such that w; € A,,. Let k be big enough that kq; > 7y,
1 < r; < co. Then the above argument shows the same boundedness of the
m-linear Calderén-Zygmund operator for such weights w;.

Note that 1" (also TY) is an operator bounded from [];~, L*™(w;) to L*(vg) (if
we replace T by T, the following argument still works from (2.19) to (2.21)). For
general f; € L*™(w;) N HPi(w;), by the n-dimensional version of Theorem 11.3.6
(see [4]), there exist sequences of (p;,c0)-atoms a;j, and sequences of numbers
ik, satisfying

7, =TT (s
i=1 N k;

D il < ClUEN S (2.17)
ki=1
and
filz) = Z Xik; @ik, (x) a.e. and in L™ (wy;). (2.18)
ki=1

Set g, n = ZkNi:1 Ni k: @ik, (z). Then, since g; x tends to f; in L*™(w;), and T
is bounded from [[;~, L™ (w;) to L?(vgz), we see that T(gx) tends to T(f) in
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L*(vz), where g8 = (91N - -, gm.N) and f = (f1,- -+, fm). Taking a subsequence
if necessary, we may assume

lim T(g%) =T(f) a.e. (2.19)

n—oo

Now, from (2.16) and (2.17) we have

1/p; T
pi) < CTTIfillmwi -

i=1

(/ |T(97v)($)|p1/w($)dx)l/p < Cﬁ < i RO
oo (2.20)

Thus, by (2.19) and Fatou’s lemma we get

. 1/p m
([ @rvsar) < T . fi€ 22w 0 #7 w).
= (2.21)

Since L?™(w;) N HPi (w;) is dense in HP? (w;), we can extend T from L?™(w;)N
HPi(w;) to HP(w;), by using (2.21), and still get

7@, < €TINSl

i=1

This establishes (1.25).

We now prove (1.26) for the maximal operator. The step will be almost iden-
tical as above, as the multilinear Calderén-Zygmund operators and the maximal
operators share many similar properties. We also use the atomic decomposition
of H? spaces and we only need to consider finite sums of atoms for HE. We write

T*(fh' . afm)('r)
= Z e Z/\l,kl Ao L (@1 ey - - Gk ) ()
k1 T

mikm

< Z e Z |)‘1,k1‘ T |)\m7k7n‘ |T*(a1,k17 ce 7am,km)(x)|XQ{ klm...mQ*
k1 K '

m.km

Y Pl P, [T (@1 @, ) @) X0, 0@y, ¢
k1 km

= I1(z) + Ix(x). (2.22)
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The estimate of I will be the same as in [12]. We omit its proof and only have
to estimate I (z).

For fixed ki,...,km, we still assume that Q7 , N---NQ; ;.  # 0. We in-
troduce the same Gy, ., and Q , as in the above proof. Also set ¢ = kp,
gi = kp;. Let k be big enough such that ¢ > 1, and assume again w; € A,,. Set
&= (w1,...,wn). By [10], we know & satisfies the A; condition. According to

(1.6) and Theorem D, we have

prnl)
Ti(a ’ s G ey, ) (@) [V () de
oG i) Ja, T o (D)
ME —1/qg m
< C<Hwi(Gk17---,km)q/qi> Hwi(Q;ka)(l/%)*(l/m)
=1 i=1
=L@ (2.23)
i=1

By Lemma 2.1 again,

1]

m
Y Ak P | [ @i (@) P x|
ko kiveeoikm

k1 k =1

m

LPi

1/pi
P) . (2.24)

m
* — i 1/pq
SCH (Zp‘zk wi(Qak,) Uplwi/p Xer, km)
i=1 ks

<c]] (Zwki
i=1 ki

We can follow the same steps as in the case of the m-linear Calderén-Zygmund
operator T, and the proof will be omitted. We then get (1.26) and the proof of
Theorem 1.2 is completed. g
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